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2.1.5

Let T: P,(R) — P;(R) be defined by T(f(x)) = xf(x) + f (x). Prove that T is linear, find
bases for both N(T) and R(T), compute the nullity and rank of T, verify the dimension

theorem, and determine whether T is one-to-one or onto.

Letc € Rand f,g € P,(R). Then
T((F+ X)) =x((F+ D))+ (F +9) () =x(f) + g()) + (f () + g (x))
= (xf(x) + f' (x)) + (xg(x) + g'(x)) = T(f(x)) + T(g(x))
and
T((cf)(x)) = x((cf)(x)) +(cf) (x) = xc(f(x)) + c(f’ (x)) = c(xf(x) +f (x))
= cT(f (),

so T is linear.

Since T'is linear, 0 € N(T), thatis, {0} € N(T). Let h(x) = ag + a;x + a,x* € N(T).
Then T(h(x)) = xh(x) + h' (x) = apx + ayx? + azx® + a; + 2a,x = a; 1 + (ag + 2a,)x +
alx2 + a2x3 = 0. Since {1, x,xz,x3} is a basis for P;(R) and is thus linearly independent, the
only solution to this equation is the trivial solution. Clearly this implies ay = a; = a, = 0. Thus
h(x) =0 € {0}. So N(T) € {0}. Hence {0} = N(T) and thus @ is a basis for N(T).

Clearly B = {1, x,x?} is a basis for P,(R). Then by Theorem 2.2,
R(T) = span{T(1), T (x), T (x?)} = span{x, x> + 1,x3 + 2x}. For a;,a,, a; € R, examine
solutions to a;x + a; (x? + 1) + a3 (x3 + 2x) = a1+ (a; + 2a3)x + a;x% + a;x3 = 0. Since
{1, x, x%,x3} is a basis for P;(R) and is thus linearly independent, the only solution to this
equation is the trivial solution. Clearly thisimpliesa; = a, = a3 =0. Soy = {x,x? + 1,x3 +
2x} is linearly independent and is thus a basis for R(T).

The nullity and rank of T are simply nullity(T) = dim(N(T)) = |@| = 0 and rank(T) =
dim(R(T)) = |y| = 3. Thus nullity(T) + rank(T) =3 = |B]| = dim(Pz (]R)), verifying the

dimension theorem.



Since N(T) = {0}, by Theorem 2.4, T is one-to-one. Since dim(R(T)) < dim(P3 (]R)),
we have R(T) # P;(R). Thus T is not onto.
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2.2.9
Let V be the vector space of complex numbers over the field R. DefineT:V - V by T(z) = Z,

where Z is the complex conjugate of z. Prove that T is linear, and compute [T];z, where

B =1{1,i}.

Letk € R,and u,v € V, where forsome a,b,c,d € Rwe haveu =a + biand v = c + di.

Then

Tu+v)=u+v=>(@+bi)+(c+di)=(a+c)+b+d)i=(a+c)—(b+d)i

=(a—-bi)+(c—di)=(a+b))+(c+d)=u+v=Tw) +TW)

and

T(kw) = ku = k(a + bi) = ka + kbi = ka — kbi = k(a — bi) = k(a + bi) = ku = kT ().

Thus T is linear. Now, forany z = x + yi € V, where x,y € R, we have
z=x+yi=(©1 i)(;i).
Also,
T =TA+0) =1-0i=( ()
T@=10+n=0-i=a 0(°)
Thus we have

e =tz = (5 2)(G) =(5)



2.2.10

Let V be a vector space with the ordered basis f = {vy, v, ..., v, }. Define vy = 0. By Theorem
2.6, there exists a linear transformation T: V — V such that T(vj) =V +v 4 forj=1,2,..,n.

Compute [T];.

Let u € V. Then there exist unique a4, ay, ..., a, € F such that
a;

U=av, +avy ++a,v, =01 V2 V) a.2

aTl
Fori=1,2,..,n,lete; € F" be the n X 1 column vector which has 1 as its ith component and
0 elsewhere. Then we have
Tw) =vi+vog=v1+0=v; =1 V2 - Ve,
andforj=2,3,..,n,
T) =y 4y = v (g + e

Thus we have

1 1 0 0 0 0 a +a,
001 1 =« 0 0 0) 4 o + a,
0 0 1 0 0 0
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