The Distance Function to the Boundary, Finsler Geometry,
and the Singular Set of Viscosity Solutions
of Some Hamilton-Jacobi Equations

YANYAN LI

Rutgers University
AND
LOUIS NIRENBERG

Courant Institute

Dedicated in memory to Jacques Louis Lions

1 Introduction

This paper is concerned with viscosity solutions of Hamilton-Jacobi (H-J) equa-
tions of the form

(1.1) H(x,u,Vu)=1 inQ,

a C*! bounded domain (connected open set) in R”, and
(1.2) H(x,t,p) € C®¥(Q xR xR".
We consider positive solutions u satisfying

(1.3) ul,, =0.

For definitions and properties of viscosity solutions we refer to [5, 12]. Our
main results are for special H = H(x, p), i.e.,

(1.4) Hx,Vu)=1 ingQ.

Under suitable conditions we show that the (n—1)—dimensional Hausdorff measure
of the singular set of solutions (the complement of the open set where u € C'!) is
finite.

In addition, we prove the corresponding result for H(x, ¢, p) but under very
special conditions. See Theorem 10.5 and its simple consequences, Proposi-
tions 1.8, 1.10, and 1.11.

We were brought to the problem by first studying the singular set of the distance
function to the boundary of 2. This set is sometimes called the ridge of €2, or
medial axes. Our interest in the set arises in connection with nonlinear elliptic
boundary value problems [11]. We first describe this set X.
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FIGURE 1.1

FIGURE 1.2

Let G be the largest open subset of 2 such that every point x in G has a unique
closest point on d€2. The set X is defined to be

T =0\G.

In G, the distance u to the boundary is smooth (i.e., of class C LI or C*® in case
a2 isin C™).

In case €2 is a ball, ¥ is just one point, its center. If we perturb the boundary of
the ball by many small (but C*°) perturbations as in Figure 1.1, we see that the set
¥ consists of segments coming from the origin.

Another typical situation, with Q not simply connected, is shown in Figure 1.2.
In this case X is the dotted curve.

It is well known that X is always a connected set. See, for instance, W. D. Evans
and D. J. Harris [9], which treats general domains and a slightly different notion
of ridge, which is not always closed. In Appendix C we will include a fairly short
proof that it is arcwise connected.

Concerning the set X we proved that the (n — 1)—dimensional Hausdorff mea-
sure

H" () is finite.

This is an immediate consequence of the following result:

THEOREM 1.1 From every point y on K2, move along the inner normal until first
hitting a point m(y) on X. The length s(y) of the resulting segment is Lipschitz-
continuous in y.

Remark 1.2. The condition C>! is sharp. In Appendix A we present a convex
domain € in the plane with C*>% boundary, 0 < a < 1, for which the conclusion
of Theorem 1.1 does not hold.

If the domain €2 is unbounded, the set ¥ may be empty, for example, if €2 is the
half-space x,, > 0. However, the following form of Theorem 1.1 holds for general
2 with G and X defined as before.
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THEOREM 1.1" For y € 3R let 5(y) be defined as in Theorem 1.1 (it may be
infinite). For any N > 0, min(N, s(y)) is Lipschitz-continuous in y in any compact
subset of IS2.

After proving these theorems, we extend them to complete Riemannian mani-
fold (M", g).

THEOREM 1.1” For any domain Q2 in M, with 92 locally in C*', the conclusion
of Theorem 1.1' holds. Here 5(y) represents the length of the geodesic going from
a point y on 92, normal to 02, until it hits 2.

COROLLARY 1.3 For Q as above in (M", g), H"~' (£ N B) < oo for any bounded
set B in M.

We then discovered that Theorem 1.1” had already been proven by J.-I. Itoh
and M. Tanaka [10] in 2001. In fact, their domain 2 may be the complement of
a smooth submanifold X of M of any dimension. However, the result for such X
follows from the case dim X = n — 1 by taking for 2 the exterior of a tubular
neighborhood of X.

CUT POINT In Theorem 1.1” we considered a geodesic from a point y going into
Q in the normal direction until it first hits a point x = m(y) in X. The point m(y)
is called the cut point of y on €2, meaning that if we go beyond x on the geodesic
to any point x’, then x’ has a closer point on 32 than y. The collection of these
points m(y) on X for all y (namely X itself) is called the cut locus of 9€2. That X
is the set of cut points is established in Section 4; see Corollary 4.11.

Recall the analogous notion of conjugate point of y: This is the first point x on
the normal geodesic such that any point x” on the geodesic beyond X has, in any
neighborhood of the normal geodesic, a point on d<2 in the neighborhood that can
be connected to it by a path in the neighborhood with length shorter than the arc
length of the normal geodesic from y to it.

Remark 1.4. In case Q2 is a domain in R”, the distance from a point y to the conju-
gate point is the smallest of the principal radii of curvature of 92 at y.

In Corollary 4.15 we give an analogous characterization for Finsler spaces. It
says that m(y) is a conjugate point if and only if the (Finsler) sphere about m(y),
of radius s(y), has second-order contact with the boundary of Q2 at y in some
direction. This result is not used in the paper.

Remark 1.4 will be used in the construction given in Appendix A.

Our proof of Theorem 1.1” is different from that of [10]. Some time ago Walter
Craig suggested that we might prove an analogue of Corollary 1.3 for viscosity
solutions of Hamilton-Jacobi equations, and we express our thanks to him. The
extension is what we do in the paper. As we learned to our surprise, for the problem
(1.4) and (1.3) it involves an extension of Theorem 1.1” to Finsler geometry, and
we now proceed to describe this.
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1.1 Hamilton-Jacobi Equation

Consider the problem

(1.5) Hx,Vu)=1 inQ,

(1.6) ul,, =0.

Here H(x, p) € C*®(Q x R"). We assume that for every x € Q the set
(1.7) Vi=1{peR":H(x,p) <1}

is a bounded convex surface containing 0, with smooth, strictly convex boundary
Sx (i.e., having positive principal curvatures). For some r > 0 we assume that

(1.8) B,(0)CV, VxeQ.
What is important are the sets V, rather than the particular function H (x, p).

Theorem 5.3 of [12] gives an exlﬂicit formula for the viscosity solution u# of
(1.5)—(1.6). It involves, for each x € €2, the support function ¢(x; -) of Sy, i.e.,

px;v)=max{v-p:pesS}, velR".

The function ¢ is in C*® (2 x (R” \ {0})) and is positive homogeneous of degree 1
in v. It is also a convex function of v; in fact, for each x € €2, the set

fveR":pkx;v) =1}

is a smooth convex hypersurface (with positive principal curvatures) containing the
origin in its interior. Furthermore, ¢ satisfies the triangle inequality in v. Thus for
any curve £(1),0 <t < T, 1in €2,

@(E(1): E(0)dt
is a Finsler metric. The length of the curve, if S eLl,is
T
/ @&@); §())dr .
0

Because of the homogeneity it is independent of its #-parametrization.

Note that the length of the curve depends on the direction in which it is trans-
versed, so we talk of its length from & (0) to &(T').

For any x, y € Q we denote by L(x, y) the infimum of length of curves in Q
going from y to x,

1
L(x,y) = inf{/ PE®); E@)dr 1 E(r) € Qfor0 <t <1,
0

£€L®0,1)and £(0) = y, &(1) = x} .

Then for x € Q,
u(x) = yleggL(x, y)
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is the viscosity solution of (1.5)—=(1.6), u > 0in Q and u € W'*; see [12, theo-
rem 5.3].

Thus the solution u(x) is the distance from 0€2 to x measured in the Finsler
metric. What we do is to extend Theorem 1.1” to a general Finsler manifold.

1.2

Consider an n-dimensional smooth manifold M with a complete, smooth
Finsler metric. Let 2 be a domain in M with

aQ e Cc>l.

loc

Let G be the largest open subset of €2 such that for every x in G there is a unique
closest point y on <2 to x, where we measure lengths of curves in Q going from
d€2 to x in the Finsler metric. It is easy to see that the distance function from 92
to x is in C''(G U 3R2). Moreover, u belongs to C¥~1:%(G U Q) if Q2 is C** for
k>3 and 0 < a < 1. But of course it never belongs to cl.

Set

Y =Q\G.

As for Riemannian manifolds, ¥ is called the cut locus of d2. The cut point
of y on 92 is defined as in the Riemannian case, and the collection of m(y) for
all y € dQ is X itself. The cut point of y on 92 is usually defined differently as
follows: We consider the geodesic from y going into €2 in the “normal” direction
with unit speed, denoted as £(y, s). The set of s > 0 satisfying

dist(0QQto £(y, 5)) =5

is either (0, co) or (0, 5(y)] for some 0 < 5(y) < oo. In the latter case, m(y) :=
&(s, 5(y)) is the cut point of y on 9€2, and the collection of m(y) for all y € 9€2,
denoted as ¥, is called the cut locus of 3$2. The two definitions are the same, i.e.,
m(y) =m(y) forall y € 92, and ¥ = X. This will be proven in Section 4.

The geodesic equations for the Finsler metric ¢ (§; v) are

. d .
(1.9) i (E(1): £(1) = @ G0); 6@)), i=1....n

A C! solution with nonvanishing £ is called a geodesic. A geodesic locally mini-
mizes

b
f Q&) E))dt .

From any point y on 9<2 there is a unique geodesic, in the metric, going into
Q, “normally” at 2. This means that for a point on the geodesic close to y, y
is the unique closest point on 9€2 to it. This will be explained further below (see
Lemma 2.2).
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THEOREM 1.5 Let £(y) denote the length of the “normal” geodesic from y until it
first hits a point m(y) € X. So ¥ = m(9dQ). Then, for any N > 0,

min(N, £(y))
is Lipschitz-continuous in y on any compact subset of 0%2.

COROLLARY 1.6 H""'(Z N B) < oo for any bounded set B.

Returning to our viscosity solution of (1.5)—(1.6), it means that for its singular
set X,
H"(2) < o00.

1.3 Remarks on the General H-J Equations (1.1) in a Bounded €2
Many authors have studied boundary value problems
u(x) =up(x) ona2;

see, for example, papers below and references therein. Usually it is considered
that H is convex in p. Sometimes it is also assumed that H is convex in (¢, p).
And it is sometimes assumed that H is nondecreasing in t; this is usually used
in proving uniqueness of the viscosity solution. Adimurthi and Gowda (see [1, 2]
and references therein) do not require H nondecreasing in ¢. In [12, theorem 5.5],
positive viscosity solutions of (1.1) and (1.3) are obtained assuming H is convex
in (¢, p) and nondecreasing in ¢ (and some additional conditions).

There are also a number of papers that study the singular set of solutions,
which go back at least to [15] by Ting. A. C. Mennucci [14] studied the singu-
lar set for viscosity (and what he calls “minimal”) solutions u for equation (1.4)
on a smooth n-dimensional manifold, with the value of u prescribed to be uy on
a closed subset K of M. K and uq are usually assumed to be in C2. Among
other things, he gives a very fine characterization of the set A where the solution
u is not differentiable; namely, A is the union of a countable number of smooth
(n — 1)—dimensional manifolds with a set having zero (n — 1)—dimensional Haus-
dorff measure. Such sets are called “rectifiable.” This result does not contain ours,
since it does not show that the total (n — 1)—dimensional measure is finite. In an ear-
lier paper [13], he and C. Mantegazza studied the distance function to the boundary
and showed that the singular set is “rectifiable” if K is in C2. In addition, they pre-
sented an example of a closed convex curve K in R2, K of class C!!, such that
the singular set has positive Lebesgue measure. These papers contain many more
excellent results, including some for the initial value problem, as well as many ref-
erences to earlier work. P. T. Chrusciel, J. H. G. Fu, G. J. Galloway and R. Howard
in [8], working with “horizons” in relativity theory and applications to Riemann-
ian geometry, obtained results closely related to those of Mennucci [14]. They all
make use of deep results of G. Alberti [3] on singular sets of convex functions.

In connection with Theorem 1.1, A. Cellina in [6] treated a variational problem
of the form min fQ h(|Vu| + u). In the paper he considered normals from points y
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on dQ2 inside €2, for a distance ¢t and showed regularity of the map, in its dependence
on y fort < 5(y). In[7] he and Perrotta treated more general variational problems.
In particular, they considered functions u# with |Vu| = 1 and u = u, given on 92.

14

We wish to stress that what is important are the sets
(1.10) Ve={(t,p) e R H(x,t,p) <1} VxeQ,
and

S, =0aVe={(t,p): H(x,t,p) =1} VxeQ.
For example, consider the following:

SITUATION A Suppose H is smooth in a neighborhood of | J, S, and that Vx €
Q, V, is convex, and S, is a smooth, strictly convex hypersurface with positive
principal curvatures, and that

(1.11) dist(0, ;) >ro >0 VxeQ.

Suppose, furthermore, that each V, lies in a fixed downward cone: for some
k, C1 > 0,

(1.12) Ipl <k(C;—1), t<C;.

Thus ¢t may be unbounded below in V.
Without loss of generality we may replace the given H by one that is homoge-
neous in (¢, p) of degree 1.

Remark 1.7. If H(x, t, p) is another function satisfying the condition above, with
the same sets V, as H, then a continuous viscosity solution of the problem (1.1),
(1.3) for H is also one for H, as is easily verified.

For H and V, as above, we take H to be homogeneous of degree 1 in (¢, p);
there is a viscosity solution. See Claim 10.3. However we do not know if
H" () < oo for the singular set X.

In Section 10 we present a result, Theorem 10.5, with this setup, for which a
viscosity solution exists and its singular set X satisfies

H''(2) < 0.
Here are three special cases of that theorem. In the first two, i (x, p) is a func-
tion such that Vx € €,
Vix)={p:hx,p) <1}

is a bounded convex set with smooth boundary S, strictly convex with positive
principal curvatures. The function / is assumed to be smooth in a neighborhood of

Ux Sx'
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PROPOSITION 1.8 There exists Ay > 0, depending on h and on 2, such that for
any 0 < XA < X, for the function

(1.13) H(x,t, p) =i+ h(x, p),
problem (1.1), (1.3) has a positive viscosity solution and its singular set . satisfies
(1.14) H" (2) < 0.

