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NONSINGULAR AFFINE k*-SURFACES

JEAN RYNES

ABSTRACT. Nonsingular affine k*-surfaces are classified as certain invariant
open subsets of projective k*-surfaces. A graph is defined which is an equivari-
ant isomorphism invariant of an affine k*-surface. Over the complex numbers,
it is proved that the only acyclic affine surface which admits an effective action
of the group C* is C2 which admits only linear actions of C* .

INTRODUCTION

A k*-surface is a nonsingular two dimensional variety over an algebraically
closed field k with an effective action of the algebraic group k* of units of k.

In this article, we classify affine k*-surfaces. If & = C, the field of complex
numbers, we prove the following.

Theorem A. The only acyclic affine C*-surface is C* with a linear action of C*.

A fixed point x of a k*-surface X is called elliptic, hyperbolic or parabolic
depending on the linear action it induces on k2, i.e. the representation on the
tangent space T, X. If X is an affine k*-surface which possesses an elliptic
fixed point, then X is equivariantly isomorphic to 7, X . This is an example
of a one-fixed-pointed action. Fixed-pointed actions are characterized in [KR]
and [BH]. We classify affine k*-surfaces without elliptic fixed points as follows.

Theorem B. The affine k*-surfaces without elliptic fixed points are precisely the
differences V — Y where

(1) V is a projective k*-surface without elliptic fixed points,

(2) Y is an invariant connected closed curve in V , and

(3) V —Y contains no invariant closed curve of V .

See (3.3) and (4.9) below. A pair (V, Y) satisfying (1)-(3) is called a G-pair.

In [OW], Orlik and Wagreich classify projective k*-surfaces. These are ob-
tained, by blowing up fixed points, from geometrically ruled k*-surfaces. An
affine k*-surface without elliptic fixed points can be embedded equivariantly in
a projective k*-surface without elliptic fixed points. Orlik and Wagreich define
a graph for these projective surfaces. This graph is utilized to determine which
invariant open subsets are affine.

We also define a graph I'(X) for an affine k*-surface without elliptic fixed
points. This graph is shown to be an invariant of the affine k*-surface X. In
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890 JEAN RYNES

fact, I'(X) is completely determined by the tangent space representations at
isolated (hyperbolic) fixed points, Seifert invariants of nontrivial closed orbits,
and the quotient space X/k*.

The paper is organized as follows.

In the first section we discuss generalities of algebraic group actions on vari-
eties. Results of [KR] and [BH] are interpreted to give a characterization of ac-
tions of k* on affine varieties admitting elliptic or parabolic fixed points. In §2,
we describe part of the Orlik—-Wagreich classification of projective k*-surfaces.
For the convenience of the reader, the graph I'), of a projective k*-surface V'
without elliptic fixed points is defined and illustrated. We also prove that the
quotient 7 : V — V/k* exists for such V.

In §83 and 4, G-pairs are discussed. The Orlik—-Wagreich graph of V is
modified to define a graph for G-pairs. The form of the graph of a minimal G-
pair is determined in §3. This is used in §4 to characterize the affine k*-surfaces
without elliptic fixed points as differences V' — Y, for G-pairs (V,7Y).

The graph of I'(X) of an affine k*-surface without elliptic fixed points is
defined in §5. We prove that I'(X) is an invariant of X .

In §6 we restrict our attention to surfaces over the complex numbers. A pro-
jective C*-surface V' without elliptic fixed points is diffeomorphic to the con-

nected sum of n copies of (CP?) with the total space of a 2-sphere bundle over
a compact 2-manifold. There is a canonical isomorphism between H,(V ; Z)
and Num V', the divisors on ¥ modulo numerical equivalence. This is em-
ployed to compute the homology of an affine k*-surface from its graph. The
section ends with a proof of Theorem A.

Since the time of this research, the author has become aware of work of K.
Fieseler and L. Kaup on this subject. In [FK], the intersection homology of
singular, as well as nonsingular, C*-surfaces is computed. Theorem A could
also be deduced from these computations and results in §5 below.

1. ALGEBRAIC GROUP ACTIONS ON VARIETIES

Throughout, k is an algebraically closed field of arbitrary characteristic. A
variety is an integral separated scheme of finite type over k. The group of units
in k is denoted k*.

