Calc. Var. 20, 133-151 (2004) Calculus of Variations
DOI: 10.1007/s00526-003-0230-0

YanYan Li - Lei Zhang

A Harnack type inequality for the Yamabe equation
in low dimensions

Received: 30 May 2003 / Accepted: 10 July 2003 /
Published online: 4 September 2003 — (©) Springer-Verlag 2003

1 Introduction

Let (M, g) be an n—dimensional, smooth, compact Riemannian manifold without
boundary. For n = 2, the uniformization theorem of Poincaré gives the existence of
Riemannian metrics which are pointwise conformal to g and have constant Gauss
curvature. For n > 3, the Yamabe conjecture states that there exist Riemannian
metrics which are pointwise conformal to g and have constant scalar curvature.
The Yamabe conjecture was proved through the works of Yamabe [41], Trudinger
[40], Aubin [2], and Schoen [29]. For n > 3, let g = uﬁ g for some positive
function u, we have

_n42 4(n—1)
Rg =u n-2 (Rgu — HAQU) y

where R, denotes the scalar curvature of g and A, denotes the Laplace-Beltrami
operator of g. The Yamabe conjecture is therefore equivalent to the solvability of

—Lyu=Ruw?, uw>0,  inM, (1)

for R = —1,0 or 1, where L, = A, — c(n) Ry, c(n) = 4(7:7:21) , is the conformal
Laplacian of g. It is known that the equation can not be solved for more than one
of the R. If the first eigenvalue of — L, is negative, there exists a solution of (1) for
R = —1, and the solution is unique. If the first eigenvalue of —Lg is 0, solutions
of (1) with R = 0 are positive eigenfunctions associated with the first eigenvalue.
On the other hand, when the first eigenvalue of —L, is positive, the structure of
solutions of (1) with R = 1 are in general more complicated (see, e.g., [29]).

We first assume that (M, g) is locally conformally flat and the first eigenvalue
of —L, is positive, and we consider

n42

—Lgu=ur=2, u>0, in M, )
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A Riemannian manifold is called locally conformally flat if near every point of
M the metric g can be written in some local coordinates as g = e (dz? + - - - dx?)
for some function v.

For Q € M and )\ > 0, let

n—2

n-2 A
€oA(P) = (n(n —2))7 (1 + N2disty (P, Q)2> e

Schoen proved in [31] that there exists some positive constant C', depending only
on (M, g), such that for any smooth solution u of (2), there exist local maximum
points S = {Py,-- - , Py, } of u such that

disty (P P)) > 5o Vi), 3)
Zu(P) <u(P) < Cu(P), Vi @

and
wP)<CY épupy(P),  VYPeM. (5)

=1

By (3), m = #S§ is bounded by some constant depending only on (M, g). A
consequence of (3) and (5) is the following energy estimate: for any solution w of

@,

[ wt= <cutg). ®)
M
Another consequence of (3), (4) and (5) is

sup  u- inf u < C(M,g)e¥™, Ve>0and Q € M. (7)
disty(P,Q)<e disty(P,Q)<4e

Based on the above estimates and the positive mass theorem of Schoen and Yau
[35], Schoen proved in [31] that

m = #S can be taken as 1 and P, can be taken as a maximum point of u, (8)
and, if (M, g) is not conformally diffeomorphic to the standard n—sphere, that
mﬁxuSC(M,g). )
When (M, g) is conformally diffeomorphic to the standard n—sphere, estimate (9)
is not valid. By standard elliptic estimates, bounds of derivatives of u follow from
(9) and the equation satisfied by u. Another proof of (9) was given in [32].

Schoen [31] and Schoen and Zhang [36] also studied, for n = 3, the scalar
curvature equation

—Lyu=K(x)u’, u>0, on M, (10)
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where K is a positive smooth function on M. They established (3), (4), (5) and (8)
for solutions w of (10), with C' depending on K. Related compactness results on
standard 2 and 3—spheres were established by Chang, Gursky and Yang [10] using
different methods. The noncompactness of the conformal automorphism groups of
the standard spheres makes certain aspects of the analysis more difficult on spheres.
The standard spheres are the only compact Riemannian manifolds with noncompact
conformal automorphism groups ([18], see also [33]).