The existence of a positive viscosity solution for any A > 0 is, of course, part
of theorem 5.4 in [12]. For large A we have not succeeded in proving (1.14).

Remark 1.9. One may ask what happens for H given in (1.13) if A < 0. Then
there exists a negative viscosity solution, namely u = —v, where v is the viscosity
solution for

H=|Mv+h(x, —Vv) =1,
as is easily verified.

PROPOSITION 1.10 There exists €y > 0 depending on h and on 2 such that Ve,
0 <€ < €, for
H = et®> + h(x, P,
problem (1.1), (1.3) has a viscosity solution for which
H" '(2) <.

PROPOSITION 1.11 Let H(x, t, p), with corresponding V. and S, satisfy the con-
ditions of Situation A in a domain Q2. Then there exists a number dy > 0 depending
on H such that if Q' is any bounded subdomain of Q, with Q' € C*!, and such
that the distance of any point x in Q' to 0 is less than dy (i.e., Q' is narrow),
then in Q' problem (1.1), (1.3) has a positive viscosity solution. Furthermore, for
its singular set X,

H"'(¥) < 0.

The proofs of Propositions 1.8, 1.10, and 1.11 follow easily from Theorem 10.5
and will be presented in Section 10.
We present one more proposition; it is proven in Section 10. Here we consider
H independent of x,
H=H(,p),
satisfying the conditions of Situation A, in a bounded domain . Let ¢ be the
positive number satisfying H (¢, 0) = 1 and let

f= max t,
H(t,p)=1

clearly r < f.

PROPOSITION 1.12 Suppose t < t. Then there is a positive viscosity solution of
(1.1), (1.3) for this H, whose singular set ¥ satisfies

H"'(¥) < 0.
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In case f = f, we believe the same conclusion holds but, as we explain in
Section 10, our method of proof cannot work.

1.5

Theorem 10.5, which concerns general H(x,t?, p), is derived from
Theorem 1.5, where H does not involve ¢, by introducing an extra independent
variable 7 and by considering the function

(1.15) z2(t,x) =e'ulx).

We conclude the introduction by giving a brief description of our proof of The-
orem 1.5. For simplicity we assume 2 is compact.

Consider a geodesic for the Finsler metric ¢(§; v), starting at a point y on 9€2
and going in the direction “normal” to d€2. The geodesic is given by &(¢), with
£(0) = y, and satisfies the geodesic equation

. d .
91 (5(1); £(1)) = d—t%i(%'(t); £(1)).
We may parametrize the geodesic using arc length s, i.e.,

pE@) @) = 1.
Denote the geodesic by
£(y,s).
We have to explain the “normal” direction
V() =£00,0).

Let v(y) be the unit inner normal to d€2 at y. Then V () is the unique vector-valued
function on 92 satisfying

V(y)-v(y) >0
(1.16) e(y; V() =1
Ve (y, V(y)) is parallel to v(y).

From y on 92 we go along the geodesic until we hit a point m(y) and set
5(y) = dist(y, m(y)) .

Without loss of generality we may assume that s(y) = 1, i.e., m(y) = §(y, 1).
We will show that there exist some large constant K > 1 and some small constant
8 > 0 such that for all y € 9Q satisfying 0 < |y — y| < §, we can find z =
z(y, y) € 0% that satisfies

(1.17)  dist(zto §(y, 1 + K|y = y|)) < 1+ Kly —y| =5(y) + K|y = y|.
This implies that
s =s(y)+Kly—=yl Viy=yl=3s.
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~ E(y.1+Kly-yh=n (1)
m(y)

€ (z,1-Kly-yh=1(0)

y yZ

FIGURE 1.3

Since K and § are independent of ¥ and y, we also have, by switching the roles of
y and y, that

s =5+ Kly=yl Vly—-yl=34.
Thus
Is(v) =5 < Kly—z| Vy,ze€dQ, |y—z|<4.
It follows, possibly for a larger K, that

Im(y) =m(2)| = K|y —z| Vy,z€9Q, [y —z[ <4.
To establish (1.17), we first use the triangle inequality (see Figure 1.3),
dist(z to &(y, 1 + K|y — y)
< dist(zto &(z, 1 — Ky — yI))
+dist(5(z, 1 = K[y —yDto&(y, 1 + K|y = y|))
==Ky —yD)+dist(§(z, 1 = K|y =y to&(y, 1 + K[y — ).
We then construct a curve (), 0 < ¢ < 1, satisfying
n0) =&, 1-Kly—=yD, n(1)=&U.1+Kly—-yD,
and

1
/ em(t); n@))dt < 2K|y -y,
0

from which we deduce
dist(zto&§(y, 1 + K|y —y]) = (1 = K|y =y

1
+/ em@); n(t))dt <1+ K|y —y|.
0

To construct the 1, we make, for some small €y > 0, a diffeomorphism to map a
neighborhood of {£(y, 7)}_¢,<r<1+¢, t0 @ neighborhood of {re,}_¢ <r<i+¢, SO that
in the new coordinates, {Te,}_¢,<r<1+¢, 1S @ geodesic for the new ¢, and the new
@ has better properties. Such new coordinates will be called special coordinates,
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and they are produced in Section 3. In the special coordinates, our 7 is a straight
segment connecting £(z, 1 — K|y — y]) to E(y, 1 + K|y — y|).

2 Preliminaries

2.1
It is convenient to extend ¢ so that it satisfies
¢ € CP'(R" x (R"\ {0})) with derivatives smooth in v for v # 0
2.1) p&;sv) =spE;v) Vs >0, eR", v eR"\ {0}
0 < infeern =1 9(&: V) < SUPzcpn =1 9§, V) < 0O

and
3(p? o
0< in (SD ).(E; v)w' w’
geR Jv||=1,|w|=1 dv'dv/
3(p? o
2.2) < sup (¢ ). E;vww <oo.

geR" Jull=1, [lwl=1 V'OV
Define, for x, y € R",

1
dist(y to x) = inf{/ Q(E(D), E(t))dr  £E(0) =y, £((1) = x, £ € L'(0, 1)} .

0

Then R", equipped with dist(y to x), is a complete (both forward and backward)
Finsler manifold (see, e.g., [4]).
Again, the geodesic equation for the Finsler metric is

. d .
@:i (§(1), §(1) = 2 (&), 5().
We may always introduce a new ¢-variable so that
P8 =1;

i.e., t is the arc length.
It is not difficult to see that

u(x) = inf L(x,y) = inf dist(ytox), xe Q.
yeo2 yeo2
Let
V=9
For y € 9€2, the vector V (y) given in (1.16) is simply
V) = ulVod (v, )17 0O,

where 1 > 0 is uniquely determined by

1 (3, [V ()1 () = 1.
See Figure 2.1.
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V() Vo) .

y
FIGURE 2.1

For y € 9€2, we consider the following ODE:

. 0 .
wé‘(S(y’S)a g()’»s)) = a‘ﬂvt(g(y»s)» 5()’,5)) s s = Oa

(2.3) §(y,0)=y,
and
(2.4) E(r,0)=V().

Solutions & (y, s) are geodesics starting from y with unit speed, i.e.,
E(.9) £0. @EY.91E(p. =1, 520,
and
0o G909 = 2y G960 ), 520,

with initial conditions (2.3) and (2.4).
For any x, y € R”, let

X, =1{eC(0, 1R : £(0) = y,&(1) = x,£ € L' (0, D},
X, = {£in X, with § € L?(0, 1)},

1
nzllwawéo»h, EeX,

and

1
L= [ Gemséandr. gex.
0
Forany £ € X; andany t = ¢(7) € Cc'10, 1] satisfying #(0) = 0, #(1) = 1, and
(1) > 0,0 <t <1,letn(r) = &(t(1)). Itis easy to see that n € X; and
Li(m) =6L(E).

We list some elementary facts that can be found in, e.g., [4].

Fact 1. If § € X, is a critical point of I in the sense that

d -
ﬁlz(é +eh)le=o =0 Vh e CF((0,1),R"),



Fact 2.
Fact 3.

Fact 4.

Fact 5.
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then§ belongs to C*°([0, 1], R"),
E)#0 Yo<r<1,
and £ satisfies
Ve B (0): E() = %vf E®:E@) onl0. 1],
where ¥ = ¢?. Moreover, if ¢ is independent of &, then
ED =y+tx—y).
1(§) < VL(E) V& € Xa.

infy, I; and infy, I, are achieved, and
inf I, = (inf1,)”.
X2 X1

Let é € X, be a minimum point of I, i.e.,

L) = mm L.

Then £ is also a minimum point of I, i.e.,

L) = mm I.
For —0o < a < b < 00, assume that £ € C%(a, b) satisfies
Vei(6:6) = %w@; §) on(a,b)
where, as usual, ¥ = ¢>. Then

%w@;s’) =0 on(a,b),

and consequently & satisfies the geodesic equation

0si (§;6) = %I(S ) on(a,b).

Moreover, either é} = 0on (a, b) or é(t) # Oforallt € (a, b).

The following is a simple but useful lemma.

97

LEMMA 2.1 Let £(s, o) be a C' family of geodesics with s as arc length depending

on some parameters ¢ = (o1, ...,

differentiable in s. Then

2.5)

Here - =

(Egafpvz (£:6)=0
0s.

ox), and assume that &, are twice continuously
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PROOF: Differentiating ¢(£; £) = 1 with respect to o, we find
0l + o€l =0.
Identity (2.5) then follows with the aid of the geodesic equations. O
2.2

We now turn to a point on d€2. We may assume it is the origin and that Q is

given by

X, > f(x), x' eR"!,
with f a C*>! function defined on |x’| < €;, with

fO)=0, Vf©O)=0.
Throughout, when we say that some constant depends on f, we mean it depends
on the C>! norm of f:

ID*f(x") = D*f(y)
I fllczt = 1 fllcz + sup PR :
x/#£y’ IX -y |

We consider geodesics & = £(x’, s) that are C"! functions of x” and s, with
V.-& smooth in s, with unit speed starting at z = (x/, f(x")); i.e., & satisfies

. 0 .
(2.6) viE:6) =i §:8), <€, 0=s<a,
(2.7 pE &) =1, X'| <€, 0<s<a,
and

EXLO)=z=(, f(x), K| <e,
and entering €2,
§(',0) - (=Vf(©), D) > 0.
We have changed notation: before, the geodesic £(x’,s) was denoted by

E((, f(xD), 5).

LEMMA 2.2 Suppose that for some fixed w = (x', f(x)) and § small, w is the
closest point on 92 to £(x', 5). Then

2.8) §(,0) = V().
where V (x') is the vector satisfying (1.16), i.e.,
V) - (=VfE), 1) >0, ¢ VE)) =1,
Vo (w; V(x") is parallel to (—=V f(x), 1).
The vector V (x') is simply
V(') = ulVoy (wi )17 (=V (), 1)

with u determined by ¥ (w; V(x')) = 1. Here we have abused the notation a little
since by our earlier convention, V (x') should be denoted as V (w).
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PROOF: Forany 0 < s < §, w is the closest point on 92 to £(x/, s), SO we may
take § so small that for every y’ close to x’ there is a minimal geodesic n(y’, t),
0<rt<s5,with

(2.9) n(»y,0 =0, 0N, 10,5 =Ex"5).

Note that except for n(x’, t), ¢t may not be the arc length on the geodesics 1. By
assumption,

5
/ ey, 1); (Y, 1))dt
0
has a minimum at y' = x’; so at x’, for & < n, its y,-derivative is zero:

0 =/ e (0 N, + @i (0 M7}, di
0

50 . . )
(2.10) = fo E[w i, Jdt = (eunl,) ) — (@i}, )(0).

Here we have used the geodesic equations satisfied by n. By (2.9),
n, (v,5) =0.
Also,forl <a,B8 <n—1,
£ (¢, 0) = 0, (', 0) = &
£, 0) = 7, (7, 0) = fi, (X))
Inserting these into (2.10) we find, forov <n — 1,

Qo (E(x", 0); E(xX, 0)) + fr @ (X', 0); E(x',0)) =0,

@2.11)

ie.,

(2.12) Voo(z; E(x',0)) isparallel to (—V f(x"), 1)

50 (2.8) is proven. O
Note that, from (2.11),

(2.13) EL (X, 0)g,i (E(x', 0); £(x',0) = 0.

In the following we continue to use £(x’, s) to denote the solution of

. 0 .
Ve W, 9): () = v (G (', ) £ (¢, 9))
EX,0) = (', f(xN), EE,0)=VX).

By the choice of V' (x'), Y (5(x', 0); £(x', 0)) = 1,50 Y(£(x', - ): (', -)) = 1 by
Fact 5. By the smooth dependence of solutions of ODEs on initial data, we have,
for some smooth x, that £(x’, s) = x((x', f(x")), V(x'),s). Since f isin C>!,
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V(x')isin C!!, and therefore, for some constant E, depending only on ¢, f, and
a,wehave, foralll <a,8 <n—1, x| <€, and —€; <5 < a, that

g%ﬁ%aﬂw+g§%@mﬂ+gggm%stE

and
3

2

k

ak i a / /
ﬁsxu(x ,8) — wéxu(O,S) < Elx'|.

The conditions of Lemma 2.1 therefore hold, and it follows from the lemma
and (2.13) that

(2.14) £ (X, 9)puiE(X, $): (', 9) =0.
We now show, in some sense, the converse of Lemma 2.2.

LEMMA 2.3 Consider |x'| < €. For some positive constant ¢,, depending only on
¢ and f, we have

dist(0 to £(0', 5)) < dist((x', f(x")) t0 £(0',5)) Vs, 0 <s <€, 0 < |x/| <€,
dist(£(0', s) to 0) < dist(£(0', s) to (x, f(x)) Vs, —e; <5 <0, 0 < |x'| <¢.

