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ABSTRACT. Let (M, g) be a smooth compact Riemannian manifold without
boundary of dimension n > 6. We prove that

2 2 2 2 2
el ag < K /M {IVgul? + e(m) Ry} dvg + Al a0 142, 11

for all w € H' (M), where 2* = 2n/(n — 2), c(n) = (n — 2)/[4(n — 1)], Ry
is the scalar curvature, K~1 = inf||VuHL2(Rn)||u||2§n/(n72)<Rn> and A > 0
is a constant depending on (M, g) only. The inequality is sharp in the sense
that on any (M, g), K can not be replaced by any smaller number and Ry can
not be replaced by any continuous function which is smaller than Ry at some
point. If (M, g) is not locally conformally flat, the exponent 2n/(n + 2) can
not be replaced by any smaller number. If (M, g) is locally conformally flat,
a stronger inequality, with 2n/(n + 2) replaced by 1, holds in all dimensions
n > 3.

1. Introduction. Considerable work has been devoted to the analysis of sharp
Sobolev-type inequalities, very often in connection with concrete problems from
geometry and physics. See, e.g., Trudinger [44], Moser [34], Aubin [3, 4], Talenti [43],
Brezis and Nirenberg [10], Lieb [32], Lieb and Thirring [33], Carlen and Loss [14],
Carleson and Chang [15], Struwe [42], Escobar [22], and Beckner [8].

In order to fix notation, we recall a classical result. For n > 3 and 2* = 2n/(n—2),
it was shown by Aubin [3] and Talenti [43] that

[Vl L2 @ny

K~' =inf ue L¥ (R)\ {0}, |Vu| € L2(R") 7, (1.1)

||U||L2*(Rn)

where K2 = 4/[n(n — 2)072/ "] and where o, is the volume of the standard n-sphere.
They also showed that the infimum is attained and, modulo non-zero constant

1991 Mathematics Subject Classification. 35J60, 58E35.

Key words and phrases. sharp Sobolev inequality, critical exponent, Yamabe problem.

*Y.Y.L. was partially supported by National Science Foundation Grant DMS-0100819 and
a Rutgers University Research Council Grant. T.R. was partially supported by CNR Fellow-
ship 203.01.69 (19/01/98) and by PRIN 2000 “Variational Methods and Nonlinear Differential
Equations”.



2 Y.Y. LI AND T. RICCIARDI

multiples, the set of minimizers is given by

{Uy,)\ NIVNS an)‘ > O}a
where

Uya(z) = X" 20N — y)),
1 ) n;2

1+ A2|z|?
and A2 = [n(n — 2)]7'K 2. The function U is characterized as the unique solution
of the equation

U(J?) = U071(a:) = (

~AU = K720 ! inR" (1.2)
satisfying
UeDY2R"Y), 0<U<1,

U©o) =1, U? dz=1.
R’n.
A conjecture was made by Aubin [3]: On any smooth compact Riemannian
manifold (M, g) of dimension n > 3, there exists a constant A > 0 depending only
on (M, g), such that

[ullZer (nrgy < KENVgullLoiarg) + Alulisargy: ¥ u € H'(M). (1.3)

The conjecture was proved in [3] for manifolds of constant sectional curvature. He
also proved a weaker version of (1.3), where for any € > 0, K is replaced by K + ¢
and where A is allowed to depend on €.

Various related questions in bounded domains €2 of R™ have been extensively
studied. In particular, the following result was proved by Brezis and Nirenberg [10]:
For n = 3, there exists a constant \* > 0 such that

IVullZs @) = K2 |lullio) + A llullf2) ¥ u€ Hy(9),

where \* depends on ; when Q is a ball, \* can be taken as 172(3|Q|/(47))~2/3
which is sharp. They also showed that for n > 4 and for all ¢ < n/(n — 2),

IVullZe(q) 2 K72 (|ull7ex ) + AgllullFogqy: ¥ u € Hy(9),

where A\; > 0 depends on € and ¢g. On the other hand they pointed out that,
on any €2, such an inequality can not hold with ¢ = n/(n — 2). Further results
were obtained by Brezis and Lieb [9], and closely related ones by Adimurthi and
Yadava [1]. Results of similar nature, concerning the Hardy-Littlewood inequality
for functions with support in a ball of R™, were obtained and used by Daubechies and
Lieb [16]. We refer to Brezis and Marcus [11], Brezis, Marcus and Shafrir [12], and
Shafrir [38] for more recent related works on the sharp Hardy-Littlewood inequality.

The conjecture (1.3) was proved by Hebey and Vaugon [27]. Results of similar
nature for manifolds with boundary were established by Li and Zhu [30, 31], with
improvements given by Zhu [45, 46]. A WP version of (1.3) with p # 2, also
conjectured by Aubin [3], was proved through the work of Aubin and Li [6], and
Druet [18, 19]. Tt should be mentioned that in two dimensions, the corresponding
inequality discovered by Trudinger [44] has also been widely investigated and ap-
plied in its sharp form, due to Moser [34]. A sharp Moser-Trudinger inequality on
Riemannian 2-manifolds was established by Fontana [23], and used by Gillet and
Soulé [25]. Alternative proofs of Fontana’s result and connections to the analysis of
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vortices in the Chern-Simon-Higgs gauge theory were given by Ding, Jost, Li and
Wang [17] and by Nolasco and Tarantello [35, 36].

Statement of the main results. Our main result in this paper is the following
sharp Sobolev inequality on Riemannian manifolds of dimension n > 6:

THEOREM 1.1 (Main Result). Let (M, g) be a smooth compact Riemannian manifold

without boundary of dimension n > 6. There exists a constant A > 0, depending on
(M, g) only, such that for all u € H (M) there holds:

||u||2L2*(M7g) < K? /M {|Vgu|2 + C(”)Rguz} dvg + A”U”%f(M,g)a (1.4)

where 2* and K are defined above, c(n) = (n —2)/[4(n —1)], ¥ = 2n/(n+2) = 2%/,
R, is the scalar curvature of g.

We point out that our proof of Theorem 1.1 does not make any use of inequality
(1.3), which on the other hand is an easy consequence.

REMARK 1.2 (Sharpness). Theorem 1.1 is sharp, in the sense that one can neither
replace K by any smaller number, nor replace R, by any R, + f with f € C°
negative somewhere. Moreover, if (M, g) is not locally conformally flat, one cannot
replace T by any smaller number.

The case of locally conformally flat manifolds is completely described by our next
result:

THEOREM 1.3. Let (M, g) be a smooth compact locally conformally flat Riemannian
manifold without boundary of dimension n > 3. There exists a constant A > 0,
depending on (M, g) only, such that for all u € HY(M) there holds:

||UH%2*(M’9) < K? /M {IVoul® + c(n)Ryu®} dvg + AHUH%I(]\J,g)' (1.5)

In view of the work of Schoen [39], we expect a positive answer to

QUESTION 1.4. For locally conformally flat manifolds and for manifolds of dimen-
sion 3 < n < 5, are there some Sobolev type inequalities involving global geometric
quantities?

For manifolds with positive total scalar curvature [ v Bgdvg, a natural global
geometric quantity is the “mass”, which corresponds to the leading term of the
regular part of the Green’s function for the conformal Laplacian, see [39, 28].

The sharpness of Theorem 1.1 as stated in Remark 1.2 can be deduced from the
following expansions due to Aubin [4] (see also [5, 28]). Let P € M, A > 0 and let
h be a Riemannian metric on M; denote by flhp’ 5 the “h-bubble” defined for x € M
by

n—2

h = A N
pal(e) = (1 n (,\A)2disti(x,P)> '

Let 1 be a smooth cutoff function supported near P, and set E’g, \ = nflh)’ s+ Then,
as A — oo,

K2 — 3, [Wi(P)]2A~ + o(A~4), ifn>7,

1.6
K2 — 4, |[Wh(P)]2PA"*log A + o(A"*log \), ifn =6, (16)

Yh(gz}é)\) = {
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where v, > 0 is a dimensional constant, W},(P) is the Weyl tensor of h at P and
Y}, denotes the Yamabe functional:

— Ja IV hul? 4 e(n) Ryu?} doy,

. 2/2% )
(fM [ul?* duy,) !
To see the sharpness of Theorem 1.1, we note that if K is replaced by any smaller
number, then (1.4) is violated by u = &%, for large A (fixing any P € M); if R,
is replaced by R, + f with f(P) < 0 for some P € M, then (1.4) is violated by
u =&Y, | for large \; if 7 is replaced by some 1 < s < 7, then we have [|{%,, ||+ (ar) =
o(||§p,k\ L7(m)), and thus inequality (1.4) and (1.6)—(1.7) imply that |[Wy(P)| = 0
for all P € M, i.e., (M, g) is locally conformally flat.
In view of (1.6) and our results we expect a positive answer to

Yy, (w) uwe HY(M)\ {0}. (1.7)

QUESTION 1.5. Are there some refined versions of (1.4) involving the Weyl tensor?

