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1. Introduction

Let (M™, g) be a compact, smooth, connected Riemannian manifold (without

boundary) of dimension n > 3. The Yamabe conjecture has been proved through

the works of Yamabe [92], Trudinger [91], Aubin [4] and Schoen [79]: There exist

constant scalar curvature metrics on M which are pointwise conformal to g.
Consider the Yamabe equation and its sub-critical approximations:

—Lgu =n(n—2)uP, u>0, on M, (D
where 1 < p < Z—fg Ly, = Ay — ¢(n)R,, A, is the Laplace-Beltrami operator
associated with g, R, is the scalar curvature of g, and ¢(n) = 4(& :21)).

Let
M, = {u € C*(M) | u satisfies (1)}.

Schoen initiated the investigation of the compactness of M, and proved the
following remarkable result in 1991, see [82], under the assumption that (M, g) is
locally conformally flat and is not conformally diffeomorphic to standard spheres:
Foranyl <14+e<p< Z—fg and for any non-negative integer k,

||uHCk(M7q) < O, Yuce Mp, 2)

where C' is some constant depending only on (M, g), € and k. He also announced
in the same paper the same result for general manifolds, without the locally con-
formally flat assumption. The proof of this claim has not been made available. For
general manifolds of dimension n = 3, a proof was given by Li and Zhu in [73];
while for n = 4, a combination of the results of Li and Zhang [70] and Druet
[44] yields a proof, with the H' bound given in [70] and the L> bound under the
assumption of an H! bound given in [44].
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Let W, denote the Weyl tensor (see for instance [6] for the definition), we
consider the following two cases:

1°. 3<n<7,

2°. n>8and |Wy|+|VWy| > 0on M.

Theorem 1.1. Let (M™, g) be a compact, smooth, connected Riemannian manifold
which is not locally conformally flat. Assume either 1° or 2°. Then, for any 1 <
1+e<p< Z—i‘; and for any non-negative integer k, (2) holds for some constant

C depending only on (M™, g), € and k.

Remark 1.1. The proof of Theorem 1.1 in Case 1° makes use of the deep positive
mass theorem of Schoen and Yau in [83]. If we assume the positive mass theorem for
n = 8,9, then our proof yields the conclusion of Theorem 1.1 on any non-locally
conformally flat Riemannian manifolds of dimension n = §, 9.

Remark 1.2. Theorem 1.1 in the case n < 4 was, as mentioned earlier, already
known. Theorem 1.1 in the case n = 5,6, 7 as well as in the case n > 8 under
|Wy| > 0 on M was announced in November 2003 by the first author in his talk
at the Joint Analysis Seminar in Princeton University and also announced in our
note [71]. These were also independently proved by Marques [75]. The case n = 5
was proved independently by Druet [45]. Theorem 1.1 was announced by the first
author at the international conference in honor of Haim Brezis’s sixtyth birthday in
Paris, June 9-13, 2004. Some further results for dimensions n > 10 will be given
in a forthcoming paper [72].

Since the first eigenvalue of — L is positive, multiplying (1) by v and integrating
by parts on M lead to maxy; w > C~' for some positive constant C' depending
only (M,g) and e. On the other hand, once we know that u < C on M for
some C' depending only on (M, g) and €, an application of the Harnack inequality
yields v > C~'maxy; u on M for some C depending only on (M, g) and . A
consequence of Theorem 1.1 is, by some arguments in [82] and [66], the following

Corollary 1.1. Under the hypothesis of Theorem 1.1, there exists some constant
C, depending only on (M, g) and ¢, such that forall1 < 14+ ¢ <p < Z—fg and
forall C > C,

deg (v —n(n —2)(Ly) "' (v*),0c,0) = —1,

where Oc := {v € C**(M) : 1/C <v < C,|v|czaany < C}L O < <1,
and deg denotes the Leray-Schauder degree.

For the Leray-Schauder degree theory, see for instance [77].

Much of this paper is devoted to the fine analysis of blow up solutions of (1).
In fact we establish the following local version of such estimates. Let {2 C M be
an open connected subset of M, and let {2, := {P € 2 | dist,(P,02) > ¢€). For
Q € and p > 0, let

n—2

J— lj/ 2
§ou(P) = (1 +u2distg(P,Q)2) e
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We are interested in solutions of
—Lgu=n(n—2)u”, u>0, in{2. 3)

Theorem 1.2. Let (M™, g) be a compact, smooth, connected Riemannian manifold
of dimension n > 10, and let {2 C M be an open connected subset, 1 < 1+ € <
p < Z—f% Suppose that u is a smooth solution of (3) satisfying, for some P € (2
and some constant b > 1, that

Vu(P) =0, 1 < suppu < bu(P). 4)
Then, for any € > 0,
Wy (P)|g + VW, (P)|gu(P)" 72 < Cu(P)~ 727, )

where C' is some positive constant depending only on ¢, €, dz’stg(P,BQ), b, a
positive lower bound for the injectivity radius of (M, g), a positive lower bound
of the first eigenvalue of —Lg on §2 with zero Dirichlet boundary condition, and a
positive upper bound of the norm of the curvature tensor of (M, g) together with
its covariant derivatives up to the eighth order.

Remark 1.3. Theorem 1.1 in the case n > 10 follows immediately from Theo-
rem 1.2.

The estimates we establish for dimensions n < 9 in the next theorem is much
stronger than that for n > 10. This is the reason that Theorem 1.1 for n < 7, as
well as for dimensions n = 8,9 as mentioned in Remark 1.1, hold without any
assumption on the Weyl tensor.

Theorem 1.3. Let (M™, g) be a compact, smooth, connected Riemannian manifold
of dimension 3 < n <9, andlet {2 C M be an open connected subset, 1 < 14+¢ <
p < Z—fg Suppose that u is a smooth solution of (3) satisfying (4) for some P € (2
and some constant b > 1. Then, for any § > 0, there exist some positive constant
C' and some positive integer m, which depend only on e, distg(p,ﬁﬁ), b 6, a
positive lower bound for the injectivity radius of (M, g), a positive lower bound
for the first eigenvalue of — L4 on {2 with zero Dirichlet boundary condition, and a
positive upper bound of the norm of the curvature tensor of (M, g) together with its
covariant derivatives up to the eighth order, and there exist local maximum points
S:={P, -+, Py} C (295 of u, such that

1
distg(Pi7 Pj) >

1
C

W, (P, <{ Viogu(P)' " Vi (8)

Cu(P)~"=2,if7<n <9,

Vi # 4, (6)

< Cu(P), Vi,j, 7
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C .
— e, fn=3,
VW, (Pi)|g < log u(F;) Vi 9)

Cu(Pi)fg, ifn=9.
1 m m
_ P < < 2
o E::g Pt (P) <u(P) < C;%,um)ﬁ (P), VP e 245(10)

and, for |a| = 0,1,2 and P € (245,

*(u — 2 (P
95002,y ) P

Cu(P) 752 (1 4 w(P) 722 dist(P, 8)) 1o, ifn = 3,4,5,

2|a| +2e

< 9§ C(u(P) 5= (1+u(P)72dist(P,S)) 1ol ifn =6, (11)

Cu(P)+ 355 (1 + u(P) 72 dist(P,S))P" 1o, ifn=17.8,9.

Estimates (6), (7) and (10) on locally conformally flat manifolds, without the
assumption (4), were established by Schoen in [81]. Analogues of such local results
do not hold for many other problems, including Harmonic maps and Ginzburg-
Landau vortices, with similar loss of compactness — similar in the sense that the
energy is quantized when a sequence of solutions blows up. It is interesting to note
that the analogue of (6) in such a local setting (under the assumption (4)) fails even
for the equation —Au = Ve" in dimension n = 2, as demonstrated by Chen in
[41]. On the other hand, it was proved by the first author in [68] that analogues of
(6), (7) and (10) hold for solutions of such equations defined globally on compact
Riemannian surfaces.

The proof of the Yamabe conjecture ([92]), [91,4] and [79]), a milestone in the
studies of nonlinear elliptic equations, concerns the existence of a minimizer of
some functional with lack of compactness. Many further studies have been devoted
to related critical exponent equations which address important issues including
those concerning non-minimal solutions or approximate solutions to such equa-
tions, see for instance Brezis and Nirenberg ([23]) and Bahri and Coron ([11] and
[12]). These studies have led to different proofs of the Yamabe conjecture in the case
n < 5 and in the case (M, g) is locally conformally flat, see Bahri and Brezis [10]
and Bahri [9]. For the Nirenberg problem and the Yamabe problem on manifolds
with boundary, which are related to the Yamabe problem, compactness of solutions
has been studied by Schoen ([81]), Schoen and Zhang ([84]), Chang et al. ([32]), Li
([66]) and [67]), Han and Li ([57]), Chen and Lin ([35]), Felli and Ould Ahmedou
([51]), and Escobar and Garcia [49]. Much of the analysis in these works can be
made purely local. One way to achieve this is a Harnack type inequality of Schoen
([81]): For n > 3, let u be a smooth positive solution of

nt2 .
—Au =un-2, in By C R",
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then
supp, u - infg,u < C(n). (12)

A consequence of this is, as proved in [81], fBl uits < C(n). Analogous results,
extensions, as well as different proofs of (12) can be found in [87,90,81,22,21,
74,34,33,68,16,17,36,69,64,14,78,37,65,15,88,89], and others. In particular, it
was proved in our paper [70] that such Harnack type inequality holds on non-
locally conformally flat Riemannian manifolds of dimension n = 3, 4. Therefore
the conclusion of Theorem 1.3 holds in dimension n = 3, 4 without the assumption
4).

The main step in the proof of Theorem 1.2 and Theorem 1.3 is to establish
Theorem 2.1. The proof of Theorem 2.1 is based on the method of moving planes,
using the ansatz of Schoen in his proof of (12) in [81] (see also [21,34,35,68]
and [70] where such ansatz was used). The method of moving planes has become
a powerful tool in the study of nonlinear elliptic equations, see Alexandrov [1],
Serrin [85], Gidas et al. [54], Berestycki and Nirenberg [18], and others. The main
task in our proof of Theorem 2.1 is to construct suitable auxiliary functions so that
the method of moving planes can be applied. To do this we make use of numerous
results and methods from previous works, some of which are described below. We
need to make use of the Liouville type theorem of Caffarelli et al. in [25] which
identifies the limit of the rescaled blow-up sequence of solutions, and we need to
establish strong enough convergence rate of the difference of the rescaled blow-up
sequence of solutions and its limit. Certain rate of convergence of the difference of
the rescaled blow-up sequence of solutions and its limit was established by Chen and
Lin in [35] for the scalar curvature equations in the Euclidean space, and we adapt
their methods to establish iterated estimates on such convergence rate on larger and
larger balls with improved estimates after each iteration. For dimensions n > 8§,
the iterated estimates also yield stronger and stronger decay estimates on the Weyl
tensor and its first covariant derivatives at points where the sequence of solutions
blow up. Here we also make use of a Pohozaev type identity as well as some
properties of the conformal normal coordinates as established by Lee and Parker
[63], Cao [27], Giinther [53], and Hebey and Vaugon [60]. To construct auxiliary
functions we also adapt the way of using the spherical harmonics by Caffarelli et
al. in [26]. The proof of Theorem 1.1 is based on Theorem 1.2-1.3 and the positive
mass theorem of Schoen and Yau in [83]. Theorem 1.2-1.3 provide strong enough
pointwise estimates for blow-up solutions as well as, for higher dimensions, strong
enough decay estimates for the Weyl tensor and its first covariant derivatives at the
blow up points. These estimates allow us to use the positive mass theorem through
the Pohozaev type identity as in Schoen [80]. We note that the Pohozaev identity
has been used by Arkinson and Peletier [5] and Brezis and Peletier [24] to obtain
pointwise estimates for blow up solutions of related critical exponent equations, see
also [81,56,84,66,67], and others, for the extensive use of the Pohozaev identity in
establishing pointwise estimates to blow up solutions of critical exponent equations.