PROOF: For simplicity we assume s > 0. There exists €, > 0, depending only
on f and ¢, such that

. 0 .
Ve (G, 5) 6, 5)) = ngi(é(x’,s); (s, I = 6—21 Is| < 2e,

E(,0) = (¥, f(xX)), Iﬂs%,
and
E.0) = V(). |ﬂs%,

has unique smooth solutions. Moreover, for any |x'| < €;/2, £(x’; s) is the shortest
geodesic for |s| < €. From Lemma 2.2 and (2.13) we see that for x| < €, the
Jacobian of the map (x', s) — &(x’/, s) is positive at s = 0. Hence for ¢, small, the
map (x', s) — £(x’; s) is a diffeomorphism for |x'| < €;/2 and |s| < €;, and

s = dist(0 to £(0', 5)) < dist((x', f(x) to £, 5)) VIx'| > % ,
dist(0 to £(0', 5)) = | ﬁnin/4 dist((x’, f(x") to £(0', 5)) .

Let X’ be a minimum point, i.e., |x'| < €;/4 and
s = dist(0 to £(0', 5)) = dist((X’, f(x")) to £(0', s5)) .

By Lemma 2.2, £(0/, s) = &£(x’, s). Since the map (x’,s) — £(x’, s) is a diffeo-
morphism, we must have ¥’ = 0. Lemma 2.3 is established. O
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3 Special Coordinates

Let ¢ (&; v) be as in Section 2, and let £ = &(¢) be a geodesic with £(t) # 0and

. d .
@:i (§(1); §(1) = E%i(%(l); §@) Vi, 1<i=n.

For a nonsingular change of variables £ = &£(n) in R”, let
- &'
o(n; w) = & (m); §;w))  where &, := o |
Such a change of variables maps geodesics to geodesics.
With 02 locally as in Section 2.2, so that v(0) = ¢, = (0,...,0, 1), we con-
sider the geodesics &£(x’, s) of that section. In view of the above one may make a
smooth change of variables so that in the new variables the geodesic &(0', s), with

s as arc length, runs on the x,-axis and such that we still have v(0) = e,,. We start
with this situation.

Throughout, Greek letters o and 8 run from 1 to n — 1, while indices i, j, &,
etc., run from 1 to n.

LEMMA 3.1 Let {te, : 0 <t < 1} be a geodesic for ¢ (&; v) with unit speed, i.e.,
pei(ten; ) = 0ypyi(tes;e,) Vi, 0<t =<1, 1=<i<n,

and

3. pteyen)=1, 0<tr<1.

Then, in an open neighborhood of the geodesic segment, there exists some nonsin-
gular change of variables § = &(n) such that

(32) §n(0) =1d, S(ten) =te,, Sn(ten)en =é€n, 0<r=<1,
and ¢(n; w) = ¢(&(n); &w)) satisfies (3.1) and

(3.3) @yi(ten;e,) =0, 1<j<n, 0<tr<1,
(3.4 Que(ten;e,) =0, 1<a<n—-1,0=<t=<1,
3.5) Opink(tense)) =0, 1<jk=<n 0<t=<1.

By the homogeneity, it then follows that
(36) ‘ﬁw” (ten; 6,,) =1.

The reader may choose to postpone reading the long proof of the lemma and go
on to the next section.

PROOF: By the chain rule, ¢,; = <p5i§; + <pvi§"jwl, where we have used the
notation ‘
82%-1
anlons

i 08

él’j =
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Step 1. Let

t
bg(t) = —/ pep(Te,; e,)dT .
We take ’ -
E=£(n) = <n1, N N Zbﬂ(n")n’g> -
=1
It is easy to check that '
&5 (ten) =83, &/ (tey) =0,
§g(ten) =bp(t), &, (tey) =1,
&g, (ten) = &5, (tey) =§,5(te,) = §,,(te,) =0,
&g, (te)) =&y, (te,) =0, &f (tey) =& 5(tey) = by(t).
Identity (3.2) follows from the above. Also, from the above,
det (& (te))) = 1.
Thus the change of variables is nonsingular near {te, : 0 <t < 1}.
Forl<g<n-—1,
Gyp (ten; €n) = @gi(tey; e)Ep(ten) + @i (ten; €n)Eng(tey)
= @eabg + @enbp + Qunbyg = Qe + @enbp + Qg
Differentiating (3.1) in ¢, we find

3.7) Yen(tey; e,) =0.
By (3.1) and the homogeneity of ¢ in v,
(3.8) Puon(ten; en) = @(tey; ) = 1.

Using (3.7) and (3.8), we have

P (tens en) = @en(ten; €n) + Eng(ten) = @ze(ten; e,) +by(t) =0,
Next, by (3.7),

9577” (ten; e,) = <Psi(f€n; en)éyl;(ten) + @i ;in(ten) = Qgn (ten;e,) =0.
We have verified (3.3).

Step 2. Since we have verified (3.3) for ¢ and the change of variables also
preserve the hypotheses on ¢, we may assume without loss of generality that, to
start, the ¢ satisfies the additional hypothesis

3.9 @ei(tense) =0, 1<j<n 0=<r=<1.

Now we try to make a change of variables such that ¢ also satisfies (3.2), (3.3),
and, in addition, (3.4). Later we do another transformation to ensure also (3.5).

Since {te, } is a geodesic, we deduce from the geodesic equations together with
(3.9) that

(3.10) @yi(ten; en) = ¢,i(0e,) Vi, 1 <i<n.
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Let
1 0 0 0
0 | 0
A= 0
: 0 3 s 0
0 s s 0 1 0
—@p1(0s€n)  —@,2(0; en) e e —@-1(0;,) 1

and consider a linear change of variables & = £(n) := An. Let
o w) = pE(); §w)) = ¢(An; Aw) .
Clearly the change of variables satisfies (3.2). By (3.8) and (3.10), we have
Gue(tens €,) = @yi(tey; e,) A,
= @ua(ten; en) + Qo (tey; en) Ay
= @ua(ten; ex) + Ay
= @ue(ten; en) — e (05 €,) = 0.

We have verified that ¢ satisfies (3.4). Clearly ¢ satisfies (3.3), since ¢ satisfies
3.9).

So from now on, we may assume without loss of generality that ¢ further satis-
fies equation (3.9) and

3.11) Q(te;e,) =0, 1<a<n—1,0<r<I1.
Step 3. Let  := ¢?. For 1 <a, B <n — 1, we have, by (3.1) and (3.11),
Vaus (ten; €n) = 2¢(ten, €n)Pyays (ten; €n) = 2¢Qyayp(ten; ey) .

So, by the positivity of (Ve,8), A = (@ (te,; e,)) is real, symmetric, and
positive definite.
Let

E(t) = ((Péf"‘vﬁ (ten; en)) .
By Lemma B.2 in Appendix B, the dimension of the space of solutions of
X"TA—AX=E"—E
is (n — 1)n/2. For fixed ¢, let X () be the solution of the above equation with the

least Euclidean norm. Clearly X (#) depends smoothly on 7.
Let B(¢) be the solution of

B(t):=4B(t)=XB, 0<t<l,
BO) =1.
Clearly det(B(t)) #0,0 <t < 1. Let
M(t):=B"E"B+ BTAB.
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It is easy to see that M is symmetric, i.e.,
M =M.
We introduce a final change of variables £ = £(n) by
E* =31 gy B"P,
E" =" = 5 <y pen My (1M "
Then (3.2) holds,
£,(0) =1d, &(rey) =ten, &y(ten)en =en,
and
det(§,(te,)) = det(B(r)) # 0,
&, (tey) =&, (tey) =&, (tey,) =&, (tey) =&, (tey) =0.

Let ¢(n; w) = ¢(&§(n); §,w)). Using (3.9), (3.11), and the above listed proper-
ties of the change of variables, we find

Gy (tens €0) = &l = guél; =0, 1< j<n,
Pue(tey; €) = @iy = guéy =0, 1<a<n—1.
We have verified that (3.2), (3.3), and (3.4) continue to hold in the new variables.
Step 4. Finally, to verify (3.5), consider, at (te,, e,),

(;win-f = wé‘lv”’éims; + glr; + @vlvmgimgyl;j .

By (3.11),

(3.12) Qenye(tey;e,) =0, 1<a<n-—1,
and, using the homogeneity of ¢ in v,

(3.13) Qo (tey;e,) =0, 1T <a<n-—1.
By (3.8) and the homogeneity of ¢ in v,

(3.14) Qnpn(tey; e,) =0.

By (3.9) and the homogeneity of ¢ in v,
(3.15) @eipn(ten;e,) =0, 1<j=<n.

Simplifying the expression of ¢,,i,; by using (3.12), (3.13), (3.14), and (3.15),
we have

¢wi;7j (ten; en) = (p’;‘lv“gias; + gi’;‘ + govo‘vﬁsl'ﬁ’g:j
= Qer bl 5] + &)+ prountl &

Since & (te,) = &9 (te,) = &' (te,) = Oforalll < a,f < n— 1 and
1 <i < n, we have
0, 1<i<n.

(pwi n"
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Similarly,
¢U)”7]jEO’ 15]5”

Finally, for 1 < y, u < n — 1, as one may check,

(Z)an”(ten; en) = fﬂgﬂvaé)‘f%ﬁ + %‘;}M + %wﬁéf&,‘fu = Myu + SJ’}/L =0.

In the above, we have used

. d d
Bi(t) = - Bi(t) = —5(te,) = 7, (1en)
We have thus verified (3.5). Lemma 3.1 is established. O

4 Cut Points and Conjugate Points

In this section we establish some properties of the cut points and conjugate
points of y on 9€2. In particular, we first prove the continuity of the map m(y),
defined on 9¢2, and then prove that m(y) = m(y) for all y € 92 and, consequently,
X=X

4.1

For y € 0%, without loss of generality, we may assume s(y) = s(0) = 1.
Then we use our special coordinates of Section 3; near the origin €2 is given by
x, > f(x") with

f(0)=0, Vf(O)=0.
Then m(y) = m(0) = e,. The “normal” geodesic from O lies along the x,-axis.

Forey > 0, let ' := {te, : —eg <t < 1 4 ¢y} be the geodesic for p(&; v)
satisfying, for —ey <t < 1 + €, the conclusions of Lemma 3.1 and (3.6):

4.1 p(ten; en) =1,

4.2) @ei(tense,) =0, 1 <j<n,
4.3) Qe (te;e) =0, 1 <a<n-—1,
4.4) Peivk(tens ) =0, 1<j, k<n.

By (4.3) and the homogeneity of ¢ in v, we have
4.5) Qpapn(teg;e,) =0, 1<a<n—1, —¢<t<l+4¢.
Differentiating (4.2), we have
(4.6) Peign(tenien) =0, 1<j<n, —e=t=<1+¢.
For y € 092, let £ = £(y, 7) denote the geodesic satisfying
9 =1, §0.0=y, §0,0=V0),
where V (y) is as in (1.16).

Recall that for |x'| < €1, we write E((x', f(x)), T) as&(x', 1), 1.e.,&E =&, T)
is the geodesic satisfying

pE: &) =1, E&,0 =, f&x), EX,0=V(E),



106 Y.Y. LI AND L. NIRENBERG

V(x’) f(x")

N

FIGURE 4.1

where V (x') is the vector-valued function defined in Section 2; see also Figure 4.1.

The following lemma establishes the continuity of the map m(y):

LEMMA 4.1 Suppose, as above, m(0) = e,. Then limy_om((x’, f(x")) = e,;
i.e., m is continuous at Q.

PROOF: We prove it by contradiction. Suppose the contrary, that there exist
x/ — 0 such that m((x], f(x])) = &(x/,5;) witht; — 1 # 1. We know that
E(x/,t;) — &0, 1) € X, so we must have 7 > 1. On the other hand, if 7 > 1,
then, by compactness, there exists some § > 0, independent of i, such that the
§-neighborhood of {§(x/, ) : 0 <t < (1 +1)/2} belongs to G, the complement
of X, for large i. Since (1 +17)/2 > 1, this set would contain e, for large i, a
contradiction. Lemma 4.1 is established. O

4.2
We will prove that m(0) = m(0). We first show the following:

LEMMA 4.2 Suppose m(0) = e,. Then m(0) = te, for some t > 1.

PROOF: We argue by contradiction. Suppose 0 < 7 < 1; then, since 7e, € G
and G is open, G contains a neighborhood of 7e,. For X close to fe,, X in G, there
exists a unique z = z(X) € 92 such that

dist(z to X) = dist(02 to X) .
Clearly, the map X to z(X) is continuous near fe,. Since dist(0 to fe,) =
dist(d2 to fe,) and since fe, € G, we find z(fe,) = 0 and, by the continuity
of the map, z(X) is close to 0 for X close to fe,. So we can write

2(X) = (' (X), fF('(X))),

where x’(X) is continuous near fe, with x’(fe,) = 0.
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For X close to fe,, consider a geodesic, with unit speed, joining z(X) =
(' (X), f(x'(X))) to X which realizes
£(X) :=dist(z(X) to X) = dist(d2 to X).

By Lemma 2.2 and the fact that the geodesic must enter €2 (otherwise it would not
realize the distance of 32 to X since it has to enter 2), the geodesic is £ (x'(X), s),
and

4.7 X =&(x'(X), (X)) .

It is easy to see that £(X) is a continuous function near fe,. Consider the fol-
lowing map defined in a neighborhood of 7e,,:

F(X) = (x'(X), {(X)) .

One verifies that F is one-to-one near fe,. A continuous one-to-one map is open;
i.e., it maps open sets to open sets. So F maps a neighborhood of e, to a neigh-
borhood of (0, 7). For ¢ close to 7, let X, = F~'(0/, ¢). Then (0',t) = F(X,) and
therefore x'(X;) =0, £(X;) =t. By (4.7), X, = £(0', t) = te,, i.e.,

t = L(te,) = dist(dS2 to te,) fort closetof,

violating 7e, = n(0). Lemma 4.2 is established. O

Sometimes, for convenience, we normalize so that 72 (0) = e, instead of m(0) =
e,. We still have the same properties of our special coordinates stated at the begin-
ning of this section.