We begin by recalling some basic definitions pertinent to the study of al-
gebraic transformation groups. The basic terminology follows that of [Hu].
Quotients of not necessarily affine varieties and ‘fixed-pointed’ actions of affine
varieties are also discussed.

An (affine) algebraic group G is an affine variety which is also a group such
that the group multiplication and inverse mappings are morphisms. An action
of G on a variety X is a morphism

GxX—-X, (g, x)—g-x

such that g; - (g -x) = (g1&)-x and 1-x = x, forall g, g € G and
x € X. If chark = 0, the isotropy subgroup of a point x € X is the algebraic
subgroup G, = {g € G: g-x = x}. The action is effective if .y Gx = {1}.
If chark = p > 0, the notion of isotropy subgroup is replaced by that of the
stabilizer subscheme of x , see [MF, p. 3]. A variety with an effective action of
G is called a G-variety. The subset Gx = {y € X : g-x =y for some g € G}
is called the orbit of x . The action inducesamap o0 :G — Gx, g(g)=g+x
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with ‘kernel’ Gy = {g € G: o(g) = x} and thus a bijection G/G, — Gx. The
coset space G/G, has the structure of an affine variety [Hu, IV]. This allows
us to view the orbit Gx as an affine variety. The fixed set of the action is the
closed subvariety X° ={x € X : g-x =x forall g€ G} of X. A morphism
f:X > Y is equivariant if f(g-x)=g- f(x) forall xe X and g€G.

A (rational) representation of an algebraic group G is a finite dimensional
vector space V' together with a homomorphism G — GL(V) which is a mor-
phism of varieties. An action on a vector space V is said to be linear if it is
given by a representation.

An algebraic group G is linearly reductive if every representation of G is
completely reducible. An example is the group k*. Also, if chark = 0, all
finite groups are linearly reductive. If chark = p > 0, a finite group H is
algebraic if and only if p { |[H|. Every linearly reductive group is reductive,
for the definition of reductive groups and an historical summary we refer the
reader to [MF, Appendix I].

Example (1.1). Finite dimensional representations of G = k*. Since G is lin-
early reductive every finite dimensional representation of G decomposes as the
direct sum of irreducible representations. The irreducible representations of
G = k* are the one dimensional representations ¢ — %, for some integer a.
Thus, up to base change, every representation of G on an n-dimensional vector
space V' has the form

0 ... O
. .
GoGLY), (=] 0 '
: .0
0 ... 0 ¢
for some integers ay, ... , a,.
This representation will be denoted V' = * + --- + (% . An alternate

decomposition of V' is obtainedas V = Voo V*eV~, where V0 =3, 1%,
Vi=3%,s0t% and V- =3 1.

Representations occur naturally at fixed points. If X is an affine variety with
an action of an algebraic group G, then there is an action on the ring of regular
functions defined by (g- f)(x) = f(g~'-x) for g € G and f € &(X). In
fact, with this action, &(X) is an infinite dimensional representation of G [K,
11.2.4]). If x € X% and f € m,, the maximal ideal of x, then g- f € m,,
i.e. the action restricts to m, . Thus, there is an induced action on (m,/m2),
and on its dual space (m,/m2)* which is the tangent space 7,X to X at x.
More generally, for arbitrary x € X, this determines a representation of Gy
on T, X.

Definition (1.2). Let X be a variety with an action of G = k*. Then for
x € X9, x is elliptic if T, X = (TyX)* or T, X = (T X)™, parabolic if x
is not elliptic and T, X = (T, X)? @ (T X)* or T, X = (T, X)?® (T X)~ and
hyperbolic otherwise.

Example (1.3). G-vector bundles. A G-vector bundle is a vector bundle p : X —

Y and an action of G on X which restricts to a linear action on each fiber.
Assume Y is connected and let p: X — Y be a vector bundle of rank n over

Y . There is a covering {U;},c» of Y, isomorphisms ¢; : p~'(U;) — U; x k"
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and transition functions y; ;: U;NU; — GL(k") so that X & U,/,’,,j(Ui x k"),
ie. foreach i,j € F, u e UynU; and v € k", we have (u,v) ~
(u’ Wi,j(u)v) .

Let 6 : G — GL(k") be a representation. For i € .¥ , define an action of G
on U;xk" by g-(u,v)=(u, 0(g)v) forall g€ G and (u,v) € U; xk". In
order for this to define an action on X, for all i, j € .# we must have

(1) (u, 0(&)yi, j(w)v) = (u, wi, j()6(g)v)

foreach ue UiNU;, g€ G and v € k™.