Most of the works mentioned above concern the compactness of solutions or
the fine pointwise analysis of blow up solutions to the Yamabe equation and some
related ones, which often yield the existence of solutions through the use of degree
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theories. There have been many works on the existence of solutions to the Yam-
abe problem, the Nirenberg problem, and the Yamabe problem on manifolds with
boundary, see for instance [76,62,42,43,61,50,29,30,39,38,55,59,31,46,47,19,
28,48,7,8,40,2,58] and [3]. There have also been works on parabolic flows as-
sociated with the Yamabe problem and the Yamabe problem on manifolds with
boundary, see for instance [93,86] and [20].

Acknowledgement. We thank H. Brezis, L. Nirenberg and S. Taliaferro for encouragement
and stimulating discussions. Part of this paper was completed while the first author was a
visiting member at the Institute for Advanced Study in Fall 2003. He thanks J. Bourgain and
IAS for providing him the excellent environment, as well as for providing him the financial
support through NSF-DMS-0111298. Part of the work of the first author is also supported
by NSF-DMS-0100819 and NSF-DMS-0401118.

2. Main estimates

Let By C R”, n > 3, be the unit ball centered at the origin, and let (a;;(x))
be a smooth, n x n symmetric positive definite matrix function, defined on Bj,
satisfying

SJEP S ay(@)E'E <P, VeeB, cery, (13)
and, for some a > 0,
laijlles s,y < a (14)
Consider the Riemannian metric
g = a;j(v)dx'dx? (15)
on By, and consider
—Lyu=n(n—2)u?, u>0, on Bj. (16)

Theorem 2.1. Let (B, g) be as above and let u be a solution of (16), with 1 <
1 +e<p< 22 satisfying, for some b > 1,

n—2’°

Vu(0) =0, 1 <supp,u < bu(0). 17)

Then there exist some positive constants § and Cy, depending only on n, b, € and
a, such that

u(O)u(z)|z|"2 < Cy, VO<|z| <8, if 3<n<9,  (18)

&7 ifn=6
(W, (0)], < log u(0) (19)
Cou(0)™5=2, if 7 <n <9,
L7 ifn=S8,
IV, W,(0)], < log u(0) (20)

Cou(0)™5=2, ifn = 9.
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Ifn > 10, then for all 1 > 0, there exists C(e1) > 0 such that

Wy(0)y + [V Wy (0)]yu(0)" T < Cle)u(0) T+, @1

Remark 2.1. Theorem 1.2 follows from (21).

We first prove Theorem 2.1 for p = 242

. We point out the changes needed for
p < ”*2 in Sect. 5. Suppose that the conclusmn of Theorem 2.1 for p = "*2 does

not hold, then for some @ > 0, b > 1, there exist a sequence of R1emann1an metrlcs
{gx } of the form (15) that satisfy (13) and (14), and some solutions wy, of (16), with

p= ”+2 and with g replaced by gy, satisfying (17), such that one of the following
happens
ln‘la)g (uk(O)uk(me"_z) >k, (22)
x <F
L, if n =6,
W (0)lg, > VIogux(0) (23)
feup(0)" 72 if 7 <n < 9,
k
— ifn =28,
|v§k ng (0)|§k > log uk (O) (24)

kup(0)" 52, ifn =9,
or, for some €5 > 0 independent of k,

4 . .
(Wi (0)g0 + [V War (0|5, (0) 72 > kuye(0) G2 7, it > 10.
(25)

We will simply use g to denote gy.

Let P be a point on (M, g), it was proved in [63], together with some improve-
ment in [27] and [53], that there exists some function ¢ (with control) near P such
that the conformal metric § = e? g satisfies, in g—normal coordinates {x!, - -+ , 2™
centered at P

det(gi;) = 1.
Such coordinates are called conformal normal coordinates. As well known, we
may assume that we work in conformal normal coordinates. In conformal normal
coordinates (we write g;; instead of g;;), we have, at z = 0,

1
Rij = 0, R,i = 0, Sym,;jk.R,-j,k = 0, AgR = *6|W|2, (26)
where R;ji; denotes the curvature tensor evaluated at 0, [2;; denotes the Ricci

curvature tensor at 0, R;;1; , denotes covariant derivative of the curvature tensor at
0, etc., repeated indices denote summation over the indices, and

Sympl ‘Pm p1 P T E :Apau) Do (m)
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where o runs through all permutations of 1,2,--- ,m.

We make a conformal change of the metric § = e¥gy and let {z!,.-- 2"
be the conformal normal coordinates centered at the origin. After the conformal
change, u; becomes 4 = enT_QS"uk. As well known all relevant properties of
uy, hold for 4y, and we simply assume that g;;(2)dz'dz’ is already in conformal
normal coordinates. In local coordinates,

k

1 o 1 i
Ipg(T) = Opg + ng‘jqxlxj + ngijq,kx ¥z

1 2 .
+ (Q()R”ijq’kl + %Rpiijqklm) 2ral ket + O(?"S).
In conformal normal coordinates, write

1 g
Ay = —0i(\/9970;) = A+ b;0; + di;0i;,
=75 (V99" 0;) 7195
where (g%/) denotes the inverse matrix of (g;;), 0; = 32, dij = A=

Bziazj ’
an— -
i=1 8ziazi ’

bi(z) = 9;9” (x)
1 1

b b
= _gRia,bxax — éRiabp,pxax - (

1 1

270Ria,bc - TE)Ripadprcd

1 1 1
_ERiadepbcd + %Riabp,pc + 20Riabp,cp) xambxc + O(,,A)’

and

1 1
dij(w) =g" —di; = _gRiquxpmq - ERiqu,kmpmqu

1 1
- <20Riqu,kl - wRipqujklm> aPaizhal + O(rP).

By (17) and (22), Mj:=uy(0)—o00. Write (gk)ij(y):gij(Mk_my)dyidyj,
then

where



Compactness of solutions to the Yamabe problem. II 193

Then

bi(y)| = O()M,, "y, |dij(y)| = O)M,, " |yl?, (28)
e(y) = O(1)M,, " |y|*.

The rescaled function v, satisfies

_ nt2 1 ,L%
Agv(y) — co(y) +n(n — 2)u(y) =2 =0, |y| < 3 My %,

o L. (29)
L=wv(0) 2 (07" +o()ve(y), |yl < M7, Vor(0) = 0.
Note that (22) is the same as
max | (vs(y)ly["™*) = , (30)
lyl <M —?
where |y| := \/(y})2 + - -- + (y™)2. Since we eventually draw contradiction for

large k, so throughout the paper k is large unless otherwise stated.

By standard elliptic estimates, solutions v of (29), after passing to a subse-
quence (still denoted as vy, etc.), converge in C7, _(R™) to some positive function
U satisfying U(0) = 1, VU(0) = 0 and

n+42

—AU =n(n—2)Unr—2 in R™.

By the Liouville type theorem in [25],

Uly)=01+y?)~"  inR"
For some universal constant 6; > 0, the Green’s function G(0,x) of —L,
on B(0,3d1), with respect to zero Dirichlet boundary condition, is positive and

satisfies

1

5distg(0, z)?™" < G(0,7) < Cdist,(0,2)*™", x € B(0,26,) \ {0},

. . n—2 __ 1
ilg}) G(0,z)disty(0,2)" % = T 31)

where w,, denotes the volume of the standard (n — 1)—sphere and C' > 0 is
universal. By the convergence of vy, to U and the above behavior of the Green's
function,

NOE éM,;le(o,x), ond (3(0,351) \ B (OMk>) .

Since uy is a supersolution we obtain, using the maximum principle,

up(z) > C7* M, 'G(0,z), on B(0,41) \ B (O,M,;“) ,
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ie.

1 2
v (y) > ol VO<|yl <M. (32)

L4 [y[m=2)’

For A > 0 and for any function v, let

A n—2 )\Qy
A A A

M y) = — v(yY), Y=
) (Iyl) ") ly|?

denote the Kelvin transformation of v, and let
1 2 _ 1 2
Xy: =B (O, 2Mk”‘2> \ B(0,\) = {y | A< |yl < 5Mkn_2 },
wi(y) = vk(y) — vp (y), y € Xy,
A calculation yields (see [70])

Awy + Z_)ia,-w,\ + Jijé’iij — cwy + TL(TL + 2)§$w>\ = F,, in My,

(33)
where £ > 0 is given by
n+42 n42
,Un—2 _ (UA)n—Q
n(n —2)-£ k , v vy,
nnpeets = ) O TATT E y
4
n(n+2)v. =%, v, =y,
and
A n+2 B _
E\ = <5(y)”7c\(y) - (|y|> E(Q’\)Uk(y/\)> — (b:i0yvp, + dijOi07)
A\ A A 7oA A
+ Tl (bi () Bivn(y™) + dij (™) Dijur(y™)) - (35)

By the convergence of vy to U,
O = ||’Uk — U||Cz(32) —0 ask — oco.
Proposition 2.1. Forn > 3, let vy, satisfy (29). Then for A € (0,2] and y € Xy,

A

n+2 N
|y|) AU + O, 2y, (36)

By = e(y) U ) (

where |O(1)| < Cy for some positive constant Cyy independent of A, y and k.
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Proof. For any radially symmetric function w(y), we have, in conformal normal
coordinates,

(Agk- —Aw = (Biai + (Ljaij)w =0. 37)

Thus - - - -
I := (bzaﬂ}? + dijaij’l)]i\) = (bzal + dij(“)ij)[(vk - U))\]

A calculation yields

) { (ﬁ') (v — U)(zm}

{ Iyl } = UY) + (;)H_28i{(vk—U)(yA)},
{<| ) (e — )(yk)}-

{zy } (o, = U)(y*) + 8 {(|A>n_2}aj{(uk_(])(yk)}
+0; {(ﬁ)n 2}&-{(% M)+ (A|)Haij{(vk_U)(yA)},

It follows, using (37) and d;; = d;, that

- (Q)“ziai{@k _U)) + 24,0 {(l |)“}aj (o~ D)WY}

+ (L;\)n_Q dij0ij { (vx = U) (M)} -

Since (v, — U)(0) = 0 and V(v — U)(0) = 0, we have
(o =U)@") = 0Wawly?®, V(v = D)(M)| = OW)arly*].  (38)
Using (38) and (29), we obtain

QJ

= 0;;

4
I=0M)orM, " *|y|~".

Similarly,

A n+2 B B 4
(m) By o) + iy () 0sy0e () = OV M, =y,

and

n+2
el () — UMw)| + (m) e ) - U
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__a
=0)orM, "yl
Proposition 2.1 is established. a
For [ > 2, write the Taylor expansion of R(zx) at 0:

]

@4 O(|z|Hh). (39)
:2 :
Thus, with r = |y|,y = r0,
/\ n+2
) - (1) e ) (40)
U g a R A n—2
S a0 5 Bl () e ()
=2 |a|=l y
where
)\ 4421 )\2
HyA(r) = c(n)Am—2p2tt=n [1 — () U <> . 41)
r r
Let
I Oa R g (42)
1] Jpegns 2= al
|| =1
and
- _ OaR _
RO(0) :=—RO + > 0T, fesmh (43)
le=t "
By (26),
R® = o L AR- —mw\? and R®) = 0. (44)
We assume that for some constants v > 0 and C' > 0,
— 2 R
MET o (M77), -0 < on
’ C2< <02M<” 2 >>
(45)

We deduce from Proposition 2.1, using (41), the following

Corollary 2.1. Forn > 3, let vy, satisfy (29). We assume (45). Then, for X € (0, 2]
and fory € X\, we have, for some positive constant Cy independent of k, A and v,
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In the proof of the following iterated estimates on the rate of convergence of
v — U, we make use of some ideas in Chen and Lin [35] and Caffarelli et al. [26],
in addition to the way of Schoen [81] in using the method of moving planes to
prove the Harnack type inequality (12).

