Topics for oral qualifying exam for Jishen Du
Fall, 2022

Major topic: Vertex operator algebras

The general theory of vertex operator algebras and modules, basic examples and some ba-
sic material on intertwining operators and tensor products, as presented in [FLM] (Chapters
1-8), [FHL], [H1], [H2] and [LL]. The specific topics are:

1. Definitions and properties.

(a) Formal calculus.

(b) The notions of vertex algebra and of vertex operator algebra, in terms of the
duality properties (rationality, commutativity and associativity) and in terms of
the Jacobi identity.

(c) Basic properties, including the weak commutativity, weak associativity, commu-
tator formula, associator formula, operator product expansion.

(d) Conformal elements.

(e) General construction theorem for vertex operator algebras.
2. Examples of vertex (operator) algebras.

(a) Vertex
(b)
(c)
(d) Vertex

operator) algebras based on Heisenberg Lie algebras.

Vertex (operator) algebras based on affine Lie algebras.

Vertex (operator) algebras on the Virasoro algebra.
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operator) algebras on even lattices.

3. Representations of vertex (operator) algebras.

(a) The notions of module and its variants (generalized module, lower-bounded gen-
eralized module, grading-restricted generalized module), in terms of the duality
properties (rationality, commutativity and associativity) and in terms of the Ja-
cobi identity.

(b) Basic properties, including the weak commutativity, weak associativity, commu-
tator formula, associator formula, operator product expansion.

(c¢) General construction theorems for (generalized) modules for vertex operator al-
gebras.

(d) Examples of modules for the vertex operator algebras listed above.

4. Intertwining operators and tensor products of modules



(a) The notions of (logarithmic) intertwining operator, in terms of the duality prop-
erties (rationality, commutativity and associativity) and in terms of the Jacobi
identity, fusion rules.

(b) The statements of the convergence, associativity and commutativity for (logarith-
mic) intertwining operators, (logarithmic) operator product expansion. (Proofs
are not necessary.)

(¢) The statement of the convergence for the (pseudo-) g-traces of products of (loga-
rithmic) intertwining operators. (Proofs are not necessary.)

(d) The geometry of vertex operators and intertwining operators in terms of P(z),
the sphere with punctures 0, z, co and standard local coordinates.

(e) The definition of P(z)-tensor product of (generalized) modules, basic properties.
Minor topic: semisimple Lie algebras and its representation theory

The general theory of finite dimensional complex semisimple Lie algebras and its represen-
tation theory, as presented in [Huml] and [Hum?2].

1. Basics

2. Classification of semisimple Lie algebras

(a) Root space decomposition of semisimple Lie algebra.
(b) (Abstract) root system, Weyl group, and its Classification.

(c) Isomorphism theorem, Serre relation, existence theorem. (i.e. correspondence
between Lie algebras and root systems.)

(d) PBW theorem, Free Lie algebra.
3. Representation theory

a) Basics of weight, highest weight module, Verma module, and so on.
b

)
)
c¢) Characters, Weyl’s formula and dimension formula.
)
)

(
(b) Results for finite dimensional modules.
(

(d
(e) BGG Category O, Verma’s theorem, BGG theorem, BGG Reciprocity.

Harish-Chandra’s theorem.
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