The first author studied in [24] and [25], for n > 3, the scalar curvature equation

—Lyu=K(z)u"?, u>0, onb. (11)

He introduced, for 5 > 1, a 3—flatness condition (*)g (see Definition 0.4 in [25])
on K, and established (3), (4), (5), and, consequently, (6) and (7), for solutions
u of (11), provided that K satisfies (x),,_o. Positive smooth functions K satisfy
(#)n—2 for n = 3, 4. The condition (x*)g is also monotone: if K satisfies («)g then
it satisfies (x) g for 3’ < (. Estimate (8) is established in [24] for solutions of (11),
provided that K satisfies ()3 for some 3 > n — 2. It was shown in [25] that (8)
does not hold in general under (*),_2, and multiple blow up points may occur to
a sequence of solutions.
Condition (x)g for § > n — 2 implies that

V*K(z) =0, 2 <|a| <n — 2, at points where VK (x) = 0, (12)

a condition under which Escobar and Schoen [15] established the existence of
solutions of (11) when (M, g), still locally conformally flat, is not conformally
diffeomorphic to the standard sphere. Such an existence result is not valid on the
real projective space RP™ for n > 4 under (*),,_2, as shown by Bianchi and Egnell
[6] and Bianchi [5]. This shows the relevance of the flatness order n — 2. On the
other hand, it is not known whether (12) is enough for any of the estimates (3), (4),
(5), (6) and (7) to hold for solutions of (11), see the questions on page 552 of [25].
Estimates (3), (4) and (5) have played a central role in establishing the existence
results in [36,24] and [25].

Schoen also established in [31] a local form of the estimate (7): let u be a smooth
solution of

~Au=u"3, w>0, inBy, (13)

then

supu - inf u < C(n)e* ™™, VO<e<l, (14)
B

. 4e

where A denotes the Laplacian and B, denotes the ball in R™ centered at the origin
and of radius e. For n = 3 and K being a positive function, estimate (14), with
C(K), was established in [31] for solutions of

—Au = K(z)u®, u>0, in By.

Under the condition (x),,—2 on K, such a local form of estimate (7) for

n+2

—Au=K(z)ur—2, u>0, in By
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was established by Chen and Lin in [11]. The estimate does not hold in general under
(x)g for § < m — 2. Analogues of the Harnack type inequality (7) in dimension
two were established by Brezis and Merle [7], Brezis, Li and Shafrir [8], Chen and
Lin [13], and Li [26]. Such Harnack type inequalities on compact Kédhler manifolds
were established by Siu [38] and Tian [39].

When K satisfies (*),,—2, any solution of (11) on the locally conformally flat
manifold satisfies

/ w3 < C(M, g, K). (15)
M

This is a consequence of the previously mentioned estimates (3) and (5). Estimate
(15) also holds for a class of K satisfying (*)%2, a result in [12]. On the other
hand, as partly conjectured by Korevaar and Schoen and shown by Chen and Lin
[14], the energy estimate (15) fails in general for K with flatness order 5 < ”T’Q

Question 1.1. Does the energy estimate (15) hold under () g for "7_2 < B <n-2?

Now we turn to general, i.e. not necessarily locally conformally flat, Riemannian
manifolds (M, g) of dimension n > 3. It was conjectured by Schoen [32] that all
solutions v of the Yamabe equation

—Lgu = u%, u > 0, on M, (16)
satisfy

<
maxu < C(M,g), (17)

unless (M, g) is conformally diffeomorphic to the standard n—sphere. He proved
this when (M, g) is locally conformally flat, as mentioned earlier. For the general
case, he suggested an approach together with some estimates in [31] and [32].
Following these ideas, Li and Zhu [28] established, for n = 3, (3), (4), (5), (8), and,
if (M, g) is not conformally diffeomorphic to the standard sphere, (17). In fact, the
estimates were established for more general equations of the form —Aju+k(z)u =
K (z)u®. Equations — A u+ k(z)u = wn? forn > 3, were studied by Bahri and
Brezis [3].

