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Motivic homotopy theory

• k is a field.

• Sm/k is the category of smooth, separated schemes of
finite type over Spec(k).

• Our “spaces” are Nisnevich sheaves on Sm/k with val-
ues in simplicial sets Spc(k) = ∆opShvNis(Sm/k).

• Put a model structure on Spc(k) where X × A1 → X is
a weak equivalence for all spaces X.

• Denote the homotopy category of pointed spaces Spc•(k)

by H•(k).

• Both schemes and simplicial sets can be considered as
spaces.



Spheres

• The simplicial circle S1,0 = ∆1/∂∆1, pointed at ∂∆1.

• The Tate circle S1,1 = Gm = A1 \ {0}, where A1 ∈ Sm/k

is the affine line, pointed at 1.

• Smash product X ∧ Y : pushout of the diagram

X ∨ Y //

��

X × Y

���
�
�

Spec(k) //___ X ∧ Y

.

• Mixed spheres Sm,n = (S1,0)∧m−n ∧ (S1,1)∧n.

• There is a weak equivalence P1 ∼= S2,1 = S1
s ∧Gm.

• S0,0 = Spec(k) ⊔ Spec(k)



Motivic Stable Homotopy Theory

• Just as in topology, we construct a category of spectra.

• A S2,1 = P1-spectrum is a sequence of spaces E0, E1, . . .

with bonding maps σi : P1 ∧ Ei → Ei+1.

• Sphere spectrum 1 with 1r = S2r,r.

• πm,n(E) = colimr H•((P1)∧r ∧ Sm,n, Er).

• Denote the motivic stable homotopy category by SH(k).

• SH(k) is a symmetric, monoidal category with ∧, trian-
gulated category [1] = S1,0 ∧ −.

• Cohomology Ep,q(X) = SH(k)(X,E ∧ Sp,q).

• Homology Ep,q(X) = SH(k)(1 ∧ Sp,q, X ∧ E).



Some maps between spheres

• The identity map 1 : 1 → 1 and its multiples n.

• A point u : Spec(k) → Gm determines [u] ∈ H•(S
0,0, S1,1),

which stabilizes [u] ∈ π−1,−1(1).

u

1

[u]

• Hopf map η : A2 \{0} → P1 defined by η(x, y) = [x, y], is
weak equivalent to η : S3,2 → S2,1. Determines η ∈ π1,11.



Morel's computations

• Connectivity πn−i,n1 = 0 for all n ∈ Z, i > 0.

• ⊕πn,n1 contains 1, η, and [u] for all u ∈ k×.

• Theorem (Morel): πn,n1
∼= KMW

−n (k).

• KMW
∗ (k) is the free graded associative algebra with gen-

erators [u] of degree 1 for u ∈ k×, η of degree −1 satis-
fying the relations :

1. [ab] = [a] + [b] + η[a][b]

2. [a][1− a] = 0

3. [u]η = η[u]

4. η2[−1] + 2η = 0.



πn,n1 over Fq

• Let Fq be a finite field with q = pr odd.

• Morel’s computation of πn,n shows for q ≡ 3 (4) :

stem group
πn,n 0, n ≤ −2
π−1,−1 k×

π0,0 Z⊕ Z/2
πn,n Z/4, n ≥ 1

• 2-completion of A:
Â2 = A⊗ Z2

• ϵ(q) = ν2(q − 1)

• Z/(q − 1)̂2 = Z/2ϵ(q)

πn,n1̂2



πn,n over Fq with q ≡ 1 (4)

stem group
πn,n 0, n ≤ −2
π−1,−1 k×

π0,0 Z⊕ Z/2
πn,n Z/2⊕ Z/2, n ≥ 1

• q = 25, ϵ(q) = 3

• π−1,−11̂2 = Z/8

πn,n1̂2



Motivic Adams spectral sequence (MASS)

• There is a MASS

Es,t,u
2 = Exts,(t−s,u)

A∗∗ (HZ/2∗∗X,HZ/2∗∗1) ⇒ πt,uX2̂.

• Differentials dr : E
s,(t,u)
r → Es+r,(t−1,u)

r .

• HZ/2 is motivic cohomology
with Z/2 coefficients.

• HZ/2∗∗1 = KM
∗ /2[τ ] over Fq.

• q ≡ 3 (4), HZ/2∗∗ ∼= F2[τ, ρ]/ρ
2,

ρ = [−1] ∈ KM
1 (Fq)

• q ≡ 1 (4), HZ/2∗∗ ∼= F2[τ, u]/u
2,

u generates KM
1 (Fq)/2.

0 1

1

0



Motivic steenrod algebra over Fq

Es,t,u
2 = Exts,(t−s,u)

A∗∗ (HZ/2∗∗X,HZ/2∗∗1) ⇒ πt,uX2̂.

• A∗∗ = HZ/2∗∗HZ/2 the mod 2 Steenrod algebra.

• Generated by Sqi’s and x ∪ − for x ∈ HZ/2∗∗.

