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Motivic homotopy theory

* k is a field.

« Sm/k is the category of smooth, separated schemes of
finite type over Spec(k).

« Our “spaces” are Nisnevich sheaves on Sm/k with val-
ues in simplicial sets Spc(k) = A”Shv,,,(Sm/k).

 Put a model structure on Spc(k) where X x A' — X is
a weak equivalence for all spaces X.

« Denote the homotopy category of pointed spaces Spc, (k)
by H.(k).

» Both schemes and simplicial sets can be considered as
spaces.



Spheres

 The simplicial circle S' = A'/OA', pointed at 0A'.

« The Tate circle S'' = G,, = A"\ {0}, where A' € Sm/k
is the affine line, pointed at 1.

« Smash product X A Y: pushout of the diagram
XVY—XxY.

| |
Spec(k)--X ANY

« Mixed spheres 5™ = (S"?)"=" A (SMH)M,

 There is a weak equivalence P' = S*' = ST A G,,.

« S = Spec(k) LI Spec(k)



Motivic Stable Homotopy Theory

« Just as in topology, we construct a category of spectra.

« A S*! = P'-spectrum is a sequence of spaces E, F, . ..
with bonding maps o, : P* A B, — E,.;,.

« Sphere spectrum 1 with 1, = S*".
* Tn(E) = colim, H,((P)" A S™ E,).
« Denote the motivic stable homotopy category by SH(k).

« SH(k) is a symmetric, monoidal category with A, trian-
gulated category [1] = S A —.

« Cohomology E7(X) = SH(k)(X, E A SP9).
e Homology £, ,(X) = SH(k)(1 A SP, X A FE).



Some maps between spheres

* The identity map 1 : 1 — 1 and its multiples n.

« Apointu : Spec(k) — G,, determines [u] € H,(S"", S*1),
which stabilizes [u] € 7_, _,(1).

. A

I
@,
s

\

* Hopf map n : A*\ {0} — P*defined by n(x,y) = [z, vy, is
weak equivalentto n : 5%* — S*'. Determines n € m,1.



Morel's computations

 Connectivity 7, ;,1 =0foralln € Z, : > 0.
* &, 1 contains 1, n, and |u] for all u € k*.
« Theorem (Morel): =, 1 = KMV (k).

« K"V (k) is the free graded associative algebra with gen-
erators |u] of degree 1 for u € k*, n of degree —1 satis-
fying the relations :

1. |ab] = la] + [0] + nla] (0]




.1 over I,

* Let IF, be a finite field with ¢ = p" odd.

 Morel’s computation of «,,, shows for ¢ = 3 (4) :

7Tn,n ]12

stem| group
Ton | 0,0 < —2
T 11 k>
Too | LD 72
Tpn (L[4, 1 > 1

« 2-completion of A:
A =AR 7,

*e(q) = (g —1)
*Z)(q— 1)y =7/2@




T., over F, with ¢ = 1 (4)

stem group
Tnn 0, n < =2
T 11 k>
To.0 7. 1[2
Tpn | LJ2BZ[2,n > 1

cq=25,¢(q) =3
'77_17_11; — Z/8




Motivic Adams spectral sequence (MASS)
* There is a MASS
B3t = Ext T (HZ)2¢ X, HZ/271) = 7,,.X.

« Differentials d, : F=) — Estri=tu),

« HZ,/2 is motivic cohomology : HZj25+
with Z/2 coefficients. _ 1 l
« H7Z./21 = K" /2|r] over F,. _
cq=3(4), HZ/2" =F[r. o/, | ¥ A
p=1-1 € K'(F,) ¢ o
cq=1(4), HZ/2" = Fy[r,ul/u’>, 1 & KM /2
u generates K" (F,)/2. ik g
0 |1®
ol 1! T T




Motivic steenrod algebra over F,
B3t = Ext T (HZ )27 X, HZ/271) = 7,,.X,.
« A = H7,/2**H7Z/2 the mod 2 Steenrod algebra.
- Generated by Sq”’s and z U — for x € HZ/2*.
«deg Sq” = (24,1),degSq” ' = (2i — 1,7 — 1).
If g=1(4), Sq'(r) = 0. The Adem relations are:
YA - -
Sq'Sq’ = ( | )T?Sq““”qu.

=0
- Free left H7/2** module on admissible Sq .
- Example: Sq°Sq" = Sq’ + 7Sq°Sq'.



Motivic steenrod algebra over F,
lfg=3(4),Sq (1) =
*If a4+ b= 0(2), Adem relations are:

[a/2] h_1 iy
Sqasqb_ Z( a_2j ) Sqa—l-b qu
j=0

If « is odd and b is even, then

S aS b_ [a/2] b_l_.] S a—i—b—jS 7
q'Sq’ = » i 1_9;)Sd S
j=0

J even

la/
4 ZQ b—1— IOSqa—i-b—l—quj
a—1—2j '

j—O
j odd

«Sqg'r = 7Sq' + p, but p commutes with Sq'.



Computing E;"" = Ext}' " (HZ /2", HZ/2")

* Produce an explicit resolution of HZ/2* by free A*-modules.

HZ/2"—F,—F,—F,

* Apply Hom ,..(—, HZ/2*) to F,, take homology.

HZ7/2*-" Fy——ker f,- ' F, ker f,—*"*——F,
T .1 Sq*.i~———hy  18¢".hy+ Sq’>.h,~h2(4,2)

p——p.1 Sq*.i—Sq'.hy
0——S¢.i  Sq¢'.i—h,

0—Sq*.hy

7S¢ Sq' —Sq*.h,



The E, page, weight 2, ¢ = 1 (4)

d, - E2s,(t,2) g s +2,(t-12)
dyhy, = 0 since myy = Z/2 & 7./2



The E, page, welght 1, ¢ = 1(4)
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e(q) = (g — 1), dyym = u.h"
Eg q—5 7721]12 Z/Q@Z/4 7731]12 Z/4
E.g., g = 9, 77271112 — Z/2 D Z/S, 7737112 — Z/8



New computations, ¢ = 3 (4)

stem group

Toan| U,1 < =0

7"'_1’_4 Z/2/\(Q)+1
T, —3 Z/2
7T1,—2 (Z/Q)Q
Ty 1 (Z/2)2
T30 Z/S
7T471 0
7T5,2 Z/2
7T6,3 (Z/2)2
7T8,5 (Z/4)2 | |

Th+3n Z/45 n Z 7 )\(Q) = V2<q2 — 1)




New computations, ¢ = 1 (4)

stem group
7Tn—|—3,n O y T S _5
T_1_4 Z/QE(Q)+2
To.—3 7.2
1,2 (Z/Q)Q
{1
21 2,8) €(q) > 2 i
T3 7./8
T4 0 E
5.9 7.2
{%2, 16) €(q) >3
76,3 2783 €\q) = 5
2,4 €(q) = §
T 4 (Z./2)* & Z./16 | ;
4 0 10 t




Comparison to topology

IFQ
stem group
Th0 0 , < 0
To.0 Loy ® 71.]2
7T1’0 (2/2)2
7T2,0 Z/2 @ Z/8
T3 7,18
7T4,O 0
5.0 7./2
7T6,O Z/16 EB Z/2
7 0 Z/16 b (Z/2>2
Ts.0 (Z./2)°
7T9’0 (2/2)4
7T10’0 Z/S b Z/2

topology
stem| group
m, 0,n <0
o L
s 7,2
T 7,2
T3, 7/8
Ty 0
e 0
e 7,12
| Z/16
s | (Z)2)
| (Z)2)°
1o 7,2

IS 7,y = 7, & m,,, forall n?




