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1 Introduction

For n > 3, consider
—Au =n(n— 2)u:_t2, on R" (1)

It was proved by Gidas, Ni and Nirenberg [21] that any positive C? solution of (1)
satisfying
lim inf (|x|”‘2u(aj)) < 00, (2)

|| —o0

must be of the form -

(z) a 2
u\r) = _—
1+ a?|lx — z|? ’

where a > 0 is some constant and 7 € R".

Hypothesis (2) was removed by Caffarelli, Gidas and Spruck in [8]; this is impor-
tant for applications. Such Liouville type theorems have been extended to general
conformally invariant fully nonlinear equations by Li and Li ([24]-[27]); see also re-
lated works of Viaclovsky ([39]-[40]) and Chang, Gursky and Yang ([13]-[14]). The
method used in [21], as well as in much of the above cited work, is the method of
moving planes. The method of moving planes has become a very powerful tool in
the study of nonlinear elliptic equations, see Alexandrov [1], Serrin [37], Gidas, Ni
and Nirenberg [21]-[22], Berestycki and Nirenberg [2], and others.

In [30], Li and Zhu gave a proof of the above mentioned theorem of Caffarelli,
Gidas and Spruck using the method of moving spheres (i.e. the method of moving
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planes together with the conformal invariance), which fully exploits the conformal
invariance of the problem and, as a result, captures the solutions directly rather
than going through the usual procedure of proving radial symmetry of solutions and
then classifying radial solutions. Significant simplifications to the proof in [30] have
been made in Li and Zhang [29]. The method of moving spheres has been used in
[24]-[27].

Liouville type theorems for various conformally invariant equations have received
much attention, see, in addition to the above cited papers, [23], [17], [15], [33], [41]
and [42].

In this paper we study some conformally invariant integral equations. Lieb
proved in [31], among other things, that there exist maximizing functions, f, for
the Hardy-Littlewood-Sobolev inequality on R™:

f()
I/ Ayllzacrey < Nyl fll o
f— (R™) P (R™)
with IV, » , being the sharp constant and ]l) + % =1+ %, 1 <pg3x <oo,n=>l
When p = ¢ = q—% or p=2orq=2, Ny, and the maximizing f’s are explicitly
evaluated. When p = ¢/, i.e., p = 25? y and g = 27”, the Euler-Lagrange equation for

a maximizing f is, modulo a positive constant multiple,

R o — gy

Writing A =n — a and u = fP7!, then 0 < a < n, and equation (3) becomes

n+ao
u(y) n—a
ux:/ ————dy, VYuzeR" 4
@ = [, (@)
As mentioned above, maximizing solutions f of (3) are classified in [31] and they
are, in terms of u, of the form
a n—c
=(——>) 2 5
) = (=) )

where a,d > 0 and some ¥ € R". Of course, a is a fixed constant depending only
on n and «, while d and z are free.

Equation (4), or (3), is conformally invariant in the following sense. Let v be a
positive function on R", for x € R™ and A > 0, we define

A\
€ — x|

vaa(§) = ( )"w(E™),  Ee R (6)



where )\2(5 )
5””\:x+7|€_x|3;. (7)

Then, if u is a solution of (4), so is u, ) for any x € R™ and A > 0. The conformal
invariance of (4) was used in [31]. More studies on issues concerning the Hardy-
Littlewood-Sobolev inequality, among other things, were given by Carlen and Loss
in [9]-[12], where the conformal invariance of the problem was further exploited.

After classifying all maximizing solutions of (3), Lieb raised the beautiful ques-
tion (page 361 of [31]) on the (essentially) uniqueness of solutions of (3), or, equiv-
alently, of (4). He produced (page 363 of [31]) a nontrivial 2n parameter family of
solutions of equation (3), or (4), which are not as regular as the maximizers. For
instance, modulo a positive constant, |#|“Z" is a solution of of (4).

In a recent paper, Chen, Li and Ou established the following result which answers
the question of Lieb in the class of LjS.(R™).

loc

Theorem 1.1 ([18]) Let u € Li5.(R"™) be a positive function satisfying (4). Then u

loc
is given by (5) for some constants a,d > 0 and some T € R™.

In an earlier version of the present paper ([28, version one]), we gave a simpler
proof of Theorem 1.1. The proof, in the spirit of [30] and [29] and following Section
2 of [29], fully exploits the conformal invariance of the integral equation. It is
different from the one in [18]. In particular, we do not follow the usual procedure of
proving radial symmetry of solutions and then classifying radial solutions, and we
do not need to distinguish n > 2 and n = 1. For the method of moving spheres or
moving planes, there are, roughly speaking, three steps, one is to get started with
the procedure, second is to prove that the function and the reflected one coincide if
the procedure stops, and the third is to handle the case when the procedure never
stops. Our arguments are also different for handling these steps. This proof is
presented in Section 2.

Lieb pointed out to us that his question also concerns functions which are not
in L2 (R"). In particular, it is not known a priori that maximizers are in L72,(R").

loc

This has led us to study the question further and to establish

2n_
Theorem 1.2 Forn > 1,0 < a <n, let w € L. (R") be a positive solution of

(4). Then u € C(R").

2n_
An answer to the question of Lieb is therefore known in the class of L] * (R").
2n

The above mentioned solution |z|“Z" does not belong to L;:.* (R"), though it belongs




to Lj,.(R") for any ¢ < 22 The question remains unanswered for the class of
L, (R") for t < 22

In the process of proving Theorem 1.2, we have established the following result
which should be of independent interest.

Forn>1and 0 < a < n, let V € La(Bs3) be a non-negative function, set

S(V) = V12 ®)

Theorem 1.3 Forn > 1,0 <a <n, v >r > 2 there exist positive constants

§<1and C > 1, depending only on n,a,r and v, such that for any 0 <V €
L (Bs), with §(V) <8, h € L¥(By) and 0 < u € L"(Bs) satisfying

u(z) < /B %dy Y h(z), z€ B, (9)

we have
lullzosy) = € (HUHLr(Bg) + HhHLv(Bg)) : (10)

Corollary 1.1 Forn > 1,0 <a<n,v>r>-—"- Ry >R, >0,let0<V €

n—o’

La(Bp,), h € L*(Bg,) that 0 < u € L"(Bg,) satisfy

u() < V(y)uly)

< ——"=dy + h(z), x € Bp,.
Br, |x_y|n ¢

Then, for some € >0, u € L(B.).