Proposition 2.2. For n > 3, we assume that (45) holds for some constants 0 <
v < 2(n—2), and C > 0. Let vy, satisfy (29). Then there exist some positive
constants 6’ > 0 and Cy > 0, independent of k, such that

o = Ulle2(Bo,6 Ry < Ca(Ri)*",

for any { Ry} satisfying, for some € € (0, 1) independent of k,

2
2< R, =o0 (M,:—2> , (47)
4+~

Ry, = o(1) M, (48)

12
Rk — o(1)Mk(’n,—2)(max{6,’n,—2+€})7 (49)

8
Rk — O(I)Mkfnf@ max{4+€,n—2} . (50)

A consequence of Proposition 2.2 is

Corollary 2.2. Let vy, satisfy (29). For any € > 0, let

2—¢
M2, if3<n <6,

8

M7 ifn > 7.

Ry, =

Then

lilrjasup(Rk)”*2 Nk = Ullc2((0,ri)) < 0.
:—00

Proof of Corollary 2.2 by using Proposition 2.2. Taking first v = 0 in (45) and

applying Proposition 2.2 with R, = M,"">" for 0 < a < min{4,2(n — 2)},
we see that (45) holds now for any 0 < v < min{4,2(n — 2)}. Corollary 2.2 for

n = 3,4 is established. For n > 5, since we now deduce that (45) holds for any

0 < 7 < min{4,2(n — 2)}, we can apply Proposition 2.2 with R, = M, ,
0 < a < min{8,2(n — 2)}, and ~ very close to min{4,2(n — 2)}, and know
that (45) holds for any 0 < v < min{8,2(n — 2)}. Corollary 2.2 for n = 5,6 is
established. For n > 7, we already know that (45) holds for any 08 < v < 8. Take

v very close to 8, we can apply Proposition 2.2 with R, = M, k("*” to conclude
the proof of Corollary 2.2 forn > 7. a
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We prove Proposition 2.2 by the method of moving spheres, and we need to
construct appropriate auxiliary functions to handle the error term Ey. For n > 3
and o < 2, let

1 . 1 .

UL B e T ey L U Rl gy oy L
Clearly,

fra)=fro1)=0,  0<—fralr) <Cln,a)r**,  r>1. (51

Thinking of f, »(r) as a radially symmetric function in R”, and let A denote the
Laplacian in R™, we have

Afn,a(T) = f'r/L/,a(T) + n 1f';L,a(r) = _T_a7 r Z 1a (52)

d _
|an,a(r)| < O(n, @)|Afpa(r)r* ™, r>1,i=0,1,2. (53)

/ RO(9) =0,
gesn—1

Since

we can write

I
ROMb) =33 "dl, v 0), (54)

j=1i=1
where Yj(i) () are spherical harmonics of degree j satisfying, for some p; > n—1,
~Agu Y (0) = ;Y0 (0). (55)
Consider, for < A < 2,
, 2
A1)+ (Valr) = 55 ) hgar) = =Hia(r), A<r < M7,
2

hija(r) >0, A<r<MI™*, (56)

hija(A) =0,  hyja (M,ﬁ) =0,

where " )
U = U ()R
v ="V Tm e MY

n(n + 2)U(7‘)%, A=1
By Proposition 6.1 in Appendix A, there exists some small e, = €4(n) € (0, §)
such that for A € [1 — 4,1 + €4], equation (56) has a unique classical solution
satisfying
2 d? ) 2
Z ‘th})\(rﬂr”_l_zlﬂ <C, A<r< M2, (57)
i=0
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where C' > 0 depends only on n and /. From now on we only consider A in this
range.
Let, with our notation r = |y| and y = r6,

4421

) () == My, " hga(r)ah YiO), A <r<46M
Then, by (56), we have, for y € Xy,

4420

3 1 I
(A+Vy) ZZZ ZM 2 H () RD0).  (58)
=2 j=11=1

Now we construct the auxiliary functions which will be used in the proof of
Proposition 2.2. Let, for y € Xy,

3 1 I
hay) = >3 S k) (), (59)
1=2 j=1i=1
hs A(y) = QM;%fn,zfé (g) : (60)
haa(y) = QMk_%fn,min{n—fi,Q—é} (%) ) (61)
and
ha(y) = haa(y) + haa(y) + haa(y), (62)

where ¢ = €/9 and @ > Cy, independent of k, is some large constant to be fixed
later.

2
Since M, "~*|y| = O(1) for y € X5, we have, by (57),

~ __8
lhia(y)| < CZM Ihm( ) <CM, "y, ye Xy (63)

Similarly,
~ __8 ~ __8
[Vhia(y)| < CM,, "2 |y[>~", [V2hia(y)| < CM, " ly[*™",  ye Dy
(64)
By (51), we have, for some C' > 0 independent of k and @),
~ _A+y
|3 (y)] < CQM, "~ r, y € Xy, (65)

~ _ 12 R 1 _2
|h47>\(y)| < CQMk n—z,,,max{an,e}, V< |y| < §Mkn_2 ) (66)

We also know from (52) and (53) that, for all y € Xy,

= iy
Ahg A(y) = QA M, ™ 672, ©7)
Ahgp(y) = —QAmn{n=8.8 pp 7= 77, — min{n—6.2-¢} (68)
|Vif~zm,)\( )| | |2 Z‘Ahm )\( )| 1207172’ m:3’4. (69)
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Lemma 2.1. For n > 3, we assume that (45) holds for some constants 0 < v <
2(n —2) and C > 0. Let vy, satisfy (29), and let { Ry} satisfy (47), (48) and (49).
Then for any € > 0, there exists kg > 1 (can depend on € and Q), such that for all
k > ko,

min vg(y) < (1+e)U(r), VO<r< Ry (70)

lyl=r

Proof of Lemma 2.1. We prove it by a contradiction argument. Suppose (70) is not
true, then there exists €g > 0, such that

min vg(y) > (14 €)U(rg),

ly|=r%

for a sequence of r, € (0, Ri]. We have written U (r) for U(y), |y| = r.
By the convergence of vy, to U, we know r, — oco. Thus

min vy (y) > (1 +eo/2)r7 "™ (71)

ly|=rs

Fixing a small €} € (0, e4(n)), independent of k, such that
UMy) < (1 + %0)|y|2_" VO<A<1+é, |yl =
It follows that

WM y) < (1+%°)|y|2*”, VO<A<14+é, |yl =r. (72)

We will derive a contradiction by applying the method of moving spheres to
’u})\—l—h)\Withl—EilS)\S 1—&-62.
Let
2ni=Ay; | A<yl <re}

We know that hy = 0 on 0B, and, in view of (47), (48), (49), (66) and (63),
ha(y) =o(Wy>™",  ye s, (73)
where o(1) denotes some quantity going to zero as k — oo, uniform in y.
Step 1. For \p =1 — €,
W, (¥) +hag(9) 20, ¥ y e Sy, (74)

Since Ay < 1, there exist some small positive constant €5 < €,/10 and some
large constant B; > 10 such that

Uy) —U™(y) > es(lyl — Ao)lyl"™, |yl > Ao, (75)
€5 _n

Uly) > (1 - 5) ly[*~", lyl = Ry, (76)

UM (y) < (1—4es)ly*™, |yl > Ry (717
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Since vy, converges in C'! to U in the region \g < |y| < Ry, hy,(y) = 0 for
|yl = Ao, and since |hy, (y)| + [Vhy, (y)| = o(1) in the same region and uniform
in y, we deduce from (75), (76) and (77) that, for large k as always,

w)\() (y) + h)\o (y) > 07 )\0 < |y| g Rl) (78)
oe(y) > (1 —es)lyl*™", |yl =Ry, (79)
o (y) < (1 -3es)ly*™", |yl = Ru. (80)

Let G(0, x) be the Greens function of —L, on B(0,30;) as at the beginning
of this section. Using the maximum principle, we compare uy and (1 — €5)(n —
2)a,, M, 'G(0,z) as at the beginning of this section to obtain, by (79) and (31),
for some d5 > 0 independent of k,

oY) > (1 -2y Ry <yl < &M 81)
Using (81), (80) and (73), we obtain
Wxo(Y) +hae(y) >0, Ry < [y[ <7y
Step 1 follows from this and (78).
For A\ =1+ €], let

Ak =sup{ho <A<\ |w, +h, >0in %, forall \g < pu < A}

Step 2. \F = \;.

Let A .
Ox:={y € 2x [ ur(y) < 203(y)}-

It follows from (73) that, for large & (the largeness of k£ may depend on @),

wy + ha(y) = vk(y) — va(y) + ha(y) = v (y) + hay) > 0 in 2y \ Oy,
(82)

We also know from (71), (72) and (73) that
wxk(y) +hxe(y) >0, |yl =71 (83)

Recall that vy, satisfies (29), and wy, := vy — vg‘ satisfies (33), with £ given by
(34) and E, defined by (35), satisfying (46). To complete the proof of Lemma 2.1
we need the following

Lemma 2.2. For n > 3, we assume that (45) holds for some constants 0 < v <

2
2(n —2) and C' > 0. Let vy, satisfy (29) and let {r},} = o(M,"~*). Then we have,
forl—e€), < X <1+ €, and for a large constant Q,

(Ag, —+n(n+2)72)hy+Ey <0 in Oy, (84)
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By (51) and (37),

hm’)\ S 07 Agkilm’/\ = Ailm’)” m = 374.

It follows, using (67), (68) and the smallness of |\ — 1| < €, that, fory € Xy,

~ _ 44y .

(Ag, +n(n+2)677)ha s < —%Mk R (85)
~ _ 12 . ~

(Agy, +n(n + 2)E7 7 Vhy \ < —%Mk n=2 - min{n—6,2—-¢} (86)

Using (29), (47) and (69), we have, for y € LA’,\,

Chuma(y)] < CM, "2 |y - [y?| Ahm A (y)] = o(1)| Ak A (y)], m = 3,4.
8&7)

Putting together the above four estimates, we have

4
3y (Agk —Z+n(n+ 2)5ﬁ) P < —%Dk,g(r), ye S (88

m=3

where
4ty

— ~ 7712 . PS
Dk,é(T) — Mk n—2 7,672 +Mk n=2 .- mm{n76,27e}.