Outline of the proofs. We first sketch the proof of Theorem 1.3, which is simple,
and relies on a “local to global” argument, given in the Appendix. By a local to
global argument, we mean that we first establish the inequality for all functions
u € H'(M) supported in a ball of fixed diameter ¢ > 0, and then we extend the
inequality to arbitrary u € H'(M). Another ingredient is the following well-known
transformation property of the conformal Laplacian, see, e.g., [40]:

—Azu+ e(n)Ryu = o' 72 {=Ap(up) + c(n) Ry (up)}, (1.8)
for all u € HY (M), where h = o "=2h o € C=(M), ¢ > 0.

Proof of Theorem 1.3. Since (M, g) is locally conformally flat, for some € > 0 in-
dependent of P € M, we have (B.(P), g) = (B, ¢*™=2¢), for some ¢ > 0 (under
control), with £ the Euclidean metric. Since

(/ 2 dz)¥? < K2/ |Vaul? dz, Yu € H}(B),
B B
we have by (1.8),
([ P dn 2 <K [ (9l ) Ry vy, Y€ HY(BAP)).
B.(P) B.(P)
Now Theorem 1.3 follows from the above and from Lemma 7.1 in the Appendix. O

The “local to global” approach has been systematically used by Aubin [3], Hebey
and Vaugon [27], Aubin and Li [6], Druet, Hebey and Vaugon [20], and others. In
[30, 31], Li and Zhu introduced a global approach by attacking the problem directly
on the whole manifold. Such an approach should be useful in obtaining a positive
answer to Question 1.4, since the inequality would involve global quantities and
therefore could not be obtained by a local to global approach.

We shall now provide a brief sketch of the proof of Theorem 1.1, which will
occupy the main part of this paper. For simplicity of exposition, we shall restrict
ourselves in the present sketch to the case n > 7. We argue by contradiction, and
we take a global approach. Namely, for all & > 0 we define:

- fM{‘vg“P + c(n)Rqu} dvg + O‘HUHQLF(M

I (u) 9) - we HY(M)\ {0}.

e )
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Negating (1.4), we assume that

inf I,<K™? Va>0. (1.9)
H*(M)\{0}

It is straightforward to check that inequality (1.4) holds for the family {tfi%’ N
defined above, uniformly in ¢ > 0, P € M, A > 0. The underlying idea of the proof
is that if (1.9) holds for all & > 0, then for all & > 0 there exist minimizers u, of
I, which approach {tg% A} as a — +00, and the convergence rate is sufficiently
rapid to ensure that for some suitable A > 0, u, also satisfies (1.4), uniformly in .
But then o < C, a contradiction.

In Section 2, for the reader’s convenience, we establish some preliminary results
by suitably adapting to our needs some well-known techniques from [44, 4, 10, 27,
6]. We show that (1.9) implies the existence of a minimizer u, € H'(M) for I,
satisfying uq € H(M), uq >0, [,,u2 dvy, =1 and such that
(n—2)/2 1

e = mj‘z/}xu; = ug(4) " — 0.

We fix some small dp > 0 which depends only on (M, g). We show:
IVo(ua =7 —llL2(s) T llta =€ allier (5, =0

ni =P Pu(expd, (pa ) = U in CEo(R™).
The C2(R™)-convergence and a change of variables imply the lower bound:
luallnr gy = C . (1.10)
In Section 3 we prove the uniform estimate:
ua () < Cult=22dist (x,2,)*>", Vo € M.

This estimate ensures a suitable decay of u, away from x.; it is a key step. We
note that pointwise estimates for minimizers to critical exponent equations have
been established and used by Brezis and Peletier [13], Atkinson and Peletier [2],
Rey [37], Han [26], Hebey and Vaugon [27], Li and Zhu [30, 31], Aubin and Li [6],
and others. We derive our pointwise estimate along the line of [30, 31], by working
directly on u,; new ingredients are needed in deriving our estimate.

In Section 4, in order to simplify calculations, we introduce a conformal metric
g =Yg with ¢ € C®(M), P(za) = 1, 2 <9 <2, [¢]c2 < C, such that
R =0 in Bs,(x,). Our pointwise estimates in Section 2 allow us to adapt ideas of
Bahri and Coron [7] to make an energy estimate of the difference: u, /¢ — tafga A
in a small ball Bs, (2,), where 6, € [00/2,00], ta > 0, 3 Za — 2ol — 0, Ao >0
are “optimal” in a suitable sense. The main result of Section 4 is the estimate for
the projection g /1) — tafga,xa on H}(Bs, (z4)), denoted w,, as in Proposition 4.1.

In Section 5 we show that by choosing a “good radius” 6, € [d0/2,00], the
“boundary part” of uq /¥ — tagga)\a may be controlled in H'(dB,), see Lemma
5.3. For n > 7, the estimate resulting from our pointwise estimates, Proposition
4.1, Lemma 5.3 and taking into account (2.10) is given by:

U

||V§(E —tald A )2(Bs, (@a)) < C(Mi +(1+ u;2+5)a\|ua||%;(M,g)), (1.11)
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where = (n—6)(n—2)/[2(n+2)] > 0 is strictly positive, since n > 7. By carefully
exploiting orthogonality, we prove the following lower bound:
Yy(ua) > Y5(€2 5 )+ O] Vgl

Uq

" —tald 2By, o)) + e %), (112)

see Proposition 5.1.
At this point we have all the necessary ingredients to conclude the proof in the
case n > 7. We note that the contradiction assumption (1.9) implies:

K2> In(uq) = Yy(ua) + of|ual

2
L7(M,g)

By the above inequality and (1.12), we obtain
allualltrarg) <K = Y5(67, 5.) (1.13)

ui n—2)

+ Clall Va5 = ta&h, 2 la(Ba, a) + s
By (1.6) (or an easy calculation since we do not need the explicit coefficient of A=%),
K72 = Y5(€8, \ )l < Cui. (1.14)

Inserting (1.11) and (1.14) into (1.13), and recalling that 5 > 0, we derive
(1 +o(1))e[ual

2LF(M,g) < Cug,.

In view of (1.10), the desired contradiction o < C follows, and Theorem 1.1 is
established.

Finally, Section 6 is devoted to the proof of Theorem 1.1 in the remaining case
n = 6. This is more delicate than the case n > 7. Nevertheless, we can still
obtain the inequality (1.4) with the aid of a uniform lower bound, reminiscent of
an argument in [30].
Notation. Henceforth, C' > 0 always denotes a general constant independent of «,
and subsequences of & — 400 are taken without further notice. Denoting by (2, k)
a Riemannian manifold (possibly with boundary), we set

i Op 0
(o= [ VgV, = [ W9ZETE du, Ve,w e HY(@),
lelln = V{e, o, Vo € Hy ().

We note that the metrics g and g defined above are both equivalent to the Euclidean
metric £. When the specific metric is clear from the context, or irrelevant up to
equivalence to g, we do not indicate it explicitly. Furthermore, for ¢ > 1 we denote:

||<P||q = ”SDHL‘I(Ba)a

1/2*/ 2

Yy n
I U2 a4 , 2*/: 7
2% ua </B“_1(0) y) n+2

where U is the standard minimizer on R™ defined above.

For ease of future reference, we prove our estimates for n > 3. Moreover, we
obtain our estimates for a general exponent r € (1,2), which could even depend
on « (this will also be convenient for the local to global argument sketched in the
Appendix). The actual value r = 7 = 2n/(n + 2) and the condition n > 6 are used
only in the final part of the proof of Theorem 1.1, in Section 5 and in Section 6.

o
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Theorem 1.1 in the case n > 7 has been presented at the 966th AMS Meeting at
Hoboken, NJ; April 28-29, 2001. The results in the present paper were announced
in [29)].

2. Preliminaries. The preliminary results in this section are obtained by adapting
standard methods to our situation, see, e.g., [44, 4, 10, 27, 6]. For the reader’s
convenience, we sketch their proofs. Throughout this section, we assume n > 3.