In this paper we establish the Harnack type inequality on three and four dimen-
sional Riemannian manifolds.

Let By C R™, n > 3, be the unit ball centered at the origin, and let (a;;(z))
be a smooth, n X n symmetric positive definite matrix function, defined on B,
satisfying

1 e n
1€ S ai(@)¢ <2, VoeB (R, (18)
and, for some a > 0,

laijllcs s,y < a. (19)
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Consider the Riemannian metric
g= a,»j(x)dxidmj (20)

on Bi, and consider the Yamabe equation

n+2

—Lgu=un-2, u >0, on Bj. 21)

Our main result is

Theorem 1.1. Forn = 3,4, let (B, g) be as above, then there exist some positive
constants ¢ and Cy, depending only on a, such that any smooth solution u of (21)
satisfies

sup uw- inf u < Che? ™, V0 <e<d, (22)
B(0,¢) B(0,4¢)

where B(0, €) denotes the geodesic ball, with respect to g, centered at O with radius
€.

A consequence of the Harnack type inequality (7) is, as proved by Schoen in
[31] (see also [11] for an alternative proof), the following energy estimate: for any
solution u of (13),

/ unz < C(n). (23)
By

The same proof yields the following consequence of Theorem 1.1:

Corollary 1.1. Forn = 3,4, let u be any smooth solution of (21), then

/ uns < C(a).
B

1
2

Such Harnack type inequality for general conformally invariant fully nonlinear
elliptic equations of second order have been established on locally conformally
flat Riemannian manifolds by Li and Li in [19,20] and [23]. Theorem 1.1 can
be viewed as a first step in an effort to establish the Harnack type inequality for
conformally invariant fully nonlinear equations on general Riemannian manifolds.
Such Harnack type inequality on general Riemannian manifolds would, as pointed
out in [19], yield the energy estimate for solutions of a large class of conformally
invariant fully nonlinear equations.

Now

Question 1.2. Does the conclusion of Theorem 1.1, with § and Cjy depending also
on n, hold for n > 5?
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The above question is closely related to the previously mentioned conjecture of
Schoen concerning the compactness of the moduli space of (16).

For reader’s convenience, we first give in Sect. 2 the proof of Theorem 1.1 for
n = 3, and then, in Sect. 3, the proof for n = 4. Our proof, an application of
the method of moving planes, uses the ansatz in Schoen’s proof of (14) in [31]
(see also [8,11,13] and [26] where such ansatz was used). The main task in our
proof of Theorem 1.1 is to produce suitable auxiliary functions so that the method
of moving planes applies. The construction of the auxiliary functions for n = 4
is more delicate than that for n = 3. The method of moving planes has become a
powerful tool in the study of nonlinear elliptic equations, see Alexandrov [1], Serrin
[37], Gidas, Ni and Nirenberg [16], and Berestycki and Nirenberg [4], and others.
The proof of (14) in [31] makes use of the Liouville type theorem of Caffarelli,
Gidas and Spruck [9], while our proof of Theorem 1.1, as in our earlier paper [27],
does not use the Liouville type theorem. This has played an important role in the
proof of Li and Li ([19,20,23]) of the Harnack type inequality and the existence
and compactness theorems for a fully nonlinear version of the Yamabe problem
on locally conformally flat manifolds, under the circumstance that the associated
Liouville type theorems were not available. Later they obtained such Liouville
type theorems in [21] and [22], see also [23]. Our proof of Theorem 1.1 is by
contradiction argument, as in the proof of (14) in [31], and therefore does not yield
explicit constants ¢ and C. On the other hand, a direct proof has been given in [20]
(see also [23]), and the argument can be applied here to obtain explicit constants §
and C.

