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3.2.17 

Prove that if 𝐵 is a 3 × 1 matrix and 𝐶 is a 1 × 3 matrix, then the 3 × 3 matrix 𝐵𝐶 has rank at 

most 1.  Conversely, show that if 𝐴 is any 3 × 3 matrix having rank 1, then there exist a 3 × 1 

matrix 𝐵 and a 1 × 3 matrix 𝐶 such that 𝐴 = 𝐵𝐶. 

 

Proof: 

(i) Let 𝐵 be a 3 × 1 matrix and 𝐶 be a 1 × 3 matrix.  Then clearly the dimension of the subspace 

generated by the columns of 𝐵 is at most 1 and thus rank 𝐵 ≤ 1.  But, by Theorem 3.7, 

rank 𝐵𝐶 ≤ rank 𝐵 .  Hence rank 𝐵𝐶 ≤ 1. 

(ii) Let 𝐴 be a 3 × 3 matrix having rank 1.  Then the dimension of the subspace generated by the 

columns of 𝐴 is 1.  Let 𝛽 =  𝐵  be a basis for this subspace, where 𝐵 is a 3 × 1 matrix.  Then 

there exists unique scalars 𝑥1 , 𝑥2 , and 𝑥3 such that col1 𝐴 = 𝑥1𝐵, col2 𝐴 = 𝑥2𝐵, and 

col3 𝐴 = 𝑥3𝐵.  Let 𝐶 =  𝑥1 𝑥2 𝑥3  be a 1 × 3 matrix.  Then 

𝐵𝐶 = 𝐵 𝑥1 𝑥2 𝑥3 =  𝑥1𝐵 𝑥2𝐵 𝑥3𝐵 =  col1 𝐴 col2 𝐴 col3 𝐴  = 𝐴  ∎ 

  



3.2.21 

Let 𝐴 be an 𝑚 × 𝑛 matrix with rank 𝑚.  Prove that there exists an 𝑛 × 𝑚 matrix 𝐵 such that 

𝐴𝐵 = 𝐼𝑚 . 

 

Proof: 

Let 𝐴 be an 𝑚 × 𝑛 matrix with rank 𝑚.  Then the dimension of the subspace 𝑆 generated by the 

columns of 𝐴 is 𝑚.  But 𝑆 is a subspace of 𝐹𝑚 , which also has dimension 𝑚.  Thus 𝑆 = 𝐹𝑚 .  Since 

clearly 𝑛 ≥ 𝑚 and the columns of 𝐴 generate 𝐹𝑚 , we can reduce the set of columns of 𝐴 to a 

basis for 𝐹𝑚 . 

 Let 𝑟1, 𝑟2 , … , 𝑟𝑚 ∈  1, 2, … , 𝑛  such that 𝑟1 < 𝑟2 < ⋯ < 𝑟𝑚 , and let 

𝛽 =  col𝑟1
 𝐴 , col𝑟2

 𝐴 , … , col𝑟𝑚  𝐴   be a basis for 𝐹𝑚  constructed by reducing the set of 

columns of 𝐴.  For reference, let Γ =  1, 2, … , 𝑚  and Δ =  1, 2, … , 𝑛 −  𝑟1, 𝑟2 , … , 𝑟𝑚  .  Let 𝐶 be 

the 𝑚 × 𝑚 matrix such that, for all 𝑘 ∈ Γ, col𝑘 𝐶 = col𝑟𝑘
 𝐴 .  We see that rank 𝐶 = 𝑚 and 

thus 𝐶 is invertible.  Now let 𝐵 be the 𝑛 × 𝑚 matrix such that, for all 𝑘 ∈ Γ, row𝑟𝑘
 𝐵 =

row𝑘 𝐶
−1 , and, for all 𝑘 ∈ Δ, row𝑘 𝐵 = 0. 

 We now show that 𝐴𝐵 = 𝐼𝑚 .  Let 𝑖, 𝑗 ∈ Γ.  Then 

 𝐴𝐵 𝑖𝑗 =  𝐴𝑖𝑘𝐵𝑘𝑗

𝑚

𝑘=1

=  𝐴𝑖𝑟𝑘
𝐵𝑟𝑘 𝑗

𝑘∈Γ

+  𝐴𝑖𝑘𝐵𝑘𝑗

𝑘∈Δ

=  𝐶𝑖𝑘𝐶𝑘𝑗
−1

𝑘∈Γ

+  𝐴𝑖𝑘 0

𝑘∈Δ

=  𝐶𝐶−1 𝑖𝑗 + 0

=  𝐼𝑚 𝑖𝑗  

Thus 𝐴𝐵 = 𝐼𝑚 .  ∎ 