4.3

LEMMA 4.3 Assume m(0) = e,. Then there exists some u > 0, and for all
H e Cy([0, 1], R*™D,

1 1
/ ((Psﬁ&-y(l‘en; e”)HﬂHy + gav‘gvl’(ten; en)HﬂHy)dt Z I/L/ szl .
0 0

An easy consequence is the following:
COROLLARY 4.4 Under the same hypotheses of Lemma 4.3, there exists (11 > 0
such that for all H € C(l)([O, 1], R,

1 1
f (peeer (tew; e) HPHY + @uoyy (tey; e) HPHY ) dit = 1, / H?dr .
0 0

Remark 4.5. One sees from the proof that the conclusion of Lemma 4.3 and Corol-
lary 4.4 holds when replacing e, = (0) by fe, forany 0 < 7 < 1.

PROOF OF LEMMA 4.3: Let 1 be the first eigenvalue of the quadratic form;
i.e., u is the largest number such that for all H € Cé([O, 1], R*1). We have

1 1
f (@eser (tews e) HPHY + @uoy (teys e) HPHY )d1 = / Hdr.
0 0
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We only need to show that > 0. If not, then for € > 0, there exists H €
Cé([—e, 1], R*~1) such that

1 ..
/ (perer (ten; ) HPHY + @uoyy (te,5 ) HPHY )dt < 0.

€
We identify H(t) with_(h_l (t), 0) in R"*! and perturb the geodesic te, by consider-
ing ¢(tr,t) =te, +tH(t), —€¢ <t < 1. Then at T = 0, we have

d 1 . 2 1 X

— :0)dt =0 d — ;0)dt < 0.

el IRaY and 5 | e ddr <
It follows that for T > 0 small, we have

1
38) / eyl <14 ¢

€

On the other hand, let = 7(7) > 0 be such that ¢(z, 1) = (x/, f(x')) for some x'.
Since m(0) = e, we find

1
f & Odr > 1,
t
and, by Lemma 2.3,

1
f @(g;0)dt > €

for € sufficiently small. The above two estimates violate (4.8), a contradiction. [

4.4

We still assume that e, = m(0), and we now consider geodesics ending at e,,.
Foro' = (01, ...,0,_1) € R* ! satisfying |o’| < %, let T = 7(0”’) be defined by
p(ey; (0',7)) =1 and 7(0)=1.
Since ¢, (e,; e,) = 1, by the the implicit function theorem, 7 exists as a smooth
function of ¢”.
Let n = n(o’, t) be the unique smooth solution of

Vei(n; 1) = diwvf(n; m, t=1,
t
satisfying
n@’, ) =e,, ', 1)= (" 1(").
The solution exists for all time until it hits the boundary (x’, f(x")) (in fact, it goes

further since ¢ has been extended to a fixed open neighborhood of the domain).
Clearly n(o’, t) is a geodesic and (see Fact 5)

(o', 0); (', 1) =¥’ Dinlo’, 1)) = Y(es; (0, 1(0)) = 1.
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FIGURE 4.2

Applying 9/0d0, to the geodesic equations and setting o’ = 0, we have, by our
special coordinates,

d ) ,
9051357 (ten; en)nga(o/s t) = E (¢vﬂv? (ten; en)nz;a(o 9 t)) ) O S t S 1 .

We remark that (¢,5,y (te,; e,)) = %(wvﬂvy (ten; e,)) is positive definite and
n’(0,1)=0, ﬁga(O’, =48r.

With the aid of Lemma 4.3, one sees that {n,, (0, 0), ..., n,, (0, 0)} are linearly
independent.

By compactness, for some positive number § > 0, depending only on f and ¢,
we have

4.9) det(n,, ,0),..., No,_, 0,0) >c>0.
Let
X =n%(01,...,0,-1,0), 1<a=<n-—1.

We know from the above, using the implicit function theorem, that the map ¢’ to
x' is a diffeomorphism in a fixed neighborhood of 0’ (the size of the neighborhood
depends only on f and ¢).
Define
fGr, o xm1) =0"(01, o 001, 0) 5

see Figure 4.2. Then for some positive constants €;0 and C, depending only on f
and ¢, we have

(4.10) I flle21(,) < C -
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In fact, the parameter sphere we have constructed is a distance sphere near the
origin; i.e., for possibly a smaller positive constant €;, still depending only on f
and ¢, we have

(4.11) dist((x’, f(x’)) toe,) =1, [|x'|<é.
Indeed, if the above does not hold for any €;, then there exist x; — 0 such that
b; := dist((x], f(x)) toe,) < 1.

It may appear that the above statement is negating (4.11) for €;, which depends on
the initial base point we pick (the origin), but this can be taken care by an easy
compactness argument.

Let ¢; be a shortest geodesic, with unit speed, joining (x/, f (x))) to e,. We
know that e, = ¢;(b;). After passing to a subsequence, b; — b < 1, {; — ¢ in the
C'-norm. Clearly ¢ is a geodesic with unit speed, ¢(0) = 0, {(b) = e,. Since

dist(Otoe,) =1,

we have b > dist(0 to e¢,) = 1. Since we also know b < 1, we find b = 1. Now
we know that dist(0 to ¢ (1)) = dist(d€2 to £ (1)), and we find, by Lemma 2.2, that
£(t) is normal to 0€2 at the origin. Since ¢ must enter 2 (otherwise it would not
realize the distance of 02 to £ (1)), £(t) = £(0', t) = te,. Thus g;,» (b;) is, for large
i, close to ¢,, and the geodesics ¢; comes from the spreading geodesics from e, we
have constructed; i.e., for some o/ — 0/,

i) = T}(Ui/, t+1-0).

On the other hand, we know that £; (0) is on the graph of f ,son(o/, 1 —b;)ison
the graph of f . It follows that b; = 1, a contradiction. (4.11) is established.
Summarizing the above, we have established the following:

LEMMA 4.6 Under the hypotheses stated at the beginning of Section 4, though
assuming m(0) = e, instead of m(0) = e,, there exists a smooth function f
satisfying (4.10) and (4.11) for some positive constants €, and C depending only
on f and .

Remark 4.7. The distance sphere centered at m(0) = e, can be constructed the
same way with the center being any point before 7(0), i.e., with center e, for any
0 < f < 1, though in this case, the &, also depends on the positive lower bound
of £.

Remark 4.8. Clearly, under the assumption of Lemma 4.6,

fx)—f(x) =0, |x|<é,
fO)=0, f,0)=0, 1<a<n-—1.
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Let A denote the smallest eigenvalue of ( f;axﬁ (0) = fruxs (0); we know that
A>0.

We may carry out the above for points X near e, instead of for e, only. Indeed,
for X close to e, and for small ¢, let T = 7(0”’, X) be defined by

e(X;(0',t))=1 and 1(0,0)=1.

T is a smooth function of ¢’ and X.
Let n = n(o’, X, t) be the unique smooth solution of

) d )
Yei(n; M) = Ei/fvf(n; n, t<1,

satisfying
ne, X, )=X, n0’ X, 1) =010, X)).

Because of (4.9), there exists some positive constant € such that for every |¢| <
e€and |X —e¢,| <e€,{n(-, X, 1)} 1is locally represented as a graph, and the gradient
and Hessian of the function representing the graph converges to those of f as e
tends to 0.

Let us still assume that m(0) = ¢,. Then f is defined by Lemma 4.6, with
the nonnegative least eigenvalue A of ( f;axﬁ (0) = frx(0)). For0 < € < % an
application of Lemma 4.6 together with Remark 4.7 yields a smooth function f©
satisfying, for some constants §, C > 0 depending only on ¢ and f,

dist((x', fONto(l —ee,)=1—€, |x'| <38,
FO =0, 1f9lc2m,) =C,
and, by the triangle inequality for the Finsler metric,
OO = fOU) = F&) Vx| <8, 0<e <e <.
Consequently,
fO0)=0, 1<a=<n-1.
Let 1(© denote the least eigenvalue of (f(© (0') — fraxs(0)), and let y© >0

XoXg

be the least eigenvalue of ( x(;))c ’ o) — f;axﬁ (0")). Clearly,
A9 > a4y

LEMMA 4.9 Assuming m(0) = e,. For 0 < € < % let y©, A©, and X\ be as
above. Then for some constant ¢ > 0, depending only on f and ¢, we have

A R A
PROOF: Let, as usual, £(x’, r) denote the geodesics, with unit speed, starting

from (x', f(x')) and “normal” to the graph of f. By the property of f, é:i x, 1) =
e,. Similarly, let £ (x’, t) denote the geodesics for f'© instead of for f. Let ¢©
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be a unit eigenvector of ( f:}j}cﬂ 0)H — fxaxﬂ (0")) associated with the least eigenvalue

y©, and let x’ be a multiple of ¢©, we find
(4.12) QD) —E9W, NI = COX |+ 1K) YO<r<1.
Fort =1—¢, @', 1 —¢€) = (1 — €)e,, and therefore
EX,1—€)—E9U, 1—e)=E(X', 1 —€) —e, +€ey
—E(, 1) — £, De + O(X 1) — e, + <e,

(4.13) =e(e, —E(, 1)+ O(IX[€?) .
In the above, we have used, as usual, Taylor expansions and the fact that
£0,n=0.

~ Since £(x’, -) satisfies the geodesic equations, and since EO, D) =Ex,1) =
£(0, 1) = e,, we have, for some positive constants a and b, depending only on f
and ¢, that

ey — £ DI = £, 1) = £ DI = BIEO,0) —£(x', 0)] > alx'].
This, together with (4.12) and (4.13), yields
aelx'| < C(Ix'[€* + y x| + |x'1) .
Dividing the above by |x’| and sending |x'| to 0, we find
ae < Ce* +Cy©.
a

The desired estimate follows if Ce < 5 If Ce > %, the desired estimate follows

from the estimate for € = 5% and the monotonicity of ¥ in e. O

4.5

To establish m = m, we need, in addition to Lemma 4.2, the following:

LEMMA 4.10 Ifm(0) = e,, thente, € G forall0 <t < 1.
A consequence of Lemma 4.2 and Lemma 4.10 is the following:

COROLLARY 4.11 m(y) = i(y) for all y € 3. Consequently, ¥ = ¥.

PROOF OF LEMMA 4.10: We argue by contradiction. Suppose that m(0) =
(1 —-e¢€)e, € ¥ forsome 0 < € < 1. Clearly 1 — € > € > 0 for some € depending
only on f and ¢. Since (1 — €)e, € X, there exist X; — (1 — €)e,, z;, 2 € 0%,
Zi # Z;, such that

b; := dist(92 to X;) = dist(z; to X;) = dist(Z; to X;) .

After passing to a subsequence, we may assume that z; — z, Z; — Z, and b; — b.
Clearly
b=dist(0Qto (1 —€)e,) =1—¢
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and
dist(z to (1 — €)e,) = dist(Z to (1 — €)e,) = dist(0to (1 —€)e,) =1 — €.

Since m(0) = ¢, and 1 — € < 1, there can only be one point on d€2 that realizes
dist(d2 to (1 — €)e,,). So we must have z = 7 = 0. Write

=, f(x), Zi=&, &),
and let ¢; and 2,~ be shortest geodesics, with unit speed, joining z; and Z;, respec-
tively, to X;. By Lemma 2.2, §; = £(x/,-) and §; = £(x/,-). So, & — £(0/,-)
and &; — £(0,-) in the C'-norm. It follows that &;(b;) — e, and & (b;) — e,.
Therefore, there exist o/, 6/ — 0’ such that
;i(t)En(Giv i’t—'l_l_bi)’ ;i(I)En(&i/7Xi9t+1_bi)v

where n(o’, X, t) are the spreading geodesics we have constructed. In particular,

n(o], Xi, 1 = bi) = §(0) = (x;, f(x))),

N6}, Xi, 1 =b) = &0) = &, f(E)).
Let f' denote the function whose graph is the parameter sphere given by
n(-,X;, 1 — b;). Then, by the previous arguments, f*, V', and the Hessian

converge to f (5), etc., in a fixed neighborhood of (/. Thus, by Lemma 4.9, for
some 8" > 0 independent of i,

F =N Z0, (f' = Pas &) >0, Vx| <8,
for large i. On the other hand,
(f' =HE) == HED =0, x>0, 3 -0, x#3.
This is impossible. Lemma 4.10 is established. g

We assume that m(0) = m(0) = e,. Let f be the one given by Lemma 4.6.
Recall that 1 > 0 is the smallest eigenvalue of (fy,x,(0') — fi,x;(0)).

LEMMA 4.12 Suppose m(0) = e, and }. > 0. Then there is a point Q # 0 on 92
whose distance to e, = 1.

PROOF: Since m(0) = e,, there is a sequence of points X; — ¢,, and Q;, Q,- €
092, Q; # Q;, such that
b; := dist(dS2 to X;) = dist(Q; to X;) = dist(Q; to X;) .
Passing to a subsequence, Q; — O, Qi — Q, b; — dist(0Q2 to e,) = 1. Clearly

dist(Q to ¢,) = Adist(Q to e¢,) = 1. If either Q or Q is not 0, we are done.
Otherwise, Q0 = Q = 0, and we write

=), f&D),  Qi= @G, FED),

and let ¢; and & be shortest geodesics, with unit speed, joining Q; and 0, respec-
tively, to X;. By Lemma 2.2, {; = §(x/,-) and §; = &£(X/,-). So & — &(0',-)
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and éi — £(0,-) in the C'-norm. It follows that g;(b,-) — ¢, and 2,- (b)) — ep.
Therefore, there exists o/, 6/ — 0 such that
Gty =mnlo), Xt +1=b;), 76/, Xi,t +1—=b;).

In particular,

n(o], Xi, 1 = bi) = §(0) = (x;, f(x))),

N6, Xis 1= b)) = 5(0) = (&, f(&)).
Let f' denote the function whose graph is the parameter sphere given by
n(-, X;, 1 — b;); then the Hessian of f i converges to the Hessian of f in a fixed

neighborhood of (. Thus, since A > 0, there exists some 8’ > 0 independent of i
such that

(= HE) 20, (f' = P& >0, Vx| <&,
for large i. On the other hand,
Fr=NHeD == HE) =0, x{—>0, & —0, x/#4%.
This is impossible. Lemma 4.12 is established. g

4.6

In this section we show that m(0) is a conjugate point if and only if A = 0.
Since we never apply this result, the reader may choose to skip it.