Remark 1.1 After we proved Theorem 1.2 and Theorem 1.3 in [28, version two],
a revision of [18] was made which included another proof of Theorem 1.2.

For o = 2 and n > 3, Theorem 1.3 is essentially equivalent to a result of Brezis
and Kato (Theorem 2.3 in [6]), so it can be viewed as an integral equation analogue
of their theorem. After informing Brezis of Theorem 1.3, he kindly pointed out that
it is similar to, though not the same as, Lemma A.1 in [7]. Indeed, our proof of the
theorem makes use of special properties of the potential |z|*~", and it is not clear
to us at this point Wheiher the conclusion of the theorem still holds when replacing
|z|*~" by any Y € Ly °, the weak L7 space, as in Lemma A.1 of [7]. Theorem
1.2, Theorem 1.3 and Corollary 1.1 are established in Section 2.



We also study some equations similar to (4), though they do not have the same
kind of conformal invariance property. For n > 1, 0 < o < n and g > 0, let u be
positive Lebesgue measurable function in R" satisfying

m
u(z) = / %dy, VzeR" (11)
R |z —y|me

Theorem 1.4 Letn>1 and 0 < aa <n. Then
(i) For 0 < pu < ===, equation (11) does not have any positive Lebesgue measur-

able solution u, unless u = oo.
(i) For I~ < p < 222 equation (11) does not have any positive solution
n(pu—1)

ue L, (R").

loc

For p > Z’_L—g, we know from Lemma 4.2 that if u is a positive solution in
n(pu—1)

L,.> (R"),umust bein C*(R"). Theorem 1.4 is proved in Section 4.

In [24]-[27], all conformally invariant second order fully nonlinear equations are
classified and Liouville type theorems are established for the elliptic ones. It would
be interesting to identify as many as possible conformally invariant integral equations
for which (essentially) uniqueness of solutions can be obtained. One class of such

equations, similar to (4), is

u@) = [ o= yPuly) Ty, Voe R

where n > 1 and p > 0. We study more general equations, similar to (11), including
those which are not conformally invariant.

Forn > 1, p,q > 0, let u be a non-negative Lebesgue measurable function in R"
satisfying

u(z) = /R" |z —y|Pu(y) %y, Y zeR" (12)

Theorem 1.5 Forn > 1, p > 0 and 0 < ¢ < 1+ 27”, let uw be a non-negative

Lebesgue measurable function in R™ satisfying (12). Then ¢ = 1+ 27” and, for some
constants a,d > 0 and some T € R",
d 12 g

a



Remark 1.2 For some a = a(n,p) > 0, (13) indeed solves (12) with ¢ = 1 + 27”.
This is proved in Appendiz A. The argument also shows that, modulo a constant,
(5) is a solution of (4), a known fact whose proofs can be found in [38] (page 131),
[31], and, for n > 2, in [35]. Our proof is different.

The proof of Theorem 1.5, similar to our proof of Theorem 1.1, is given in Section
5. It turns out that for n =3, p =1 and ¢ = 7, integral equation (12) is associated
with some fourth order conformal covariant operator on 3—dimensional compact
Riemannian manifolds, arising from the study of conformal geometry. See, e.g.,
Paneitz [36], Fefferman and Graham [19], Branson [3] and Chang and Yang [16].

Question 1 Is equation (12), in the case p > 0 and ¢ = 1 + 27”, associated with
some kind of pseudo-differential conformal covariant operators on n— dimensional
compact Riemannian manifolds, the same way the case n =3, p =1 and ¢ =7 1is
associated with the above mentioned fourth order conformal covariant operator?

After posting [28, version one| on the Archive and essentially completing the
proof of Theorem 1.5, we became aware of some recent work of Xu [43] where he
proved Theorem 1.5 in the special casen = 3, p = 1 and u € C*(R?). He also proved
in the same paper that forn =3, p=1and ¢ > 7(= 1+ 27”), equation (12) does not
admit any non-negative solution u in C*(R3). Radial solutions of the biharmonic
equations corresponding to (12) with n = 3 and p = 1 were studied by McKenna
and Reichel in [34].

Question 2 Is it true that for alln > 1, p> 0 and ¢ > 1+ 22 equation (12) does
p
not admit any positive solutions?

We point out that if we consider the integral equations of the following form
u(w) = [ Glle—yluly)dy, u>0, VreR (14)
Rn

and consider the transformation of the form

A\
€ — 7]

where £ is given by (7), and wish that

ua A (€) = h(( ) Ju(€™),

A\
€ — x|

M=) [ Gl —ylou)dy = [ G =2 un(z)dz (15)



for all x,& € R™, A > 0 and all positive function u, then we are only led to equation
(4) and equation (12) with ¢ = 1 + 27” together with the transformations we use in
the paper. Note that condition (15) guarantees that whenever u is a solution of (14)
so is u, ) for all z € R™ and A > 0. The quantity (ﬁ)zn is the Jacobian of the
conformal transformation & to &%,

It looks worthwhile to study equation (12) on a bounded domain (existence of
solutions, etc.). In this connection, we draw readers’ attention to some works of

Brezis and Cabre [4] and Brezis, Dupaigne and Tesei [5].

2  Proof of Theorem 1.3, Corollary 1.1 and The-
orem 1.2

In this section we prove Theorem 1.3. Let

&(x) == /33 %dy + h(x) —u(z) >0, x € By.

Then
u(z) = (Lu)(z) + f(z) + h(z) = {(z),  x € By, (16)
where
Ve,
(Lu)(z) = /B P € B,
and

oy [ V),

2<lyl<3 |z — y|P™®

Let p be determined by % = ]1) — 2, then p > 1 and therefore, by the property of
the Riesz potential (see, e.g., Theorem 1 on page 119 of [38]),

|Zullrmy < ClIVullw,) = C (IVPells,)”

1

< (VP 171 55y ) < IV g el (1)
where C' depends on a,n and r. Similarly

[l < CIVIL2 gy 1l rss)- (18)



It follows, using also the fact u,& > 0, that
1€l zr(B2) < ClV |2y lullr By + CllRlLrs,)- (19)
Fori=1,2,---, let
. r . .
Gi(z) = min (T) C w(e) = min (u(2), )
z n—o

Go) =min(€@i), ad A= [ G-Vl
Some preliminary estimates on { f;}:

Lemma 2.1 There exists some constant C', depending only on n and «, such that
[fill ooy < Cllullrssy, [ fill rsy) < Cllullirsa).- (20)

Moreover, for any p <,
lim || — o) = 0. (21)

Proof of Lemma 2.1. The first inequality in (20) follows easily:

1 fill=B) < I fllz=m)) < Cln,a) /2<|y|<3 V(y)u(y)dy < C(n, a)ullLr(s,).
Note that we have used the hypothesis ||V, 2 (Bs) < 5 < 1. The second inequality

in (20) follows from (18).
By the Fubini theorem,

: . 1
i 1= fllo iy < B 16O = s [, V)u()dy =0

We deduce (21) from this and the second inequality in (20) using Holder inequality.
O

Consider the following integral equation of w,
w(x) = (Liw)(x) + fi(z) + h(x) — &(x), T € Bo, (22)
where

(Law)(@) = [ Gilw = y)V(y)w(y)dy.

ly|<2



Lemma 2.2 Forr < q < v, there exist some 0 < § <1 and C > 1, depending only
on a,n,r and q, such that if 0 < 6(V) <9, then, for all i, there exists w; € LI(Bs)
solving (22) with w = w;, satisfying

[will r(By) + Hw?—HLq(B%) < C(lullzr sy + Pl (55)), (23)

+

where w; (z) = max(w;(z),0).

Proof of Lemma 2.2. Define, for w € LI(Bs),
(Tiw)(z) = (Liw) (@) + fi(z) + h(z) = &(2), =€ Bs.

Clearly, L“T‘Z : Lq(BQ) — Lq(BQ)
Let p be determined by % = ~—2 then, using the property of the Riesz potential
as in (17),

1
p

ILiwllLaess) < IL(wDlLaess) < ClVI Lz gy Il ey < Collw|Las,)-
Here and below (various) constant C' > 1 depends only on r, ¢, « and n. Thus

| Tw|| Lacpyy < COllw||Lacpy) + | fill Las) + 17l Lacmy) + &l LaBa) (24)

and
1 Ti(w — v) ||y < [|Li(w — )|l La(sy) < Col|w — vl LaB,)-

Fix some positive d with €6 < % and set

By = {w € LU Ba) | [[wllzasy) < 2([[fillLasy) + Pl Lasy) + ISillLa(y)) } C L(B).

Then, T; maps F; to itself and is a contraction map. So there exists some w; € E;
such that T;(w;) = w;, i.e.,

wi(z) = /|y|<2 Gi(x — )V wily)dy + fi(z) + h(z) — &(x),  x€ By (25)

Taking ¢ = 7 in (24), we obtain from (25) and (20) that

1
lwill er 2y < Sllwill e sy + 1 fill oy + 1l 2oy + €]l 2 c2)-
The estimate of ||w;||zr(B,) in (23) follows from this, in view of (19) and the second
inequality in (20).
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Next we establish the second inequality in (23). For 0 < t < s < 1, we have, by
(25),
wi(z) < Li(x) + [Li(x) + fi(z) + h(x),
where - N
wl<s |z —y["e

Y

and

<lyl<2 |x —y|P

By the property of the Riesz potential,

il oy < ClIVW ey < CIVIL2 5,

w; || L)

- 1
< Collwf o) < Fllwd .-
Using the estimate of ||w;||z-(B,) in (23),

Iy < Cls=t [ Vgl )y

s<|y|<2

< Cls =) "willrz,) < C(s =) " (ull Lrsy) + 1Al r52))-

With (20) and the above estimates, we have, for all 0 <t < s < 1,

1 a—n
lw lpasyy < Sllwi lpas,) + Cls = )" " (ull r(ay) + 1hllr82)-

By a calculus lemma (see, e.g., page 32 of [20]), we have, for a possibly larger C,
still depending only on 7, ¢, « and n,

lwi oy < Cls =) " (ullrpy) + hllrsy),  YO<t<s<L

The estimate of ||w;" || La¢p, ) in (23) follows from the above. Lemma 2.2 is established.

a

Proof of Theorem 1.3. For any r < ¢ < v, let § > 0 and {w;} € LI(B,) be given
by Lemma 2.2. Since

/|y|<2 V(y)wily)dy < ClIVI[ 2, llwillrs) < €
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for some C independent of 7, we have

lim sup [|(Liws) (- + 2) — (Liws) (-)[| 2(5,) = 0

|2|—0 4

Therefore { L;w;} is precompact in L'(By).

We know from Lemma 2.1 that {f;} converges to f in L'(Bs). So {w;} is
precompact in L'(Bs). After passing to a subsequence, w; — w in L'(By). in
view of (23), w € L"(Bsy), w; — w in LP(By) for all p < r, w™ € LY(B.1), and

1
2

lwt oy < C (lullria + 1) - (26)

It follows that L;w; — Lw in L*(By). Thus,

w(x) = /| Mdy + f(z) + h(z) — &(2), a.e. r € Bs.

yl<2 |z —y|ve
Taking the difference of this and (16), we obtain

(u—w)(x) = /|y|<2 V(g(f;ﬁl(y)dy, a.e. r € Bs.

By the usual estimates and using 0 < §(V) < § and C§ <

DO [

i} 1
|u —wl|LrB,) < Col|lu —wlLrs, < 5”“ — w||Lr(By)-

It follows that u = w a.e. in B,. Theorem 1.3 follows from (26).

Proof of Corollary 1.1. For € > 0 small, let
u(r) = €7 ulex), Vi(z)=e"V(ex), x € Bs,

and

n—o V n—o
he(x) =€ 2 / Mdy +e 2 h(ex).
3e<|y|<Ry |€x — Y|P
Then v
iy < [ V)

< dy + he(z), T € B,.
Bs |.’L' _ y|n—a
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Clearly, u. € L"(B3) and h, € L (By). Let 6 > 0 be the number in Theorem 1.3, we
fix some small € > 0 so that
< 4.

IVell 2 5,y = IVII2

(B3 (B3€

Applying Theorem 1.3 to u., we have u, € L”(B%), i.e. u € L"(Bs).