2 Proof of Theorem 1.1 forn = 3 :

In this section we establish Theorem 1.1 for n = 3. We argue by contradiction.
Suppose that (22) does not hold, then for some @ > 0 there exist a sequence of
Riemannian metrics {g;} of the form (20) and satisfying (18) and (19), but for
some ¢, — 07 and some solutions u;, of (21) with g replaced by g;, we have

max up - min up > kei_", (24)
B(O,Ek) B(O,4E)€)

where B(0, ¢;,) denotes the geodesic ball with respect to g.

We will keep n in many formulas in this section, since they are valid in higher
dimensions and will be used in Sect. 3 for n = 4.

By (18) and (19), there exists € = €(n, a) > 0 such that the maximum principle
holds for L, on B(0,r) for 0 < r < € Thus, since Lyus < 0, we have

min ux = min ug, VOo<r<e (25)
B(0,r) 0B(0,r)

For some Zj, € B(0, €x), ui(Zr) = max_uyg, and, from the above,
B(0,¢ex)

uk(jk)ek 2 = o0
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By a standard selection process (see, e.g., Lemma 5.1 and the proof of Theorem
5.11in [27]), we can find z, € B(Zg, €r/2) and o, € (0, €4 /4) satisfying

Uk(l'k)%O'k — 00, (26)
u(zr) > ur(ZTr), (27)

and
’U,k(l‘) S Cluk(ack), VB({E;C,O']C)7 (28)

where (' is some universal constant.
It follows from (27), (25) and (24) that

ug(zg) - min - 62_2 > ug(Zg) - min_ uy - 62_2 >k —=o00. (29)
OB(wk,2¢k) B(0,4¢z)

We use {z1, -, 2"} to denote some geodesic normal coordinates centered
at x (e.g., given by the exponential map). In the geodesic normal coordinates,
g = gij(2)dz"dz?,

9ij(2) = 6;j + O(r?),  g:=det(gij(2)) =1+ 0(r?), Ry(z)=0(1)

where r = |z|. Thus
1 L
Agu = 732'(\/‘69”81"&) = Au + b,@zu + dijaiju,
NG

where

by =0O(r), dij =0(r?). (31)
Here, and below, 0; = % and 0;; = %

The equation of uj, can be written as
n+2 n+2
Loug+u; > = Aup+b;0jup+d;j0iur—c(n) Rgur+u, > =0 in B(0, 3¢).
(32)

We rescale uy, as
-2 2
v (y) = My, (Mk ”"2y> for |y| < 3epM;?,
where M}, = uy(0). By (26) and the fact that €, > 4oy,

2 2
. n—2 __ 1: n—2 __
k% M, = khjglo oM, ™% = oo. (33)
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The rescaled function vy, satisfies, using (32), (28) and (29),

_ _ nt2 _2
Avy, + b;0;v5 + dijaijvk — Cvg + UI;VZ =0 for |y| < SEkMkTVQ,
ﬂk(O) = 1,
2
'Uk(?QJ) <y, ly| < oM,
Jim o min (ur(y)ly[" %) = oo,
ly|=2e, M, >
(34)
where C is the universal constant in (28),
_ __2 2 _ __2
bi(y) = M, "7 0i(My, "y),  dij(y) = dii (M, "), (35)
and
__2_ _ 4
c(y) =c(n)R (Mk ”2y> M, "2, (36)

Here, as we very often do later, we have omitted the k& dependence in the notations
Of bi, dij and C.
2
For |y| < 3e,M,"~*, we have, by (31),

_ __4 _ —_4 __4
b;(y)] < CM,, "2 y|, |dij(y)] < CM,, "2 |y|?, |e(y)] < CM,, "2, (37

where C depends only on n and a.

It follows from (33), (34) and (37), using standard elliptic estimates, that, along
a subsequence, vy, converges in C? norm on any compact subset of R™ to a positive
function U satisfying

AU+U3=0 in R7,
(38)
U(O):l, 0<U<LC(C,.
For simplicity, we still use vy to denote the subsequence.

