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1.4.9

1.4.13

Show that the matrices ((1) g), (8 (1)), ((1) 8), and (8 (1)) generate M, (F).

Proof:

aj; Qg
a1 Q2

Then A = aq; ((1) g) + aqp (g (1)) +ay; ((1) 8) + az; (8 (1)) [

let A = ( ) € My, (F).

Show that if §; and S, are subsets of a vector space V such that §; € S,, then span(S;) S

span(S,). In particular, if S; € S, and span(S;) =V, deduce that span(S,) = V.

Proof:
Let S; and S, be subsets of a vector space V such that S; € S,. Let u € span(S;). Then, for
some finite number of vectors x{, x5, ..., X, in S1 and scalars a4, ay, ..., a,, we have
uU=aixy +ax; + - +a,x,.
But since §; € S,, we have xq, X3, ..., X, in S3, so u is a linear combination of vectors in S,. Thus
u € span(S,).
Now assume span(S;) = V. Then, by Theorem 1.5, span(S,) € V and, by assumption,

V C span(S;) € span(S,). =



1.5.5

159

Show that the set {1, x, x?, ..., x" } is linearly independent in P, (F).

Proof:
We examine the solutions to the equation ay1 + a;x + ax? + -+ + a, x™ = 0. Since this
equality must hold for all x € R, it must hold for x = 0,so0 agl + a;0 + a0 + -+ a,0 = ag =

0. Thus ay = 0. Taking derivatives, a; + 2a,x + 3asx? + --- + na,x" ' = 0. As before, when
x = 0, we have a; + 2a,0 + 3a30 + --- + na,0 = a; = 0. Thus a; = 0. Repeating this
process, we obtain

apy=aq=a;=--=a, =0.

Thus the only solution is the trivial solution and the set is linearly independent. m

Let u and v be distinct vectors in a vector space V. Show that {u, v} is linearly dependent if and

only if u or v is a multiple of the other.

Proof:

(i) Assume {u, v} is linearly dependent. Then, for some scalars a, b not both zero, we have
au+bv=0. Ifa#0,thenu = %bv, so uisa multipleof v. If b # 0, then v = _Tau, so v
is a multiple of u.

(i) Suppose u is a multiple of v. Then, for some scalar ¢, u = cv. Thus 1u + (—c)v = 0. Since

1 is nonzero, {u, v} is linearly dependent. Now suppose v is a multiple of u. Then, for some

scalard, v = du. Thus (— d)u + 1v = 0. Since 1 is nonzero, {u, v} is linearly dependent. m



1.5.14

Prove that a set S is linearly dependent if and only if S = {0} or there exist distinct vectors

v, Uy, Uy, ..., U, in S such that v is a linear combination of uy, uy, ..., u,.

Proof:

(i)

(ii)

Assume S is linearly dependent. Then, for some finite number of distinct vectors
U, Uy, ..., Uy, in S and scalars aq, a,, ..., a, not all zero,
a Uy + axuy + -+ au, =0.
Ifn=1,then ayu; = 0and a; # 0,sou; = 0 and thus S = {0}. If n > 1, then, since

aq, ay, ..., a, are not all zero, forsome i = 1,2, ...,n, a; # 0. Hence we have

—a; —az —ai —ai+1 -
U =—U +—uy; + -+ Ui +—ui+1+“'+
i a; i a; a;

In the case that S = {0}, S is linearly dependent because 1 - 0 = 0. In the case S # {0}, we

n
Up.

assume that there exist distinct vectors v, uq, uy, ..., u, in S such that vis a linear
combination of uq, uy, ..., u,. Hence, for some scalars aq, ay, ..., a,,
v =aquy +axuy + -+ auy,.
Adding (—1)v to both sides gives
(—Dv + ajug + ayuy; + -+ ayu, =0.

Since not all of the coefficients are zero, S is linearly dependent. m



