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6.1.9

6.1.11

Let 8 be a basis for a finite-dimensional inner product space V.
(a) Provethatif(x,z) = 0forallz € 8, thenx = 0.

(b) Prove thatif (x,z) = (y,z)forallz € B, thenx = y.

(a) Proof:
Let x € V. Suppose B = {vy, vy, ..., v, }. Then, for some scalars ¢y, ¢, ..., ¢, We have
x =)t cv;. Assume (x,z) = 0 forall z € 8. Then
n n n
(x,%) = <x,zcivi> =) G = Y G0 =0
i=1 i=1 i=1
Thus, by Theorem 6.1(d), we havex = 0. =
(b) Proof:
Letx,y € V. Assume (x,z) = (y,z) forallz € B. Then{(x —y,z) = (x,z) — (y,z) = 0 for
all z € B, which by part (a) impliesthatx —y = 0. Thusx =y. =

Prove the parallelogram law on an inner product space V; that is, show for all x, y € V that
lx + ¥l + llx = ylI* = 2[lx[I* + 2]lylI?

What does this equation state about parallelograms in R??

Proof:
Letx,y € V. Then
lx +yl* +llx =yl =(x +y,x +y) +{(x =y, x —y)
=(xx+y)+yx+y)+xx—y)—(y,x—y)
= (x,x) + (6, y) + (v, %) + (1, ¥) + {6, x) — () — (v, %) + (¥, ¥)
= 26, x) + 2(y,y) = 2lx|I* + 2ly||* =



We now examine two vectors in R? and how the parallelogram law applies to them.

Schematically, the relationship between x,y,x —y,and x + y is
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Let P, P, denote the distance between points P; and P,. Then the parallelogram law relates the

lengths of the sides of the parallelogram to the lengths of its diagonals by
(AD)? + (BC)? = (AB)? + (AC)? + (BD)? + (CD)?

6.1.15(a)
Prove that if VV is an inner product space, then [(x, y)| = ||x]| - ||v]| if and only if one of the

vectors x or y is a multiple of the other.

Proof:

First, note that if either x or y is the zero vector, then the statement is trivially true. So let x and
vy be nonzero vectorsin V.

(i) Assume [(x,y)| = |Ix|| - ly]l. Leta = {x,y)/|lyl|l* and let z = x — ay. Theny 1 z, since

(zy)={x—ay,y)={(y)—a{y,y) =(x,y) - ﬁ;ﬁlz) Iyll> =0

It follows that ay L z. Also, by assumption,

af =[] 1o el
llyll? llyllZ llyll? Il
implying ||x|| = |a| - ||y||. Now, since x = ay + z, we must have

x| = llay + z||?
But, since ay L z, by Exercise 10 we must have

lay +zII? = llayll? + llzII* = lal* - [IylI* + l|zII?



6.2.6

6.2.10

Furthermore, since ||x|| = |a| - ||yll, we have
lay +zII> = llxII* + llzI|>
Thus ||x]|? = llay + z||? = ||x]|1> + ||z]|%, implying ||z]|> = 0, that is, z = 0. Returning to
the definition of z, we see that x = ay, that s, x is a multiple of y.
(ii) Now assume x is a multiple of y, that is, for some scalar ¢, x = cy. Then
[ ) = Key, y) = Ly, )] = lel - Ky, v = lel - lyll? = lel - Nyl - Nyl = lleyll -yl
= [lxll - llyll

The case of y being a multiple of x proceeds similarly. m

Let V be an inner product space, and let W be a finite-dimensional subspace of V. If x eV — W/,

prove that there exists y € W+ such that (x, y) # 0.

Proof:
Let x € V. Assume x & W. By Theorem 6.6, there exist unique vectorsu € W andy € W+
such thatx = u +y. Suppose y = 0. Then x = u € W, a contradiction. Thusy # 0. Also note

thatu L ysinceu € W andy € W. We now see that, since y # 0,

xy)=@u+y,»=wn+yy=@y»+0n

Let W be a finite-dimensional subspace of an inner product space V. Prove that there exists a
projection T on W along W+ that satisfies N(T) = W+. In addition, prove that ||T(x)|| < ||x]|
forallx e V.

Proof:

We know by Exercise 13(d) that V = W @ W+*. Letn = dim(V). Let f = {vy,v5, ..., vs} and
¥ = {wy, Wy, ..., w, } be bases for W and W+, respectively, where s +t =n. Thenf Uy isa
basis for V. Let T:V — V be the linear transformation defined by T(v;) = v; for1 < i < s and

Tw;)) =0for1<i<t.



We prove Vx € W,T(x) = x and Vy € WL, T(y) = 0:

Let x € W. Then there exist scalars ¢y, ¢, ..., ¢ such that

Thus
S S N
Tx)=T <Z civi) = Z ¢;T(v;) = Z Vv =X
i=1 i=1 i=1

Now let y € W1. Then there exist scalars d;, d5, ..., d; such that

t
y= Z d;w;
i=1

Thus

Tly)=T (zt: diwi) = zt:diT(wi) = zt: d,0=0
i=1 i=1 i=1

We prove N(T) = W+:
Let x € V. By Theorem 6.6, there exist unique vectorsu € W and z € W+ such that
x=u+z ThusT(x) =T(u+2) =T(u)+T(z) =u. Thusx € N(T) if and only if
u = 0, which occursifand only if x = z € W+, Therefore N(T) = W+.
We prove [IT ()|l < ||x]I:
Let x € V. By Theorem 6.6, there exist unique vectors u € W and z € W+ such that
x = u + z. As before, we have T(x) = u. Thus, since ||z|]| = 0,
ITCON = llull < llull + lzIl
Now, since u € W and z € W+, we must have u L z. Thus, by Exercise 10 of Section
6.1,
llull + llzll = llu + zIl = x|
Therefore we conclude that

ITCOI < llx]|