Thus, for any a > 0, there exist constants c(a) > 0 and k, > 0, independent
of k, such that

1 _
c(a) < vi(y) < v (y)+Vor(y) [+ Vi (y)| < @’ Viyl <aandk > k.
(39)

For x € R™ and \ > 0, let

v (y) = (|y_/\x|)712 " (x + W)

denote the Kelvin transformation of vy with respect to the ball centered at x and of
radius .
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We shall compare, for any fixed x, vy and v,)c"x and we shall always take, for

simplicity, z = 0. For « # 0, the arguments are similar. We use the notation v,;\

. A0 .
instead of v}, i.e.

A n—2 /\2
va(y) = <|y|) u(y?) where y* = ﬁ

Set, for A > 0,
_2 -
=B (O,EkMkn2> \B(O,/\)

2
From now on we restrict the domain to B(0, e, M, ~*). This is needed for x # 0,

2 2
since we would stillhave B(z, e M," ) C B(0,2¢, M7~ ) for k large (depending
on an upper bound of |z|), and the rest of the arguments are the same as that, given
below, for z = 0.
By (25) and (34),

min _ (vk(y)|y|"2) > 227" min (vk(y)|y|" %) — co.  (40)
lyl=ex M2 ly|=2ex ;">

In the rest of this section, unless otherwise stated, we use the following nota-
tions: A; > 0 denotes a fixed arbitrary large constant, A € (0, \1], k is large (the
largeness of k depends on A1), and C denotes various positive constants which are
independent of k£ and A (but allowed to depend on Ap).

Since

n+2
Avd(y) = (|;|) Avi(y),

we have, by (34)

Avp(y) + vp(y) =2 = Eyi(y) y € Xy (41)
where
A\ A A T A =00 A A
Ei(y) = — Tl (0i (¥ 0wk (™) + dij(y) Dijor (y™) — ey o (y?)) -
(42)
It follows from (37) that there exists Cy = Co (A1) such that
_ a4
|E1(y)] < CoA™ 2 M, "2y ™" 7%, in Xy (43)

Let
wy = Vg — U?.

Here we have, for simplicity, omitted k in this notation. By (34) and (41),

n+2 _a

Aw,\+l_)iaiw,\+cﬁ;j8ijw,\ — cw)y + €mw)\ = F,, in Yy, (44)

n—2
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where ¢ stays between vy, and v,i‘, and
E)\ = —Ei(‘)iv,é - c@»j@jv,ﬁ + EU,? — El. (45)

In the rest of this section, we take the specific value n = 3. A calculation yields,
using (39), that

D@ < CAlI™%, |0ve()] S CAlyl™%, inZh. (46)
Using (37) and (46), we deduce from (45) the following
Lemma 2.1. For some constant C3 = C3(\y),

|Ex(y)| < CsM*Ay| ™, in Z. (47)

Let
ha(y) = —CsAM, *(ly| — A),  in %y,

Lemma 2.2.

wx +hy >0 inX)y, VO< A<\ (48)

Proof of Lemma 2.2. We divide the proof into two steps.
Step 1. There exists A, > 0 such that (48) holds for all 0 < A < Mg .
To see this, we write

w =0 — v :L v - we(y?) ) .
A1) = vi(y) — v} () M(mk@) Pl >)

Note that 3 and y* are on the same ray starting from the origin. Let, in polar
coordinates,

f(r,0) = Vrug(r,0).
By (39), there exists 79 > 0 and C' > 0 independent of k& such that
of
or

Consequently, for 0 < A < |y| < 79, we have

(r,0) > Crs for 0<7r<rg.

wa(y) + ha(y) = vie(y) — vp(y) + ha(y)
> }OCTO‘ 5yl - [5]) + ha(v)

C _ .
> (5~ CaAM, Nyl =X)  since [y — [y*] > |yl — A
> 0. (49)



A Harnack type inequality for the Yamabe equation in low dimensions 143

Since
Iha(y)| +vp(y) < Clk,ro)X, 1o < |y < ex M2,

we can pick small Ao 5, € (0,7) (allowed to depend on & and ) such that for all
0 < X < Ag,r we have

w,\(y) + h)\(y) > min QUk(y) — C(k,?‘o))\o’k > 0, Vry < |y| < GkM]?.
ly|<ex M,

Step 1 follows from this and (49).
Let

MW =sup{f0O< A<\ | w,+h,>0 in X, forall0<pu<\}. (50)
Step 2. \¥ = )\, i.e. (48) holds.
For this, the main estimate needed is

n+2 4

(A +b;0; + d;ij0j + €72 —&)(wy + hy) <0, in X\, (5D

n—2
i.e., in view of (44),
Ah,\+l3i8ihA+ch8ijhA+EA+(5§4—E)hA <0 in ). 52)