One special case which will be of interest is that of k*-line bundles. If n = 1,
condition () is always satisfied. So the one dimensional representation of k*,
t — t%, determines an action on a line bundle p : X — Y. Moreover, viewing
Y as the zero section of p and using (1.8) below, we see that for each y € Y,
X204+,

Definition (1.4). The (categorical) quotient of a variety X by an action of an
algebraic group G is a variety Y together with a morphism n: X — Y satis-
fying:
(1) n(g-x)=m(x) forall x€ X and g€G.
(2) If w: X — Z is a morphism satisfying y(g-x) = y(x) forall x e X
and g € G, then there is a unique morphism ¢ : Y — Z , such that
pom=y.

Whenever it does exist, the universal property of (2) guarantees that the
quotient 7 : X — Y is unique up to isomorphism. The quotient variety Y is
denoted X/G. If X is affine, then X/G = Spec@(X)¢.

It is convenient to have a geometric description of the quotient. We begin
with

Lemma (1.5). Let X be a variety with an action of an algebraic group G. Sup-
pose y : X — Z satisfies w(g-x)=w(x) forall xe X and geG.

(1) Ifthere is a chain of orbits Gx = Gx, ... , Gx, = Gy such that Gx; N
Gxig#@ fori=1,...,n—1 then y(x)=y(y).

(2) If w(x) = w(y) implies that such a chain exists, and if there is a section
s:Z — X, then y: X — Z is the quotient.

Proof. Since w is continuous, for each z € Z, y~!(z) is closed in X. In
particular the closure of each orbit maps to a single point.

To prove (2), let s: Z — X be a section. We need to verify that v : X —
Z satisfies the universal property (1.4)(2) above. Suppose ¢ : X — W is a
morphism such that ¢(g - x) = ¢(x) foreach g € G and x € X. Define f:
Z — W to be the composition ¢gos. For x € X, let X = y(x) and y = s(x).
Then y(x) = w(y). So there is a chain of orbits Gx = Gx;, ... , Gx, = Gy
such that Gx;NGx;, #@ for i=1,... ,n—1. Thus foy(x) = f(X) =
¢os(x)=¢(y) =¢(x) and f is unique with this property. O

If X is an affine variety and G is reductive, the quotient 7 : X — X/G does
exist [MF, p. 27]. In this case, for each z € X/G ,__75“(2) contains a unique
closed orbit, and n(x) = a(y) if and only if Gx NGy # @ [BH, §1].
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Lemma (1.6). Let X be an affine variety with an action of a reductive group G .
If Z is a nonsingular curve and y : X — Z s a surjective morphism such that
v(x)=w(y) ifand only if Gx NGy # @, then y : X — Z s the quotient.

Proof. Let m: X — X/G be the quotient. Then there is a unique morphism ¢ :
X/G — Z such that ¢ o = y . First we show that ¢ is bijective. Surjectivity
is obvious. Suppose ¢(x) = ¢(y). Let x € n~!(x) and y € n~!(y). Then
y(x)=¢on(x)=¢(x)=¢(y)=¢on(y)=y(y),so GxNGy # &. But this
means X =n(x)=n(y)=7.

Let Y be a projective curve containing X/G such that each pointof Y -X/G
is regular. Also let W be the unique nonsingular projective curve containing
Z . Since ¢ is a bijective morphism of the affine curves X/G and Z, ¢ defines
a birational map ¢’ : Y — W . Note ¢’ is defined at all but at most finitely
many points of Y, and each point at which ¢’ is not defined is a regular point
of Y. Since W is nonsingular and projective there is a unique extension of
¢ to a morphism ¢ : Y — W, [HI, p. 43]. Since W is nonsingular, the
birational morphism ¢ is an isomorphism. O

Throughout the remainder of this section G = k* and X is a reduced affine
G-variety. If G acts fixed-pointedly on X (see below), then X is a G-vector
bundle over the fixed set X¢ . This result for algebraic tori is due to Kambayashi
and Russell [KR], see also Bass and Haboush [BH]. Our terminology follows that
of [BH].

