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2.3.9 

Find linear transformations 𝑈, 𝑇:𝐹2 → 𝐹2such that 𝑈𝑇 = 𝑇0 but 𝑇𝑈 ≠ 𝑇0.  Use your answer to 

find matrices 𝐴 and 𝐵 such that 𝐴𝐵 = 𝑂 but 𝐵𝐴 ≠ 𝑂. 

 

Define 𝑈 𝑥, 𝑦 =  𝑦, 0  and 𝑇 𝑥, 𝑦 =  𝑥, 0  for all 𝑥, 𝑦 ∈ 𝐹.  Then clearly 𝑈 and 𝑇 are linear, 

and 

∀𝑥, 𝑦 ∈ 𝐹,  𝑈𝑇  𝑥, 𝑦 = 𝑈 𝑇 𝑥, 𝑦  = 𝑈 𝑥, 0 =  0, 0  

but, for example, 

 𝑇𝑈  1, 1 = 𝑇 𝑈 1, 1  = 𝑇 1, 0 =  1, 0 ≠  0, 0 . 

Therefore 𝑈𝑇 = 𝑇0 but 𝑇𝑈 ≠ 𝑇0 .  Let 𝛽 be the standard ordered basis for 𝐹2.  Then 

 𝑈 𝛽 =  
0 1
0 0

 ,  𝑇 𝛽 =  
1 0
0 0

 , 

and 𝐴 =  𝑈 𝛽  and 𝐵 =  𝑇 𝛽  are matrices such that  𝑈 𝛽  𝑇 𝛽 = 𝑂 but 

 𝑇 𝛽  𝑈 𝛽 =  
0 1
0 0

 ≠ 𝑂. 

 

2.3.11 

Let 𝑉 be a vector space, and let 𝑇: 𝑉 → 𝑉 be linear.  Prove that 𝑇2 = 𝑇0  if and only if 𝑅 𝑇 ⊆

𝑁 𝑇 . 

 

Proof: 

(i) Assume 𝑇2 = 𝑇0.  Let 𝑣 ∈ 𝑅 𝑇 .  Then for some 𝑢 ∈ 𝑉 we have 𝑇 𝑢 = 𝑣.  But by assumption 

𝑇2 𝑢 = 𝑇0 𝑢 = 0 and thus 𝑇2 𝑢 = 𝑇 𝑇 𝑢  = 𝑇 𝑣 = 0.  Thus 𝑣 ∈ 𝑁 𝑇 . 

(ii) Assume 𝑅 𝑇 ⊆ 𝑁 𝑇 .  Let 𝑢 ∈ 𝑉.  Then 𝑇 𝑢 ∈ 𝑅 𝑇  and thus by assumption 𝑇 𝑢 ∈ 𝑁 𝑇 .  

But this means that 𝑇 𝑇 𝑢  = 0, so 𝑇2 𝑢 = 𝑇 𝑇 𝑢  = 0 = 𝑇0 𝑢 .  Since this is true for all 

𝑢 ∈ 𝑉, 𝑇2 = 𝑇0.  ∎ 