LEMMA 4.13 Suppose m(0) = e,, and suppose ). > 0. Then e, is not a conjugate
point of 0 along the normal geodesic {te, : 0 <t < 1}, as described in Section 1.1.

PROOF: We first prove that
4.14) 0 is an isolated point in {y € 92 : dist(y to e,) = dist(d2 to e;))} .
We argue by contradiction. Suppose that for some x; — 0, x/ # 0', we have
dist((x;, f(x})) toe,) = dist(d0Q toe,) = 1.
Let ¢; be a shortest geodesic, with unit speed, joining (x/, f(x/)) to e,; then, by
Lemma 2.2, §; = &(x/,-). So¢ — & (0’ -) in the C'-norm, and in particular,
{ — e, in the C’-norm. Since A > 0, f > f near (', and therefore, for some
t; > 0,t;, - 0, we find ¢;(¢;) on the graph of f By Lemma 4.6, the graph of f

is the distance sphere near the origin, so dist(¢;(t;) to e,) = 1. On the other hand,
since ¢; is a shortest geodesic with unit speed,

l=t+0—-1)=t +dist(;(t;) toe,).
This leads to a contradiction. We have thus verified (4.14).
Property (4.14) implies that e, cannot be a conjugate point. Indeed, if ¢, is a
conjugate point, then by (4.14) we may enlarge 2 without changing 92 near the

origin, so that dist(9S2 to e,) is realized only at 0. For this larger €2, e, is still
a conjugate point, and we still have m(0) = e, for the new 2. In the following
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we still use €2 to denote the new one. Since e, does not belong to G, there exist
X; — en, yi # i, Vi, 2i € 09, such that

b; := dist(y; to X;) = dist(z; to X;) = dist(02 to X;) .

Passing to a subsequence, z; — z, y; — y, and b; — b = 1. Since 0 is the only
point on 92 that realizes dist(d€2 to e,), we must have y = z = 0. Write

yi =}, f(x), zi =&, (&),
then x; # X!. Asusual, £(x/, -) is a shortest geodesic joining y; to X;, £(x/,0) =
vi, E(x/,b;)) = X;. Similarly, £(X],-) is a shortest geodesic joining z; to X;,
E(%],0) = z;, E(&], b;) = X;. We also know, as usual, for some o/ and 67,
S('xi/’ t) = 77(01'/’ Xiv t+ 1- bl) )
EXLt)=n(6], Xit+1—b;).

Let f ! be the function whose graph is (-, X;, 1 — b;). We argue as before: the
Hessian of f! converges to the Hessian of f in a fixed neighborhood of 0. Since
A >0, (f' — f) is strictly convex in a fixed neighborhood of 0, but we know that
fi—f=0,(fi = Hx) =(f =)&) =0,x] # &/, x, — 0,and &/ — 0. This
is a contradiction. Lemma 4.13 is established. U

LEMMA 4.14 Suppose m(0) = e,, and suppose » = 0. Then e, is a conjugate
point.

A consequence of Lemmas 4.13 and 4.14 is the following:

COROLLARY 4.15 Suppose m(0) = e,. Then e, is a conjugate point if and only if
A=0.

We present two proofs of Lemma 4.14; the second one is more traditional.

FIRST PROOF OF LEMMA 4.14: Let ¢ be a unit eigenvector of (f;axﬂ —
fraxs)(0') associated with the least eigenvalue A = 0, and let x’ # 0’ be a mul-
tiple of ¢. Then

I(f = H)I < CI'P
and therefore
dist((x', f(x)) to (', F(x)) < CI¥'P*.

Let s = §|x’| for some § > 0. We will fix some small § > 0, independent of x’,

and show, for small |x’| > 0, that

(4.15) dist((x’, f(x)to (1 +s)e,) <1+s.

In fact, we will produce a curve joining (x’, f(x")) to (1 + s)e, in small neighbor-
hood of {te, : 0 <t < (1 4 s)} that has length less than 1 4 s. This means that e,
is a conjugate point.
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By the triangle inequality, and using & (x’, 0) = (x’, f (x')),

dist((x', f(x") to (1 + s)e,)
< dist((x', f£(x)) to (x', F(x))) + dist((x', f(x) 0 &K, 1 —5))
+dist(E(x’, 1 — 5) to (1 + s)ey)
(4.16) <CIXP+1A—=s)+distE(x', 1 —5) to (1 +5)e,).

Since é(x/, -) and % (0/, -) satisfy the same geodesic equations, we have

E(x,0) —E(0,0)] = CEW, 1) — £, DI+ CIEW, 1) — £, 1))
= CIE 1) — el
It follows, for some ¢ > 0 depending only on f and ¢, that
(4.17) le —e,| > clx’| wheree := g;(x’, ).
Now, a crucial point: since ¢(e,; &) = @(€(x’, 1); g(x/, 1)) = ¢(e,; eq) = 1, by

the strict convexity hypothesis on ¥, we have for some ¢y > 0 depending only on
@ that

(4.18) (p<en; e";e) <1—2&le, —é.

Let
n)=10-0Ex', 1-s)+t(1+se,, 0=<t=<1,
be the straight segment joining & (x’, 1 — s) to (1 +s)e,. Then, since £ (x’, 1) = e,
n) =e, + O(s).
Here and below O(s) denotes some quantity that is bounded in absolute value by

Cs for some constant C independent of x” and s.

Using £(0, ) = 0,

N(t) = (1+95)e, —EQ, 1—5)
= (1 +9)ey — [EQW, 1) — £, Ds + O(Ix'|s?)
= se, + é-‘(x’, Ds + O(]x'|s?)
= s(e, + &) + O(|x'|s?).
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It follows, using properties of our special coordinates and the homogeneity of ¢ in
v, and making Taylor expansions, that

1
dist(E(x’, 1 —5) to (1 + 5)e,) 5/ @(n; n)dt
0
1
= S/ @len + O(s); en + e+ O(|x'|s))dt
0

= S(QD(E,,; e, + é) + O(S)) s
and therefore, by (4.17) and (4.18),
dist(é(x’, 1 —s)to(1+s5)e,) <2s(1 —élx'| + O0()),

where ¢y > 0 is some constant independent of x” and s.
Back to (4.16), we find

dist((x', f(x)) to (1 +5)e,) < Clx'PP + (1 —5) + 52— &lx'| + O(s))
=1+4s5—s5Q2x'|+ O0())+Clx'].

Now we fix some § > 0 from the beginning so that 2¢y|x’| + O(s) > ¢o|x'|, then
for |x’| > 0 small, we obtain

dist((x, fFX)Nto (1 +s)e,) <145 —Ed|x|>+Clx')P <1+,

estimate (4.15). It is clear that we have actually produced a curve in small neigh-
borhood of {te, : 0 <t < 1+ s} joining (x, f(x")) to (1 + s)e, with length less
than 1 4+ 5. Lemma 4.14 is established. O

SECOND PROOF OF LEMMA 4.14:

(i) Consider the spreading geodesics n(o”’, t). Since f > f, for small o/, there
exists a unique 7(o”’) < 0 such that n(c’, t(c”’)) lies on 9%, i.e.,
(4.19) n"(o',t(a") = f(n'(c’,1(c"))).

The function 7(c”) is a C>-function in ¢’. The curve {n(o’, t) : f(¢’) <t < 1} has
length

(4.20) L(o’) =1- l_(cr/).
We also have
(4.21) n"(o’,0) = f(n'(c’,0)).

Differentiating (4.19) with respect to o,, we find
nga + ﬁnfcra = fxy (UZQ + ﬁyt_aa) .
Differentiate with respect to o, and set 0’ = 0'. We getato’ =0/,

(4.22) Mooy logoy = Frpus (0OMY, 05, at (0/,0),

since, when o’ = 0', i = 0 (following from fxﬂ (0") = 0), and so, 1,,(0") = 0.
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Similarly, from (4.21), we find

(4.23) Mooy = Frpustip b, at (0/,0),
S0,
(4.24) logoy (0) = (frey (0) = fi s (0N (O, 0)773,3 (0,0).
Suppose, now, A = 0. Then there is a unit vector ;: = (El, R f”*l) such that
(4.25) (fipus ) = fo, s @NE =0, 1<y <n—1.
The matrix {nJ, (0, 0)} is nonsingular. Choose a = (aj, ..., a,_1) so that
(4.26) aan5(0,0) = °.
Inserting this in (4.25), we find, by (4.24),
4.27) Ao lpls,q;(0) = 0.

(i1)) Now the second variation. For 0 < ¢ < 1, te, is the shortest connection
from 9€2 to e,. For ¢(¢) small, 0 <t < 1, we consider the perturbation te, + ¢ ().
Here ¢(r) = 0 and ¢(0) € 992, i.e.,

/ 1 / /
(4.28) ¢"(0) = f(&'(0) = Efxyxa(o)é-y(o)gs(o) + 0" (O)) .

The length of the curve e, + ¢ is, by the properties of our special coordinates,
1
f pten + &5 en + 0)dt
0

71 1 .. )
=1+ f <§§0n“nﬂ (ten; en)CCP + 5Pt (1€ e CP + <;">dt
0
+ higher order.

So the second variation is, by (4.28),
1! i
Q(é‘/) = 5 f ((pn“nﬁ (ten; en)é‘aé‘ﬂ + @ueys (ten; en)gagﬂ)dt
0

1
(4.29) = 5 frans (02 (0)¢7(0) .

Now {@yes(te,; e,)} is positive definite, and the quadratic form Q(¢’) is pos-
itive semidefinite. If it vanishes for some ¢’(f) not identically zero, then ¢, is a
conjugate point by the usual argument: the second variation of the curve te, for
0 <t <1+e¢,forany € > 0, is not positive semidefinite.

(iii) Suppose A = 0.
CLAIM 4.16 For £(1) = a,n% (0, 1), Q(¢') = 0.

This would then complete the proof of the lemma.
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PROOF: From (4.20), we have
(430) Lcraaﬁ (0/) = _f(raaﬁ (0/) .
Now

1
L) = f (1o’ 1): 1o D)1
t(o’)
and recall that ¢ (n(c’, 1); n(c’, 1)) = 1. So
1
Lo =iy + / (o7t + i )dt
t

and, at ¢’ = (', by properties of the special coordinates,

1
Lcraaﬁ (O/) = _t_o'a(fﬁ + / (‘Pninj 77;& 77(]7,3 + Quivi 7]:70, flrjfﬁ + ﬁgaaﬂ)dt .
0

By (4.30), the last integral is 0. By properties of the special coordinates and by the
homogeneity of ¢ in v, we have @,i,. (te,; €,) = @i (te,y; e,) = 0. Therefore we
have

1
/ (@ (tens el (O, g, (O, 1)
0

+ @i (tens el (O, Dl (0, 1) = 1fy (0,00 = 0.
Multiplying the above by a,ag and summing, we find

1
(4.31) / (@rgp (1€ €)E7 " + @y (tens €880 =g g, (0, 0)agag = 0.
0
From (4.22) and (4.27), we have
_ncr;aaﬁ (0/’ O)GD[Cl/g = _fxyxg (0/)§y§8 .

Inserting this into (4.31), we obtain the claim. g

This completes the proof of the lemma. O

5 Main Estimates I

We now start the argument described in Section 1.5, with y as the origin. With-
out loss of generality, we may assume s(y) = s(0) = 1. Then we use our special
coordinates of Section 3; near the origin 2 is given by x,, > f(x’) with

fO)=0, Vf(©)=0.

Then m(y) = m(0) = e,. The “normal” geodesic from O lies along the x,-axis.

For |x’| small, as in Section 2, £(x’, 7) is the geodesic, with t as arc length,
starting from (x’, f(x")) normal to 2. We wish to find a point z on 92 such that
for s = K|x’|, with K a fixed large constant,

5.1 dist(z to E(x', 1 +5)) < 1 +5.
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To prove (5.1) we will follow the interior “normal”” geodesic from z a distance 1—s,
then join its endpoint by a straight line segment n(¢), 0 <t < 1,to £(x’, 1 + ),
and show that the Finsler length of 7 is less than 2s.

To compute lengths we use expansions in x’, s, etc.; the special coordinates
make the computations easier. But things are not very easy.

Forey > 0, let I' := {te, : —eg <t < 1+ ¢y} be the geodesic for p(&; v)
satisfying, for —eg <t < 1 + €9, (4.1), (4.2), (4.3), (4.4), (4.5), and (4.6). We use
notation £ (x’, T) as in Section 4.

LEMMA 5.1 Under the above hypotheses,

(5.2) Er =0 at(0,1) Vt, —qg<t=<l+e, l<a<n-—1,
and, for |x'| <€, —¢g <t <l1l+4+e€, 1 <a,B<n-—1,

(5.3) €0, 1)+ @i (tens enEL (O DEL (O )| < Cl]
where C depends only on f and ¢.

PROOF: By (2.14), )
&, 9 (5;6)=0.
The first equality in the lemma follows easily from the above by the properties of
the special coordinates. Applying 9y, to the above, we have

£l om = —EL 0w — Queibl &L — okl EL
At x" = 0, using properties of the special coordinates, we have
o (ten;en) =1, @utes;e,) =0,  @igi(te,;e,) =0,
and estimate (5.3) follows. ]
We assume that
T =dist(0 to te,) = irelzl)rslz dist(ytote,) V7, 0<1t<1,
and
€0 = dist((0', —¢p) t0 0) .
In particular,
T = dist(0 to te,) < dist((x’, f(x"))tote,) V1, 0<71 <1, [x'|<€.
We now find z, for our program, in the simplest case.
PROPOSITION 5.2 Assume that there exists Q € 0%, |Q| > € > 0, with
dist(0 to ¢,) = dist(Q to ¢,) .