Definition (1.7). Suppose X is a reduced affine variety. An action of a reductive
group G on X is fixed-pointed if the closure of each orbit contains a fixed point.
An action is one-fixed-pointed if it is fixed-pointed and there is exactly one fixed
point.

Remark. Fixed-pointedness is equivalent to the condition that the composition
X% < X X X/G be an isomorphism, see [BH, 10.0].

From (1.1) we see that a (finite dimensional) representation V' is fixed-
pointed if and only if V contains an elliptic or parabolic fixed point, and
V' is one-fixed-pointed if and only if V' contains an elliptic fixed point. The
following is a useful lemma relating fixed-pointedness of tangent space repre-
sentations to fixed-pointedness of X . We note that it is valid over fields of
arbitrary characteristic so long as the group in question is linearly reductive;
this is the case for k*.

Lemma (1.8) [Lu2, Lemme 1]. Let X be an affine variety with an action of a
linearly reductive group G. Suppose x € X is a regular point which is fixed
by the action. Then there is an equivariant morphism F : X — Ty X such that
F(x)=0 and F is étale.

A morphism is étale if it is smooth of relative dimension zero [H1, p. 275].
So a morphism as in (1.8) maps an open invariant neighborhood of x onto an
open invariant neighborhood of the origin in 7, X, see [H1, III. Exercise 9.1].
The next proposition follows easily from results of Bass and Haboush [BH].

Proposition (1.9). Let X be a nonsingular affine variety with an action of G =
k*.
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(1) If X contains an elliptic fixed point x, then X is equivariantly isomor-
Dphic to the tangent space representation TxX and X/G is a point.

(2) If X contains a parabolic fixed point then n : X — X/G is a G-vector
bundle and X/G is nonsingular.

Proof. For x € X%, consider the commutative diagram

x £, 1x

|k
x/6 5. (1.x)/6

where F is the morphism of (1.8) and F/G is the induced morphism on
quotients.

If x is elliptic, we show that X is one-fixed-pointed. From [BH, 10.6] it
will then follow that X = T, X. Let U be a neighborhood of x such that
x € Gy for y e U. Since F is étale, V = F(U) is an open neighborhood of
0 in T, X. By (1.5), n(U) = n(x), so n~!(n(x)) is dense in X . Since 7 is
continuous, 7~ !(n(x)) is also closed in X. Thus n~!(z(x)) = X. But this
means x — X — n(x) = X/G is an isomorphism. So X/G = {x} and X is
one-fixed-pointed.

Now suppose x is parabolic. Then T, X = (T, X)? + (T, X)? for ¢ = + or
—, see (1.2). Thus T, X is fixed-pointed. Since & (X) is an integral domain,
[BH, 11.3] implies X is fixed-pointed. Thus n : X —» X/G is a G-vector
bundle [BH, 10.3].

We now show that X/G is nonsingular. Let X € X/G and let x be the
unique fixed point in z~!'(x). Since F is finite and étale at x, F/G is
étale at x [Lul, IL1.1]. So it suffices to show that (7,X)/G is nonsingular
at F/G(x). But, since the action on X is fixed-pointed, so is the action on
T, X . Thus (T X)/G = (T, X)®. The later is a linear subspace of T, X and
hence nonsingular. 0O

The hyperbolic case remains to be studied. From (1.9) we see that any non-
singular affine k*-variety which contains a hyperbolic fixed point cannot contain
an elliptic or parabolic fixed point.

2. PROJECTIVE SURFACES WITH k*-ACTIONS

A G-surface is a nonsingular two dimensional variety with an effective action
of an algebraic group G . Throughout G = k*, the multiplicative group of units
of an arbitrary fixed algebraically closed field k.

From (1.9) it follows that if X is an affine G-surface which contains an
elliptic fixed point x, then X = T, X = k2. If X contains no elliptic fixed
point, then we will embed X equivariantly into a projective G-surface without
elliptic fixed points, see (3.1) below. In this section we describe projective k*-
surfaces without elliptic fixed points. This is part of a broader classification due
to P. Orlik and P. Wagreich, see [OW].

If V is a projective G-surface, then V¢ is nonempty. Following [OW], we
describe the fixed set. For x € V9, write T,V = 4% 4 ¢(*) _ Since the action
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is effective, not both a(x) and b(x) are zero. Set

Fy(V)={x€V%:a(x), b(x) >0},
F.(V)={xeVY:a(x), b(x) <0}, and
F,(V)={xeV%:a(x)>0>b(x)ora(x) <0< b(x)}.