The right hand side of (88) is of good sign and will be used to absorb other terms.
Using (29), (63) and (64), we have, for y € X,

~ _ ~ _ ~ _ 12
el|hi ()] + [bi0iha A ()] + |dijOijhix(y)] < CM, "?|y[5™™ < CDye(r).
(89

We give an estimate of &, given by (34), in the following

Lemma 2.3. Forn > 3, we assume (45) for some 0 < v < 2(n—2). Let vy, satisfy
(29). Then, there exists C, independent of k, such that

4 —Ls e —s
In(n+2)E7=2(y) = Va(lyD)l < CM, "2 ly|" % A <|y[ <2M" 77,
(90)

and

In(n+2)¢72 — V3| < Cly|™*, y e O ©1)

Proof of Lemma 2.3. By (45),

) =UW) Fal), o) =@ ), A<y <2

where a(y) and b(y) satisfy

. v
laly)| + b(y)] < CM, T2, A< |y| <2077
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0 _
Then, with n* = 2+2 and for A < |y| < 2M,"" >,

o —op(y)”  (U+a) — (U +b)™
ve—v)  (U+4a)— (U +D)
o SAWU +a) + (1 - (U + )" Yt

(U+a)— (U>+b)

=n* /1(t(U ta)+ (1—t)(UN+b)n2dt
0

_ n*/o (tU + (1 — UM 72 dt + O(1)(Ja(y)| + [b(y)|)|y|"~°

- Tﬁ_ 573 +0 (M 720

Estimate (90) is established. Estimate (91) is obvious. a

b _
By (90) and (63), we have, for A < |y| < 2M,"" "7,
4 - _ 84y _ Aty
In(n+2)é7=2 —Vy||h1 x| < CM, "><CM, " >r ?=0(1)Dye(r). (92)
_—
By (91), (63) and the fact v < 2(n —2), we have, fory € O, and |y| > 2Mk("_2>2,

4 ~ __8 _ 4ty
In(n+2)67=2 —Vy||h A|<C M, "2 |y[>""<CM, " |y| >=0(1) Dy, ¢(r).

(93)
By (59), (58), (92) and (93),
(A + n(n + 2)£ﬁ)ill’)\
< (A+ V)i + [n(n +2)72 — V|||
3 _4a+21 ~ N
<=3 M HA(r)RP(0) + O(1)Dye(r),  in Oy,
=2
Thus, in view of (89),
(Agk —c+n(n+ 2)§ﬁ> l~117)\
3 _4a+21 - ~
< =Y M, "2 Hp\(r)RD() + CDy (r), in O,. (94)

=2

Then we fix a large constant (), estimate (84) follows from (46), (94) and (88).
Lemma 2.2 is established. a

Now we establish Step 2: We know that wy + hxx is non-negative in ﬁ‘;\k ,and,
by (84) , satisfies

(Agk et n(n+ Q)gﬁ) (wye +hse) <0, inOge.  (95)
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Since ws +hs satisfies (83) and (82) with A = \*, we apply the strong maximum
principle and the Hopf lemma to obtain

wixk + hj\k, >0 in 25\1,:,

and

%(w;\k + hj\k) >0 on 83(0,;\k),

where % denotes the differentiation in the outer normal direction. In view of (83)
and the above two estimates above, we must have \¥ = \;. Step 2 is established.

By Step 2, wy, + hy, > 0in fb\l. Sending k to infinity, we obtain
UMy) <U®), Yyl > A (96)

But the above is not satisfied by U, a fact easily checked using A; > 1. This leads
to contradiction. Lemma 2.1 is established. ad

Lemma 2.4. Under the hypotheses of Lemma 2.1, there exist 6 € (0,1)andC > 0,
independent of k, such that for all large k,

u(y) <CU(y), |yl <ORg.

A consequence of Proposition 2.2 and Lemma 2.4 is

Corollary 2.3. For n > 8 and for any € > 0, there exists some constant C' > 1,
independent of k, such that

12—e

w(y) <CU(y), ¥yl < M7,

Proof of Corollary 2.3. By Corollary 2.2, (45) is satisfied with v = 8. For any
12—e

€ > 0,let Ry = M, and let € > 0 be sufficiently small (depending on ).
Using n > 8, we easily check that hypotheses of Lemma 2.4 are satisfied, and
Corollary 2.3 follows from the lemma. ad

Proof of Lemma 2.4. The proof is very similar to the proof of lemma 3.2 in [35].
2

Let G}, (will be denoted as G) be the Green’s function of —Lg, on B(0, §; MF)
with respect to zero Dirichlet boundary data, where ¢; is the constant above (31),
and let y; be a minimum point of vy on |y| = Ry. For € > 0, there exists some
constant 0 € (0, 1), independent of k, such that, for large k, the following estimates
go through:

nt2
ok(yr) > / o Glys,m)n(n — ()3 av,
B(o,alM,y”)

n+2

> / Glyr,mn(n — 2up(n) =2 av,,
B(O,5Rk)
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and, using (47),

(1—¢/2)
(n—2)w,

(1 —3¢/4)

mlyﬁ‘”, In| = 6 Ry,

G(y1,m) = = > >

where w,, denotes the volume of the standard (n — 1)—sphere. Since dV,, =
(14 o(1))dn, we have

n

1—¢€)n . nt2
o) > L= p [ o
w B(0,6Ry)

On the other hand, by Lemma 2.1,
vk(y1) < (1 + €U (y1) < (14 2€) [y >

So
nt2
/ v (n)dn < (1 + 4€)wy /n.
B(0,5Ry)

+2 w.
U;l,fz — l.
n n

By the convergence of v, to U, there exists some R;, depending only on n and e,

such that, for large k,
nt2
/ v 2 dn < Be.
R1<|n|<0Ry

Using the second line of (29),

2n _ n+2 _
/ vy 2dn < (b+ 1)/ vy 2dn < 5(b+ 1)e.
Ry <[n|<éRk R1<[n|<dRk

For each 2R, < r < 6Ry,/2, we consider Ty (z) = r"= vg(rz) for 1/2 <
|z| < 2. Then oy satisfies

A direct computation gives,

0:,(\/9(rz)g" (r2)0:, 0 (2)) — er’on(2)

tn(n —2)be(z)"2 =0, 1/2<|2| <2.

We know that fl<|z|<2 17k(z)n2%b2 < 5(b + 1)e. Fix some universally small € > 0,
R =

we apply the Moser iteration technique to obtain 7 (z) < C for 2 < [z] < 3,
where C'is independent of k. With this, we apply the Harnack inequality to obtain
max||—1 U (2) < Cminj; = Ox(2), i.e., max|y—, v(y) < Cminjy—, vi(y).
By Lemma 2.1,

ln‘lin ve(y) < (1 +e)U(r).

y|=r

Lemma 2.4 follows from these together with the convergence of vy, to U. a
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Proof of Proposition 2.2. The argument below is very similar to the proof of Lemma
3.3 in [35]. Let Ay = max)y<sr, |(vx — U)(y)| and let wy, = A; (v — U). We
will show that

A < CoRET™ (97)

for some C; > 0, independent of k. Suppose this is not true, then, along a subse-
quence,

AkRZ_Z — 0Q. (98)
By Lemma 2.4,
wi(y) < CA,;IU(y), ly| < 6Ry. 99)
By (98) and (99),
max |wg| — 0. (100)
dB(0,5 Ry,)
Since
e 2
Ag, v — cvp +n(n —2)v,? =0, ly| < 61072,

Ag U — U +n(n—2UE = U, |yl < 8,M7 2,
wy, satisfies
Agowy, — cwy, = —n(n +2)E7 2wy, + A 'eU, in |y| < 0Ry
where é is between vy, and U. By Lemma 2.4, there is C' > 0 such that
W) <CA+1)* ™ |yl < 0.

By (98), A ' = o(1)R} 2.
Fixing € > 0 sufficiently small, we know from (29) and (50) that, for |y| < 6 Ry,

— — __4
le() | RETE+ [bi(y) | Ry + |dij ()| Ry, < CMy "2 R = o(1).
By (98), 4;," = o(1) R} 2. So we have, using (29) and (50),

-1 _% max{4+e,n—2} _92 ¢ o
A |eU| < o(1)M), " Ry T+ yl) =o)X +[y)~""
(101)
It follows that wy, satisfies, for |y| < § Ry, that

(‘” Tl T A e

) wly) = O()(1 + ) 2.

Let n(r) = (1 4+ 72?)~ %, we have, for some C' > 0 depending only on € and n,

(A T T T T A e

Jn<-crtaan
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Taking a large constant positive @, independent of k, we have, for |y| < Ry,

o()dij  _o(1)9; o(1)
<A+(1+|yl)e (I+|y[)*e - ()

FTwi— —Qn)>0.
2+6> (wy, IzrlriatSXk |wi (2)|—@Qn)
By the maximum principle,

lwe(@) < n(lyl) + max |wk(2)], |yl < IRk
|2|=0 R,

Next, we deduce, using standard elliptic estimates, from (101) and the equation

of wy, that wy, converges in CZ _(R™) to some wy satisfying

{ Awg 4+ n(n+2)U" 2wy =0, inR",
wo(0) =0, Vwg(0) = 0, lim,|_ wo(y) = 0.
By Lemma 2.4 in [35], wo = 0.

Let y, be a maximum point of wy(y) in |y| < Ry, i.e., wi(yr) = 1, Jyx| <
0 Rj. By the above estimates,

1= wy(yr) < C(1+ |yel) ™" +o(1),

s0, {yx} must be bounded, and therefore, by the convergence of wy, to wy = 0,
wi(yr) — 0. This contradicts to wy(yx) = 1. Thus we have established (97).
Using the equation satisfied by wy, we have, by standard elliptic theories,

lwille2(B(0,5Rr—1)) < Cllwkll=(B0,0r0) < C-

Proposition 2.2 follows from this in view of (97). O
Now we give the
Proof of (18) for 3 < n < 7. For this, we only need to reach a contradiction to

(22) in dimension 3 < n < 7. As pointed before, (22) is equivalent to (30). It is

2
easy to see from (30) that %M v =% — o0o. We know from Corollary 2.3 that (45)
holds in dimensions 3 < n < 6 for any 0 < v < 2(n — 2) while in dimension

_2
n = 7 it holds for v = 8. Let, in dimensions 3 < n < 7, R, = k‘_%Mk"’2 . Then
{ Ry} satisfy (47), (48) and (49) with the above  and sufficiently small €. Thus, by
Lemma 2.4,

u(y) <CU(y), Y|yl <k 2M] 2,

where C' > 0 is independent of k. This violates (30). Thus estimate (18) in dimen-
sion 3 < n < 7 is established. O

The following is a Pohozaev type identity.
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Lemma 2.5. Forn > 3, let u be a solution of the Yamabe equation, then in a neigh-
borhood of any point P € M, the following identity holds in a normal coordinate

of P,
oAb asnm (e 2520)
- 2o V@) - c(n)R(x)uQ}
+Ze(n) /z|_a R(x)u? — m_ﬁ)a/m_guffa — B(o,u, Vu)
where
B(o,u, Vu) = /| B < % o— 7|Vu|2 2 2 gz>

Proof. This identity is established for n = 3 in [73]. A modification of the proof
there yields the above lemma. O

_ 2
Applying Lemma 2.5 to u = uy, (see (27)) witho = M, "~* R}, we have, after
a change of variables,

11 [Uk] + IQ[Uk] + Ig[’l)k] + 14[1}” = I5[’Uk;], (102)

_ _ n—2
Ivg] = / (—bi0sv — d;0;5v,) (Vvk Y+ 5 Uk:) ,
ly|<R;

O (GRS
Y=

c(n — 4 ——2
Bl = G R [ R (007 ak)
-

Iyfvg] = _QR;C/I 0 vk (y) "2,
Yy

plo= [ (G gIvnk) B G =0t

Let B9, B4, 85, 85, B4’ > 0 satisfy, for some constant C' > 0,

_ _ B2 _ _ Ba_
R® <M, "32, RW < oM, =3 (103)
7% 2 3 : 7% l 4
[bi(2)] < CM,, "2 |2[*+C|zf*, |dij()|<C Y M, "7 [z +Clal*,(104)
1=2
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or, equivalently,

6485
bi(y)| < CM,, "7 [y|* + OM,, ™ 2|y|3
3 21+8)""
i) < C SO My Tyl OM Tyl (105)

=2

We will always take 85’ = 35.