• deg Sq2i
= (2i, i), deg Sq2i−1

= (2i− 1, i− 1).

• If q ≡ 1 (4), Sq1
(τ ) = 0. The Adem relations are:

SqaSqb
=

[a/2]∑
j=0

(
b− 1− j

a− 2j

)
τ ?Sqa+b−jSqj

.

• Free left HZ/2∗∗ module on admissible SqI.

• Example: Sq2Sq4
= Sq6

+ τSq5Sq1.



Motivic steenrod algebra over Fq

• If q ≡ 3 (4), Sq1
(τ ) = ρ.

• If a + b ≡ 0 (2), Adem relations are:

SqaSqb
=

[a/2]∑
j=0

(
b− 1− j

a− 2j

)
τ ?Sqa+b−jSqj

.

If a is odd and b is even, then

SqaSqb
=

[a/2]∑
j=0

j even

(
b− 1− j

a− 1− 2j

)
Sqa+b−jSqj

+

[a/2]∑
j=0
j odd

(
b− 1− j

a− 1− 2j

)
ρSqa+b−1−jSqj

.

• Sq1
τ = τSq1

+ ρ, but ρ commutes with Sqi.



Computing Es,t,u
2 = Exts,(t−s,u)

A∗∗ (HZ/2∗∗, HZ/2∗∗)

• Produce an explicit resolution ofHZ/2∗∗ by freeA∗∗-modules.

HZ/2∗∗ F0
oo F1

oo F2
oo · · ·

• Apply HomA∗∗(−, HZ/2∗∗) to F∗, take homology.

HZ/2∗∗ F0
f0oo ker f0oo F1

f1oo ker f1oo F2
f2oo

1 i�oo Sq1.i h0
�oo Sq1.h0 h2(2, 0)�oo

τ τ.i�oo Sq2.i h1
�oo τSq3.h0 + Sq2.h1 h2(4, 2)�oo

ρ ρ.i�oo Sq3.i Sq1.h1
�oo

0 Sqj.i�oo Sq4.i h2
�oo

0 Sq1.h0
�oo

τSq3Sq1 Sq2.h2
�oo



The E2 page, weight 2, q ≡ 1 (4)

d2 : E
s,(t,2)
2 → Es+2,(t−1,2)

r

d2h2 = 0 since π2,2 = Z/2⊕ Z/2



The E2 page, weight 1, q ≡ 1 (4)

ϵ(q) = ν2(q − 1), dϵ(q)τ = u.hϵ(q)
0

E.g., q = 5, π2,11̂2 = Z/2⊕ Z/4, π3,11̂2 = Z/4
E.g., q = 9, π2,11̂2 = Z/2⊕ Z/8, π3,11̂2 = Z/8



New computations, q ≡ 3 (4)

stem group
πn+3,n 0 , n ≤ −5
π−1,−4 Z/2λ(q)+1

π0,−3 Z/2
π1,−2 (Z/2)2
π2,−1 (Z/2)2
π3,0 Z/8
π4,1 0
π5,2 Z/2
π6,3 (Z/2)2
π7,4 (Z/2)2 ⊕ Z/16
π8,5 (Z/4)2
π9,6 Z/2⊕ Z/4
πn+3,n Z/4, n ≥ 7

Es,(t+3,t)
2

λ(q) = ν2(q
2 − 1)



New computations, q ≡ 1 (4)
stem group
πn+3,n 0 , n ≤ −5
π−1,−4 Z/2ϵ(q)+2

π0,−3 Z/2
π1,−2 (Z/2)2

π2,−1

{
(2, 4) ϵ(q) = 2
(2, 8) ϵ(q) > 2

π3,0 Z/8
π4,1 0
π5,2 Z/2

π6,3

{
(2, 16) ϵ(q) > 3
(2, 8) ϵ(q) = 3
(2, 4) ϵ(q) = 2

π7,4 (Z/2)2 ⊕ Z/16
π8,5 (Z/2)4
π9,6 (Z/2)3
πn+3,n (Z/2)2, n ≥ 7

Es,(t+3,t)
2

ϵ(q) = ν2(q − 1)



Comparison to topology
Fq

stem group
πn,0 0 , n < 0
π0,0 Z2 ⊕ Z/2
π1,0 (Z/2)2
π2,0 Z/2⊕ Z/8
π3,0 Z/8
π4,0 0
π5,0 Z/2
π6,0 Z/16⊕ Z/2
π7,0 Z/16⊕ (Z/2)2
π8,0 (Z/2)5
π9,0 (Z/2)4
π10,0 Z/8⊕ Z/2

topology
stem group
πn 0 , n < 0
π0 Z2

π1 Z/2
π2 Z/2
π3, Z/8
π4 0
π5 0
π6 Z/2
π7 Z/16
π8 (Z/2)2
π9 (Z/2)3
π10 Z/2

Is πn,0 = πn ⊕ πn+1 for all n?