2n

Proof of Theorem 1.2. Since u € L;.* (R"), we have, by (4), for some |Z| < 1,

/ u(y)%dygg/ Mdyg/ )T e <o ()

2 |y|n—e l>2 | —y|ne R |T —y|m@

For any R > 0, we write

n+ao

u(@) = Inw) + () = | Lty /|y ) g (os)

yl<2R |x — y|" @ I>2R |x — y|" @

Take

n+ao

V) =@ b= [ ROk

I>2R |z — y|"

Since u € L[;C(’(R”) Ve LZOC(R”). By (27), h € L*(Bg). For any v > -, we
have, by Corollary 1.1, u € L”(B)) for some e(v) > 0. Since any point can be
taken as the origin, we have proved that v € L} (R") for all 1 < v < co. By Hélder
inequality, Ir € L>®(Bg). By (27), we can differentiate IIr(x) under the integral
for |x] < R, so I1p € C*°(R™). Since R is arbitrary, u € L;2.(R"). Back to (28), Ig
is at least Holder continuous in Bg. Since R > 0 is arbitrary, u is Holder continuous
in R*. Now un—a is Holder continuous in Bag, the regularity of Ip further improves

and, by bootstrap, we eventually have u € C*(R").
O

3 Proof of Theorem 1.1

In this section we prove Theorem 1.1. As shown in the last paragraph of Section 2,
u € C*°(R"™). By (4) and the Fatou lemma,

B = liminf(|z|" “u(z)) = liminf 2" uly) |n —dy > / = “eady > 0. (29)
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For z € R", A > 0, and a positive function v on R", let v, be given by (6).
Making a change of variables

20, _
yzzx,)\:x_i_)\(z .’L')7
|z — x|
we have \
dy = .
y (|Z_$|) z
Thus

n+ao

/ o - pENEE

2n
d
—af2x [E5R = y[ne sl JE7 = zeA e )7z

|2 — |

nto
|zl < |

Sm,)\ _ Zm,)\|n—a |Z _ .’L'|
Since
Eth B yenn o2 e, (30)
we have
n+ao nto
A - / U(y)m Vg )\(Z)m
n-a U gy — / YN 31
N A R T s Tt Al NG e T (3
Similarly,
n+ao nto
A N / v(y)r—eo Ve a(2) e
n—a LA A Ve NB)"° 32
N A NP T e T Al RS e T (32

For a positive solution u of (4), applying (31) and (32) with v = v and v = gy,
and using the fact (£%*)%* = ¢ and (v,))z) = v, we obtain

L[ ) ,
um,)\(f) - /R" |€ _ Z|n_a dZ, v€ €ER ) (33)
and
u(€) — up(€) = /|H|>A K (@, \ € 2)[u(2)75 — uga(2)75]dz, (34)
where

1 A 1

K('T7 )‘3572) = |€—Z|n_a - (|€_x|)n_a|€m,A _Z|n—a'
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It is elementary to check that
K(z, N\ & 2) >0, VI|€—x|, |z —x| > >0.

Formula (33) is the conformal invariance of the integral equation (4), see [31]
and [32].

Lemma 3.1 For x € R", there exists Ao(z) > 0 such that

uz A (y) < uly), VO<A<X(z), ly—z| >\ (35)

Proof of Lemma 3.1. The proof is essentially the same as that of lemma 2.1 in
[29]. For reader’s convenience, we include the details. Without loss of generality we
may assume x = 0, and we use the notation uy = ug .

Since av < n and w is a positive C'!' function, there exists ry > 0 such that

Vv, (|y|%u(y)) -y >0, V0 <yl <ro.

Consequently
ux(y) < u(y), VO <A<yl <o (36)
By (29) and the positivity and continuity of u,
1
w(z) > ————— YV |z| > ro. 37
( )— C(T0)|Z|n_a | |— 0 ( )
For small \g € (0,79) and for 0 < A < Ao,
A A2y Ao
ur(y) = ()" "uli5) < ()" “supu <u(y),  Vly|=r.
] wl>" 7yl By,

Estimate (35), with 2 = 0 and A\g(z) = Ao, follows from (36) and the above.

Define, for x € R",
M) = sup{p > 0 | ugn(y) < uly) VO <A< p,ly — x| > A},
Lemma 3.2 If \(Z) < oo for some € R", then

Uz 3(z) = U on R". (38)
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Proof of Lemma 3.2. Without loss of generality, we may assume = = 0, and we
use notations A = A(0), uy = up . By the definition of A,

us(y) Suly) Yyl = (39)

By (34), with x = 0 and A = A, and the positivity of the kernel, either ux(y) = u(y)
for all |y| > A—then we are done—or uz(y) < wu(y) for all |y| > A, which we
assume below. By the Fatou lemma,

lim inf [y (1~ u3) (y)
= liminf [ |y K0, Ay, 2)[u(2) — uy(2)7]dz

lyl—o0 J|z|>X

> [ (1 G - e >0

Consequently, there exists €; € (0,1) such that

(u—us)(y) > — Vlyl > A+ 1.

— |y|n—a

By the above and the explicit formula of uy, there exists 0 < €5 < €; such that

(u—w)(y) = wrﬁ + (ux —ua)(y) = 2|;|;_a Vg > A+ LA <A< A+ e (40)
Now, for € € (0, €2) which we choose below, we have, for A < A < X + € and for
A<yl <A+1,
nta n+ao
(u—u\)(y) = /||>>\ K0, Ny, 2)[u(2) s — uy(2)74]dz
= / K0, Ny, 2)[u(2)ie — uy(2)na]dz
ALz <A+
s K0, Xy, 2)u(z) e —up(z) v ]dz
A+2<2[<A+3
n+ao nto
> K 0 )\ Y n—a — n—o d
= />\§|Z|§5\+1 ( ) aywz)[U)\(Z) UA(Z) ] P

/Z\+2§|z|§\+3

Because of (40), there exists d; > 0 such that

n+ao

u(2)s —up(2)ime > 8, A+2< |2 <A+3)
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Since
K(0,Ay,2) =0, V]y| = A,
V,K (0, )\;y,z)-y| | =m—a)ly—2]*""2(z = |y|*) >0, VA+2<|z| < +3,
yl=A

and the function is smooth in the relevant region, we have, using also the positivity
of the kernel,

KO0,X9,2) > 6(Jyl = A, VA< A< [y KA+ LA +2< 2] < A+ 3,

where d; > 0 is some constant independent of €. It is easy to see that for some
constant C' > 0 independent of €, we have, for A < A < \ + ¢,

n+ao n+ao

lus(2)na —up(2)m=a| KON =X) <Ce, VASALZ |2 <A+,

and (recall that A < |y| < A+ 1)

1 1
| KOy < [ - d2|
A<|2| <A+ A<l<an \Jy — 2"yt — 2

A 1
el L
A<|2|<AH1 (Iyl) [y — z|n—e
< Cly* =yl +C(Jyl = A) < C(ly| = A).