Lemma 2.6. Forn > 7,1 > 2, let vy, satisfy the first line 0f(29) and we assume

2
(104) holds for some constants 3,35, 35' > 0. For 2 < R, Mk"_z, we
assume, for some constants 1,7z, C 2 0,

ve(y) <CU(y), |yl < 2Ry, (106)
and
[V (op —U)| <CM. " (14 y))" 77, |y <Rj.j=0,1,2. (107

Then

J _a42l Ry,
——|S" 4 Z (i+2)M, " R® /0 U (r)2dr
1=2

! . _At2l
= o] + O() Y1y " / (1
ly| <R,

=2
oM, [
ly|<R,

6485

v [ @
ly|<Rj

— 1_L
ot [
ly|<Rj}

3 2144]""

—1— = ntl—
o) M /MR, (14 [y])
Sy

1=2
+I3v,] + O(1)(Ry,) ™™, (108)

and

Lslor] = O()(RY)>™,  Isfo] = O()M, ™2 (Ry)°™™.  (109)
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Proof. Applying standard elliptic estimates to the equation of v; and using (106),
we obtain

Vor(@)| < CA+ )™, Vo) <CA+[y)™, |yl <R,
(110)

where, and throughout the proof, C' denotes various positive constants independent
of k.
The desired estimates are deduced from (102). The main term there is

falund = 7@ : alz—l /Iy<R; {<(l Zl2>> M - .

-ef I+1 2
LOM)M i }

> ((l 2;2)> M, /| ORGP
=t VISR

c(n)
2
!

oAt
s T [ gy
ly| <R},

oM, T / (14 [y
ly| <R,

L _at2 _ R
__dn) > (1 +2)M, 7 [s"HRY / r U (r)?dr
2 0

Ly dt2l
s M [ gy
ly| <R,

=2
_6tal _
+O(1)M,, "2 / (L [y[)>—2nH (111)
ly|<Rj,
Using (110) and (107), we have
n—2
L =1 [ (A= A5~ U) (wk et )
ly|<R!, 2

§C/ (16310 (vr = U)| + |di;] 1035 (vr — U)NU (y)
ly| <R,

6+8%

S CMk*’Yl*sz / (1+ ‘yl)f&—n—'yg
ly| <Ry

g — 8
+0Mk M—n=3 / (1 + |y|)4—n—’y2
ly|<R;,

3 2146,

+CY M / (1 +|y)) e,
ly| <R}

=2
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The following estimates are straight forward:

Blog]] = O()M, ™ (R, [Lfu]| = O(1)(Ry) ™,
I (k]| = O(1) / (VU)R, + UIVU()]) = OW) (B> ™.
ly|=R;,

To prove Theorem 2.1 for n > 6 we need to establish appropriate decay rates of
the Riemannian curvature tensor at the center of the conformal normal coordinate
system we use.

Lemma 2.7. For 3 < n <6, let {vi} satisfy (29), assume that for some 6 > 0,

ve(y) < C1U(y) for |yl < 5Mk"f2. (112)

Then for any € > 0 there exists some constant C' independent of k such that for all
lyl <3,

. _94 _2¢_ . .
V(g = U)(y)] < CM, "2 (L+]y)) "7, j=0,1,2, (113)

Lemma2.8. Forn > 7,0 < a < n — 6, let vy satisfy (29). There exists some
small 6’ > 0, depending only on n, such that if { R} } and {v;} satisfy

9 <R, <20M] 7, (114)
M = O(1)(R))™, (115)

and
ue(y) <CU), |yl < Ry, (116)

then, for j = 0,1, 2, and for some C' > 0 independent of k,

, __s_ o 1
IV (o, = U)(y)| < C'M,, "2 (14 [y)* o7, Vy| < ZRZ- (117)

Remark 2.2. Since we have established (18) for n < 7, we already know that the

2
hypothesis in Lemma 2.8 is satisfied for n = 7 with R}, = dM,"~*, @ = 0, where
0 > 0 is some number independent of k.

We prove Lemma 2.8 first and Lemma 2.7 next.

Proof of Lemma 2.8. Let wy, = vy, — U, consider the equation for wy:

Ag,wi(y) — wply) +n(n + 2)Em 2wy (y) = U(y), (118)
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where

o uw) Uy
(0 ok e et A

n(n+2)U(y) =2 if v(y) =Uly)
By (29),

U (y)] < OM; ™ (1 + [y])*". (119)

—_4

For R; sufficiently large, we claim that the operator Ay, — € + n(n + 2)+—2
satisfies maximum principle over Ry < |y| < Rj. To see this, we estimate the L=
norm of the coefficients of wj,:

/ n(n +2)E7*7 2t
Ri<|y|<R],

<c / .
Ri<|y|<8'M, "7?

So for Ry sufficiently large and ¢’ sufficiently small, the maximum principle holds
for Ay, — ¢+ n(n+2)72 over Ry < |y| < R,.
We compare wj, with

n

_ 8 2
M, " lyP+Jyl 7Y < C(8)*" + (Ry) ™"

__8 _
f(r) == CroM, " |ylo—nta

over Ry < |y| < R}, where Cy( will be chosen momentarily.
Since A(r6="*2) = —(n — 6 — a)(a + 4)r*=""%, we have, using (29), (114)
and (116), and taking R larger and ¢’ smaller if necessary,

(A4 50 + disi; — e+ n(n+2)E72) f(lyl)
< —%(n—6— @)@+ 4r>f(r), Ri<lyl <R, (120)

Making C1 larger if necessary, we have, using (115) and Corollary 2.2,

lwe(y)] < f(y),  |yl=Rior|yl =Ry,

By the maximum principle, applied to the difference of (118) and (120), and using
(119) and @ > 0, we have

lwe(y)| < f(y),  Ri<lyl < Ry.

Estimate (117) for j = 0 follows from this.
Applying standard elliptic estimates to the equation of vy and using (116), we
obtain

_n 1
[Vor(y) < (L+ [y, lyl < 5 Ri-
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With this and (32), we obtain
—_4 _ 1
VeI <CU+D™ |yl < 5Bk (121)

Let wg(z) = wi(y + %z), |z| < 1. Applying standard elliptic estimates to the

equation satisfied by wy, derived from (118), and using (121), we obtain

- “ N - Y
930 0) + 19200 < € (il + 20 (3+ ) oy )

Estimate (117) for 5 = 1,2 follows from the above by using (117) for j = 0.
Lemma 2.8 is proved. a

Proof of Lemma 2.7. This proof is essentially the same as that of Lemma 2.8. We
only need to change the comparison function to

—24+3%5 o
f(r) = CyoM, " r
and to observe that

2¢
n—2

= _% —-n —2+ —2—e€
[cU(y)| < CM, "2 (1+[y)* " < CM, (L+ [y 0

Proof of (19) for n. = 6. By (102) with R} = gM,;% ,
Lfox] = OQ1) (|11 [v]| + | Ta[ve] | + [Talvx]| +
Using (29), (110), (112) and (113), we obtain
|13 [or]| + Eslve]| + [Ta[ox]] + | Ts[vr]| < CM,.

Is[vkl]) -

In view of the first line in (111), we have, for some cg(n) > 0,
L[vg] = —12ncg(n) R M, *log My, + O (M, ?)
= —c6(n)|W|*M; ?log My, + O (M%)
Estimate (19) for n = 6 follows from the above.
Proof of (19) for n = 7. By Lemma 2.8 and Remark 2.2, (117) holds for n = 7,
. = 5M,:%2 and (_lZ = 0. Thus, by Lemma 2.6, (108) holds with 3§ = 3’ =
By =0,R, =M, 11 =-25,v =n—6and [ = 3. It follows that

Mk—% B /
0

R;c 1+n 2 _ —2
U (r)?dr = O (M%)

which implies (19) forn = 7.
Lemma 2.9. Forn > 8§, let vy, satisfy (29). Then, for any ¢ > 0,

_2—e
(W[ <M, "



214 YY. Li, L. Zhang

12—e

Proof of Lemma 2.9. By Corollary 2.3, (116) is satisfied with R = Mk("’”2
for any small ¢ > 0. With this R}, (114) is satisfied and (115) is satisfied with

a = 280 1 O(1)e. Thus by Lemma 2.8, (107) is satisfied with v; = —5- and
42 = n — 6 — a. Applying Lemma 2.6 with the above data and [ = 3, we derive
from (108) and (109) that

_4—c¢

W|? = —12nR® = O(1)M,, 2.

Lemma 2.9 is established. O

The following properties of conformal normal coordinates are established in
[60]: If W = 0, then Rupeq = O and, for some constant ¢;(n) > 0, R =
—c1(n)|Rabed.e|*; if W = 0 and VW = 0, then Rypcae = 0. Examining the
proofs there, we arrive at

|Rapea| = O()IW],  [Ravea,e| = O(|W]) + O(IV W), (122)
and
RY = —c1(n)|Ravea.c|” + O(W]). (123)
It follows from Lemma 2.9, (122) and (123) that, for any € > 0,
(Ruea] = O()M; "=, (124)
and
RW <CcM, i (125)

We know from Corollary 2.2 that

__8_
o, < CM, ™. (126)
By (124),
6—¢
. OM, "ZlyP~2, |yl =1,
ldij(y)] < e (127)
CM, "lyl*, <L

Following the proof of Proposition 2.1 while using also (126) and (127), we
have, instead of (36),

14—e

A n+2 14—c
) U + O()M = [y,

Ea(y) < ely)UMy) - (

Yl

Instead of Corollary 2.1, we now have

_ 4421 1l4—e

4
Z "2 HyA(r)RD(0) + CoM,, "2 pT7"7 5,
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Take
~ 4 ! Ij ~
hial) =Y DS k@),
1=2 j=1i=1
~ ,L—; r
h2,)\(y) = QMk " fn,min{n—7+§,2—e} (X) )
and B ~
ha(y) = hax(y) + ha ().
Let
L 2
k_ZMk”’Z, n=S_8,
Ry, = e (128)

M7 > 9.
Then we can follow the proof of Lemma 2.1 to show that

‘m‘in ve(y) < (14 €)U(r), V0 <r <Ry (129)
yl=r

Indeed we only need to verify a few things. First we still have (73). As before, we
can show that

N

(Ag, — &+ n(n+2)E72)ho\(y) < —= Dy.o(r),

where
14

Dk,e(r) — Mk_ni:z,rf min{n77+§,276}.
We can verify, using the strengthened estimate (127), that
lel[ha A ()] + [B:0ihy A ()] + |dij0ihaa(y)| < CDye(r).  (130)

Recall that

12—e

. __8_ . 1
VI (o = U) ()] < C'M " JyP7m 007, W] < M, (31

where a = 28 1 /e, With (131) we have, instead of (90),

12—e

4 T _%2 a 1 n—2)2
In(n+2)672 (1) =VallyDllha()] < CM, " lyl", A< fy| < M7,
4
(132)

which can be shown by following the arguments in the proof of Lemma 2.3 together
with the improved bounds

__8_ _
la(y)] + b(y)] < M " [y|o 7

given by (131).
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With (91) and the improved estimate (132), we can show that

(A+n(n+2)£ﬁ)ﬁ1,>\
< (A+Va)hia+ [n(n+ 2)5ﬁ — Vil

4 _ 4421 - _ N
<= M, " HARD(0) + O(1)Dio(r),  inOy.
=2

Thus, in view of (130),

(Ag, — 4 n(n+2)E77)hy 5

4 _ 4421 - _ ~
<= M, "7 HA(r)RV(0) + CDy(r),  inOy.
=2

Fixing a large (), we obtain
(Ag, —E+n(n+2)E72)hy+Ey <0 in O, (133)

With (133), estimate (129) with Ry, given by (128) is established, as in the proof of
Lemma 2.1.
Once (129) is established, the proof of Lemma 2.4 yields

ve(y) SCU(y), |yl < Ry (134)
for the Ry, given by (128).