For every a > 0 and for r € (1,2) (possibly depending on «) we consider the
functional:

fM{|vgu|2 + c(n)Ryu?} dvg + O‘HUHLT(M)

Io(u) =
[l o
defined for all w € H' (M) \ {0}. If (1.4) is false, then for all o > 0 we have
inf I, <K 2.1
H\(M)\{0} &

PROPOSITION 2.1 (Existence of a minimizer). For all o > 0 there exists a non-
negative minimizer u, € H'(M) such that

Io(ug) =ty = inf I, < K72
H(M)\{0}

/ u? dvg = 1.
M

Moreover, u, € C>"~Y(M) is a classical solution of the Euler-Lagmnge equation:

—Agua—|—c(n)Rgua—|—o¢||ua|L,(M) =t Tt on M. (2.2)

Proof. By homogeneity, it is equivalent to minimize I, on the set
A={uecH (M): /M lul?" dv, = 1}.

However, A is not sequentially weakly closed in H'(M). Therefore, as usual, for
fixed o and for all 1 < ¢ < 2* we define:

Ay = {ue H'(M): / lul? dv, = 1}
M
and we consider the functional
L IV gul? + e(n)Ryu?} dug + a( S lul” dvg)

(fM |ul? dvg)Q/q

on A,. By standard arguments inf 4, I, is attained, i.e., for every 1 < ¢ < 2* there
exists uq € Ag such that

2/r

Iy(u) =

I (ug) =inf I, =: £,.
Aq
The minimizer u, satisfies the Euler-Lagrange equation:
—Agug + c(n)Ryuq + a”“q”m(M ul~t =14, ud” ! on M. (2.3)

The sequence ug is bounded in H L(M); therefore passing to a subsequence we can
assume that there exists u, € H'(M) such that u, — u, weakly in H(M), strongly
in L?(M) and a.e. Since for every fixed u we have I,(u) — I,(u) as ¢ — 2%, it is
clear that

limsup{, < 4, < K2,

q—00
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Consequently, for every 0 < 2* — g < 1, we can apply the Moser iteration technique
to (2.3) to derive a uniform bound sup,; u; < C(a), where C(a) > 0 is a constant
independent of ¢ (see, e.g., [6]). Then by dominated convergence, u, € A and by
weak semicontinuity I, (uq) < liminf ¢, < ¢,. The u, is a desired minimizer.

The proof of the existence of the minimizer shows that u, is in L°°(M) for every
fized . Then standard elliptic theory implies that u, € C*#(M) for some 0 < 8 <
1. Therefore u’,t € C%"=1(M), and by Schauder estimates u, € C*"~1(M). O

REMARK 2.2. Since 0 < r—1 < 1, the nonlinearity u"~! is sublinear and therefore
we can not use the mazimum principle to conclude ug, >0 on M.

PROPOSITION 2.3 (Standard blowup). As a — 400, we have:

Uo — 0, weakly in H'(M), strongly in LP(M) V1 < p < 2* and a.e., (1)

/ |vgua|2 dvg — K2, (ii)
M

alluallteary — 0, (iii)

by — K2, (iv)

max g — +00. (v)
M

Proof. By compactness, for any € > 0 there exists C. > 0 such that:
Il < [ 1Vl dvy + Colull o
So,

L (1) =l = /M {1V ytual? + c(n) Ryu2 } dv, + allua ]2 (ar)

>(1 = cc(m) mpx [Ryl) [ V0 vy + (0= Co) o,
Fixing a small £ we obtain:
1 2 2 -2
3 " [Vgual” dvg + (o — Ce)”ua”Lr(M) < a(ue) < K77
Consequently,
/M |Vgua|2 dvg < C, a”uaHQLT(M) <C,

and therefore,

/ Uy dvg — 0 as a — +o0.
M

Passing to a subsequence, we have (i). Furthermore, we can assume that for some
0,7n € [0,+00) there holds (along a subsequence):

/|Vgua|2dvg—>9 and a|\ua\|%r(M)—>n, as o — +oo.
M

Proof of (ii)—(iii). We have to show that § = K=2 and n = 0. By the Sobolev
inequality as in [5], for every ¢ > 0 there exists A, > 0 such that:

ol ) < K21 +2) [ 190l vy + Aclftall (2.4)
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Letting @ — 400 in (2.4) we obtain:
1= (/ uZ dvg)2/2* < K?(14¢)6.
M
Sending ¢ — 0, we conclude 1 < K26. On the other hand, we have by definition of
Ug:
[ 190+ clm) Ry doy + el = fo < K2,

Sending o — +o00 we find § +n < K2, Tt follows that # = K~2 and n = 0, as
asserted.

Proof of (iv). This is an immediate consequence of (i)—(ii)—(iii) and the definition
of £,.

Proof of (v). We have:

1= /M u? dv, < (m}\a}mxua)z**r /M ug, dvg = o(l)(m]\%xua)z*”.
O

Our next aim is to show that, after rescaling, the limit profile of u,, is the standard
minimizer U, and that u, approaches this limit “in energy”, as in Proposition 2.4.
Let 2, € M be a maximum point of u,, namely uq(z,) = maxas u,, then by
Proposition 2.3-(v) we have

Lo = Ua(2a) 2P 50 as o — +oo. (2.5)

Let d9 > 0 be a small constant to be fixed below (e.g., less than injectivity radius).
Let (50/2 S (Sa S 60.

PROPOSITION 2.4 (Convergence in energy).

lim {|V9(ua - fza .U'El)|2 + |ua - 55(1 M;l |2* }dUg = 0. (26)

a——+0o0 Béa (Ia

Proof. We consider the following rescaling of u, on the geodesic ball Bs_ (z4):

va(y) = nl" 2 Pua(exp,, (1ay)): Y € Qa, (2.7)
where
Qo = i expy. (Bs. (Ta)) = 1o ' Bs, (0). (2.8)
v, satisfies
— Ay Vo + (M) Ry Vo + a0t = LovE Th in Q, (2.9)
where
9a(y) = glexp, (1ay)), |Ry,| < Cpul,
and

n—2
€a = O‘NZ—TTH’UQH%:(M)-
We observe that the rescaled metric g, converges to the Euclidean metric (J;;) on
R™ uniformly on compact subsets, and it is equivalent to (d;;), uniformly in «, i.e.,
there exists C' > 0 independent of o such that C~'0;; < ga ;;(y) < Cé;;. We claim
that
€a < 04||UaH2Lr(M) -0 asa— +oo. (2.10)
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Indeed, by the definition of ., and g4,

O‘HUtx”er(M)

© (maxpy ug)? T Joy uh dug

and
1 :/ uZ dvg < (mﬂz}xua)g*_r/ Ug, dvg.
M M

Property (2.10) now follows by Proposition 2.3—(iii). By a change of variables,

2 _ 2
/ vy, dug, —/ u, dvg
Qa B

e

and
/Q IV v ? vy, = /B {1V gtial? + c(n) Ry } du,.

Consequently, by the definition of u,,

limsup/ v dv,, <1 (2.11)
a—-+oo JQ,
and by Proposition 2.3—(i)—(ii),
limsup/ Vg Va|* dvg, < K72 (2.12)
a—+oo Ja,

By the definition of piy, v4(y) < v4(0) = 1, thus, by standard elliptic estimates,
there exists v € CL_(R™) such that, along a subsequence, v, — v in CL _(R™), and
v(0) = 1. Furthermore, v satisfies:

2dy = i / 2dy = i li a2d <K 2,
/n |Vou|* dy umn i |Vou|® dy un N um . |Vgav | Vg
(2.13)

and

/ v dy = lim v dy= lim lim v dv,, < 1. (2.14)

R—+400 Br R—+4o00 a—+00 Br

In particular, v € DY2(R"), and taking pointwise limits in (2.9) we find that v
satisfies:

—Av=K %*"!, inR"
0<v<1, v(0)=1

Multiplying the above equation by v and integrating by parts, and recalling the
definition of K we have:
K2 02" dy:/ |Vv|2dy2K72(/ o2 dy)2/2*'
R® R® R®