It follows from the above that for small € > 0 we have, for A< A< A+eand
A<yl < A+1,

_ >_0/ K(0, Ay, 2)dz + 6,0 —)\/ d
(w=w)ly) = =Cef  KOXy)detablyl=A) [ d
> (5152/_  dz—C(y| =\ > 0.
M2<]z|<A43
This and (40) violate the definition of . Lemma 3.2 is established.
O
By the definition of A(x),
usa(y) Suly),  VO<A<Ma),ly—af >\
Multiplying the above by |y|"~* and sending |y| to infinity yields
8= l|11|n inf |y|" " “u(y) > " “u(x), V0 << ). (41)
y|—oo
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On the other hand, if A\(Z) < oo, we use Lemma 3.2 and multiply (38) by |y|"~* and
then send |y| to infinity to obtain

B = lim |y"uly) = A(#)"u(z) < . (42)

ly|—o0

Proof of Theorem 1.1. (i) If there exists some € R" such that \(Z) < oo, then,
by (42) and (41), A(x) < oo for all z € R". Applying Lemma 3.2, we have

Uy X(z) = U on R", Vx e R"

By a calculus lemma (lemma 11.1 in [29], see also lemma 2.5 in [30] for o = 2), any
C! positive function u satisfying the above must be of the form (5).
(ii) If AM(x) = oo for all z € R", then

usp(y) <uly)  V]y—z[=2A>0,2€R"

By another calculus lemma (lemma 11.2 in [29], see also lemma 2.2 in [30] for a = 2),
u = constant, violating (4). Theorem 1.1 is established.

a

4 Proof of Theorem 1.4

In this section we establish Theorem 1.4.

Lemma 4.1 Forn > 1, 0 < a < n and p > 0, let u be a Lebesgue measumble
positive solution of (11) which is not identically equal to oo. Then, for anyt < —=
u € Lloc(Rn) N Lloc(Rn)

Oé’

3 = lim inf(|z["*u >/ y)idy > 0, (43)

|| —o0

and

/ uly)” dy < oo (44)

yl>2 |y|n

Proof of Lemma 4.1. Multiplying (11) by |z|"~*, we obtain (43) by applying the
Fatou lemma. Since u is not identically equal to 0o, we see from (11) that w is finite
almost everywhere. So, for some x1, 22 € By, x1 # x2, we have

2

Z/n Mdy < u(ry) 4+ u(xs) < 0o,

i=1 |xl - y|n—a
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It follows that u € L*

loc

(R™) and (44) holds. For R > 0, we write

u(@) = In(z) + Ip(z) == / - /|y _uw" )

lyl<2R |x — y|"@ I>2R |x — y|" @

Since u € Li,.(R") and (44) holds, IIgr € L*°(Bg). On the other hand, for any
1 <t < =, we have, by Cauchy-Schwartz inequality,

= (1O o (R g PRI
ly|<2R
< M= [ uly)dy < oo.
ly|<2R

Since R > 0 is arbitrary, u € L} .(R").

Lemma 4.2 Assumen >1 and 0 < oo < n.
(i) For 0 < p < -"—. Let u be a positive Lebesgue measurable solution of (11)
which is not identically infinity. Then u e C®(R").

(ii) For > —“—. Letu € Ln 3 (R”) be a positive of (11). Then u € C*(R™).

loc

Proof of Lemma 4 2.

(i) For 0 < p < 5. We know from Lemma 4.1 that u € Lj,.(R") for all t < 2.
For any R > 0, write u asin (45). Asusual, [Ir € C*®(Bg). Forany 1 < p < ay

let % = ]1] — 2. Then ¢ > —"—. By the property of the Riesz potential,

IRl aBr) < Cllu"||1o(Bor) = Cllullpon s,y < 00

Sou € L (R"). Let ¢/ = max(1, u1), since u* < C' 4+ Cu”, we have

u(z) < C Md + h(x), x € Bp,

lyl<2R |x — y|n—

where

Vi) =u@? " b =C ww g,

y[>2R |T — y|P—®

By (44), h € L®(Bg). Since "= « n_ v/ ¢ = (R"). Since u € L{, (R") with
i Y(Bewy) for any v > 0, where

n
n—ao’
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e(v) > 0. Now, back to (45), Ir is C*° near the origin by bootstrapping. By the
translation invariance of the problem, u € C*(R").
(i) For u > -2 let V(y) = u(y)*~'. We know from Lemma 4.1 that u €

e n(u-1)
Li,(R") for all t < -~ Since u € L;,,> (R") by the assumption, we also have
V e Ly (R"). Now, for any Ry > Ry > 0, let

h(y) = /|y Mdy-

>Ry |x —y[P

Then u € L'(Bg,) with r = "1V ¢ [%(Bg,) h € L®(Bg,) C L"(Bg,) for any
v > r, and

_ V(y)uly) . .
ulw) = /|y|>32 o ey ), € Br,.

By Corollary 1.1, uw € L"(Bpg, ). Since Ry > 0 is arbitrary, u € Lj,.(R") for all r > 1.
Bootstrap as usual, u € C*°(R").

a

For x € R", A > 0 and a positive function v on R", let v, ) be as in (6).

Lemma 4.3 Forn>1,0<a <n and p > 0, let u be a positive solution of (11).

Then rop(ns)
Uy )\(2)“ A n+a—p(n—a
. — 2 dz, Ve R 46
u,)\(f) /R" |€—Z|n_a <|Z—.’L'| z f ( )
and
\ nta—p(n—a)
u(&) —uz () :/ K(x, N &, 2)[u(2)" — uz A (2)"]dz, (47)
|2—a| >\ |z — x|
where . \ .
Kz, & 2) = — e .
@A) = e ) e
Moreover,
K(x,\€,2) >0, VIE—x|,|z—x] > A>0.
Proof of Lemma 4.3. The lemma for p = :‘:—g is established in Section 3. The

proof works for all g > 0 with minor modification.



20

Lemma 4.4 Forn>1,0<a <n and p > 0, let u € C*(R™) be a positive solution
of (11). Then for any x € R", there exists Ao(x) > 0 such that

uz A (y) < uly), VO<A<X(z), ly—z| >\ (48)

Proof of Lemma 4.4. This has been proved in Section 3 for y = Z”_L—g The same
proof applies for all 1 > 0.