Then, we take z = Q; i.e., there exist some large constant K > 1 and small
constant 0 < § < €, depending only on €, f, and ¢ such that for all 0 < |x'| < §
and s = K|x'| we have

dist(QtoE(x", 1+5)) <1+s.
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PROOF: Seté = £(Q, 1). Since £(Q, 1) = ¢,, and the fact that £(Q, s) satis-
fies the geodesic equations, it follows that

(5.4) @0 — enl = 1£(Q. 1) —eal = €1]Q] 2 ¢
for some ¢; > 0 depending only on ¢. We know that
E0. ) =e,. £Q.D=e. and £0.1)=¢,.

By Taylor expansion, since [x'| = & <,

EX,14+5) =601+ O0(s) =e, + O(s),

£(Q.1-5)=£(Q. 1) = §(Q. s + 0(s*) = e, — 52+ 0(s?).
For the segment

n(t) == (1 =0&(Q,1—5) +1&(x', 1 +5) =e, + O(s),

we have

H(t) = EQ, 1 +5) —E(Q, 1 — )
=&,0, Dxy + O, 1)s +£(Q, Ds + O(s> + [x']?)
=& (0, Dxg + (e +2)s + O + X%

Using homogeneity, it follows that

1 1
/ e(n(@); n@))dt = Sf w(en + O(s); (e, + &) + &, (0, l)xs—“
0 0

72
+0(s) + 0('xs| ))dt

= S(p(en» e, + é) + 0<% + 52)

e, t+e s
= 2s<p<en, T) + O<? —i—sz).

Now comes a crucial point as in the proof of Lemma 4.14. Since ¢(e,; ¢,) =
@(en; e,) = 1, by the strict convexity hypothesis on ¥, we have for some ¢y de-
pending only on ¢ that

(P<€n; en;_e) =< 1 _5O|en _énl =< 1 — Co

with ¢ > 0 depending also on € by (5.4), from which we deduce, for some large
K and small § (K chosen first and then §), that

1
/ o(n(0); H)di < 25(1 — co) + o(i +s2) 5 2s<1 _ C_O) <.
0 K 2
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Consequently,

dist(Qto E(x', 1+ ) < dist(Q to £(Q, 1 — ))
+dist(6(Q,1 —s)to E(x', 1 +5))
<1l+s.

Proposition 5.2 is established. 0

6 Main Estimates I1
In the remaining cases we will take

z="+q, f(X'+q)

for suitable choices of g € R"~!, || < small. In the following, the value of € is
possibly smaller than the one appearing in Section 4.1.
We know that

5(0/,T)=T€n, _60§T§1+60~

For x',x' +q € R"' |x'|, |x' + ¢q| < €1, let n(x',q,s;1),0 <t < 1, denote
the straight segment going from £(x’ 4+ ¢, 1 — s) to £(x’, 1 4+ 5). We consider its
length, L(x', q, s), as a function of 2(n — 1) 4 1 variables, the x’, g, and s being
free variables (with small norms). Thus

©.) nx',g,s50)=0-0Ex"+q,1—5)+1Ex", 1+s), 0<r=<1,

and

1
62) L@Cqﬁ)=/aw@@ﬁmsnxﬁ@l%san
0

where the overdot denotes 0;.
For a suitable choice of ¢ and with s = K |x'|, K large, we wish to show
L(x',q,s) <2s.

The main term will be L(0’, ¢, s). Proposition 6.1 below presents a general esti-
mate for the difference. This result is rather technical; it will be used for several
cases. We stress that x’, ¢, and s are free variables. The expression O (|g]) is used
to denote quantities bounded in absolute value by C|q|, where C depends only on

f and ¢.

The vector
(6.3) A=e,—§&(g, 1)
plays an important role. Note that

(6.4) Al =5l —&/(q, 1) = =& (0, D)ga + O(lq").
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PROPOSITION 6.1 There exist €, < €; and 0 < €3, depending only on f and ¢,
such that Vx', q, and s satisfying |x'|, |q|, |x' + q|, s < €1, s > 0, and if

A 1 x'
u<— and ol

(6.5) . )

< €3,

then we have

J = L' ,q,5)—L(0,q,s5)
"2 |Q|2 ’ lq| 2 2
(6.6) < C|x'| |q|+s—|—T + Clx'| | |A] 1+T + gl +s7).

PROOF: In formula (6.2), n is given by (6.1) and
ﬁ=%—(xla1+s)_f(xl+q, 1 —S).

Clearly
(6.7) n=e,+ O0(ql+ |x'| +5),
while
n=-e,(1+5)+0(x'|) —&(g,1—5)
=e,(1+5)—&(@, D+&(q Ds+ 0D+ O(x]).

Thus

. A
(6.8) n=2se,+s (— + B) ,

S

where

x|
|B| < Cy |61|+S+T

with C| depending only on f and ¢. We now make |B| < % by choosing
(6.9) €] = min (el, L) , €3 = L .
8C| 4C,
In addition to (6.8) we have
(6.10) DYiy = DX e(x', 145)— DX E(x' +q,1—5) = O(lq|+s), 0<k<2.
Using Taylor expansion in x” about the origin, we have
J=L(x' q,s)—L(O,q,s)

6.11) gt
=L, 0,q,5)x, + / / Loy (tx', q, s)xoxpdt drt .
o Jo

Now

1
(6.12) L., (x',q,s) =/ (e’ + @iy, )t
0
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and
Lo @0.9 = [ sl + osnt,ly + gl il
0
+ @i ﬁiaxlg + Pvigi 77;& 77)]55 + Quivi Ti;a ﬂfcﬁ]df .
By the properties of the special coordinates, at (e, e,),
Qpa = @gt = (p&-ivj = Qyn — 1= Qyayn = (pé-jsn =0.

Thus, by (6.7), (6.8), (6.10), and the homogeneity of ¢ in v, if we set

|Al x|
{ }=—+—+lql+s,
s s

we find, at (7, ), that

l@si| + [@gign| < Cs{ },
|§0va.7'| + I(pv“| + |§0v" - 1| = C{ }’

C
lppen| < —{ 1},

s

|@eieil + l@ziziee| < Cs,
lpeici| < C,

|(p§ivjvk| + @yiyil <

9

hmlﬁ(”|q

|§0vaka| S

We deduce from the above, since |{ }| is bounded, that
, C
Ly (72, 4, )] = Clgl+5) + —(lal +5)°.
Consequently,
1 t |q|2
/ / Ly (tx', q, $)xqxgdt dt| < C|x/|2<|q| +s5+ —) .
0 Jo s

Next, we estimate L, (0', g, s)x,. Here x’ = 0" in (5, 7). By the estimates
above,

(6.14) ‘ f Qein Xa

‘/(pvﬂﬁfaxa

(6.13)

< C(IA] +slgl + sHIx'],

Al /
= C(T + Iq| +S)(|q| +5)|x].
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Write
oty = My, + (@ — DN

Then, using the estimates on (¢,» — 1) and on |ﬁﬁa |, we find

f (Qu — D" x4

To complete the estimate of L, (0, g, s)x,, we need to estimate |7'7)’§u 0, g, $)xq].
Using Taylor expansion, we find

M (0,q,s) =&, 1)=& (g. ) +sELO. D) +EL(g. 1) + 0D
=& 0,1)—& (g. 1)+ Oslg| +57),

since 5)’}(1 (0, 1) = 0, that follows from differentiating (5.2). Writing

(6.15)

s

Al /
SC( + g1+ ) (gl +9)Ix].

1
Er (0,1 —&l (g, )= —/ Sy (Tq, Dgpdr,
0
we find, using (5.3), that

i (0., 8) = @uii(en: €&l (0, 1)5}){;5 (', Dgp + O(lg|* + 57) .
With the aid of (6.4), we see that

0, (0'.q.5) =0 (';i'ucn +5)+ gl +s2>
so that
(6.16) |/(pvnﬁzuxa <C (|A|(% - 1) + lgI? —|—s2> x| .
Combining estimates (6.13), (6.14), (6.15), and (6.16), we obtain (6.6). ]

7 Main Estimates I11

Recalling €; of Proposition 6.1, we now consider the case where there is a ¢
satisfying the condition on g of Proposition 6.1 and in addition

1 = dist(0 to e,) = dist((g, f(g)) toe,).
In this case the vector A of Section 6 is 0. We take
=@ +x, f@@+x)).

PROPO_SITION 7.1 Under the conditions above, there exist small positive constants
€ and § and a large constant K > 1, depending only on ¢ and f such that for
s = K|x'| and 0 < |x'| < min(é, €|q|), we have

L(x',q,s) <2s.
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PROOF: We will apply Proposition 6.1 with ¢ = ¢. Since A = 0, we see that
the conditions are satisfied provided % < €3. Then, from (6.6) we find

e 11
(71.1) J=L("§,5) — L0, §,5) = Cs|g® (% +é+ ot +€2K>.

We now consider the main term L(0’, g, s). The estimate is technical. A crucial
element, as in the proof of Proposition 5.2, is the strict convexity of {v : ¢(e,; v) =
1}, and the fact that

L= glenien) = 9(E(G. D16, 1) = ¢(eni 5. 1).
By the strict convexity it follows that for some c¢; > 0, depending only on ¢,
(7.2) plenien+6@ D) <2-2c115@, D — e’

Since &(q, - ) satisfies the geodesic equations £(g, 1) = (0, 1) = ¢, and |£(g, 0)—
£(0/,0)| = |q|, there are positive constants ¢, and c3 so that

gl < 16@. D) —eal =[£G, 1) = &0, D] < 311 .
Inserting this in (7.2) we find, for some ¢y > 0 depending only on ¢,
(7.3) @(ens e +5@G, 1) =2 =20l

LEMMA 7.2 There exist positive constants ¢y and C, depending only on ¢ such
that for all 0 < s < €, and 0 < |G| < € above,

(7.4 L(0,q,s) <2s(1 —colg|®) + C(s* + s%141%) .
PROOF: Let
n®) =n(s, 1) =>0-0&G, 1 —s)+1(1+5)e,.
Then
1
L(0,q,s) =/ e(n(r); n(t))dt .
0
Since
. 93
£G, 1) =e, and £(0,7)=—&0,17)=0,
at3

we have, by Taylor expansion, that
R .o 1.. . .
£@,1—9) =€, —§@ Ds+ 8@, Ds* + 0(714D
n(1) = e +slre, — (1 = 05(G, D1+ 0G1gD)

. 1..
() = slen +£(G, D1 = €@, Ds? + 0(s*1g]) .



SINGULAR SET FOR HAMILTON-JACOBI EQUATIONS 127

It follows that
! . 1..
LO.3.9) = [ o(n0)ise +5E@. 1) = 3EG D5 + 01D Jar
0
! : : 1.
=5 [ o(ertstten = (1= 0E@. DE € +£@. 1) = 5E@ s )ar
0
+ 04D

Since

(7.5) £, ) =0, 1)+ 0(g) = e, + 04
and
£E@,1)=80,0+0(3h)=0(4) Vr,0<7<1+¢,

we have, by properties of our special coordinates,

Pei (en; en + éj(é’ 1) = Pei (en; 2en) + 0(|é|) = 0(|é|) )
eivi (en en + @G, 1) = geivi(en; 2¢,) + 0] = 0(14) -

Making a Taylor expansion of ¢ about (e,, e, + £(4, 1)), we have
R P 1 P oA
L(0,q,5) = sp(ens e +§(3, 1)) = 55%0ui(en; 0 +£(G, DIE@G, D
1
+ S2/ e (ens en +E(G, D)[18, — (1 — 1)§'(G, 1)]dt
0

1, ! P
+ §S3/ QDgig/' (en; e, + S(q? 1))
0

x [t8) — (1 —DE' (G, D][t8] — A — &' (g, 1)]dt

+ 0(s*1g] + s*)
=1+ M+ +1IV+ 03§ + 51 .

First,
1 . D i A
I = Eszfpgi (en; en +£(G, D[S, —€'(G, D] = 013" .
Using (4.6) and (7.5), we have
eici(ens en + E(G, D)[18) — (1 = DE' (G, D][t8] — A1 =& (G, D] = 04D,
from which we deduce

IV=0(’1g]) = O(s* +5%141*) .
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Differentiating ¢(£(§, 1), £(§, 7)) = 1 in 7, we have, using £(§, 1) = e,,
i (en: £(4. 1)E (G, 1)
= —ggi (en: £(4. 1)E (@, 1)
= —@gi(ens en + [E@G, 1) — e,DE (@, 1)
= —gei(en: €)57(G. 1) — @eryi (ens €)E1 (G, D[E/(G, 1) — 8]
+0(€@G, 1) — el
=0(gP).
Since @, (en: en + £(G, 1)) = @y (en; £(G, 1)) + O(|§]), we conclude that
1= 0(s’§1).
Based on the above, we have
L(0,G,5) = sg(en; en + £, 1) + O(s* +5°1G1) .
Inserting (7.3), we obtain (7.4). ]

We now complete the proof of Proposition 7.1. Combining (7.1) and (7.4), we
obtain

. . . (e 1
L(x',§,s) <2s(1 —colg*) + C(s*141> + 5™ + Cs|q|2<? + &K + ?) :
Thus, by our conditions on x’,
i} - 1
L(x',§,s) <2s(1 —colgl?) + cS|4|2(52K35 + K5+ i K + E) .

Proposition 7.1 follows, if we choose first K large, then € small, and finally, S
small. O

8 Main Estimates IV

We now take up another case for which we, again, choose z of the form

x'"+4q, f&x"+q))

with suitable g. The choice of g is made so as to make |A| = |e, — (g, 1)| small.
Let ¢ € R"! be a unit eigenvector of

8.1) (Froxs @) = frony ONC* =25P, 1< p<n—1,

where we recall that A > 0 is the smallest eigenvalue. We set

(8.2) q=plx'ls

with

v
>

(8.3) I
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As before L(0, g, s) is the Finsler length of the segment joining £(x" 4+ g, 1 — )
toE(x', 1 + ).