Therefore, ( [pn v? dy)172/2* > 1, which together with (2.13) and (2.14) implies

Jenv¥ dy = 1 and [, |[Vo|?dy = K~2 and thus necessarily v = U. Since the
limit v is independent of subsequences, the convergence is for all @ — +oo with
Zo — P. At this point, it is intuitively clear that Proposition 2.3—(ii) should imply
the “strong convergence” (2.6); however we face some minor technicality due to the
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fact that v, does not necessarily vanish on 0€),. Using the elementary calculus
inequality:

|la + b7 — [al? — b]"| < C(p)(lalP~b] + |a|p["~),  Va,beR",p>1
with p = 2%, a = U, and b = v, — U, we have:

/Q v — U*" du,, §/Q 02 dvg,, 7/9 U dvg,,

@ a o

+c(/Q U2 Yoo — Ul do,, +/Q Ulve — UI* ~ duy,)

a o

§0(1)+O(/

U? o — Uldu,, +/ Ulve — U* ~tduy,).
Qa

o

The right hand side is easily seen to vanish as a — 4-o00:
/ Ulve — U)* " du,,
Qa

— / Ulve — U[* "t du,, +/ Ulve — U[* ~tdu,,
Br Qo \Br

< / Ulve — U* ~tdu,,
Br
+(/ U dvga)l/Q*(/ [ve — U[* dvga)l/?l
Qo \Br Qa\Br

§/ Ulve —U|* ~tdu,, +C U? dy.
Br R"\BR

By taking R large, the second integral can be made arbitrarily small; then, by
Cl .-convergence, the first integral is small for large . Hence,

lim Ulve —U* ~tdu,, =0.

a——+o0 Q

Similarly, one easily checks that

lim U? "o, — Ul dv,, = 0.

a——+o00 Q

The strong convergence of the gradients is straightforward:
[ Vol =0)- 90Uy, < [ (V5,000 = 0)IIV,, Ul
a R

+ (/Q . |Vga(va—U)|2dvga)l/2(/ IV, U2 dv,. )2
o R

Qqa R

<[ ¥ouloa = DI Uldey, +C( [ [VUPay)*?
Br Q

a\BR

and therefore

lim Vo (Vo —U) - Vg, Udvg, =0.

a——+00 Q
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Consequently, by (2.12) and since [, |V, U|* dvy, — K2, we conclude:

S Vst = )Ry, = [ (9, / V., U du,
Qo

Qo
-2 / Ve U)- Vg Udvg, <o(l),
and (2.6) follows after a change of variables. O

COROLLARY 2.5 (One point concentration for u,). For any e > 0 there exist 6. > 0
and ae > 0 such that

/ {|vg“a‘2+ugj}dvg <e
M\Bua/és ("Ea)

for all o > a.. In particular, for any fixed p > 0,

lim IV gual? + 12} du, = 0.
a——+00 M\B,,(m(,){ 9 } 9

Proof. For any € > 0, by (2.6) and a change of variable, there exists 6. > 0 and ol
such that for all & > o,

/ IV, ua|Pdv, > / VU - Sk
B[.La/(;g (Irx) R 4

/ ugdng/ UQ*—Ezl—
Bl /50 (2a) 4

Recall that [, |Vgua|?dvy, — K=2 and [,, u2 dv, = 1, we can take some a. > o,
such that for all a > a,

/ {IVgual? —&—ui*}dvg <e.
M\B,, /s (Ta)

W

and

= ™

O
COROLLARY 2.6. For any fized p > 0,
QEIE [uall Lo (a\B, (za)) = 0-
Proof. Equation (2.2) implies the differential inequality
—Agug + [e(n)Ry — Lau? "Hue <0 on M.
By Corollary 2.5 we have, for all z € M \ B,(z,), that
||U(2;_2| Ln/2(B, s (x) = ||UaH2L*2:(2Bp/z(m)) < HU’QHL?*(M\BP/Q(JC(,)) = o(1). By Moser

iterations, we derive
[uallLe(B,,4) < CluallLi(s, a@) < Clluallian,

and the claim follows by Proposition 2.3—(i). O
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3. Uniform Estimate. The C2 _(R")-convergence of the rescaled minimizer v,
to U readily provides a complete description of wu, in a ball of shrinking radius

By, (2q), for any p > 0. In particular, it implies the estimate:

Ua () = pig "D P, (g (exp,, 9) H@)) < Clp)ug ""P/%, Va € By, (za),

and consequently
Ug () < C(p)ul =2 2dist, (z,2,)%™", Vo € By, (o). (3.1)

Our aim in this section is to show that (3.1) holds uniformly on M. This type
of estimate for minimizers has been obtained by Brezis and Peletier [13] and by
Atkinson and Peletier [2] in the radially symmetric case on Euclidean balls, by
Rey [37] and Han [26] on general domains in R™, and by Hebey and Vaugon [27], Li
and Zhu [30] and Aubin and Li [6] on Riemannian manifolds. Our approach, similar
in spirit to [30], requires new ingredients. Throughout this section, we assume n > 3.

PROPOSITION 3.1. For every « sufficiently large, u, satisfies
Ua () < Cpult=22dist, (z,2,)%"", Vo € M. (3.2)
Here C > 0 is a constant depending on (M,g) only. Consequently, we have the

following uniform estimate for v, :

va(y) < Yy € Q. (3.3)

T Ly
We shall prove Proposition 3.1 by showing that
ue () < Cpo(x), YreM (3.4)
for some ¢, > 0 satisfying:

C =2 dist (2, 24) %™ < @u(x) < Op =2 2dist, (2, 24)* ™, Vee M
(3.5)
for every « sufficiently large. In fact, our main effort will be to construct a suitable
such ¢,. We set

U
Coz = 70‘-
Pa
We have to show (, < C pointwise on M. By the conformal invariance, ¢, satisfies
—Ag.Ca = Lo 2*71 - <P<1>:2* ( — Calgpa + c(n)Ryuq (3.6)

T allualfyuh ) i M (2o},

where g, is the metric conformal to g defined in terms of ¢, by go = gai/ (n=2) g.
Indeed, we have

—A%(pi + C(n)Rga@i =l (= Agutc(n)Ryu), Y ue CHM\ {za}).

@

Taking u = ¢, we obtain
c(n)Rg, = @3_2*(—Aggoa +c(n)Rypa).
Taking u = uy, we find

—Ag,Ca = _‘Pi_Q* Agug — c(n)(Rg, — ;4/(n_2)R9)Ca-
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It follows that

—Ag.Co = (p—(n+2)/(n—2)(_c(n)Rgua aHuaHLr M)u; 1 +5au(2;_1)

+ ‘Pa -7 CaA gPas
which implies (3.6).
By the uniform estimate (3.5), the metrics g, satisfy a Sobolev inequality with
a constant independent of a:

LEMMA 3.2. There exists a constant C > 0 independent of a such that for all
u € HY (M), u=0 in a neighborhood of x4 :

2/2*
</ ul> dv'g\u) <C [ |Vg,ul?dvg,. (3.7)
M M

Proof. It is well-known (see, e.g., Appendix A in [30]) that there exists a constant
C = C(M, g) such that for all 2y € M, u € H'(M), u = 0 in a neighborhood of x(,
there holds:
VT L\
w distg(z, zo)? u distg(z, zo) 2" 4
Now it suffices to observe that by conformality of g, we have:
dvg, = Lp%: dvy and Vg, ul® = 30;4/("_2)|Vgu|2,
and to recall (3.5). O

dv,. (3.8)

At this point it is clear from (3.6) that if we can find a function ¢, > 0 satisfying
(3.5) and such that:

u .
——2 Ay + c(n)Ryuq + oz||ua||LT(M) u’ 7t >0 in M\ {z.}, (3.9)

(03

then the corresponding (, will satisfy:

—Dg.Co <L in M\ {za) (3.10)

/ Ci dvg,, :/ uz dvg <e,
]VI\B;LQ/Sl (Ia) M\B;LQ/Sl (Ia)

(recall Corollary 2.5 in Section 2). For any p > 0, let
2 — 270Dy,
[ il P A
p

By (3.5) we may choose cutoff functions 7; (depending on «) satisfying:
ni=1 in M\ Bg,,,
7;, =0 in M \ Bg,
Vaumil < C(p)2',  |V5 mil < C(p)4’

Then we shall have all necessary ingredients to apply the Moser iteration technique
0 (3.10) and to derive:

LEMMA 3.3. The following pointwise upper bound holds:
(o £C inM\ B, /s,(%a) (3.11)
Proof. By applying Moser iterations to (3.10), see [30] for the detailed proof. O
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Estimates (3.1) and (3.11) will then imply (3.4) and thus Proposition 3.1 will be
established.

