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5.1.3(b)

Determine all the eigenvalues of 4, and, for each eigenvalue 4, find the set of eigenvectors
corresponding to A. If possible, find a basis for R® consisting of eigenvectors of A. If successful

in finding such a basis, determine an invertible matrix Q and a diagonal matrix D such that

Q~'AQ =D.
0 -2 -3
A=|-1 1 -1
2 2 5

The eigenvalues of A are the roots of its characteristic polynomial.
-1 =2 -3

-1 1-2 -1 ]

2 2 5-1
- <(—/1) det[' 04 5‘_3]) - <(—2) det[ )} 5‘_11]) + ((—3) det[} 1 ;ﬂ)
=2 -1)G-1D)+2]+2[(-D6G -1 +2]-3[-2-10-1)(2)]
=(=22+6122 -7+ 2A1—6) + (—61+12)

=-2+612-111+6

=-DA-1DA-2)A-3)

Thus the eigenvalues of A are 1, 2, and 3. We now find the set of vectors S; satisfying the

det(A — AI) = det

equation (A — Al)x = 0 for the ith eigenvalue. Note S; — {0} is the set of eigenvectors

corresponding to the ith eigenvalue.

-1 -2 -3 1 2 3 1 0 1 -1
A=1: [—1 0 —1]—>[0 2 2]—>!0 1 1]=>Sl={t!—1]tE]R

4 0 -2 -2 0 0 O 1

-2 -2 =3 1 11 1 11 1 10 [—1
A=2: [—1 -1 —1]%[ 2 3] [0 0 1] [0 0 1]=Sz={t 1 teR}
2 2 3 0 0 O 0 0 O 0 0 O L 0

-3 -2 -3 1 1 0 1 -1
A=3: [—1 -2 —1]—>[0 -1 0] [0 1 0]=>53={t!0 tE]R}

2 2 2 0 1 O 0 0 O 1

[\




—11 -17 -1
CIearIyT B = {[—1] , [ 1 ], [ 0 ” is a basis for R3 consisting of eigenvectors of A. Let
1 0 1
-1 -1 -1 1 0 O
Q=|-1 1 01, D=0 2 0
1 0 1 0 0 3
Then
-1 -1 -1110 -2 -311-1 -1 -1 1 0 O
e tAQ=|-1 o -1f|-1 1 -1{|-1 1 o]|=|o 2 ofl=D
1 1 2 2 2 5 1 0 1 0 0 3
5.1.4(g)

Find the eigenvalues of T and an ordered basis 8 for P;(R) such that [Tz is a diagonal matrix,
where T(f(x)) = xf'(x) + f” (x) = f(2).

Let y be the standard ordered basis for P;(R). Then
T(1)=040-1=-1, T =x+0-2=-2+x,
T(x?)=2x?4+2—-4=-2+4+2x%  T(x3)=3x3+6x—8
-1 -2 -2 -8

7, = [T, 1@, 1@, TEL=| g g, g
3

0 0 0
The eigenvalues of T are the roots of the characteristic polynomial of T.
-1-1 =2 -2 -8
_ 0 1-1 0 6 |_, 4 _ _ _
det([T], — AI) = det 0 0o 2-21 o |7 -1-2DA-D2-1)B-2
0 0 0 3—-1

=A+1D)A-1)1-2)(1-3)
Thus the eigenvalues of T are —1, 1, 2, and 3. We now find an arbitrary eigenvector x

corresponding to each eigenvalue.

0 -2 -2 —8] [0 1 1 4 010 0 1]
o2 0o 6 000 -2 (oo 10 o
==L 15 o 3 ofl”lo o3 oo o o 1|=E=]0

00 0 4] lo oo 4 00 0 0 0l

2 -2 -2 -8 [ 114 [1 10 0 17
B 0 0 0 6 0006 0010 =1
=00 o 1 ofl”loo 100 o o t|TE=]g

o 0o 0 2] loooz2 loooo 0]

" At this point we know T is diagonalizable by Theorem 5.9(a). That the union of some bases for the eigenspaces is
a basis for R3 is stated in Theorem 5.9(b).



3 -2 -2 -8] [1 2/3 2/3 8/3 1 0 2/3 0 2

D 6| [0 1 01 0 0 o
A=y o[ fo o 00 o 1|7 =l
0 0 11 lo o 00 0 0 0

4 -2 -2 1 1/2 1/2 100 7/2 —7
o =2 0o 6] o 1 010 -3 _|s
A=300 0 -1 oo 001 o=
o o o ol lo 000 0 2

letp ={1,1—x,2—3x%,—7 + 6x + 2x3}. Clearly* /3 is a basis for P;(R), and we see that

T(1)=0+0-1=-1, TA-x)=-x+0-(1-2)=1-x
T(2—-3x%)=—-6x*>—-6—(2—12) =4 — 6x?,
T(=7+ 6x +2x3) = 6x + 6x3 +12x — (=7 + 12 + 16) = —21 + 18x + 6x3
-1 00
[Tlp = [T [TW] [T&EA] [T =

[l ]

0 0 0
0 2 0
0 0 3

Thus we have found a basis § such that [T]; is diagonal.

