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3.2.19

3.3.8

Let A be an m X n matrix with rank m and B be an n X p matrix with rank n. Determine the

rank of AB.

We see that
p p

rank(4AB) = dim(col(AB)) = dim Z x; col;(AB) [x € FP ; = dim Z x;A col;(B) [x € FP
i=1 i=1

P
= dim Ain col;(B) |x € FP ; = dim{Ax|x € col(B)}
i=1

We know that the columns of B are in F™, that is, col(B) € F™. But the rank of B isn, so

dim(col(B)) = n and thus col(B) = F". Hence

n
rank(AB) = dim{Ax|x € F"} = dim {Z x; col; (A)
i=1

X €E F”} = dim(col(4)) = rank(4) = m

Let T: R3 — R3 be defined by T'(a,b,c) = (a + b,b — 2c,a + 2c). For each vector v in R3,
determine whether v € R(T).
(@) v=(1,3,-2)

(b) v=(2,1,1)
We see that
1 1 0
[T]ﬂ = [0 1 —2]
1 0 2

where B is the standard basis for R3. We will attempt to solve the equation [Tlglx]p = [vls to

see if the given vectors are in R(T).



(a) The vectorv = (1,3,—2)isin R(T) since
1 1 0 1 1 1 0 1 1 0 2 =2
01 -2 3|-|0 1 -2 3|-|0 1 -2 3
1 0 2 =2 0 -1 2 -3 0 0 O
and thus, for example, letting ¢ = 0, we have T(—2,3,0) = (1,3, -2).
(b) The vectorv = (2,1,1) isin R(T) since

1 1 0 2 1 1 0 2 1 0 2 1
01 -2 1|-»|0 1 -2 1]—-]0 1 -2 1
1 0 2 1 0o -1 2 -1 0 0 0 O

and thus, for example, letting c = 0, we have T(1,1,0) = (2,1, 1).

4.3.11
A matrix M € M, ,,, (C) is called skew-symmetric if M* = —M. Prove that if M is skew-

symmetric and n is odd, then M is not invertible. What happens if n is even?

Proof:
Let M be an n X n skew-symmetric matrix, where n is odd. Suppose M is invertible. Then we
must have det(M) # 0. Since M* = —M and thus MM~ = —MM~! = —], we must have

1 =det(l) = det(MM 1) = det(M) - det(M~1) = det(M?) - det(M~1) = det(MtM~1)

= det(-D = | [=Du = (-1 = -1
i=1

which is a contradiction. Thus M is not invertible. m
If nis instead even, no conclusion can be made about whether M is invertible or not.
For example, M = O is skew-symmetric and not invertible, while
0 1
M=[2 o
-1 0

is skew-symmetric yet clearly invertible.



4.3.12
A matrix Q € M, »,, (R) is called orthogonal if Q¢ = I. Prove that if Q is orthogonal, then
det(Q) = +1.

Proof:
Let Q be an n x n orthogonal matrix. Then (det(Q))? = det(Q) - det(Q) = det(Q) - det(Q?) =
det(QQ%) = det(I) = 1, which implies det(Q) = +1. m

4.3.14
Let B = {uq,uy, ..., u, } be a subset of F™ containing n distinct vectors, and let B be the matrix

in My 5, (F) having u;as column j. Prove that f3 is a basis for F™ if and only if det(B) # 0.

Proof:
B is a basis for F"
iff span(B) = col(B) = F"
iff rank(B) =n
iff B is invertible
iff det(B) #0. m