We note that (3.9) is trivially satisfied if u, = 0. In (M \ {zo}) N {ua > 0}, (3.9)
is equivalent to:

,Agwa +

Uq

2—r
c(n)Ry + o (UO‘H“M)> 1 o >0, (3.12)

and the operator on the left hand side above is linear in ¢,. Furthermore, the

blowup rate as in (3.5) is satisfied if ,LEE‘")/Z% has the blowup rate of the Green’s

function with pole at 2. In fact, we shall obtain a ¢, of the form ¢, = N((Xn—2)/2Ga,
with G the Green’s function for the operator —A,4-V,, with pole at z, and where

V, is a truncation of the “potential” ¢(n)Ry + a(||ua|lLr(a)/ta)?™" appearing in
(3.12). The detailed proof follows.
We define a function V, in the following way:

. ) 2—r
7o min {c(n)Rg +a (W%M)) ,1} , ifug #0,

1, if ug, = 0.

Note that V,, is Lipschitz on M (with Lipschitz constant depending on «) and it is
uniformly bounded:

—c(n)|| Rylloe < Va < 1. (3.13)
We shall prove (3.4) with ¢, = ,u&niz)/zGa and G, defined in the following
PROPOSITION 3.4. The operators —A, + V., are coercive on HY(M) for sufficiently

large a, with coercivity constant uniform in a. Consequently, for every o sufficiently
large there exists a unique (distributional) solution G, to the equation:

~A,Go+VoGy =6,,, onM. (3.14)

Furthermore, the first nonzero eigenvalue of —Ay + V,, is bounded away from zero
and therefore G, satisfies, for some constant C' > 0 independent of a,

(1) Ga € CRL (M \ {za});

(ii) C~Mdisty(w,20)* " < Golx) < Cdisty(z,24)>™ V€ M;
(iil) uaAyGa < [c(R)Ryta + allua > ul Gy in M\ {zs}.

(03

In order to prove Proposition 3.4 we need the following

LEMMA 3.5. The functions ‘N/a satisfy:
~ 1
li 1, {Vo <=} =0.
Jim voly{Va < 5}

Proof. Note that for every measurable set E such that E C M N {u, > 0} we have
the lower bound:

[ ual Lr(E) = (VOlgE)2/T~
Indeed, using the Holder inequality we find:

r —r r/2 —117/2
VolgE:/E dv, :/Eua/2ua 2 dvg < lluall 2y luz 1175 )

Ly lluat|
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It follows that
(luallzranua ) e = lualn lua® " llere-» s (3.15)
> |lwall7 (g lua ) > |B|2-n2/,

Let Eo :={V, < 1/2}. Then E, C M N {uy > 0} and therefore, by (3.15),

12—r
127

(volgEa) ®™2" < ||(luallz-(anyuia )"l prsc-n (5
On the other hand, since

C1voy 1
[tallzr(anua')™" < 5 +en)[Ry|,  on Ea,

we have

1)2—r|

— 1 el s
al|(Juall L (ar) g Lrie=n (g, < (5 + c(n)|| Ryl L2 (ar)) (volg M) 2=/,

and consequently,
a(vol,E,)? /" < ¢,
for some C > 0 independent of o. Now Lemma 3.5 follows immediately. O

Proof of Proposition 3.4. Proof of the coercivity. For 4 = 1/2 and v € H*(M), by
the Sobolev inequality and a straightforward computation we have:

[ AV + Vay oy = [ (190l 30 + (Vo = 7)) o,
M M
> [ (90 + 0 = (Vo= 3)-02) do,
M
> [ UV + 30 by = 1o =) oesscan [l o

Z/ {IVul? + 3u?} dv, — Cvol,{V,, < 1/2}/ {|Vul?® + u?} dv,,
M M

where (ffa — 4)- > 0 denotes the negative part of Va — 7. The coercivity and its
uniformity in « follow from the above and Lemma 3.5. N

Proof of (i) and (ii). Because of the coercivity of —A, + V,, the Lipschitz
regularity and the uniform L*° bound of ‘N/a, it follows from standard elliptic theories
(see e.g., [24], [41] and [21]) that G, is uniquely defined by (3.14) and it satisfies
(i) and (ii).

Proof of (iii). Since G4 € C2 (M \ {zo}) we only need to check the inequality
pointwise. If u, = 0 it is trivial. So assume u, > 0. By (3.14) we have

—AgGo + VaGa =0 pointwise in M \ {z4}.

Since G, > 0, using the definition of 170‘, we have
AyGo = VaGa < [c(n)Ry + a(””"lﬂ)*’”] Ga,

pointwise in (M \ {zs}) N {us > 0}. Multiplying the inequality above by u,, we
again obtain (iii). Proposition 3.4 is established. O

Proof of Proposition 3.1. The estimate for u, follows by (3.1) and Lemma 3.3.
Since v, is uniformly bounded in |y| < 1, (3.3) follows from the estimate of ug,
by a change of variables. O
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4. Energy Estimate. We shall need estimates for the convergence rates of the
limits “in energy” obtained in Section 2. The pointwise estimates obtained in
Section 2 allow us to adapt the energy estimates of Bahri-Coron [7].

In order to simplify calculations, we introduce a conformal metric § = %/ (=2 g,

with 1) € C*°(M), ¥(za) =1, 3 < ¢ <2, |[¢c2 < C, such that Ry = 0 in By, (P),
and where dg is a suitably chosen small constant and both g and C' depend only
on (M, g). Such a metric may be obtained by locally solving
—Agp+c¢(n)Ryp =0 in B,
and then extending 1 smoothly to M. We denote, for dy/2 < 6, < do,
B, = B ().
For z € B, and A > 0, we consider
n-2
g

)\ 2
< — N ’ v © Ba
I7,\(x) (1 + (A)\)zdISt%(xa‘%)2> '

It follows from Proposition 2.4 that

lim /Baﬂva(f;‘—ggmﬂam%ﬁg—@ AP =0, (41)

a——+o0o Ta Mo

We follow the idea in [7] of selecting for every « an optimal multiple of a g-
bubble, denoted t,&, = tagga x,» and of estimating the difference U/ — taba by
exploiting orthogonality. For future convenience, we prove our estimates for n > 3.
For & € BZQ(S&/?(m‘a) and A > 0, let hz » be defined by:

Aghfjv,\ f 0 in Ba, (42)
hfﬁ)\ = fg)\ on 8Ba,
and let x, be defined by
Asxa =0 in B,
9Xe - o (4.3)
Xa = on 0B,.

Then uy /Y — Xo € HE(Ba), fg)\ — hzx € H}(B,) are the projections of u, and
fg \» respectively, on Hj(B,). We set

_ ¢
oz =&\ — ha
Then oz, < &2, satisfies:

A??O'g}’)\ = Agﬁ?m in Ba,
oz =0 on OB,.

Let (ta,Za, Aa) € [3,3] x Biaéa/2<xa> X [2/%&, 2%] be such that

Uq
||$

Xo — taTio A llg

le-1<1/2,de Bﬁaém(%)} _

U
= min«< ||[— — Xa — toz |l
{” e toals oA —1] < 172
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To simplify notation, henceforth we denote:

Oa = 0%y, A fa = fra,)\ 3 ha = hia,)\a»
and we set:
Uq
Wo = ? — Xa —ta0q-

The main result in this section is the following estimate for wg:
PROPOSITION 4.1 (Energy estimate). For n > 3, we have:
lwall + 162 e — K|
< C(ua|lU

2*/““;1 + €O¢||UT_1

2% —1 Tt fg 2||U2 _2H2*' ot 1).

_n=2, .
Recall from Section 2 that eq = o 2 oz||ua||2Lr(’M) = 04(1). We define

(fiwg=0 VfekE

where E C H}(B,) is the tangent space at oz, », of the finite dimensional surface
{oz\ : T € B, (a:a) A > 0} C H}(B,), with respect to the metric induced by
the inner product (u,v)5 = | B, Vgu- Vg gV dvg. We work with coordinates given by

Waz{weHg(Ba); {00, w)g =0 }

the exponential map exp% (y),y= (y N,i=1,...,n, we can write
0o,
FE = - =1,... -
Span{ 8 i 30 ) 5, Ty 8)\ }7
where

80’a . 80‘expia (¥),Aa 80a 80“,

Byt oy’ |y:0’ N |,\ Ao

LEMMA 4.2. For some constant C' independent of «,

/ [Vghal|* dvg < Cpiy™

B,
Proof. By standard elliptic estimates and properties of &,, we have that

/ |V§ha|2d11§ <C </ |V§€a|2 dsg —|—/ 5(234 ng) < CugiQ.
B 0Bq O0Bq

o

O
We observe that by the uniform estimate (3.2) and by the maximum principle,
hall e (Ba) + IxallL=(Ba) < Cul* =272, (4.4)

It follows that |o,| < C&, on B,. Using Proposition 2.4, it is not difficult to see
that:

LEMMA 4.3. As a — o0, we have ||wa| — 0, to — 1, pytdisty(za,Za) — 0,
tora — 1. Furthermore, w, € W, .