O
Define, for x € R",

Ax) = sup{s > 0 | ugn(y) < uly) VO <A<, |y — x| > A},

Lemma 4.5 Forn>1,0<a <n and 0 < p < ™22 let v € C'(R") be a positive
solution of (11). Then \(z) = oo for all x € R™.

Proof of Lemma 4.5. We prove it by contradiction argument. Suppose that
A(T) < oo for some 7 € R". Without loss of generality, we may assume z = 0, and
we use notations A = A(0), uy = ug . By the definition of A,

us(y) Suly) Yyl = (49)

Since n 4 a — p(n — @) > 0, (2)rrer=a) < 1 for |z| > X. So, by (49) and (47)

]

with = 0 and A = )\, and the positivity of the kernel, we have, for |y| > ),

- A\ nta—p(n—a)
) = [ KA - () (o)
- A\ nta—p(n—a)
> /IZIZ?\ K(0,X\y,2)[1— (M) Jus(2)*dz > 0.
Thus, by the Fatou lemma and the above,
i nf " (0 = 03)(0)
> liminf ly|" K (0, \;y, 2) [u(2)* — ux(2)"]dz

lyl—oo JIz|>X

/|z|25\ (1 N (i)n_a> [w(2)" —ux(2)"]dz > 0.

||

v
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Consequently, there exists €; € (0,1) such that

€1
|y|n—a

(u—uz)(y) > Yyl > A+1.

By the above and the explicit formula of uy, there exists 0 < €5 < €; such that

€1
2|y|n—a

(1 — up)(y) > — Y0yl > A+ LA< A< A+e (50)

A= + (ux —ur)(y) =

Now, using (49) and (50) as in Section 3, for € € (0, €2) which we choose below, we
have, for A <A <A+ eand for A <|y| < A+1,

(u—u)(y) > A o KO Xy s 2 ()]

/ rcrny KON 2 () — wr (2
Because of (50), there exists d; > 0 such that

w(2)* —up(2)* > 61, A+2< |2 < A+3.
It was shown in Section 3 that

K(0,Xy,2) > 6a(Jyl = A, VA< A< Jy| KA+ 1L, A+2< [2]| < A+ 3,

where d; > 0 is some constant independent of e. It is easy to see that for some
constant C' > 0 independent of €, we have, for A < A < \ + ¢,

lus ()" —up(2)"| K CA=X) <Ce, VASALZ |2 <A+,

and (recall that A < |y| < XA + 1), as in Section 3,
/ K0, My, 2)dz < Oy — ).
A<|z|<A+1

It follows from the above that for small € > 0 we have, for A< A< A+eand
A<yl <A+1,
(u—uy)(y) > —Ce/ K0, My, 2)dz + 6102(|y| — \) dz
A<|z|<A+1

(5152/_ C dz—C(y| =\ > 0.
A+2<|2| <A+3

/?\+2§|z|§\+3

v
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This and (64) violate the definition of . Lemma 4.5 is established.
a

Proof of Theorem 1.4. According to Lemma 4.5, A\(z) = oo for all z € R", i.e.,
urn(y) <uly) V]y—z>X>0,2z€ R"

By a calculus lemma (lemma 11.2 in [29], see also lemma 2.2 in [30] for a = 2),
u = constant, violating (11). Theorem 1.4 is established.

a

5 Proof of Theorem 1.5

In this section we establish Theorem 1.5.

Lemma 5.1 Forn > 1, p,q > 0, let u be a non-negative Lebesgue measurable
function in R" satisfying (12). Then

[+ lyuly)dy < s, (51)
v = lim |z|Pu(z) = lim Mu(y)_qdy :/ u(y) dy € (0,00), (52)
|z|—o0 |x|—00 J RP |.’L‘|p R™ ’ '

and, for some constant C' > 1,

1 p
% <ulz) <CO+|zP), VaeR (53)

Proof of Lemma 5.1. We see from (12) that u must be positive everywhere and
{y € R" | u(y) < oo} >0,

where | - | denotes the Lebesgue measure of the set. So there exist R > 1 and some
measurable set I/ such that

E c{y | uly) < R} N Bg,

and .
El > —.
B> -
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By (12),

u(z) = /R |z —ylPuly) dy = /Elx—yIPU(y)‘qdy
> (R)_q/ |z — y|Pdy, Ve R"
E

The first inequality in (53) follows from the above.
For some 1 < |z] <2,

/Rn 1z — y[Pu(y) dy = u(z) < oo.

We deduce (51) from the first inequality in (53) and the above.
For |z| > 1,
| — y|”
|z [P

so, in view of (51), (52) follows from the Lebesgue dominated convergence theorem.
The second inequality in (53) follows from (12), (51) and (52).

w(y)™ < (T4 [yl uly)™,

a

Lemma 5.2 Forn > 1, p,q > 0, let u be a non-negative Lebesgue measurable
function in R" satisfying (12). Then u € C*°(R™).

Proof of Lemma 5.2. For R > 0, writing (12) as

ulw) = In(@) + Ha(e) = [ Jo=yPuly)dy+ [ |o=yPu(y)dy.
ly|<2R ly|>2R
Because of (51), we can differentiate I/g(z) under the integral for |z| < R, and
therefore I1p € C*°(Bg). On the other hand, since u™? € L*(Bag), clearly I is
at least Holder continuous in Bg. Since R > 0 is arbitrary, u is Hélder continuous
in R". Now u~? is Holder continuous in Bsg, the regularity of Iz further improves
and, by bootstrap, we eventually have u € C*°(R"). Lemma 5.2 is established.

a

Let v be a positive function on R". For x € R" and A > 0, consider

€ — x|

p z,\ n
(e, Ee R

Um,)\(g) = (



where )\2(5 )
Ay S 7).
¢ €=

Note that notation v, ) in this section is different from that in Section 1-4.
Making a change of variables

2 —_—
yzzx,)\:x_i_)\(z .’L')7
|z — z|?
we have \
dy = 2nd
y (p—xp z
Thus
A P 4 — / TN T AP z,A\—q Qnd
jL_ﬂAzAIS ylPo(y)~dy p_ﬂqu|€ 22 Pu(2) (|Z __$|) 2

A

24

B /| [<A |£m’>\ B Zx)\|p(m)2n_pqvm)\(2)_qd&
z—z|< -

Using (30), we have

A

e

e )y

A _ -
= /|Z_m|</\ |€ — Z|p( |Z ~ x|)2n pq—l—pvm’)\(z) 9.