Since hy < 0in Xy,
5¢thy <0 in Xy,

The dominant term in (52) is
Ahx(y) = —2CsAM|y| ™.
The rest of the terms are of higher orders. Indeed,
|0iha] < CAM*,  [9i5ha| < CAM |yl ™,
and, using also (37),
105 (y)Diha| + |dij (¥)Dijha] + |eha] < CAM Bly| < CAez M, |y~
< Cg)\Mk_4|y‘71 in Xy
So, by (47) and the estimates above,
Ahy + f_)iaih)\ + (L-jaijh)\ + Ey + (554 — E)h)\
< Ahy + CaAM y| ! + | Ey|
:—03/\Mk_4|y|_1—|—|E>\| <0 in Xy

We see from (39) and the definitions of v,? and A that

C(\1)
ly

Nk
e )]+ [hax(y)] < . Yyl =eMy.
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Thus, by the boundary condition (40),
(wxr +hse)(y) >0 V|y| = e M,

Since wyx + hyx is non-negative and satisfies (52) with A = \¥, we apply the
strong maximum principle and the Hopf lemma to obtain

wyk + hxe >0 in X5k,

and 9
a—(w;\k +hsk) >0 on 3B(0,5\k)7
v
where a% denotes the differentiation in the outer normal_direction.
In view of the three estimates above, we must have A* = ). Step 2 is estab-
lished. Lemma 2.2 is proved. a

Given any A\; > 0, since {v;} converges to U (along a subsequence) and h
converges to 0 on any compact subset of R”, we have, by sending k to oo in (48),
that

Uy) > UMy), forall|y| >\, 0 <A< AL

Since A\; > 0 is arbitrary, and since we can apply the same argument to compare
v, and v,i"z, we have

Uy) > UM(y), forall|y—xz| >\ >0.

This implies, by a calculus lemma (see, e.g., Lemma 11.2 in [27]), that U is a
constant, contradicting to (38). Theorem 1.1 for n = 3 is proved. a

3 Proof of Theorem 1.1 forn = 4:

In this section we establish Theorem 1.1 for n = 4. The proofis along the same line
of that for n = 3. The construction of the auxiliary function h, is more delicate,
and we make use of coordinates with special properties to improve the estimate
37).

As for n = 3 we argue by contradiction. Suppose that (22) does not hold, then,
asin Sect. 2, we can find zy, € B(0,3¢x/2), ex — 0,and oy, € (0, €, /4) satisfying
(26), (28) and (29). Let {zl ,+ -+, 2"} be the conformal normal coordinates centered
at 1. For simplicity we write R;;(0), the Ricci curvature tensor at 0, as R;;. The
full curvature tensor R;;z; is understood similarly. Let

1 1
i 2R’Lj 4(n — 1) < El Rll) 6137

1 L
o(z) =1+ iAijzlz],

_4
2,

g:

AS)

and

=3}

= Qu.
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Then, at 0, the Ricci curvature of g, R;;, vanishes. By the conformal invariance of
the equation satisfied by w, u satisfies

N

- . nt
—Léu =un-2.

Since u has essentially the same properties of u ((26), (28) and (29)), we will simply
use v and g to denote u and g respectively. We will then have an additional property
that R;;(0) = 0. Consequently, R(0) = 0. We can also use the conformal normal
coordinates of Lee and Parker [17], though the proof remains the same.