Proof. By definition of ¢, and o,

g -1 ||
TosMha TasMHa

U U
[taoa =0, Lzl Slli — Xa — taal + Hi ~ Xa —

TasHa

u u, P
e R AT L g |
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In the last step we have used Ag(%s fg ) = Ag(% — Xa — 0, 1) in By
st =00n0B,. Hence 1n view of (4.1), [[taoa —0, -1 =0

and ||wa|| — 0. By the arguments in Lemma 4.2, we have ||hz | < CA~("=2)/2 if
dist5(Z,2q) < da/2. Consequently, we derive

and——xa—

=+ ltahal + 1Ay, oIl = 0,

[taba =€ || < |tata —
T e

Ea Mo Ta Mo

as a — +oo. It follows that t, — 1, ug'dists (e, o) — 0, and paAe — 1. There-

fore the minimum of the norm is attained in the interior of [1, 3] x B, ;. /2(z4) X

[2i , 2# 52>—]. Now a straightforward variational argument yields w, € W,,. O
In order to estimate w,, we begin by writing an equation for w,:

LEMMA 4.4. w, satisfies:

—Agwa — kalOul? POnwa + V'[0a]> TPw? 40 |wa|? Tt = fo  in Ba, (4.5)

where
ko = (27 = 1)4,,
@a =1tq0q + Xas
fa = ta(taba)” 7+ talgéa — allual| T (' ul T+ Oy ),

and where b',b" are bounded functions with b’ =0 if n > 6.
Proof. From (2.2), using the conformal invariance (1.8) and recalling that Ry =
in B,, we have that u, /v satisfies:

_o* g Ug 2" —1
A w +04||ua||Lr(M)¢1 2 Uy ! :&X(i)

Consequently, w,, satisfies:

—Agwe = Lo (00 + wOC)Q*_1 +taAgoa — oz||uoé||LT(M)1¢1_2*ur_1 in By. (4.6)

@

in B,.

In order to simplify the right hand side in (4.6), we use the elementary expansion:
(@4 9)7 7 = o 2+ (20— Dfaf? Py
+ ()l Py 0 ()l

for all £,y € R such that z +y > 0, where ¥, b” are bounded functions and b’ =
if n > 6. For x = ©, and y = w,, we obtain:

(On +wa)? 71 =042 7204 + (2 —1)|04]* 2Oqwa
+ b/|®a|2*_3wi + b”|wa|2*_1.

Note that ©, = ta€a — taha + Xa- By (4.4) and properties of &,, we have |x, —
taha| < CHQ”*Q)/Q < Ctyéy, and thus by simple calculus:

|®a|2*_29a = ‘taga —toha + Xa|2*_2(ta§a —taha + Xa)
= (tafa)” ™" +O(u(=2/262"72),

Inserting the above expansions into (4.6), we obtain (4.5). O
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The proof of Proposition 4.1 relies on the coercivity property as in Lemma 4.5
below. Recall that §g > 0 was introduced in Section 2 as an upper bound for the
radii &, of the balls B, = Bs_(x,). Here is where we fix ;. We denote by Q,, the
continuous bilinear form defined for p, € H}(B,) by:

z 73@04 @¢} dU§7

Qulpt) = [ {Vap- V= kil0,
where k, and O, are defined in Lemma 4.4.

LEMMA 4.5. There exist 0 < dg < 1, ag > 1 and ¢y > 0 independent of a > «g
such that

Qo(w,w) > co/ [Vaw|*dvg, Yw € W,, Ya > ag.

e

Lemma 4.5 is a consequence of the following general perturbation result:

LEMMA 4.6. Let Q C R™, let h be a metric on Q, k > 0 and © € L* (Q). Denote
by Q the continuous bilinear form defined on H}(Q) x HE(Q) by

2"-39 o} dup,.

Qe ) = /Q{Vhsﬁ Vit — k|©
There exist g > 0 and ¢; > 0, depending only on n, such that if
1© = Ullpes () + [k — (2" - DK 2+ [|[h = &l L(q) < €0,
where £ denotes the Fuclidean metric, then

Vo € HY(Q) :

C1 2
0) > [ Vael? dun, :
Qlp9) 2 5 /Q| mel o el < eollgln, 0<i<nA,

where eg = U, e; = aval/ﬁ'y’w i=1,...,n, €pt1 = 3U07>\/3)\|)\:1.

y=0’ !

Proof. We denote by C~2 the continuous bilinear form on D*2(R") defined by

A = [ vevi-22

U2 2 3} dy.

It is well-known (and it may be verified by pull-back to the standard n-sphere, in
stereographic projection coordinates) that there exists ¢; > 0 such that

S ~ Vg € DY2(R™) -
2 ¥
Qe ) 2 /]Rn IVel™ dy, (P,e)e =0, 0<i<n+1. (4.7)

Now the claim follows by elementary considerations. Indeed, there exist unique p7,
|| = O(eo||lln), such that ¢ := ¢ — ple; satisfies (p,ei)e =0,V 0 <i<n+1.
(4.7) holds for @, and the claim follows easily. O

We introduce some notations. We set
Qo = g (exp? )7 (Ba) C R",
We denote by T}, the transformation which maps f : B, — R into T}, f : Qu — R
defined by
(T, /) () = u=272 f(expl (Hay)), Yy € Qa.
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We denote by g, the metric on Q. defined by ga(y) = ﬁ(expga (tay)). The following
transformation properties hold:

/B Vg - Vgt dvg = /ﬁ Vo Tpop - Vo T, dvug,, Vo, ¢ € H&(Ba)- (4.8)
If py + -+ pr = 2%, then

|t dig = [ Bl Gl dv, @49)
Q

a @

Y1, ..., ok € Hi(Ba).

Proof of Lemma 4.5. Observe that by the transformation properties (4.8)—(4.9) we
have

=/ﬁ (Vo T 0l — kalT. O T, 0 (T,.. 0)*) duv,..

By taking &g small, we achieve |g, — &| < 9. By taking ag > 1, we achieve
7,00 — U||L2*(§a) < gg and |ko — (2* — 1)K 2| < g¢. It remains to check that
by taking a possibly smaller §; and a possibly larger g, we have for all p € W,:

Lo pseiel < collTpaellgn-
We check the above for ¢ = 0. Since ¢ € W,
0 :/ Vg(p : Vg(fa d’U'g = / V’g*ga . V’gfa dvg
Ba Ba

sy agoaﬁa —
:\/. vgaziago ' Vga /Lag()l dvga :é g()( Z det Yo dy

a

Therefore:

/~ VT,. ¢ VU dy|
Qa

o OT,, © O,
<[ VT VW = Tyl | [ 69 - g2 Vo) s E Sy

Oyl
<U = Ty ol +sup |07 — g \/det gu |V T Eall) ¥ | T, ¢l

fa
=(0a(1) + Os (351 Tu Pl g -

The remaining conditions are verified similarly. Taking into account (4.8), we con-
clude by Lemma 4.6 that for all ¢ € W,

C
Qulp.0) > & / Vo Tl dvg, = 3 [ Vol g

as asserted. O

Proof of Proposition 4.1. Multiplying (4.5) by w, and integrating over B, we ob-
tain:

Qe (wars ) + 0a([[wal?) / Fatwe dus.
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By Lemma 4.5, in view of the form of f, and recalling the orthogonality property
/ 5. WalAga dug = 0, we derive from the above:

lwall < C(IEX ! + K*Agéa

2*/
SR el 15 PO

a2y s
&, satisfies
—Agla = K262 71+ 0(&a). (4.10)
It follows that

€271 + K2Agallaer < Clléallow < CL2||U

2%/ ua

where we have used A\ po < C in the last inequality. In order to estimate the
second term, we note that the uniform estimate (3.2) implies: u, < C&, in B,.
Consequently,

r—1
«

o

* /! 1/2*, n—2
g < C (/ g(r 1) 2 dU§> < CMZ*TTHUr—l
Similarly, we compute:

lea 2

The asserted decay estimate for |w,]|| follows.
In order to estimate |[(,t2 ~! — t,K~2|, in view of (4.10), we write f, in the
form:

2 < OS2 U 72|,

—1.
sHo

fo =(atd 7 =t K2)E2 " = alluall} (40" u
+O(6a) + O(u 27263 2.