2
Proof of (18) for n = 8. Since estimate (134) holds for Ry = k*%M,:"2 , which

violates (30), estimate (18) in dimension n = 8 is established.
14—e

Now we turn to n > 9. Since (134) holds with Ry = Mk("_”2 for any € > 0,

14—e
hypotheses (114), (115) and (116) hold with R}, = Mk(””)z anda = 41(717779) + /€
Thus, by Lemma 2.8,

. __8 . 14—¢
V7 (o, = U)(y)| < C'M, "yl Wyl < M7, j=0,1,2.
(135)

With this, we can apply Lemma 2.6 with [ = 5, 3y = B = 0, 8y’ = 2 — ¢,

14—e
R} = M,C(’“”2 .71 = =25 and 72 = n — 6 — @ to deduce, in view of (123), from
(108) and (109) that

__8_ _ 12
M "W+ My, " [|Rabed.e

o)) - o (a1 ).

Consequently, we have, using (122), that for any € > 0,

1—e

(W[=01)M, ",  |Raped,e| = O(1) M, " 2. (136)
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Now we consider n > 9. By (136),

_ oy 5. 8
|bi(2)] < OM,, "2 |af? + Claf’, |dij () < O M, ™2 |af + Claf*,
1=2
or, equivalently,
_ a2 B T
[bi(y)] < CM, "% |y[" + CM, "y,
. 3. e _ s (137)
dij ()] < CY My "yl + OM, Pyl
1=2

where
s =05 =1—¢ By =3—¢€ €e>0.

With (137), we follow the proof of Proposition 2.1 to obtain, using also (126), that

ol

A n+2 15-c
Ex<y>=e<y>v*<y>—( ) (U + O()M T [y,

yl
We also know that for n > 9,
R < oM, "
Thus we have, using also R(?) < 0 and (41) with [ = 5,
st 15—

5
Ex(y) < Z M, "= Hya(r)RD(0) + CM, "2 |y~
1=2

(S
[SIEY

(138)

Now we take

and
ha(y) = hia(y) + hax(y)-
Let
1o 2
Ry =k i M) ”. (139)
Then we can follow the proof of Lemma 2.1 to show, with the above { Ry}, that

min v (y) < (1+¢€)U(r), V0 <r<Ry. (140)

ly|=r
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Indeed we only need to verify a few things. First we still have (73). As before, we
can show that

(Age — &4 n(n+ 2067z () < ~ 2 Dye(r),

where
Dy (r) := Mk_ﬁrfgfg.

We now have the strengthened estimates:
— — 7 5-¢ - _Z%e
bi(y)] < CM,, "yl ™=, |dig(y)] < OM, " [yl
With this we can show that
el ()] + [0idiha A ()] + |dijdihaa(y)l < CDge(r).  (141)

Because of (135), we have, instead of (90),

1 14—e

. o =
n(n+2)6757 () ~ V| < OMy Iy, A<yl < M
(142)

which can be shown by following the arguments in the proof of Lemma 2.3 together
with the improved bounds

__8_ _
la(y)| + [b(y)] < My "2 [y|07"

. — _ 4(n—=9)++€
given by (135). Recall that a = —————.

With (91) and the improved estimate (142), we can show that

(A+n(n+2)§ﬁ)izl,>\
S (A + V)\)iLL)\ + \n(n + 2)fﬁ — V)\HiLl’)\|

44

5 21 - _ N
< =Y M, " HARD(0) + O(1)Dio(r),  inOy.
=2

Thus, in view of (141),

(Ay, — E+n(n+2)E77)hy 5

5 4421 B B R
< =S M, " HA()RO() + CDye(r),  in O,
=2

Fixing a large (), we obtain
(Ag, —E+n(n+2)72)hy+Ey <0 in Oy, (143)

With (143), estimate (140) with Ry, given by (139) is established, as in the proof of
Lemma 2.1.
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Once (140) is established, the proof of Lemma 2.4 yields
ve(y) < CU(y), lyl < Ry, (144)
for the Ry, given by (139).
Proof of (18) for n = 9. Since estimate (144) holds for Ry = k;_%Mk"%, which
violates (30), estimate (18) in dimension n = 9 is established. O

Now we make use of the Pohozaev identity (102) (with appropriate R},) to prove
(19), (20) and (21). Since we have established (18), the assumption in Lemma 2.7 is
satisfied for some § > 0 and the assumption of Lemma 2.8 is satisfied for7 < n < 9
for @ = 0 and for some &’ > 0 Thus, for some § > 0, we have , for some € > 0,

2
any |y| < oM,

2¢
2+753

V7 (0p=U)(y)| < C (6, €)M,
. __8 .
VI (0p=U)(y)| < C(8,€)M,, "> (1+]y])® " 77,5=0,1,2, 7<n<9. (146)

(I4+|y)) 7, 5=0,1,2, 3<n<6, (145)

_2
Taking R), = o M,'~? in (102), 0 < o < 4, using (145) and (29), we have, for
some Cy(n) > 0,

2 9, 22D 2772 Co? n =6,
MELfo-CuIWEMT [ Prt)s
ly|<oM,"~ Co, n=T1.
(147)
) Co?™¢, n=86,
|Mi I [ve]] < (148)
o, n="r.
|MPIs[vi]] <C, 6<n<9. (149)
limsup M2|Li[vg]| =0, 6<n<9. (150)
k—o0
limsup MZ|I5[vx]| =0, 6<n<9. (151)

k—o0

Estimate (19) for n = 6,7 follows from (102), (147), (148),(149),(150) and
(151). By Lemma 2.9, (122), (136), assumption (104) holds for

0, n=2_§,
1"
2 =03 =
1—¢, n=9,
2—¢, n=2_§,
o
o —
3—€¢ n=09,
2
where e > 0is any number. Let R, = oM, >,0 < 0 < 8,71 = -25,72, = n—6,

[ = 5, we deduce from (108), in view of (123), that

2
n—2
2(n—6) 2(n—8)

21 noa gy 2n=n My 34nyr2
W |*M, + |Raped,e|" M, / o UA(r)dr = O(1)
0
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for n = 8, 9. Estimate (19) and (20) for n = 8, 9 follows from the above.

Proof of (21). For n > 10, we claim that we have

16—e

u(y) < CU(y), |yl < Rp=M""7". (152)
s =03 =2—¢ [y =4—e (153)

Given this and (117) with a = %, an application of Lemma 2.6 yields

2(n—6) 2(n—8)

cr(n)|W () PM "+ ca(n)[VW () M, " = O(ME(Ry,)* ™).

Then estimate (21) follows from the above.

To show (152), we need to improve the decay rate of |W (zy)| and |V (xy,)|
by iteration. Right now for the rate of 85, 34" and 34’ we have (137), for E) we
have (138). By exactly the same way of constructing auxiliary functions we have,

for n > 10, that

15—5€¢

u(y) < CU(Y), |yl < Ry = M,"". (154)

Since € indicates an arbitrarily small positive number, we just replace 5e by e. Then
we apply Lemma 2.6 with this R}, to get

__8_ 12
ca(n)WPEM, "2 + co(n)|[VW [P M, "2 = O((R},)*™ ™) = O(1)M,, "~
So after this step we have
_3.5-—¢ _1.5—¢
[W|=0 (Mk nl ) , VW] =0 (Mk nee ) , foranye > 0.
15.5—¢

By this stronger decay rate we can show (154) for R}, = M, . Then

_ 3.75—¢ 15—
Pohozaev identity gives [W| = O(M, "~* )and [VW| = O(M, "~* ). The
/1! /11

corresponding rates for 85, 85, 54’ improve too. These new rates lead to (152)

15.75—¢€
except that R} = M,"~®" . Now we see that for any fixed ¢ > 0, after doing this
16—¢’
iteration finite times we can derive (152) for R, = M ,;"_2)2 . (21) is established.
So is Theorem 2.1. a

3. Proof of Theorem 1.3 for p = Z—"_";

In this section we prove Theorem 1.3 for p = % by contradiction argument. By
Remark 1.3, we only need to consider 3 < n < 9. Suppose the contrary, for each
k=1,2,---, C = k does not work for some solution uy, of (1) satisfying the
hypotheses of the theorem. Clearly u(P) — oc. A point @ in {2 is called a blow
up point of {uy} if {ux} is not locally bounded in some fixed neighborhood of Q.

Let S* denote the set of all blow up points of {u} in 2.
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Lemma 3.1. There exists some positive constant &', depending only on (M, g), £2,
disty(P,012), b and € such that

dZSth(Qa Q/) > 6/5 v Qa Ql €S n Qea Q 7& Q/'

Proof of Lemma 3.1.¥ Q € (S* N £2.) \ {P}, there exists a subsequence of {uy},
still denoted as {ug}, and a sequence of points P}, — () such that uy(P},) — 0.
n—2
Let 6 = uy(P) 72, then 8, % uy(P)) — oo.
Consider
g (P) = (6, — disty(P,PL))" = up(P), P € B(P},6),
and let P/ be a maximum point of %y in the closure of B(P],dy). Let ry, =
(61, — disty(P{', P})) € (0, %). Then
i3 L n—2 AN Y = 17 2-n /

Y= (k) T u(Py) =277 ag(Py) > 277 g (Fy)

2—n

= 257 (84) T wk (P}) — oo, (155)

2r) "% we(Pl) = @n(P)) > @p(P) > (re)"= ue(P), VP e B(P ),

SUPB Py Uk < 27 e (PY). (156)

Let {z',--- 2"} be some geodesic normal coordinates centered at P, so
x = 0 corresponds to P;’. Consider

1 y 1 . _2_
wi(y) = Up , ly| < Iy := =dist,(Q,02)u(0)=—2.
u(0) <uk(0)n22> 9@ty
Then, with g; denoting the rescaled metric,
n+t2
—Lg wi = n(n —2)w;™?, ly| < I,
2—n
L=wi(0) > 277 we(y), |yl <,

I'y > v, — oo.

As usual, wy, — win C7 (R™) with
\ e
o= (g =m)

and 0 < € < X < 1/, |g| < 1/€ for some constant € depending only on n. It
follows that Vwy(y) = 0 for some y, = § + o(1). Let P} = uk(P,g’)_%yk,
then

up(P) < up (P’ < (2%2 + o(1))ur (P, Vug(P)") = 0. (157)
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By the convergence of wy, to w, we have, for some ¢ > 0 depending only on n,

2
2

uk(P) > éur(P"), V disty(P, P]") = ug(P}")”772. (158)

Let G denote the Green's function of —L, on {2 with zero Dirichlet boundary
condition. Then G is positive in {2 and

1

lim max _|G(P, P)disty(P!", P)*? — ———| =0,
K290 ity (P PY=us (P) 72 (n —2)wy,
(159)
where w,, denotes the volume of the standard (n — 1)—sphere.
By (158) and (159),
uk(P) > [(n = 2)wné + o(D)]ur(F") ' G(B", P),
V disty (P}, P) = ux(P}")" 72 .