In the rest of this section, n = 4 unless otherwise stated. In such coordinates,
we have

1 o
g =det(g;j) =1— gRijzzzJ +0(r?), (53)
1 ij 3
Ipq(2) = 0pq + ng‘jqz 2 +0(r?), (54)
1 »
Agu = 7\/‘681 (\/gg”aju) = Au+ bzazu + dijaiju

where

bj = 2% i9g" + 0ig”,  dij =g — Y. (35)

Since R;, = 0, we have, by the expressions for g and g;;, that
ij 1 P 3
g = §ij — gRZ'quZ 2%+ 0(7’ ),

y 1 1
81'9” = —gRipiij — gRiiquq + 0(72) = O(T2)
and )
0;g = —gRipzp +0(r?) = 0(r?).
From the expressions above and R(0) = 0 we have
1
bi=0(r?), dij= — 3 Ripg 22" + o(r*), R=0(r). (56)

Recall that b;, Jij and ¢ are defined in (35) and (36). By the estimates above we

have

_ __6_ __6_
bi(y)| < CM,, "y, || < CM, "yl (57)

and

- 1

__4_ __6_
dij(y) = =3 My "7 Ripgsy"y" + O()M,, " [y, (58)
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We claim that there exists Cy > 0 independent of % such that for large £,

2
vp(y) > Caly|*™™,  for 1<|y| <26 M. (59)

Indeed for some € > 0, depending only on @, the operator L satisfies the maximum
principle in B(zy,2¢) and the Green’s function G for —L, on B(xy,2¢) with
respect to the Dirichlet boundary condition satisfies, for some C' > 0 independent
of k, C7z — 2> < G(w,21) < Clr — xx|> " for 0 < |z — 24| < €/2. By
the boundary condition (29),

lim min ug ()M, En 2 =0
k k€L )
k—o0 |z—z)|=€k

and therefore
ug(z) > C' M o — 227" > O M G2, o), Ve — ag| = eg.

By (39),

u () = Myog(M 2 (v — 21)) > O~ My > O~ M G (w0, ),

2
Ve —ay| =M, "2.

_ 2
Since Lyui(xz) < 0 for M, "~* < |z — x| < €, we have, by the maximum
principle, that

ug(x) > C’*le_lG(:E,zk) > Cile_l|x — 2",
2
for M, "7 < |z — x| < €.

This is, after scaling, the desired estimate (59).

Let vy, v,)c‘, wy, E) be defined as in Sect. 2. Recall that the equation of v,i‘ is (41)
where F; satisfies (42) and (43). We will give an improved estimate for Ey. In the
rest of this section, unless otherwise stated, we use the following notations: Ay > 0
denotes a fixed arbitrarily large constant, A € (0, \1], k is large (the largeness of
k depends on A1, and also on Ay and 7y which will appear later), and C' denotes
various positive constants which are independent of k£ and A (but allowed to depend
on Ap).

Lemma 3.1. For some positive constant Cs = Cs(A1),

|Ex(y)] < C3 M 2|y~ + Cs M 2|y ™", in 2. (60)

Proof of Lemma 3.1. In X'\ we have, by (39),

)\n72 i -n n— —n
Odly) = (2= m) Ty oe(y) + Oy~ = 0N}y, (6)
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and
)\n72 o >\n72

y|n

where O(1) depends on A; but is independent of k.
It follows from (45),(43), (57),(58), (61) and (62) that

Ex(y) = O()M,, " |yP(\"?[y['™)

1 __4_ __6_
(M Ry + 0N, )

8ij)oe(y™) + O(A™ |y, (62)

>\n72 i >\n72 A n R
(n—2) HWTJ Yy = W%‘ v (y7) + O()A" [y

_% /\ n—2 \ _% )\n+2
+oama"-m<w0 ) + 00, ™ S

Using the antisymmetry property of R;,q; and the fact that R,, = 0, we have
Ripgiy?y10;; = —RpqyPy? = 0 and R;pq;yPy?y’y’ = 0. Estimate (60) follows

from the above. a
For o < 4 and « # 2, let
1 2— -2
= --———— R — - > .
fold) = ~ =m0 Rz
Then
falz) =0, |z| =1,
and, for |z| > 1,
Afoz(z) = _‘Z|_a’
fa(2) <0, |fa(2)] < Cla)|zm>0270k, (63)
IV fa(2)| < Cla) (2] + |2]7?) < C(a)2]' 77,
and
V2 fa(2)] < C@)(|2]7 +[2]7*) < Cla)|2| " (64)
Define
haly) = 203AM,;2f3(%) + 203A3M,;3f1(§), y € Xy
Then
ha(y) <0 in X, (65)
and
Ah(y) = —2Cs XM, %[y 7% —2Cs X M, Ply| ™!, ye En.  (66)
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Lemma 3.2.