When no confusion will arise we drop the ¥ from the notation and write F, ,
F_ and F,. The points of F, are called sources and those of F_ sinks of
the action. Sources and sinks are defined similarly on G-varieties of arbitrary
dimension. According to [B2], F, and F_ are nonempty distinct irreducible
components of V¢. So, for ¢ = 4+, —, either F, is a point, in which case it
is elliptic, or F, is an irreducible curve, in which case it consists of parabolic
fixed points. Thus, dim F, =dim F_ =1 if and only if V' contains no elliptic
fixed point. An orbit O of the G-action is called ordinary if ONF, # @ and
ONF_ #@. If O is an orbit which is not a fixed point and not ordinary, O
is called special.

We begin with an example. If p: S — C is a geometrically ruled surface
which admits two nonintersecting sections,! then S admits an action of k*.
The assumption that p : S — C admits two nonintersecting sections is equiva-
lent to S = P(£) where ¢ is a decomposible rank 2 vector bundle over C [HI,
V. Exercise 2.2].

Example (2.1). Standard actions of k* on geometrically ruled surfaces: Let p :
% — C be a line bundle over a nonsingular projective curve C, and let .#~!
denote the inverse bundle (i.e. the bundle whose transition functions are the
inverses of those of .#). Asin (1.3), ¥ and .Z~! admit actions of G = k*
determined by the representations 7! and ¢~! respectively. In each case the
fixed set is the zero section. Write ¢ = C; and (& “)G =Cq.-

Let f:. ¥ ~Cy— L '-C, bethe map defined locally by (u, x) € Uxk
(u,>"1) € U x k. It is straightforward to check that f is an equivariant
isomorphism. Form § = 2 U, 2!, the glueing of .# and Z~! along f.
Then p:.¥ — C extendsto p: S — C and p~!(c) 2 P! foreach c e C.
Thus S is a geometrically ruled surface with an action of G.

The fixed set is S¢ = Cy U C . From (1.3) we see that, for x € Cy, resp.
Coo, ThS =10+ resp. 9417, So F,.(S)=Cy and F_(S) = Co . Also,
F.(S)? = —(F_(S))*> = d for some d € Z. Incidentally, d, resp. —d, is
the degree of ., resp. .Z~!, as a line bundle. An orbit O of S which
is not a fixed point is an orbit of each of ¥ and Z~!, s0o ON F,(S) # @
and ON F_(S) # @. Thus each (nonfixed) orbit of S is ordinary. The map
p:S — C satisfies p(x) = p(y) if and only if thereisa z suchthat x, y € Gz.
Since there is an obvious section, (1.6) implies p : S — C is the quotient.

This will be called the standard action of G on §.

Suppose x is a fixed point of a G-surface V', and let ¢: V — V be the
blow up at x. Then there is a unique action of G on V' extending the action
on V—¢~l(x)=V - x, see [OW, 3.4] for an explicit description. In this case

we call ¢: V — V the equivariant blow up of V at x.

'In [OW], p: S — C iscalled a P! bundle over C.
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If E~ P! isacurve in a G-surface V with E-E = —1, then E is
invariant [OW, 1.9]. Thus E is the exceptional curve of an equlvarlant blow
up ¢:V — V. The process of passing from V to V is called blowing down.

Lemma (2.2). Let V be a projective G-surface without elliptic fixed points. Sup-
pose
(1) the quotient m:V — V|G exists,
(2) there is a section s : V/G — V which maps V|G isomorphically onto
F.(V), and
(3) whenever n(x) = n(y), there is a chain Gx = Gxy, ... , Gx, = Gy of
orbits such that Gx; N Gxiy, # @ .
If $:V — V is the blow up of some P € VG then the quotient # : V-V/G
exists, V/G = V|G and # = mo¢. Moreover, (2) and (3) are also satisfied
for #:V - V/G.
Proof. Set # = mo¢. Then there is a section § : V/G — V of # given
by the composition of s with the proper transform F;U/ ) of F+(V) in V.
Smce F,(V) is nonsingular there is such a section, and, since ¢ is equivariant,
Fi (V)2 F (V).