Multiplying (4.5) by 04, integrating over B, and taking into account that [ B TalgWe
dvg = 0, we have:

_ka/

= (lt®> "t —t K~ / €2 1o, dvg — a||ua|LT(M/ Yl oy, dug

oF O w0, dvg + / V0 Puwlo, dvg + / Y |wa|* Lo, dvg

+ O(/ £a0q dug) + O(ug"_Q)/Q)/ fz 20, dvg
Ba B.
and thus, using |we| + [Oa| + |0a| + ta < C&y, we derive:

[0t — 1, K2 /B €2 Loy duy < O /B €2y | dvg + /B € dv

+a||“a”Lr(M)/B & dv§+’u‘(ln_2)/2/3 - dvg).

In order to compare with the decay rate of ||wg]|, it is convenient to estimate as
follows:

/ €2 Yy | dvg < Clwall:
Ba

’I’L*i’l’

2 < b~ T U

€a

%/ 1;

/ € dvg < Cller!
B,

2% o
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el AR R Gl e

2o [€allas < CUE2 U 2y s

2 < O ||U

2 st

/B € dvy < Clléao- lén
On the other hand,

[lat? ™ — 1, K72 /B €2 oy dvg >|at? 7t —t K 72( /B €2 dvg +O(ur™?))

SO0 tE V=t K72 + O(u2).

The estimate for [(ot2 ~! — t,K 2| is established. O

5. Lower Bound for Y, and Proof of Theorem 1.1 for n > 7. In this section
we shall carefully exploit orthogonality in order to derive a lower bound for Yy (uq),
as in Proposition 5.1 below. Together with the estimates from the previous sections,
it will readily imply the proof of Theorem 1.1 in the case n > 7. We shall need an
L?-estimate of |V ua| on 0B,. This can be achieved by selecting a suitable “good
radius” d, € [00/2,00], see Lemma 5.3 below. Here is where we fix d,. Unless
otherwise stated, we assume n > 3.

The main step towards obtaining a contradiction is the following lower bound
for Yy (uq):

PROPOSITION 5.1 (Lower bound for Yy). Let 0, be a “good radius”. Then, for all
a sufficiently large,

Yy(ua) 2 Y5(€7, 1) + OWallUllyer ot lwall + pg ).
Proposition 5.1 readily implies:

COROLLARY 5.2. The following estimates hold:

alluallfr(ary SCWANUlger pyor + p %) + K72 = Yo(€d 5] (i)
a”uoé”%’"(M) SC(Ni”U g*/#;l +€aui”U 2*’,#;(;1”(]7‘71 2*/#;1 (11)

+ el Ullger et 10 2 llger o + 12 7%)
+ K72 = Y5(E, )1
Proof. By the initial assumption on I,,, we have:
K72 > Io(ua) = Yy(ua) + alluallZe -
Therefore, the lower bound as in Proposition 5.1 implies:

K= > allualli- ) + Y3(€5, 1) + O(a|U

2*',Hg1|‘waH +ﬂ272)a

which in turn yields:

a”“aHQLT(M) < V3(67. ) — K2+ C(ua|lU

n—2

[wall + pe ")

2 gt
Using ||wa || < C, we obtain (i). Using the energy estimate as in Proposition 4.1,
we obtain (ii). O

The proof of Proposition 5.1 relies on some boundary estimates and on conse-
quences of orthogonality, which we proceed to derive.
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LEMMA 5.3 (Choice of “good radius”). There exists C > 0 independent of o such
that:

/ |V gua|? dv, < Cul™2.
M\Bs, /2(za)

Consequently, for every a we can select d, € [00/2, 0] such that on B, = Bs,, (z4)
we have:

/83 IV a2 ds, < Cui™. (5.1)
Furthermore, for such a 6, we have:

| 19l v < oz (5.2

Proof. Denote by n a smooth cutoff function to be fixed below, satisfying 0 < n < 1.
Multiplying (2.2) by 7%u, and integrating by parts on M we have:

/ Vyta - Vy(nPus) dvg < —c(n)/ Ryn*u2 dv, + Za/ n*u? dv,.
M M M
It follows that:
/ |V gue|? dvy < C(/ uZ(|Vynl? +n?) du, Jr/ nPu? dvy).
M M M

Choosing 7 such that n =11in M \ Bs,(x), suppn C M \ Bs, /2(24), we obtain:

/ |V yua|? dv, < C’(/ u? dv, —|—/ uZ dvg).
M\Bs,(za) M\Bgsg/2(%a) M\Bsy/2(za)

Now the statement follows by the uniform estimate as in Proposition 3.1.
Since u, € C*(M), we can choose d, such that:

o

Recalling the definition of x,,, we have by standard elliptic estimates and equivalence
of g and g:

Voue|*dv, = min / Voua|? ds SCMZ_Q.
IV gtial” dvg se[on)2.60] 835(%)' glal” dsg

o4

/aB |Vgxal? dvg < c/aB {IVgual? +u} dsy, < Cul—2.
0

Proof of Proposition 5.1. By the uniform estimate (3.2) and by Lemma 5.3, we have
Lo AIVgual? + e(n)Ryu2) dv,

(IBQ ug dvg>2/2*
By conformal invariance (1.8), together with (5.1) and (3.2),

Yy (ua) +O0(ka™?). (5.3)

Uq .
{19ua? + clm) Ry} doy = [ V5% P g + 0 2).
B B,

Recall from Section 4 that u /v = tala — taha + Xa + Wa. By Lemma 4.2, (4.4),
(5.2), and the fact

/ Vgha . nga dvg =0= / V@Xa . nga dvg,
B, Ba



SHARP SOBOLEV INEQUALITY ON RIEMANNIAN MANIFOLDS 25

we have
Yy (uq) = F(wa) + O(un?), (5.4)
where S [Vsltaba +w)P d
a(taéa +w Vg
F(w) = —Bs 7 75 W E Hy(Ba).
(fBa ltaba + w|* dvﬁ)
A Taylor expansion yields:
1
F(wa) = F(0) + F'(0)wa + 5 (F"(0)wa, wa) + o[[wall®), (5.5)
where F’, F"" denote Fréchet derivatives. We compute:
2
/
F'(0O)we = Ty (i dv 2*)2/2*
fB |v"ta£a 2 dvg
X Vi(taa) - Vaw, dug — / (t afa o dvs
i St L |

By orthogonality, [, V3éa - Vawa dvg = 0 and by (4.10)

K> /B €2 L, duvg = /B (—Agta + O(Ea))wa dug = O /B Eutwa dvs).

Hence,

2 [[wa || < CUiHUHQ*/,#;l”wa”

[ € g < Cle,
and consequently
[F'(0)wa| < CUaU e =1 wall-
Similarly, we compute:
2

Uy (1) )7

Vséal” d .
X {/ |v UJO¢|2dUg ( )foB| z{ dUAvg/ §2 -2 2 dvﬁ}

/ €2 tw, dvg)?.

By the transformations (4.8)—(4.9) and by Lemma 4.6 with
Q=00 O=T, (0, h=ga
J5., IVg€al? dvg
fBa € dvg

<F//(O)wowwa> =

k= (2" —1)

we obtain, for large «, that

fB [Vg€al® dvg
Viwa|?dvs — (2° — 1 -~
|, Wowal? ey = =) S5

Consequently,

/ 62*_2 : o dvg > *”wa”Q

(F"(0)wa, wa) > *HwaHQ +O0Wa) I3

per ot lwal?.