PROPOSITION 8.1 For any given positive constant €' > 0, there exist some large
constant K > 1 and some small constant §' > 0, depending only on €', f, and ¢,
such that for all €A < |x'| < 6§, s = K|x'|, and q as above,

L(x',q,s) <2s.
Consequently,
dist((x'+q, f(x'+g) 0 &X', 1+5)) <1+s.
Remark 8.2. In proving the above proposition, K will be chosen first and then §'.
We first establish the following:

LEMMA 8.3 For some positive constants ¢y, C, K, and §', depending only on ¢
and f, we have, for x', q, and s above, that

L(0,q,5) < 25(1 = colgl®) .
PROOF: Let& = £(x/, 1), T > 0, denote the geodesics satisfying

pEH =1, 0,0 =0,f(&), Ex50=VE),
where V(x’ )~is defined as V (x’) in Section 2, but for f instead of for f. By the
property of f,
EX, 1) =e,, |x'|<é.
For any g € R""!, |g| small, let
A, g, s5t) = (1 —DEW +q,1—5) +tEQ, 1 +5)
=E( g, 1 =) +tEX, 14+5) —EX +g,1—9)]

and |
L(x',q,s) =/ (X', q,s:0); 1(x', g, 53 0))dt .
0

By Lemma 7.2, applied to f with § = g, we have
(8.4) L(O'.q.5) = 25(1 = colq*) + OGs* +5[g1%) .

In the rest of the proof we mainly estimate |L(0', 7, s) — L(0', G, s)|. Clearly,
by our choice of the vector ¢,

£(3.0) —£G.0)| = f(@) — f(@ < CQIGI* +13*)
and ]
€(3,0) — (@G, 0] < Cgl +1g1°.
Since both £(g, - ) and &€ (g, - ) satisfy the same ODE, we have

(8.5) E@G.0) —£@. 01+ E@.0) —£@G. 0] < COIGI + 1) Vi .
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Next, one verifies that

8.6) L(0,q,s)=

1 - 1. 1 -
S/ w(ﬁ(t) — (I =0 —§)(q,1—ys); ;ﬁ(t) + ;(S —&)(q,1— S))dt,
0
where
() =n(0,q,s;1)
By (8.5), for 0 <t <1 + ¢,
(& =&l +1E —£D@G. D = OOMIG| +131) .
We also have
1.
n) =[1+ @2t — Dsle, + O(ql), ;ﬁ(t) =2e,+ O(lgq]).
The last equality above needs some explanation: By Taylor expansion,
i) =E0, 14+5)—£@G.1—5)
- K 1z
= +s)e,—&(q, 1) +8(@G, Ds — 55(6?, 1—0s)s*,

where 0 < 0 < 1. Since £(G, 1) = e,, £(0, 1) = e,, and £(0', £) = 0 for all
0 <t <1+e¢,wehave£(G, 1) = e, + 0(g)), £(7,1 — 0s) = 0(|3]), and
therefore
7(t) = 2se, + 0(s|q)) -
It is clear that
"0, ) —t=¢£.0,=0, &0, n—t=E(0,0=0, 0=<t=<l+e.
It follows that

én(é, 1—5)= gn(()” 1—y5) +§;la(0/’ 1 — $)Ga
1 ot
+/ / & . (tq, 1 —5)quqpdrdt
o Jo

1 pt
= (l—s)—i—/ / g;laxﬁ(fé,l—s)éaéﬁd'[dt.
0 Jo
Similarly,
1 pt
Sn(é,l—s):(l—s)‘i‘/ / s;laxﬂ(fé,l—S)éaéﬁdel.
0o Jo
By (5.3), applied to both £ and &, we deduce from the above that

" =8, 1—9) =

1 ) i) i
E(pvivj((l — 8)en; en)(éxﬁjcﬂ — &,

IO 1 =324 + 0(q1) .
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Thus, by (8.5), we have
87  |E"—ENG, 1 —s)| < CAgl+1g1g1> +ClgP? < Clg.

Estimate (8.7) will be used below.
By Taylor expansion in (8.6), we have, using (8.5),

1
L(ocq‘,s):s/ w(ﬁ,lﬁ)dt
0 N
! 1. _ .
—s/o " (ﬁ, ;ﬁ)(l _DE—£)(@G, 1 —s)dr
! 1.\ - .
+/ govi(ﬁ’_ﬁ)(g_g)l(qal_s)dt
0 s
= = 12\2
+0(klé|2+lé|3)+0<w).

By the properties of special coordinates and the expressions of 7 and %ﬁ,

Qo | 15 —N
K
It follows that

. e
L(O’,é,s):L(o’,q’s)-Fo((A|é|2+|é|3)(1+ +S|61|)>.

<C.

1. _
(|§05f|+|§0v“|)(77§§77> <Clg| VYa, 1 <a<n-1,

Combining this with (8.7) and (8.4), we find
L(0,q,s) < 2s(1 —colg|®) + Cs* +5°|g ")
A+ 1q]
S

+C(MgI* + |ci|3>(1 +

) (s> +slgl?
< 2s(1 —colg|*) + Cs|q|2(T|2q>

A+1g A+1g
+Cs|é|2( t'q|>(1+ +S|Q|).

Since
3 -2 3
K
Al K e ke = (K3 4 B8
g1 P
and )
k+|q|<1 £:1+1’
s ~— Ke K Ke @ KUA4

we obtain the desired estimate by choosing first K large and then §’ small (recall
that we also want K8’ < €; in Proposition 6.1). Lemma 8.3 is proven. U
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PROOF OF PROPOSITION 8.1: We make use of Proposition 6.1, and for this we
need an estimate of

A=e,—§(@q, 1.
In fact, since 5(57, 1) = e, we have from (8.5),
|x'|
|Al < C(Mgl+1g1) < CIC]I(

We have to verify (6.5). We have that |g| < 1 since K§' < €; < 1, so
|A| + Ix/l IXI IQI lq| 1 1 1
_— 1 C—<C|— —

s s )t s K + 'K +K4

< €3 of Proposmon 6.1

provided we increase K still further, which means decreasing 6. We may thus
apply Proposition 6.1 and conclude that

L(x',q,5)— L0, q,s) <
_of 1 1 1 1 1 K
Cslq| _+—+—+ +_+KT€’+? .

Recalling that p = K3/* and comblmng the above with Lemma 8.3, we obtain the
desired result again, if necessary, by increasing K and decreasing &'. U

9 Proof of Theorem 1.5

We consider 2 bounded. The proof for unbounded €2 goes the same. Following
the notation in the introduction, we need to prove that 5(y) is a Lipschitz function
on 0€2. Namely, we need to show that there exist some positive constants K and §
such that for any y € 9€2,

.1 s() =s(M+Kly—yl Vyed, [y—yl=é.

As before, by making a change of variables, we may assume without loss of
generality that y = 0 € 902, 5(y) = 1, and, for some ¢y > 0, £(y,t) = te,
for all —eg <t < 1+ ¢y. By our result in Section 3 on the existence of special

coordinates, we may also assume, for all —¢p < ¢ < 1+ €, that (4.1) through (4.6)
hold.

We may assume that for some €; > 0, f(x) is a C*>!'-function defined in
Ix'| < €, x’ € R £(0) =0, VFO) =0, and {(x/, f(x) : |x'| < € }isa
local representation of 2. In the following, as before, we use &(x’, t) to denote
E((x', f(x"), t). With this notation, we have

E(',0) = (', f(x)
and, by Lemma 2.2, .
EX,0)=VX),

where V (x') is the vector field given in Section 2.
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To prove (9.1), we only need to show that for some constants K and &, depend-
ing only on d€2 and ¢, we have

9.2) dist(dQ, 6(x', 1 + K|x']) < 1 + K|x/| Vx| <.

We put together the results of Sections 4-7.

In the proof of Theorem 1.5 we distinguish two cases:

Case 1. There exists some Q € 92\ {0} such that dist(0 to e¢,,) = dist(Q toe,).
Case 2. Forall y € 922\ {0}, we have dist(0 to e,) < dist(y to e,).

In Case 1, we may assume, because of Proposition 5.2, that Q = (g, f(q)) for
some g € R"~! satisfying |§| < €;/9, where €| is that of Proposition 6.1.

Since
dist(0 to e,) = dist((x’, f(x")) toe,) V|x'| <&,
we have
f@=r@. f&)=f&)vxl<é,
and

- 1 -
(f = D) = 5 Urarp = frang) O Xaxp + o(x'1%).

Recall that A > 0 is the least eigenvalue of (( fo(,Xﬂ — fxaxﬁ)(o/ )). We thus have

- R 1 R .
0=(—-HN@Q = 5x|q|2 + 0P
and therefore
r<Clql,

where C depends only on the C2!-norm of f and f.

Let €, 5, and K be the positive constants in Proposition 7.1; then, by Proposi-
tion 7.1,

dist((x'+¢, f('+ @) o (', 1+ Kx') < 1+ KI[x'|,  VIx'| < min{5, €|G]}.

For |x'| > €]g|, we have, by the above,

, €
x| > —A.
C
Let €' = €/C; we have, by Proposition 8.1, for some K and " depending on €,
distE(x", 1+ K|x'Dtog) < 1+ K|x'| Ver<|x'|<¥.

Thus we have established (9.2) for § = min{8, '} and some positive constant K.

In Case 2, we have, by Lemma 4.12, A = 0. The desired estimate (9.2) then
follows from Proposition 8.1.
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10

In this section we consider the general case
(10.1) Hx,u,Vu)=1 inQ,

a bounded domain in R” with 9Q in C*'. In Theorem 10.5, under certain strict
conditions, we find a positive viscosity solution u satisfying

(10.2) u=0 onaS2,
and show that for its singular set X,
(10.3) H"'(¥) < 0.

We then derive Propositions 1.8, 1.10, and 1.11 of Section 1.4.
We shall make two conditions. The first is Situation A of Section 1.4, which we
repeat here as follows:

ASSUMPTION lO.l The function H (x, ¢, p),t € R, p € R”", is assumed to satisfy:
For every x in €2 the set

Vi=A{t.p): Hx,t,p) < 1}
is a convex set in R x R"*! lying in a fixed downward cone
(10.4) Ipl <k(C;—1t), t<C;withk,C, >0;
see Figure 10.1 below. Thus r may be unbounded below in V,. The boundary
of V,,
Se={(t, p): Hx,1,p) =1},

is assumed to be a smooth, strictly convex hypersurface in (¢, p)—space with posi-
tive principal curvature for 7 in the region

(10.5) —-1<t<C(C

uniformly for x in Q. Furthermore, the origin in R x R” lies in V, and is bounded
away from S, by some number

r0>0.

In addition, H (x, ¢, p) is smooth in a neighborhood of Ux Sy. See Figure 10.1, for
example.

Thus a common assumption that H is monotone in ¢ does not necessarily hold
here. Under another assumption on H we construct a viscosity solution; it need
not, however, be unique. As we have said in Section 1.2, the function H (x, t, p) is
not so important; the important things are the sets V.

Because of Remark 1.7 we may take H to be homogeneous of degree 1 in
(¢, p). It is thus completely determined by the S;. From now on we assume this
homogeneity.
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t

(€1,0)

Vi S,

0
FIGURE 10.1

Our way of studying the problem is to set up a related problem in one higher
dimension—in R x Q: For 7 € R, given a function u in €2, we define z in R x Q
by

z2(t,x) =e'ulx).
Multiplying equation (10.1) by e*—recall the homogeneity condition—we obtain
H(x,e'u,e*Vu) = e*,
that we rewrite as

(10.6) e "H(x,z;,Vyz) = 1.

This is a Hamilton-Jacobi equation in R x 2 for z, and we solve it under the
boundary condition

(10.7) z=0 onR x9Q.

As in Section 1, the solution involves the support function

ox,T;8,V) = sup  (st+v-p)
e "H(x,t,p)=1
=e' sup (st+v-p)=e‘px;s,v)
H(x,t,p)=1

where ¢ is the support function of S, :

px;s,v)= sup (st+v-p).
H(x,t,p)=1

According to Section 1, which uses formula (55)" of [12, p. 132], the viscosity
solution of (19.6) and (10.7) is obtained using curves (w(¢),£(t)) and 0 <t < T
lying in R x © with

(10.8) w0) =1, §0)=x; wT)=un, §T)=yco2.
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The solution is given by
T
(10.9) z2(t,x) = inf inf/ e"VD(E(t); —, —£)dt .
neR,yedQ (w,§) 0

Here inf,, ; means infimum over curves satisfying (10.8). By remark 5.5 in [12], z
is a viscosity solution even though R x € is unbounded.
Note that

(10.10) z2(t,x) =e'z(0, x) .
This follows from the following:

Remark 10.2. If (w(t), £(¢)) is an eligible curve in (10.9) for z(z, x), then (w(¢) —
7, £(t)) is one for z(0, x).
We are really only interested in
(10.11) u(x) :=z(0, x)
because of the following:

CrLAM 10.3 Since z(t, x) is a viscosity solution of (10.6)—(10.7), u(x), given by
(10.11), is a viscosity solution of (10.1)—(10.2).

PROOF: This is easily seen. For instance, to check that u is a viscosity sub-
solution we have to show that for any ¢ € C!(Q) such that u — ¢ has a local
maximum = ( at some point x( € €2, necessarily,

(10.12) H (xo, u(x0), Vo(xo)) < 1.
To see this for such a ¢, consider
¢(T,x) = e p(x).

Because of (10.10), z — ¢ has a local maximum = 0 at (0, xp), and since z is a
viscosity subsolution of (10.6),

H('x()v ()51’ (O’ xO), Vx¢(07 XO)) S 1 ’
i.e., (10.12) holds. il
Turning now to the singular sets of z and u, we see from (10.10) that the singular

set & of z is a straight cylinder with generators parallel to the 7-axis lying over the
singular set ¥ of u. Thus if we know that

(10.13) H"(Z) < 00,
it follows that
H"'(Z) < 00,

our desired conclusion (10.3).
Indeed our main result, Theorem 1.5 of Section 1, yields exactly (10.13).
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Wrong. We have to be more careful: the domain R x €2 is not bounded and we
cannot apply our Lipschitz continuity result of Theorem 1.5 in Section 1; it holds
for compact subsets of the boundary.

