
Math 350 Section 2 Fall 2017 Final Exam, Woodward

Instructions: All answers must be written in complete sentences. A total of 200 points are available.
Calculators, formula sheets, and other outside materials are not allowed. Absolutely no electronic
devices of any kind allowed at any time during the exam.

DO BOTH OF THE FIRST TWO PROBLEMS

(1) (a) (10 points) Find a basis for the subspace V of the space P2 of polynomials f(x) of degree
at most 2 satisfying f(x) = f(−x) for all x. Show your work.

(b) (10 points) Make your basis from part (a) orthogonal with respect to the standard inner product
on C∞([0, 1]) using the Gram-Schmidt procedure.

(c) (10 points) Find the orthogonal projection of the function g(x) = x onto the subspace V from
part (a). Draw the graph of g and the graph of the projection PV g.

(2) (a) (10 points) Find the matrix for the linear transformation T : C4 → C4 defined by (T (v))k =
2vk−1 (where indices are taken mod 4, so v5 = v1, v0 = v4.)

(b) (10 points) Find the eigenvalues of T in polar form.

(c) (5 points) Find the eigenspace for one of the eigenvectors that is not real.

(d) (5 points) Show that T is an isomorphism.

CHOOSE SEVEN OUT OF EIGHT OF THE PROBLEMS BELOW

(3) (a) (10 points) Suppose that the reduced row echelon form of a matrix A is rref(A) =[
0 1 0 1
0 0 1 1

]
. Prove that the second and third columns of A cannot be equal.

(b) (5 points) Give an example of a matrix with the reduced row-echelon form given in (a).

(c) (5 points) True or false: The reduced row echelon form rref(A) of a matrix A has the same
nullspace as A. Explain your answer.

(4) (a) (10 points) Show that the functions 1, sin(x), sin(2x) of a real variable x 6= 0 are linearly
independent.

(b) (10 points) Show that the functions sin(x), sin(x+ 1), sin(x+ 2) are linearly dependent.

(5) Suppose that W is a two-dimensional inner product space over the real numbers with orthonor-
mal basis w1, w2. (a) (10 points) Find the length of w1 + w2.

(b) (10 points) Find the matrix for orthogonal projection onto the span of w1 +w2 with respect to
the basis w1, w2.

(6) (a) (10 points) Prove that if A is a diagonalizable matrix, then I − A is also diagonalizable
where I is the identity matrix.

(b) (10 points) Suppose that the eigenvalues of A are 1, 2, 3. What are the eigenvalues of I − A?
Prove your answer.

(7) (a) (15 points) Suppose that a 3 × 3 matrix with rows v1, v2, v3 has determinant 1. Find the
determinant of the matrix with rows v1 − v2, v1 + v2, v1 + v3.

(b) (5 points) Explain why adding a row to another row does not change the determinant of a
matrix.

(8) (20 points) Show if T : V → V is an isomorphism and S is a linearly independent subset of V
then T (S) is also linearly independent.

(9) (20 points) Let A be an n×n matrix. Show that if λ1 and λ2 are eigenvalues with λ1 6= λ2 then

Ẽλ1 ∩ Eλ2 = {0}. (The first is a generalized eigenspace and the second is a regular eigenspace).

(10) (20 points) Find the Jordan form of the matrix A =

 1 0 0
1 1 0
1 1 3

. Find a basis consisting of

chains of generalized eigenvectors. Explain your answer.

1


