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3.2.17

(ii)

Prove that if B isa 3 X 1 matrixand C is a 1 X 3 matrix, then the 3 X 3 matrix BC has rank at
most 1. Conversely, show that if A is any 3 X 3 matrix having rank 1, then there exista 3 X 1

matrix B and a 1 X 3 matrix C such that A = BC.

Proof:
Let B be a3 X 1 matrixand C be a 1 X 3 matrix. Then clearly the dimension of the subspace
generated by the columns of B is at most 1 and thus rank(B) < 1. But, by Theorem 3.7,
rank(BC) < rank(B). Hence rank(BC) < 1.
Let A be a 3 X 3 matrix having rank 1. Then the dimension of the subspace generated by the
columns of Ais 1. Let § = {B} be a basis for this subspace, where B is a 3 X 1 matrix. Then
there exists unique scalars x4, X, and x3 such that col; (A) = x; B, col,(4) = x,B, and
col3(A) = x3B. LetC = (X1 X2 X3)beal X 3 matrix. Then

BC =B(*x1 X2 Xx3)= (1B x;B x3B)=(col;(A) col,(A) colz3(A)=A m



3.2.21

Let A be an m X n matrix with rank m. Prove that there exists an n X m matrix B such that

AB =1,.

Proof:
Let A be an m X n matrix with rank m. Then the dimension of the subspace S generated by the
columns of A is m. But S is a subspace of F™, which also has dimension m. Thus S = F™. Since
clearly n = m and the columns of A generate F™, we can reduce the set of columns of Ato a
basis for F™.

Letry, 1y, ...,y €{1,2,..,n}suchthatry <1, < - <r,,and let
B = {colr1 (4),col,,(4), ..., col,. (A)} be a basis for F™ constructed by reducing the set of
columns of A. For reference, letT’ ={1,2,..,m}and A ={1,2,...,n} — {r, 1y, ..., 1,y }. Let C be
the m X m matrix such that, for all k € T, col, (C) = col,, (A). We see that rank(C) = m and
thus C is invertible. Now let B be the n X m matrix such that, forallk € T, row,, (B) =
row, (C™1), and, forall k € A, row, (B) = 0.

We now show that AB = I,,,. Leti,j € I'. Then

m
(AB); = Z Ay By = ZAirkBrkj + Z Ay By = Z CoeCij + Z A0 =(CCY); +0
=1

ker kea ker icen
= (I)yj
ThusAB=1,. m