Since Lguy < 0, we have, using the maximum principle,

ug(P) > [(n — 2)wné + o(D)]ur (P *G(P/, P) (160)

for all P € {2 satisfying dist, (P}, P) > uk(P,g”)fﬁ. By Theorem 2.1, there
exist some univer§al constants Cp,d > 0, i.e., they depend only on (M, g),
2, disty(P,012), b and €, such that

ug (P)ug(P)dist, (P, P)"? < Cy, V0 < dist, (P, P) <. (161)
>

Taking a P in B(P,6) \ B(P, %) satisfying dist,(P}", P)
(161) and (160),

g, we obtain, using
ur(P) < bui(By"),
where b’ > 1 is some universal constant. Thus, by (4),
supoui < bb'uy (Py).

Now, applying again Theorem 2.1, we have, for some universal constants C}, §’ >
0,

up (P Yur(P)disty,(P!',P)""2 < C, Y0 <dist,(P},P) <25
It follows, using the fact P, — @, that

S N BQ,) = {Q}.

Lemma 3.1 is established. a
Let S*N 2. = {P1,---, Py} Because of Lemma 3.1, we may choose local
maximum points {Pl(k), ceey P,Ef)} of ug such thatuk(Pi(k)) — ooand Pi(k) — P;.
By the arguments in the proof of Lemma 3.1,
p®) p®)
0 <timinf ) Chmep ™) o i cicm 62
k—oo  u(P) kooo  Uk(P)
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By Theorem 2.1, there exist some positive constants Cyp > 0 and 0 < 6 < § such
that

we (PP Yug(P)dist,(P™, P) < Co, Vdist,(P™,P) <6, 1<i<m.
(163)

Since {uy} is bounded in 25 \ U?;lB(Pi(k), £), we have, by the Harnack
inequality and (163),

up(P) < Cup(P)™',  VPe 2 \ur,BP"Y ). (164)

Now applying Theorem 2.1 together with some standard elliptic estimates, we
obtain (6), (7), (8), (9) and (10), with v and { P;} replaced respectively by uy, and
{Pi(k)}, for some constant C' independent of k. Estimate (11), still with u and

{P;} replaced respectively by uj and {Pi(k)}, for some constant C' independent
of k, is simply a rewritten of the estimates on the rescaled v, obtained in Sect. 2.
Theorem 1.3 is established. a

4. Proof of Theorem 1.1 for p = %

In this section we establish Theorem 1.1 for p = Z—f% Thecase 1 < 14+ ¢ <
p < Z—fg will be discussed in Sect. 5. Suppose the contrary of (2), let {uy} be a

sequence of solutions of (1) with p = Z—f% satisfying

uk(P(k)) = max ug — 00, (165)

with P(K) — P e M.

By Theorem 1.3, there exist local maximum points {Pl(k), e ,P,(nk )} of uy,
such that (6), (7). (8), (9). (10), and (11) hold with P; replaced by P*). We may
assume without loss of generality that P*) = P®) and P{¥) — Py as k — oc.
As explained before we may work in conformal normal coordinates centered at
Pl(k) = P and we rescale uy, to v, as in (27). Multiplying the equation of uy,
by u(0), we obtain

uk(o)uk HG:ZalG(apl)a in CIQOC(M\{PM 7pm})a (166)
i=1
where a; > 0.
By (8) and (9)
Wy(P1) =0, if n > 6, (167)

and B
V Wy (P1) =0, if n > 8.

_ We take a small ball B, := B(P},0). The Pohozaev identity is computed over
B, . The following lemma will be combined with the positive mass theorem to get
a contradiction.
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Lemma 4.1.

lim B(o,G,VG) >0, 3<n<9.
o—0+

Proof of Lemma 4.1. Since u,(0)ur, — G in 01200(3‘7 \ {0}), MZIs[vy] —
B(o,G, V@) over 0B,,. Thus by (102) we only need to show

lim liminf M7 (I;[vx] + I2[vg] + I3[vr] + Is[vg]) > 0 (168)

o—0+ k—oo =
By (166),

. 2 (n—2)% 2 22
lim MjI4[v;] = —————0 lim ux(0) w7 =0, 3<n<09.
|z|=c

k—o0 2 k—oco

(169)
By (29), (37), (145) and (146)

2 |(l_)7,al+d_”a”)(’l}k—U)|U§CO’, 3<n<T.

ME|L ]| <CM? /

‘y‘SUMkn_Q
(170)
By (44)
M7 Iy
c(n)  2— -4 -5 T
‘y‘S‘TMk
2-3%5 2 92 2 2-75 3772
oy ™ [ P v - o . yPU
ly|<oM,~? ly| <o —?
>—-Co, 3<n<6. (171)
By (44) and |[W| — 0 for n = 6,
lim sup MZ|I3[vi]|
k—o00
a4 2
= lim sup —C(;) Ms n-2 (oer"Q)
k—oo
1 —wt3 i —wt3) 13 2
X o R M, y'y! + O M, lyl Vo
yl=ong 2 2
2(n—5) __4_
= lim sup $n)aMk"*2 / 2 RijM, "ylylU?
k—s o0 4 ly|=o M knfz
2(n—5) 5 2(n=6) 3772
sooM [ WPeevorea [ o
\y\:o’Mkn72 |y|:‘7Mkn72
<Co, 3<n<G6. (172)

Estimate (168) for 3 < n < 6 follows from (169), £170), (171) and (172). To
prove (168) for 7 < n < 9, we make use of (108) with [ = 5.
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For7<n <9,let

0, 7<n<S8,
1/ — /11 —
? ? { 1, n=09,
By =n—6, 7<n<09.
By (19), (20) and (122), (105) holds for the above defined 85, 34" and 35’. By (19),
(44) and (123),

2

> _aga _ oM 2
—A4f£%§2|3"‘4|252(14—2)A4k "2 R i =ty (r)2dr
=2
_2
2(n—8) O'Mkr_"f2
> M, " O(|W|)/ r3TU(r)dr
0
—0, as k—oo, for 7T<n<9. (173)

Multiplying (108) by M? with v; = -2, v, = n — 6,1 = 5 and 5,34’ given
above, we obtain, using also (173) that

lim inf M3 (Is[vy] + Iy [vg]) > 0. (174)
—00
We know
lim M2 = lim Ze(n) / R(x)(Myuy)?
k—o0 k—o0 2 |z|=0
= Z¢(n) / R(z)G2. (175)
2 |z|=0

For the last term we are in conformal normal coordinates centered at P;. It is
elementary to see that for some constant Cy(n) > 0,

G = Cy(n)r* ™ + O(r%™) (176)

Forn =7, W(P;) =0, so

0/|w—g R(z)G?

3 _
B U% = 22 aaii(!])l)xa +O0(|z[)] - [Ca(n)*r* 2" + O(r*2M)]

=2 |a|=1
= cr/ O 2") =0(0), n=T. (177)
|z|=0

Forn =8§,9,
|R(Lbcd(P1)‘ = ‘Rabcd,e(Pl)‘ =0.
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Thus by (123)

/ > BB o gt R 7y —

|
lel=0 | A= al

It follows that

J/|w=a R(z)G?

5 _
:O‘/I - Z Z mxa +0(|z[%) | - [Ca(n)2r4=2" + O(5—2m)]

ol
=2 |a|=1

= 0/ O@r''=2") = 0(s), n=28,9. (178)
|z|=0

By (175), (177), (178) and (174)

lim liminf MZI5[v,] >0, 7<n<9.
—»00

o—=0 k
Lemma 4.1 is established. a
Forn = 3,4,5,
G(-,Py) = a1(r*~™ + A + higher order)
where a; > 0 and A are constants. Thus, for some A > A,
G = a1 (r* " + A 4+ higher order).
For n = 6, 7, since |[W (P;)| = 0, we have
_ az(r=* 4+ () + O(rlogr), n = 6,
SE {G3T_5(1 —ayR;(P)2'air? )+ A+ O(r), n=T7
where x = 10, az, a3 > 0 and A are constants. ¥ is a smooth function on . Thus

C az(r=* +4(0) + O(rlogr), n =6,
- azr—>(1 — aﬁRﬂ'j(pl)injTQ) +A+0(r), n=T1,

where A > A and ¢ > ).
A computation yields

—azA, n=34,57

_ (179)
—ag fss ,(/}(9)7 n= 6a

lim B(o,G,VQ) = {
o—0

where as, ag > 0 are constants.
Consider on M,

g = G(7P1)mg
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We make a change of variables z = |z|~?2 and write § = §;;(2)dz"dz7. Since
W (Py) = 0forn = 6,7, itis not difficult to verify that the mass of (M, §) is given,
modulo a positive constant multiple, by, see [13],
mass = lim (0:Gi; — 059ii) 7= dz.
z

P=00 Jiz1=p ||

A computation yields, modulo some positive constant multiple,

A, n—34,57
mass =
Jss ¥, n=6.

By the Positive Mass theorem of Schoen and Yau, A > 0forn = 3,4,5,7 and
fS5 1) > 0 forn = 6. Since A > A and ¢ > 1), the above violates, in view of (179)
Lemma 4.1. Theorem 1.1 is established. O

Comments on Remark 1.1. For n = 8,9, we not only have |IW(Z)| = 0, but also
VW (z)| = 0. Since we work in conformal local coordinates, |V R(Z)| = 0. Then
G can be written as follows:

4
ar (7‘_6 + Zwl(ﬁ)rl_4 +A+O(r 10gr)> , n=23§,
G = 1=2

4
as (r_7 + Z z/Jl(H)rl_s + A+ O(T)) , n=29.
1=2

where a7,ag > 0 and {1, } are spherical harmonics that have integral 0 on S~ 1.
A contradiction can be obtained similarly from the positive mass theorem for high
dimensions. Remark 1.1 is proved. O

5. A discussionof thecase 1 <1+ e <p < Ztg

The proofs forthecase 1 <1+4+¢e¢ <p < Z%g are modifications of our proofs for

p= Z—fg Modifications of similar nature can be found in [84,66] and [73]. We point
out some of these modifications for the proof of Theorem 2.1. We still prove it by

contradiction argument, so associated with {u;, }, we now have {p;,} C [1+¢, 2£2.
Using standard blow up arguments together with the well known result in [52], we
only need to consider the case 75 := Z—fg — pr — 0. To avoid introducing new
definitions we still let v; be defined as in (27). Then the equation for vy, is

— — 2
(A + bl& + dijaij - E)’Uk + TL(TL - 2)M];TK’UZ’” = 0, |y| S 5Mkn72 . (180)

where b;, d;;, ¢ are defined as before. Let v and w) be defined as before, then
direct computation shows that

(A+b;0; + di;0;; — S)wy +n(n — 2p M, ™ lwy < Ey in 5,
(181)
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where F and X are defined as before. In this more general context, the estimate
of oy, is related to that of 7. First by Proposition 2.1 and assuming o, = o(1), we
obtain