Similarly,

A
Ge—a

A
= /|Z_$|>A |§ — Z|p( |z — x| )Qn—pq+pvm’/\(2)—qd2.

P A _ ulPu(y) 4
e i)y

Lemma 5.3 Let u be a positive solution of (12). Then

)2PatPy, 3 (2)Ydz, V& e R,

ual®) = [l =P

z — 1

and

)2”_pq+pux,,\(z)_q]dz,

ueal® —u(©) = [ R N E 2)ulz) 0~ (2

|z—z| >\ |Z - .’L'|
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where

bz, 256 2) = (B plem —ap — g -l

Moreover
k(x,\; €, 2) >0, VI§E—x|,|z—xz] > A>0.

Proof of Lemma 5.3. Since (£%*)"* = ¢ and (v,).n = v, identity (56) follows
from (12) and (54) and (55) with v = w. Similarly, using also (56),

u©) = [ le—sPu) ey [ Je—yluly) dy
= /|Z_m|2/\ 1€ — z|Pu(z) %z
- A
ST [ 6 A (e e

wal® = [ I = ()

A _ _
B /|z—ac|>>\ |€ B Z|p(m)2n pq+pu$,>\(2) i

|€ - .’L'| P T (P —q
+(7)\ ) /|Z_x|2/\ € z|Pu(z) " dz.

Identity (57) follows from the above. The positivity of the kernel & is elementary.
a

Lemma 5.4 Forn > 1, p,q >0, let u be a solution of (12). Then for any x € R",
there ezists A\o(x) > 0 such that

uz A(y) > uly), VO<A<X(z), ly—z| >\ (58)

Proof of Lemma 5.4. The proof is similar to that of lemma 2.1 in [29] and Lemma
3.1 in Section 3. Without loss of generality we may assume x = 0, and we use the
notation uy = ug x.
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Since p > 0 and u is a positive C! function, there exists ry > 0 such that

Yy (JulFu() -y <0, VO<|y <n.

Consequently
ux(y) > u(y), VO<A<ly|l <o (59)
By (53),
u(z) < C(ro)lz|” ¥V |z| = 0. (60)
For small \g € (0,79) and for 0 < A < Ao, we have, using (53) and (59),
Wl Ayl
— (e 2Yy s (W ing g > Yyl > ro.
uk(y) ( )\) u(|y|2) = ()\0) leiOU_U(y), |y| = To

Estimate (58), with 2 = 0 and A\g(z) = Ao, follows from (59) and the above.

Define, for x € R,
M) = sup{p > 0 | ugn(y) > uly) VO < A< p, |y — x| > A},

Lemma 5.5 Forn>1,p>0and0 < ¢ < 1—1—27”, let u be a solution of (12). Then

A(z) < o0, VareR",

and
Ug \(z) = U on R", VaoeR" (61)

Consequently, ¢ =1+ 27”.
Proof of Lemma 5.5. By the definition of \(z),
uz A(y) > uly), VO<A<Az),ly—z| >\
Multiplying the above by |y|™ and sending |y| to infinity yields, using (52),
0<y= |;|Enm ly| Pu(y) < A Pu(x), V0 << Az). (62)

Thus A(z) < oo for all z € R".
Now we prove (61). Without loss of generality, we may assume x = 0, and we

use notations A = A\(0),uy = ug and y* = y**. By the definition of A,

us(y) > uly) Yyl = (63)
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Since 2n —pg+p > 0, (ﬁ)%_p“p <1 for |z| > \. So, by (63), (57), with z = 0
and A = )\, and the positivity of the kernel, either us(y) = u(y) for all |y| > A
then we are done (using (57) to see that 2n — pg + p = 0)—or ux(y) > u(y) for all

ly] > A, which we assume below.
By (57), with = 0 and A = A, and the Fatou lemma

i inf [y| ™ (uz — u)(y)

ly|—o0
< A
= liminf [ |y 7Pk(0, Xy, 2)[u(2) ™" = ()" P Pus(2) 7 dz
lyl =00 J]z|>X ||

/M ((%)p - 1) [u(2) ™ — ux(2)~1dz > 0.
Consequently, using also the positivity of (uy — u), there exists €¢; € (0, 1) such that
(ux —u)(y) > alyl”  Vly[>A+1
By the above and the explicit formula of u)y, there exists 0 < €5 < €; such that
(ux —u)(y) > ealyP + (ux — ux)(y) > 62—1|y|p> Vgl > A+ 1L A< A< A+ e (64)

Recall that 2n — pg + p > 0 and therefore ()" P4 < 1 for |z| > A\. For

|2l

€ € (0, e2) which we choose below, we have, for A < A < Ae and for A < |y| < A+1,
(=) 2 [ KOX2) () - ()
> [ ROy () — ua(2)d
A<|z|<A+1
+ k0, Ay, 2)[u(z) ™ — ua(z))dz

A2<] 2| <243
S FOX Y 2) ux(2) 7 = wa(2) )z
A<|z|<A+1

v

/?\+2g|z|§;\+3 (O, A5y, 2)[u(z) 7 — ua(2)"")d=.

Because of (64), there exists d; > 0 such that
u(z)™ —un(2)7T >0, A+2< 2] <A+

Since

RO y,2) =0, ¥ [yl = A,
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Vk(0, Ny, 2) -y =ply — 2P 2(|z)* = [y[*) >0, VA+2< 2| <A+3,
ly[=A

and the function is smooth in the relevant region, we have, using also the positivity
of the kernel,

kO,Ny,2) = 6(lyl = A, VA< AL [yl S A+ LA+2< 2] <A+ 3,

where 03 > 0 is some constant independent of €. It is easy to see that for some
constant C' > 0 independent of €, we have, for A < A < \ + ¢,

lus(2) 71 —upn(2)" < CA=X) <Ce, VASALZ |2 <A+,

and (recall that A < |y| < A+ 1)

/ k0, Ny, 2)dz < C(lyl—A) + . (|y’\—z|p— |y—z|p) dz
A<]z[<A+1 A<]z[<A+1

< Oyl =N+ Cly* —y| < Cly| = N).