We are thus led to add a further restriction on the sets V, relative to the do-
main £2: Set

T
C =sup inf inf / 0(E(1); 0, —£(1))dt .
xeQ yedQ & 0
£(0)=x
&(T)=y
This is the shortest distance from x in  to 92 in the restricted Finsler metric

@(E(1); 0, —(1))dr.

Next, consider the support function ¢(x; s, v). From its definition, we have
(10.14) co(|s| + [v]) < @(x;s,v) < Co(ls| + |v])
for suitable positive constants ¢y and Cy. Set

o:= sup .
e(x;s,v)=1
xeQ
The additional condition we impose is as follows:

ASSUMPTION 10.4 oC < 1.

Assumption 10.4 may be expressed more directly in terms of the sets Sy: For
any x € Q denote by ¢ = 7(x) the point (7, 0) on S, with 7 > 0. Since for every x,
H (x,t, p) is the support function of the convex hypersurface

Sy ={(s,v) s @(x; 5,0) = 1},
it follows that

1=H(x,t,00= sup st
o(x;s,0)=1

is achieved at a point where s = 5, the maximum value of s on S.. Thus7 = 1 /s
and so

— =min7(x).
o xeQ

Hence Assumption 10.4 is equivalent to the condition

min7(x) > C.
xeQ

We now state the main result of this section.

THEOREM 10.5 Under Assumption 10.1 and Assumption 10.4, problem (10.1)—
(10.2) possesses a positive viscosity solution and its singular set . satisfies

H"'(¥) <.
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The proof of Theorem 10.5 is based on Lemma 10.6 below; we assume As-
sumption 10.1 and Assumption 10.4.

For x € 2 fixed and 0 < ¢ fixed, so that
l1+06C

>
consider a competing curve (w(t), £(¢)),0 <t < T, such that w(0) = 0, £(0) = x,
w(T) =, E(T) =y € 912, and such that

(10.15) o(C+e) <

T
(10.16) f e"DpE@); —w(t), —E(1))dt < C + €.
0

By our definition of C, such a curve exists. Let us normalize the parameter ¢ so
that

(10.17) PE@); —b(1), —E(0) = 1.
T is of course unknown.
LEMMA 10.6 In the situation above,
(10.18) T, lw()| < C(C,0).
PROOF: By the definition of o, because of (10.17),
—w() <o.

Thus
w(t) > —ot
and inserting this in (10.16), we obtain
_ r 1
CH+e> / e ldt=—(1—e°T).
0 o
Using (10.15), we find
o—oT o 1—0C ’
2

from which a bound for 7', as in (10.18), follows. By (10.14)

1 T
lw()] < — andthus |w()| < —,
Co Co
completing (10.18). 0

We have proven that if we consider competing curves for z(0, x) with “lengths”
close to z(0, x) then, on them,

(10.19) lw| < Cy uniformly in x.

By Remark 10.2 it follows that for |7| < 1 if we consider competing curves for
z(7, x) in (10.9) with lengths sufficiently close to z(z, x), then on these

(10.20) lw| < C; uniformly in x .
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FIGURE 10.2

We are now in a position to give the following:

PROOF OF THEOREM 10.5: We change S, to S, by making it bounded from
below. We can do so with Assumption 10.4 unchanged for S,. This can be done
by taking § > 0 very small and changing S, smoothly (also in x) so that it is
unchanged for t > —§ but does not extend below ¢ = —24. It is clear that Assump-
tion 10.4 still holds if we take § > 0 small and change S, properly. By Remark 1.7
we may assume that S, satisfies this additional property.

Finally, we construct a bounded domain D in R"*+! over 2, with the C>!-
boundary, which agrees with the cylinder when |7| < 2Cj,, as pictured in Fig-
ure 10.2.

In D we solve (10.6)—(10.7) by the formula (10.9) where the curves (w(¢), £(t))
go from (7, x) to the boundary of D, obtaining function z.

As we indicated previously, u(x) = z(0,x) is then a viscosity solution of
(10.1)—(10.2). Applying our main result, Theorem 1.5, to z in D, we see that
the singular set ¥ of z has

H'(2) < 00.
Now (10.10) holds for |t| < 1 and hence, for |t| < 1, the singular set of z is a
finite cylinder over the singular set ¥ of u = z(0, x). Consequently,

H"'(¥) < 00,
and we are through. U

CONJECTURE 10.7 Theorem 10.5 holds merely under Assumption 10.1.

PROOF OF PROPOSITIONS 1.8 AND 1.10: From the conditions in these propo-
sitions it is clear that Assumption 10.4 is satisfied. Thus Theorem 10.5 applies,
proving the propositions. U

PROOF OF PROPOSITION 1.11: For dy small we verify Assumption 10.4 by
showing that C is small. Namely, from any point x € ' we join it to y on 9’
minimizing |y — x| by a straight segment

E)=x+t(y—x), 0<tr<1.

Then its Finsler length from y to x is

1
/ 9 (@);0,x —y)dt < Cody
0
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by (10.14). Hence

C < Cody;
it follows that for dy small, depending only on H, Assumption 10.4 holds and
Theorem 10.5 applies. O

PROOF OF PROPOSITION 1.12: As usual, we may suppose that the set
V={tp :H@t p) =1}

is bounded and satisfies Assumption 10.1 as in the proof of Theorem 10.5, and
that H is positive homogeneous of degree 1. As in the proof of Theorem 10.5 we
consider the H-J equation (10.6) involving the extra variable t:
e_rH(Z‘ra VXZ) = 1 k]
and consider the solution given by (10.9).
First we obtain a bound on
u(x) =z(0,x).
To this end we consider a competing curve of the form
w@)=—Art, Et)=x—-—1V, 0<t<T,
where V is a constant vector in R” and
_dv()
AV
Here dy (x) is the length of the segment from x in the direction V until it hits 9€2.
The curve is an eligible one and its length

T
L :f e Mph, AV) = (1, V)(1 —e ).
0

We now choose V' so as to minimize ¢(1, V).
Letting

o= max s,
p(s,v)=1

it’s clear that
¢, V)>=1VV and rnvingo(o*, Vy=1,

SO :
ming(l, V) = —.
1% o
Now fix V so that |
o
Since 7 < 7, V # 0. Recall that o = 1/7. Thus

L:t_(l—e_d\v%)zt_—a, a>0,

and hence
u(x) =z0,x) <t —a.
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We now follow the proof of Theorem 10.5. Consider a competing curve
(w(),§()), 0 < ¢ < T, satistying w(0) = 0, §(0) = x, w(T) = p, §(T) =
y € 02 and such that

T
(10.21) / " Do(—w; —€)dr <7 — %
0
As usual, we normalize the parameter ¢ so that
p(—w; —€) =1.
LEMMA 10.8 In the situation above,
(10.22) T, |w(t)| < C independent of x.

PROOF: It is the same as that of Lemma 10.6. Namely, we have
) 1
—w <0 =

Thus
w > —ot.
Inserting this into (10.21) we find

_ a r T 1
f——> / e’ Odt > / e ldt = —(1—e°T),
2 0 0 o
ie., _
e—oT > t_a .
-2
The bound for T in (10.22) follows. Then, as before, we have |w(f)| < 1/cp, so
lw(t)| < T/co. Lemma 10.8 is proven. ]

The proof of Proposition 1.12 then proceeds as in the proof of Theorem 10.5.
g

The assumption 7 < 7 in Proposition 1.12 seems strange. However, in the case
f = £, our method of proof must fail. Indeed, if we take
(10.23) H(t. p) = (i + |pl)?
the corresponding Finsler metric is
e"p(—ib; =) = " (10 + £ )

in R x € and is, in fact, an incomplete Riemannian metric. In the case n = 1 and
Q = (—R, R), then, for R > m, there is no geodesic (w(t), £(t)) starting at (0, 0)
going to the boundary of the strip R x Q. Nonetheless, for a bounded domain €2 in
R", and for H of (10.23), the function

1 if d(x) >

sin(d(x)) ifd(x) <

u(x) =

[SIERSTE]
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where d(x) is the Euclidean distance from x to 0€2, is a viscosity solution of (1.1),
(1.3). In addition, for its singular set X,

(10.24) H"'(¥) < 0.

Indeed,
X=X, UX,

where X = {x € Q : d(x) = %} and X, = singular set of the distance function
to d2. Since X; is contained in the set of the points in 2 of all straight segments
going normal to the boundary and having length Z,

H"'(Z)) < 00.
And by Theorem 1.1 in the introduction, rather, Corollary 1.3,
H" (%) <o00.

We plan to take up the general case f = 7 in a later work.

Appendix A: About Remark 1.2; Examples with C>* Boundary

We start with n = 2. Essentially the same examples work for n > 3. For
O<a<oa—+3<1,let

f)=1—+v1—-x2—gkx), xeR,
where
g(x) = [x 732 + sin(|x| 7)) .

Clearly f is smooth in (—1,0) U (0, 1) and

@) =x g+ 0(xP’) = 0(xD,

') =1-g"(0)+ 0% =0(),

g'(x) = O(lx|'"** ),

g"(x) = —€*|x|**sin(|x| ™) + O (|x|*T*) ,

g" () = 0(x|*™h).
It follows from the above that forany 0 < x <y < %,

18" () —g" W = /01 18" (®ldt < C/O1 “'dr < Clx — y|*.

Sog’eC* —%, %) and f € Cz""(—%, %). We also see that for some 0 < § < %,

1
) = 5 vixl<s.

Since 1 —+/1 — x2 is a part of the graph of the unit circle centered at (0, 1) and
f(x) <1 —+/1 — x? with equality holds only at x = 0, we can construct a strictly
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FIGURE A.1

convex C>* domain Q that has {(x, f(x)) : |x| < 8} as a part of its boundary 3<2,
and
dist((0,1), Q) >1 VQ €92\ {(0,0)}.
See Figure A.1.
Clearly, m(0, 0) = (0, 1). We will show that there exists some positive constant
¢ > 0 such that for any 0 < x < § satisfying cos(x ™€) = 0 and sin(x ™€) = 1, we
have

(A.T) im(x, f(x)) = (x, fC))] < 1 —clx|*™.

This implies that m is not in C# for any B > o + €. Indeed, for x; = (2km +
%)_1/6 — 0as k — oo, we have, for large k,

Im(xr, f(xx)) —m(0,0)] > [m(0,0)] — |m(xx, f(xx)) — (xx, f(x0))]
— [, f ()]
>1— (1 —clx|**) — Clxgl

= clxg|*TC — Clxy|

a+e

v

|k |

|G, £ Fe

In the following we establish (A.1). The curvature of the graph of f is given by
f// (x)
V14 f(x)?

k() = ")+ 0(*) =1 —g"(x) + 0(x?).

v
Ao o

k(x) =

Thus
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Since cos(x, ©) = 0 and sin(x, ) = 1, we have
k(x) =1—g"(x) + 0(x*) = 1+ x*T + 0 (x**) .
This implies that
Im(x, f(x)) = (x, f))] < 1 —€xF + 0+,
from which (A.1) follows.
For n > 3,
f@=1-yI-|xP-gx), xeR",
where
g(x) = x[7**F 2 + sin(|x| 7).

We still have f € C>®, and we can still construct  essentially the same way.
For x = (x1, ..., x,,), considering the curve, ((x1,0,...,0), f(x1,0,...,0)), we
already know that for x; > 0, cos(xj) = 1, and sin(x]) = 0, the curvature of the
curve is > 1 + ¢|x;|%"¢ for some constant ¢ > 0, and therefore, for such xi,

|m((x1,0,...,0), f(x1,0,...,0)) = ((x1,0,...,0), f(x1,0,...,0)] >

C
—|xg [0

5

Som isnotin C# forany B > a + €.

Appendix B

LEMMA B.1 Let X be the set of k x k real matrices. For A € X, A positive
definite, consider the following linear equations for X € X:

AX=X"A.

The dimension of the space of solutions is @
PROOF: Let Y = AX. Then the equation takes the form YT = Y, i.e., Y is
symmetric. The dimension of the space of real symmetric matrices is @ g

LEMMA B.2 Let A be a k x k real, symmetric, positive definite matrix, and let D
be a k X k real, antisymmetric matrix, i.e., D' = —D. Then the dimension of the
space of solutions to the following linear equations

XTA—-AX=D, XeX,
- k(k+1)
is =5—.
PROOF: Both sides of equations are antisymmetric, so the number of equations
is &2_1) By Lemma B.1, the dimension of the kernel is Lz“) The lemma follows

sincedimz'\.’:kz:@—i—@. O
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Appendix C: Path-Connectedness of X

In this appendix we give a proof of the path-connectedness of the singular set
Y, as mentioned in the introduction.

PROOF: The proof is based on Lemma 4.1, the continuity of the map y —
m(y) for y € 9€2. Suppose X and Y are points in . Connect them by a smooth
curve lying in €. It suffices to show that if we have a smooth arc x(¢) lying in G
except for its endpoints, Xy and X, which lie in X, then X, can be joined to X;
by a continuous arc lying in X.

Consider the smooth arc x(¢), 0 < ¢ < 1, with X(0) = X, X(1) = X;. For
every ¢ in (0, 1) there is a unique point y(¢) on 9€2 that is the closest point on 92
to x(¢). Clearly, y(¢) is a continuous curve for 0 < ¢ < 1.

Ast — 0, y(t) need not have a unique limit. Choose a sequence f; — 0,
tir1 < t;, so that y(¢;) converge to some point yo. We have

m(y(t)) = x(t;) — Xo.

For i > k large, replace the curve y(¢) for t;;1 < t < t; by the shortest arc on
02 from y(t;) to y(t;41). Continuing this for all i > k we get a new curve y(t)
tending to yp as t — 0, and m(y(t)) — X as t — 0 by the continuity of the map
y — m(y). Doing the same near the other endpoint, for + — 1, we obtain the
desired arc m(y(¢)) in ¥ connecting Xg to X;. O
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