wy + hy >0 in X,. 67)

Proof of Lemma 3.2. As in the proof of Lemma 2.2, we divide the proof into two
steps.

Step 1. There exists \g > 0independent of k such that (67) holds forall0 < A < Ag.

To see this, we write

wa(y) = ve(y) — vp(v) = I~ (lyloe(y) — ¥ ve (™).

Let, in polar coordinates,
f(r,0) = rug(r, ).
By (39), there exist ry > 0 and C' > 0 independent of % such that

0
—f(r,6)>(}>0, for 0 < r < ry.
ar
Consequently,
1
wx(y) = C7 Myl "y — vt > G (Wl =2, for0 <A<yl <ro.

On the other hand, for y € 3},
— Y - Y
)| < OAM2 121+ ONM9 1)
-2 Y- —3,,Y _
< CAMZ|IS172 = 1+ CPM[ ] = 1] < OM2(ly| = X).

It follows that

1 C
k

Now for e, My > |y| > rg, we have, by (63), (39) and (59), that |hy(y)| <
CM,; > < Celly|=2 < Lui(y). Therefore, for e, My, > |y| > ro,

1 1 A\’
o) = 02+ 1) > )~ 0d0) > ont) = (7)o
(69)

Because of (39), (59), (68) and (69), we can choose )y > 0 independent of k
such that (67) holds for 0 < A < Ag.

Now we define \* as in (50).
Step 2. \* = Xy, i.e. (67) holds.
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We know from Step 1 that Ay < A< A\ . We want to show, for Ag < A <
A < Ay, that

(A—l—?)zal—&-czuaw +3§2 —E)(w)\-i-h)\) <0, in Y. (70)
In view of (44), this is equivalent to
(A+b;0; +dijOi; + 362 —2)ha + Ex <0 in X, (71)

for A\g < A < AF < \q.

In the following, we assume that A\g < A < A < \y. We recall that Ao > 0is
independent of k, a fact which we use below. Using (57), (58) and (63), we have,
for y € Xy, that

Billia(v)| < CMP P Vs (5) 14+ M09 A (5) 1

< CM5 + COM ly|? < Ceg M 2|y =3 + Cep M, 3|y,
le(y)ha(y)| < CM Pyl < Cep M P ly| ™Y,
and, by (58),
\dij ()]10i;hx ()| < CM,2 |y V2R (y))|

<02 -2 ‘ 2., (Y -3 ’ 20 (Y ’
< Ce {Mk v f‘”’(A)‘+Mk Vih (A) }

< CEM 2|y = + CE M, 3|yt

Putting together the above estimates and using (66) and Lemma 3.1, we have in X
that

(A + b0 + d;;0i5 — 5) ha(y)
—205 N2 M2 y| 73 — 205 A2 M8y + Cer (M2Jy| =2 + M2 Jy| ™)
—CsN M Py = Cs M Py < —|Ea(y)].

A A

Estimate (71), and therefore (70), follows from this since h) < 0 in X'y. By (39)
and the explicit expression of h),

e C
e )]+ [hax(y)] < e’ Yyl = ex M.

Thus, by the boundary condition (40),
(wxr +hse)(y) >0,  V|y| = exMy.

Step 2 follows from the corresponding arguments in the proof of Lemma 2.2. The
rest of the proof of Lemma 3.2 is the same as that in the proof of Lemma 2.2. 0O

Proof of Theorem 1.1 for n = 4. Given Lemma 3.2, the proof is the same as that of
Theorem 1.1 for n = 3.
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