Name: ID Number (last 4 digits only):

MIDTERM II — Math 350:01

Please be advised that, while you are working on one part of a problem, you
may use the information from the other parts, including assertions made in the
statement of the other parts.

1. (20 points) Answer True or False to each of the following questions. If you answer “Yes” to
a question, please provide a brief supporting argument; if you answer “False” to a question,
please provide a counter-example to the statement, or demonstrate why it is false.

(i) Elementary row operations preserve the null space and column space of the matrices.
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(ii) Similar matrices have the same ranks. Ll
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(iii) The sum of two eigenvectors of a linear operator 7' is always an eigenvector of 7. T
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(iv) If A is an n x n matrix such that Ax = b has a solution for any b € R”, then det A i)
ji?

The Gyvinn wko ) Abes a pld v ead nv Siaee A O m
v A X lv\\fbsi.’Lye«, =) o (A 4>

(v) If A is an eigenvalue for a linear operator T, then A\? is an eigenvalue for T2,
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2. Let 3 denote the standard ordered basis for [R2:
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be another ordered basis for R?, L4 : R? — R? be the linear operator defined by

and

La(v)=Av, forv €R? where A= G f) .

(i) (6 points) Find the change of coordinate matrix Q from 3 to 3.
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(if) (6 points) Given [v]s = (‘12), and [w] = (‘21). Find [v]y and [wls.
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turn over to continue.



Continuation of # 2 from previous page

(ii) (8 points) Find the matrix representation [L4]4 of L4 in the basis 3
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3. Define T : Py(R) — R* by T(f(z)) = (£(0), £(0), F(1)).
(i) (6 points) Determine the rank of 7.
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(ii) (8 points) Determine the null space of T— you need to describe elements in the null

space of T' as a subset of P(R), not just in terms of their coordinates in some basis,
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(iii) ( 6 points) Determine the range R(T) of T.
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4. Suppose that the linear operator 7 : V — V on an n dimensional vector space V has two
distinct eigenvalues, \; and Az, and that dim(E),) = n — 1, where E A 18 the eigenspace of
T corresponding to the eigenvalue A;.
(a). ( 8 points) Prove that T is diagonalizable.
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(b). (6 points) Prove that the characteristic polynomial of T is fy(t) = (=1 (— X )"~
Az). L
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(c). (6 points) Let g(t) = (t — A1)(t — Xy). Prove that g(T) = Ty. (Hint: Choose a basis
{v1,---,v,} for V and prove that g(T)(v;) =0 for each i = 1,--- ,n.)
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5. Let T be the linear operator of P3(R) defined by
T(f(z)) = f(z) + 2f (@) + 3f" (),

and W be the T-cyclic subspace of P3(R) generated by f(z) = x.
(a). (8 points) Find the matrix representation of 7' under the standard ordered basis of
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(b). (8 points) Find the characteristic polynomial f7(t) of T and determine whether T is
diagonalizable.
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turn over to continue.
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Continuation of #5 from previous page.

(c). ( 10 points) Find a basis for W and the matrix representafion under this basis for Ty,
the restriction of T to W.
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(d). ( 4 points) Find the the characteristic polynomial of Tjy.
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