A

n+2 4
m) SN0 () + o(L)M 72y

Ex=¢(y)UNy) — (
Then we have

_2_
M2,  n =34,
min v(y) < (1+¢€)U(Lg), Li=

ly|=Lx T
Mk(" 2T p>5.

where € > 0 is an arbitrarily small positive constant, & > 0 depends on €. The
above inequality leads to

u(y) < CU(y), |yl <d1lg (182)

for some 9; > 0 by the Moser iteration technique used previously. The following
Pohozaev identity will be used to obtain the vanishing rate of 7:

/‘|< {(—bzalu — dmé)”u)(Vu T

n—2 e(n)
5 Wy

o n(n — 2) 1
+—c(n / Ru? — 70/ uPt
2 ( ) |z|=0 p+1 |z|=0

. <n2]§n+—12) nln . 2)2) /B -~
= B(o,u, Vu)

+

u?(z - VR) — c(n)Ru2}

where B(o, u, Vu) is defined as before. Then by using (29) to evaluate the Pohozaev

__4
identity over |y| < Lj we obtain 7y, = O(M, %) forn = 3,4and 7, = O(M, "?)
forn > 5. eis arbitrarily small. Note that in the evaluation of Pohozaev identity, say

n > 5,wefirsthave 7, = O(Mk_ﬁ+w),this implies M* = O(1), consequently,
= O(M, ™).
For n > 5, by comparing the equations for vy, and U we know
(A + 1_9181 + Ciijaij — E)Mk + TL(TL — 2)Mk—7—kpkfzkilwk
= U +n(n—2) (Uiifg — M Upk) , (183)

where wy, = v — U. It is clear that for all € > 0,

U +n(n — 2) (Uiifi — M Upk)

=0 (M,;“) (1+r)*"+0 (Mk_““) (147)"2m
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Then by the Proof of Proposition 2.2 we obtain

—wigte
o < CM, , Ve>D0.

Once we have this new estimate of o} we can improve the estimate of E to

__8_ _8—e¢
Ex=0)M, "Zlyl* "+ O0()M, " |y~
So we can prove (182) for a new Ly, which is
_2
oM, n=>5,
Ly = 8—c_
Mk("_”z n > 6.

where € > 0 is arbitrarily small.
Now we want to use the new estimate of o, to get a new estimate of 7. To do
this, first for n = 5 we compare wy, with

—242¢ e _4—ec e 2
f) =QM, ™" Fly7 + QM 7 |y|% R <yl < oM

where ¢ > 0 is small and Q(e) > 1 is large, R >> 1 is to make the maximum
principle possible. Then from the maximum principle we get

2
lor(y) —UW)| < f(y), for R <[y <M.
Estimates for |V7 (v — U)l,j = 1,2 can be obtained similarly. Consequently we
get

—242¢ _4—c _2
v =U+0 (M77F) (1l ™40 (M7 ) (A+lyh ™, Iyl < oM.

2
Then we apply the Pohozaev identity over |y| < M, to get 73, = O(M, ?).
For n > 6, we follow the same procedure except that we use

_8=2¢ . _d—e 8=
) = QM " |y~ + QM "y R< Jy| < M

Then the expansion for v becomes

8—2¢

=00 (37 ) 14+

_4d-—c 9 8"2/2
10 (Mk ) Ay, Iyl < M.

8— ﬁz _8-2F
From the Pohozaev identity over |y| < M,""®" we have 7, = O(M, "* ),
_8-3ve
consequently we obtain, by (183), that oy, = O(M,, "~* ). From now on we just
replace 31/€ by € for convenience. Now the right hand side of (183) becomes

cU +n(n—2) (Uzirg _ MI;TkUPk)
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~0 (Mk""‘) (14+7)*"" 40 (Mkng> (147)72"

Also the new estimate of o, for n > 6 leads to a new estimate of Fy :

12—

)2 (MU () + O(1) My, ™ [y| .

By = ey)UNy) - <|2

Then we obtain (182) again except that
2
M™%, n=6,7

12—e

Mkf”_{")Q , n>8.

Ly =

For n = 7, we improve the estimate of v, — U by using

__8 _8—¢ _2
f(y) _ QMk n—2 |y|6—n + QMk n—2 |y‘2—n+s’ R S |y| S (SM]:72

Then the Pohozaev identity gives 7, = O(M, ?). Note that in the computation, the

term that contributes Weyl tensor and the term that contributes 7 are both positive,

therefore the existence of W does not affect the rate of 7. After this we improve
__s_

the rate of oy, to O(M, "~?).

12—
(n—2)2

For n > 8, to control vy, — U over L, = M,

we use function

__8 _ _8—e€
fly) =QM, "2 yls "+ QM " |y[F e

- _ 2 o B
where a = z(n — 8) + O(1)e. Then from Pohozaev identity we get 75, =

8
O(M, "7?). Then of, = O(M,, ") for n > 8. Once we have this rate of 7y, it
does not affect the estimate of o any more (for n = 8,9). Then in the evaluation
of the Pohozaev identity, the term that contributes 75 has the same sign as the term
that contributes all the curvature tensors. So 7, does not affect the vanishing rate
of the Weyl or VRgp.q for n = 8,9. We get the estimate of 7, when we get the

vanishing rate of curvature tensors. Eventually we have 7, = O(M,~ %) forn = 8,9
16—¢

and 7, = O(M,; "~%) for n > 10. Other estimates on vy, (for n = 8,9) are just
the same as those in the special case p;, = Z+2 The proofs of Theorem 1.1 and

Theorem 1.3 can proceed as the special case py = ”+3

6. Appendix A: A useful function and its estimate

Forn = 3,4,5,---,let A > 2, a,b,u > 0,and 0 < v < n — 2 be constants, we
consider functions V" and H satisfying

— (1) S V() S n(nt2)U () TR 450 1<r<A, (184)

V'(r)] <p~ e,
0<H(r)<br" ",

<A, (185)

1<r<
1<r<A4, (186)
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and

|H' (r)| < br?~ "1 1<r <A, (187)
where U(r) = (1 +r2)*2".
Proposition 6.1. For n = 3,4,5,---,let A > 2, a,b > 0and0 < v < n —2
be constants and let V' satisfy (184)-(185) and H satisfy (186)-(187). Then there
exists a unique solution of

n"(r) + n- 117'(7’) + (V(r) - 7%) nry=—-H(r), 1<r<A, (158)
n(1) =n(A) =0.
Moreover
0<n(r)<Crt? " 1<r<A, (189)
and
I (r)] < Crtm ()| < Cr T, 1< r < A, (190)
where C' > 0 depends only on n,a, b, 1 and 7.
Thinking of r = |z|, x € R"™, equation (188) takes the form
2t (Vel) = 25 )= (), in B\ By o
n =20, on d(Ba \ B1).

Lemma 6.1. For A > 2, let \; = \1(n, A) be the first eigenvalue of —A —n(n+
2)Uﬁ on B \ By with respect to zero Dirichlet boundary value. Then A1 > 0.

Proof of Lemma 6.1. Since Uy(x) := s U (tx) satisfies, for all ¢ > 0,
nt2
—AU; —n(n —2)U;" % =0, inR"™,
%Ut |t=1 satisfies the linearized equation, i.e.,

—Agp—n(n+2)Uﬁg@=O, inR",

where ¢(r) = :zﬁU(r) is positive in 1 < r < oo.

Let 77 be a positive eigenfunction with respect to Ay, so

—Af—nn+ 22U =X\7, 1<|z|<A,

and 7] = 0 on O(B4 \ By). Multiplying the above equation of 7] by ¢ and integrating
by parts lead to

A / e > / [—ﬁAgo —n(n+ 2)Uﬁﬁg0} =0.
Ba\B: Ba\B1

Lemma 6.1 is established. O
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Corollary 6.1. Under the hypotheses of Proposition 6.1, equation (188) has a
unique solution 1), which is non-negative.

Proof of Corollary 6.1. By (184),

a _4 a
V(lz]) = —5 < n(n+2)U(z)"—2 — a2’

FE 1< |z <A (192)

Corollary 6.1 follows from Lemma 6.1 and standard elliptic theories.

Proof of Proposition 6.1. Fix an R > 2, depending only on n and a, such that

n(n + 2)U(r)ﬁ + gr*‘l —ar %< —grfz,
If A < 3R, we know from Lemma 6.1 that the first eigenvalue A; of —A—(V — %)
on By \ Bj, with respect to zero Dirichlet boundary value, has a positive lower
bound which depends only on n and R. Thus the L? norm of 7 on B \ By is under
control. By standard elliptic estimates, the L°>° norm of y on B4 \ By is also under
control. In the following we assume that A > 3R. By (184) and (193),

Vr>R. (193)

Vir) — ar 2 < —gr_2, VR <r < A. (194)

Since 0 < v < n — 2, we can pick some constant C' > 1, depending only on
7,m,b,a such that w(r) := CrYt2=" satisfies
[A+(V—ar H)w< - < —H(7), VR<r<A (195)

Fix some smooth function f(r), depending only on the usual parameters (i.e.
n,a, b, p and 7), satisfying

fr)y=o0, 2R < r < oo,
fr) < —[A+(V —ar Hw— H(r), 1<r<R,

and
f(r) <0, V1<r<oo.

To prove (189), we only need to find some non-negative function wq (r) in
1 < r < oo satisfying

wy (r) < Cyr?tr—m, 1 <7< oo, (196)
and
[A+ (V —ar Hwy (r) < f(r), V1<r<A, (197)

where C; > 0 is some constant depending only on the usual parameters.
Indeed, let w; be as above, then

[A+(V —ar™)|(w+wi) < —Hi(r), 1<r<A,
and therefore, in view of (188),

[A+(V —ar™))(w+w —n) <0, on Bx \ B;.
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We also have, using the non-negativity of w and wy,
w4w; —n >0, ond(Ba \ By).
Because of Lemma 6.1 and (192), we may apply the maximum principle to obtain
w4+ w; —n >0, 1<r<A.

This gives the desired estimate (189).
Now we construct such a wy. Consider

A (y) + [nn+ 2072 daw) = w2 () bl <1,

wi(y) =0, |yl =1
(198)

We know from the proof of Lemma 6.1 that (r) := ;z;i U (r) satisfies

[A+n(n+2)U@y) 2e(y) =0, |yl <1,
p(r)<0, v0<r<l, and (1) = 0.

It follows that the first eigenvalue, with respect to zero Dirichlet boundary data, of
—A—n(n—i—Q)Uﬁ on B is zero. So the first eigenvalue of —A —n(n+2)Uﬁ +
$ on By is equal to 5 > 0. We also know that \y|_"_2f(ﬁ) is non-positive for

all |y| < 1 and is equal to zero for |y| < 5. By standard elliptic theories, (198)
has a unique radial solution w; satisfying

0<u(y) <C, Yyl <1,

where C is some positive constant depending only on the usual parameters.
Let

1 T
= — W - > 1.
wi (x) |x|”‘2w1 <|a:|2> , |z] >

Then, because of (198), w; satisfies
_4 a
{a+ [po+2um™ - 5] o) =, r>1,
and
0<wi(r) < cri—m, Vr > 1.
Finally, using (192), we have, for 1 < r < A,
-2 4/(n—2 a
A+ V() —ar s < [A+ (n(n+ 2002 = 2wy

< [A + (n(n+ U (1) =2 %)} wy = f.

Thus, the w1 has the desired properties, and (189) is established. Using (185), (187),
(189) and (188), estimate (190) follows from standard elliptic theories with the help
of a standard scaling argument. Proposition 6.1 is established. a
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