Inserting into (5.5) and observing that p2||U
F(wa) > F(0) + Oug||U

g =1 = 9a(1), we derive:

per it lwall + 16 7%). (5.6)



26 Y.Y. LI AND T. RICCIARDI

Returning to (5.3) and taking into account that
F(0) = Y3(¢% ) +0(ul™?),
we obtain the asserted lower bound. O

Proof of Theorem 1.1 for n > 7. By straightforward computations,

C, if g > (n+2)/[2(n+ 2)],
U ger ,or < Qogpg )Y if g = (n+2)/[2(n +2)),
o 2 TR g < (n+2)/[2(n + 2)).
We take r = 7 = 2n/(n + 2). Then, since n > 7, we have:
1% 2%/ gt <G,
U7yt < C1+11522),

||U*2*,2||2*/7#g1 < C‘u;(nfﬁ)/Z’
where 8 = (n —6)(n — 2)/[2(n + 2)] is strictly positive. Hence, (ii) in Corollary 5.2
yields:
alluallte(ary < ¥g(€as Ba) = K2 + Clug + ealpi + 12)]. (5.7)
By (1.6),
V5(&2, .) — K721 < Cg,.
In view of (2.10), we derive:
allualliran < Cha- (5-8)
On the other hand, rescaling, we have:
luallzr(ary 2 lluallzr sy = O Ul e (81 0)) = C' i (5.9)

and inserting into (5.8) we obtain a < C, a contradiction. Hence, Theorem 1.1 is
established for all n > 7. O

6. Proof of Theorem 1.1 for n = 6. In order to prove Theorem 1.1 in the
remaining case n = 6 we need a uniform lower bound for u,. Indeed we shall prove:

PROPOSITION 6.1 (Uniform lower bound). For n = 6, r = 7 = 3/2, and any
1/2 < v < 1, there exists some constant C' > 0, which is independent of «, such
that u,, satisfies:

U (r) > C it disty (2, 7,) ", Ve Bs_ 1 (7a) \ By, (7a),
for all a> 1.
Proof. We equivalently show that
valy) > C7y|™, Yy e By 1-1(0)\ B
Here v, is defined on Q, as in (2.7) and (2.8). Recall the d/2 < 6o < Jp. 0 < Jp < 1

will be small and fixed below. We define a comparison function

5 1 o
Haly) =7 (1iz = ut) + L (log - =) log (Laltl)

[e% «

) yGQa\Bl

where 7 > 0, L > 0 will be chosen below.
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Since v, — U uniformly on 0By, we first fix some 0 < 7 = 7(dg) < 1 such that
v > H, on 0B for large a. Since H, = 0 on 012, we also have v, > H, on 0.
We know that

Crlogp2 <yl <1, onQ\Bi.
Here and in the following, C; > 1 denotes some constant depending only on (M, g).
Setting ga(y) = g(expf,_ (kay)) we have,
[Aglyl ™ < Crpdly|~,
Ay, log [yl —4ly|7?| < Cupid.
Hence,
1 1
Ag, Ho(y) > ALp (log —)*3ly| > = Cypl |yl ~* — C1Lu (log —)*/%.
Hao Hor
Recall from Section 1 that

2—

_n—2
2 T| L'r(M) < O‘”UQH%T(M)'

n
€a = Qlia |tal

By (i) in Corollary 5.2,
alluallirary < CoHallUllyer iz + pa) + [Y5(62, 5

Here and in the following, Co > 1 denotes some constant independent of o and L.
By the expansion (1.6),

) — K72

a

_ B 1
Y3(&l \)— K ?| < Capg log i (6.1)

and, clearly,
1
HU||2*/7H(;1 < Cz(log;)2/3.

It follows that 1
2/3
alluall?rary < Copl(log LT) .
(e}
Together with the uniform estimate from Section 2: v, (y) < Caly| =%, we obtain
1273, =
cavl/? < Copid (log —) |y 2.
fher
Hence, by the equation of v,, we have, on Q, \ Bj, that
— Ago (va = Ha)(y)

1 ~ ~ 1
>(4L — C3) 2 (log /T)Q/BIyI 2 — Coplly|™ — C1Lpk (log ?)2/3

(o3

1
>(4L — Cy — C103 L) 2 (log M—)"’/ﬂyrz.

We first fix §p > 0 small (C1dp < 1), and then take L large, we achieve, for large «,
that
Ay, (Ve —Hq) >0 in Q \ Bs.
By the maximum principle,
Vo > Hy in Q4 \ By.
To conclude, we observe that for any fixed 1/2 < v < 1 we can find a C' > 0 such

that:
Hu(y) > C7'y|™ in By 1\ Bi.
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Proof of Theorem 1.1 for n = 6. When n =6 and r = ¥ = 3/2, we have:

U

1
o gt S C(log ?)2/33

(63

||Ur—1

2
ot S Ca”s

*_
10 =2l ger puzr = U

2*/7114

1
1 < C(log —)?/3.
a o
‘We know .
Y5(¢2 \.) — K% < Culog .

Hence, (ii) in Corollary 5.2 implies:

1 : 1 : 1 :
Tran < C(ui(log ;)4/3 + €a(log —)2/‘3 + 1S (log —)4/3) (6.2)

@ (63 (o3

alluq|

From the uniform estimate (3.2) we derive:

1
ca < Copil(log —)"",
«
and by Proposition 6.1 we have
- 1 \2/3
a7 () > €2 (log —) .

«

Inserting into (6.2), we obtain
1 1

43 < C’(ui(log —)4/3 + aut log —)
Lo Lo

Once again we obtain a < (', a contradiction. Theorem 1.1 is thus established in
the remaining limit case n = 6. O

1
4]
ovptg ( o8 )

(o34

7. Appendix: A Local to Global Argument. In this Appendix we provide a
proof of the local to global argument used in Theorem 1.3. We adapt some ideas
from [6]. Let (M, g) be a smooth compact Riemannian manifold without boundary,
n > 3.

LEMMA 7.1. Suppose that there exist € > 0 and Az > 0 such that
[l gy < 62 [ (V0 + Ry} vy + Adfulrary (1)

for allu € H' (M) such that diam,(supp) u < &. Then there exists a constant A > 0
such that

el (ar,) < K /M{|vgu|2 +e(n) Ry} dvg + Alulhsa e Vu € H'(M).
(7.2)

Proof. By contradiction. Suppose (7.2) is not true. Then by density of smooth
functions in H'(M), for all & > 0 there exists r, € (1,2) such that

. fM{|Vgu|2 +C(n)Rg“2}dvg +a||UH%m(M)
by = inf

ueH' (M)\{0} lullZ- ap)

<K% (73)
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By the results in Section 2 with » = r,, there exists u, € H'(M), uqa > 0,
f M ui dvg = 1 such that ¢, = I,(u,). Moreover, u, satisfies the Euler-Lagrange
equation:

—Agug + c(n)Ryug + afluq]

i:;z‘M)ug“*l =lou? ' on M. (7.4)

Denote by z, a maximum point of u,. By Corollary 2.5, u, concentrates in energy
at x,. In particular, for any fixed ¢ > 0,

lim {IVyual? + uZ }dv, = 0.

a——+00 M\Be(:ca)
For a fixed 0 < ¢ < £/9, denote by n a smooth cutoff function such that n = 1 in
B (1), n=01in M\ Bye(2s), 0<n <1, |V,n| <e™!in M. Then, by (7.1) and
the Holder inequality,
I gy <K [ IV lota) 2+ ) Ry 0100) o
+ Az(volg M)~ 2/7 lnpu |17 0. (M)

and consequently,
leallZ2 (5. (ryy <K /M{\Vgual2 + e(n) Rgug } dvg + Clluall7 e ar)

+C {IVgua|® +u2} dv,.
Bye (Ia)\BQE(IO‘)

In turn, using the contradiction assumption (7.3), we have

[t ll 2% (B () <Ko — (@K — C)|ug|

2
Lra (M)
+C {IVgual? +uZ} dv,.
B45(370¢)\B25 ("L'a)
Using the expansion
2 2*
||ua||L2*(Bza(:L’a)) =1- 0(1)||ua||L2*(M\B2E(za))’
and recalling that ¢, K < 1, we obtain
a”uozH%m(M) < C”ua”iz*(M\BQs(za)) +C {|vg“a‘2 + Ui}d”g‘
Bye (ma)\325 ($a)

Now let 17 be a cutoff function supported in M \ B.(z,). Multiplying (7.4) by n*uq
and integrating by parts, we find

/ 1’| Vgual® dvg < C (uj + Ugj)dvsr
M

suppr
Therefore,
04||UocH2Lro<(M) < C(”ua”%?(M\Ba(za)) + ||UocH2Lz*(M\BE(Ia)))~ (7.5)
Finally, by Moser iterations,
[wallzos(ans.) < ClluallLrary < C(volg M) =17 |lug || o (M) (7.6)

see Corollary 2.6. The estimates (7.5)—(7.6) imply o < C, a contradiction, and (7.2)
is established. O
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