It follows from the above that for small € > 0 we have, for A< A< XA+eand
A<yl <A+1,

_ > . _
(w—u)y) = ~Cc [ kOXy.2)dztbd(y =N [ ds
> (5152/_ Cdz—Co(ly| - A) > 0.
M2<|z|<A43
This and (64) violate the definition of . Lemma 5.5 is established.
a

Proof of Theorem 1.5. According to Lemma 5.5, ¢ =1 + 27” and
Uy Xz) = U on R", Vx e R"

By a calculus lemma (lemma 11.1 in [29], see also lemma 2.5 in [30] for o = 2), any
C! positive function u satisfying the above must be of the form (13).

a

6 Appendix A

In this appendix, we show, as pointed out in Remark 1.2, that for some
a = a(n,p) > 0, (13) solves (12) with ¢ = 1 + 27”. Our proof works equally well for
equation (4).
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For n > 1 and p € (—n,0) U (0, 00), we consider integral equation
u@w) = [ o —yluly) Fdy, Vre R (65)
R”l
Lemma 6.1 Forn >1 and p € (—n,0) U (0,00), there exists a unique
a=a(n,p) > 0 such that for any T € R™ and d > 0,

=
satisfies (65).

Proof. Let ¢ =1+ 27”. For a positive function v, and for € R™ and A\ > 0, we use
notation
|§ — ]

wall) = (=€), (e R,

where £ is given by (7). By the conformal invariance, we only need to prove that
modulo a positive constant multiple,

u(e) = (1+ [2]?)

satisfies (65). Set

i(@) = [ |e—yPuly)tdy,  we R

We only need to show that u is a constant multiple of u.

For any x € R", let A(z) := /1 + |z|?. Observe that

Ug \(z) = U, on R", VzreR". (66)
Making a change of variables
Nz)%(z —
y = Zm,)\(m) — x4+ (.’L’) (’Z .’L'))
|z — f?

we have, using (66) and the conformal invariance of the equation ( (54), (55), (31)
and (32)),

tya(©) = (7

oy ) o 00 = wlruly) g = [ 1E = 2P () 1z = (e)
Multiplying this by |¢|7 and sending |£| to oo leads to
lim [¢]7a(€) = A@) alz) = (1 + |2*) Fa(e) = u(e) 'a(x), VR

|§| =00

So 4 is a constant multiple of u, and we are done.
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7 Appendix B

In this Appendix, we present some calculus lemmas obtained with Nirenberg. These
lemmas under the stronger assumption f € C'(R") have been used repeatedly in
some works on Liouville type theorems for conformally invariant equations, see, e.g.,
[29], [30], [24]-[27] and the present paper.

Lemma 7.1 Forn >1 andv € R, let [ be a function defined on R™ and valued in
[—00, 00| satisfying

AV g X o
<|y—x|> flz+ |y_x|2)§f(y), Viz—yl>A>0. (67)

Then f = Constant or +o0.

Remark 7.1 If the first inequality in (67) is reversed, the conclusion still holds,
since we can replace f by —f.

Proof. For all b > 1,y,2z € R" and y # z, let

r=zb)=y+bz—y), A=A0b)=+/|z—2|ly—z|

Then,
20, _
_pa (y 3;“)’
ly — ]
and, by (67),
A 14
z
(I RCE
Since
|z — ]

=1

b—o0 |y—,’L‘| _b—>oo |y—,’L‘| ’

we have f(z) < f(y). Lemma 7.1 follows since y # z are arbitrary.
O

Lemma 7.2 Letn > 1, v € R and f € C°(R"™). Suppose that for every x € R,
there ezists A\(xz) > 0 such that

<M> ot M) (y — 7),

v — 7| Y= 2 = fly), VYyeR"\{z}. (68)
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Then, for somea >0,d >0 and r € R",
Y (-
r)=da| ————=| .
d+ |z —z)?

Proof of Lemma 7.2. By (68) and the continuity of f,

ai= lm y"f() =A@ fa).  Vae R (69)
If v =0, then f = «a, and we are done. On the other hand, the case v < 0 can
easily be reduced to the case of v > 0 if we let z = z + % in (68). So we will
assume that v > 0.

If « =0, then f = 0, we are done. Otherwise, replacing f by a non-zero multiple
of f, we may assume that o = 1. Since f(y) — 0 as |y| tends to oo, and since f is
continuous and positive, f has a maximum point, and we may assume that f has a
maximum point at the origin.

For any x € R", we have, for large |y|,

W) = A (ﬂ) fla+ AW —2),

ly — 2| ly — x|?
L VY o ey M@ =)
and, by (69) and o = 1,
il ) = 1) = Nt + XU - )
Moy vy oo M- a)
HREEY oyl e+ 2. ()

Taking x = 0 in the above and using the fact that f has a maximum point at the
origin, we obtain
limsup |y|[[y"f(y) — 1] < 0. (71)

ly|—o0

Claim. For any € > 0, there exists M, such that for any |y| > M., there exists
T = Z(y) satisfying

T+ ———-——--=0 and |Z] <e. (72)
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Indeed we know from (69) and a = 1 that A(x) = f(z)~"/* for all x € R". For any
e € (0,1), pick M, > 1 so that

! 2 €
(M. — ) max f(2)F < £,

then, for all |y| > M.,
Ax)2(y —
e

wl<e | |y —

NI

= max |y — x| f(2)7% < (M. — €) " max f(z)"

< €
|z|<e |z|<e 2

Thus, by a degree argument using the continuity of f, there exists & = #(y) satisfying
(72).
With = Z(y) in (70), we obtain
lim inf [y [[|y["f(y) — 1] = —evf(0) max £(z)".

|2|<e

Sending € to 0, we have
i inf fy|{ly["f(y) — 1] = 0.

Thus, in view of (71),
lim |y[[ly|"f(y) — 1] =0. (73)

ly|—o0

Let e; = (1,0,---,0),---,e, = (0,---,0,1). Forany z € R", 1 <i<n,andt € R,
let y = y(z,t,7) € R be defined by

M) (y —
o MNPl 2)
ly — ]
Taking this y in (70) and sending ¢ to 0, we obtain, in view of (73),

of . .. fle+te) = flx)  vx-ef(x)
8@@)_1% t T A\#)?

= —va;f(x)'7

By the continuity of f, we know that f is in C*(R"), and we complete the proof
of Lemma 7.2 by writing the above system of PDEs as 8%1,[]“(3:)_% — |z*] = 0 and
solving it.

O
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