5.2.3(b)
Test T for diagonalizability, and if T is diagonalizable, find a basis 5 for P,(R) such that [T] is a

diagonal matrix, where T: P,(R) = P,(R), T(ax? + bx + ¢) = cx? + bx + a.

Let y be the standard ordered basis for P, (R). Then clearly

0 0 1
[T]y=[0 1 o]
100

The characteristic polynomial of T is

-1 0 1 1 0 -1
det([T], —Al)=det| 0 1-1 O0|=-—detf0 1-2 0
1 0 -1 -1 0 1

1 0 -y
—det[O 1-2 0 ]= DDA -1)A -2
0 0 1-2?

DA -1D*A+1)

Thus the characteristic polynomial of T splits. The eigenvaluesof T are 4; = 1and A, = —1.

We now find the eigenspaces corresponding to each eigenvalue.

* See footnote of previous page.



-1 0 1 1 0 -1 1 0
11:[0 0 0]%[0 0 O :E21:{[1 X x2]<50+t 1>S,tER
1 0 -1 0 0 O 1 0
1 0 1 1 0 1 -1
Ay [0 2 0]*[0 1 0 =>EAZ={[]_ x x2]<t 0 )tER
1 0 1 0 0 O 1

We clearly see that 8; = {x* + 1,x}and 8, = {x? — 1} are bases for Ej, and E,, respectively.
Thus, since the multiplicities of 41 and 1, equal the dimensions of Ej, and E}_, respectively, by
Theorem 5.9, T is diagonalizable, and f = B; U B, = {x? + 1,x,x% — 1} is a basis for P,(R)
consisting of eigenvectors of T. We see that [T]B is diagonal:

T(x)=x, T&*+1)=x*+1, Tx*-1)=-x*+1

10 0
[T]ﬁ=[0 1 0]
00 -1

5.2.3(c)

Test T for diagonalizability, and if T is diagonalizable, find a basis 8 for R3 such that [T]B isa

a a
diagonal matrix, where T: R3 - R3,T [az| = [—all.
as 2(13

Let ¥ be the standard ordered basis for R3. Then

0 1 0
[T]y=[—1 0 0]
0 0 2

The characteristic polynomial of T is

-1 1 0 1 12 0 1 A 0
-1 -2 0 ]=det[—/1 1 0 ]=det[0 A22+1 0 ]
0 0 2-2 0 0 2-2 0 0 2—21
=+1DR-D=FDA-DA+DA-2)

Thus the characteristic polynomial of T splits over C, but not over R. Therefore, by the converse

det([T], — AI) = det

of Theorem 5.6, T is not diagonalizable over R.



5.2.7

ForA = B ;}] € M,,,(R), find an expression for A", where n is an arbitrary positive integer.

The characteristic polynomial of A is
1-1 4

2 3—1
Thus the characteristic polynomial of A splits. The eigenvalues of Aare 4; = 5and 4, = —1.

det(A—/U)=det[ ]=(1—/1)(3—/1)—8=/12—4/1—5=(/1—5)()l+1)

We now find the eigenspaces corresponding to each eigenvalue.

i[5 5=l o= ={ellen)

Ay [g i - é (2)]:>E,12:{t[_21]|tEIR{}

1
1

the multiplicities of 4, and A, equal the dimensions of E; | and E}, respectively, by Theorem

We clearly see that 8, = {[ ]} and 8, = {[_21]} are bases for E; | and Ej,, respectively. Since

5.9, A is diagonalizable,and = 1 U 8, = {[ﬂ , [_21]} is a basis for R?. Let D = [Tl =

[(5) _01] and Q = IRz [1 = ] where y is the standard ordered basis for R?. Then

i 2 o
[} 2]anda=0DQ . tetn = 1. Then

A" = (@DQ™H(@DQ™H - (@DQ™H) =Q[D(QT'ADQT'Q) - (@~'Q)D]Q™!

= Q[DIDI'-'ID]Q_l =QDD ...DQ—l — QDnQ—l

n
n_[5 O "_[5” 0 ]
But D —[0 _1] =0 (_1)n,so

[1 —1 [Sn (2)”] [ —1] 3[1 —1”( nr —2((—58"

1r5m +2(=1)"  2(5") — 2(—1)n]
3L5m— (-1 2(5") + (1"



5.2.12(b)

Let T be an invertible linear operator on a finite dimensional vector space V. Prove thatif T is

diagonalizable, then T 1is diagonalizable.

Proof:
Assume T is diagonalizable. Then, by Theorem 5.1, there exists an ordered basis § =

{v1, vy, ..., v, } for V consisting of eigenvectors of T. Let A; be the eigenvalue corresponding to
vy for 1 < j < n. By part (a) and the assumption that T is invertible, /1]71 is an eigenvalue of T~1
forl1 <j<n. Thus,forl <j<n,
T () =T (A ay) = 4T () = 4T (T(9)) = Ay
It follows that
[T = [T WDl [T w2)lp - [T (wndlg]
=ty vl - 'wlp] = ATter A7te; - Axnle,d

which is diagonal. Thus T~ is diagonalizable. m