Now suppose #(x) = #(y) . We show there is a chain Gx = Gxi, ... , Gx, =
Gy of orbits such that Gx; N Gx,.; # @. Then applying (1.5) we see that
T=mo¢: V- V/G is the quotient. Let E be the exceptional curve of ¢.
Set z=¢(E), x' =¢(x) and y' = ¢(y).

Case 1. x' = y'. In this case, x and y are both in E. Let x, € E be
a nonfixed point. Then Gx = Gx;, Gx,, Gx3 = Gy is a chain satisfying
@i N @m # 0.

Case 2. x' #y'. Let Gx' = Gxj, ... , Gx, = Gy' be a chain of orbits of V
satisfying Gx, NGx;;; # @ . If some Gx! is a fixed point, then Gx! € _C_?Kn
Gx, .1 » and the chain obtained by deleting Gx; also satistfies the intersection
property. So assume no Gx! is a fixed point. Set x; = ¢~ !(x]). If z ¢
U;’=IG_x§, then Gx = Gx;,...,Gx, = Gy is the required chain. If z €
UL, Gx!, then z = Gx;NGx;;, for some i. Setting O = E — ES, we see that
the required chain is

Gx=Gx,,... ,Gx;,0,Gxiy1,...,Gxy,=Gy. O

Definition (2.3) [OW, 2.4]. Let V be a projective G-surface without elliptic fixed
points so that dim F, = dim F_ = 1. The weighted graph I'(}) is defined as
follows:

(1) Vertices of I'(V) are v,, v_ for the curves F,, F_ and one vertex
for each special orbit of V.

(2) Two vertices v and w are linked in I'(V) if the closures of the corre-
sponding curves intersect.

(3) Each vertex is assigned a weight which is the self-intersection number
of the closure of the corresponding curve.

Let V be a projective G-surface without elliptic fixed points. By convention,
the vertex v, corresponding to F, will be to the left of the vertex v_ cor-
responding to F_. Suppose V contains special orbits O, ... , Os such that
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5;06,‘.“ #2@ fori=1,...,5-1 and 5;06]':@ for j#i—-1,i,i+1.
Then there is a subgraph & of I'(V) which has S vertices v;, ... , vg such
that (v;, viy1) isanedgeof & for i=1,...,85—1. If in addition (v, , v;)
and (v_, vg) are edges of I'(V), then we call & a branch of I'(V'). The orbits
O, ..., Og are called the orbits of & .

Example (2.4). (a) Let p: S — C be a geometrically ruled surface with a stan-
dard action of G. Suppose (F,)? =d . From (2.1) it is evident that I'(S) has
the form: J

Now suppose O is an ordinary orbit of S. Let x € F,NO andlet ¢:V — S
be the blow up of S at x. Set E = ¢~!(x). Then V is a projective G-surface
with exactly two special orbits, O, = E — EC and O, = ¢~!(0). Since O is a
fiber of p, (0)2=0. Thus I'(V) has the form

d-1 -1 -1 —d

Also by (2.1) and (2.2) the quotient n: V — V/G existsand m =po¢.
(b) Let Z be a projective G-surface without elliptic fixed points and suppose
I'(Z) has a branch % of the form

L, I Inoy =1 Iygy Is., s

Let O, ..., Os be the orbits of % . Then (Oy)* = —1,s0 Oy is the excep-
tional curve of a blow up ¢ : Z — Z’. Then the corresponding branch of Z’
has the form

L L Iny Iy +1 Iy +1 Iy Is., Is

———o0 ... . - ° —o

(c) Let p:S — P! be a geometrically ruled surface over the projective line.
Suppose (F.)2 =1. Then (F_)2 = —1 and F_ is the exceptional curve of a
blow up ¢ : S — S’. It is easy to see that S’ = P?. Also, using (1.8), we see
that the isolated fixed point x = ¢(F_) is an elliptic sink of the action.

Suppose C is a nonsingular curve. We say V is a ruled surface over C if
V is birationally equivalent to C x P'. Unless ¥ = PZ?, this means there is a
geometrically ruled surface p: S — C and a morphism ¢: V' — S such that ¢
is a finite composition of blow ups. In this case, the composition ¢ = po ¢ :
V — C is called a ruling of V. For a given ruling w: V — C, the fiber over a
point x € C, denoted y, , is the preimage w~!(x). Evidently, each fiber is a
connected curve whose irreducible components are each isomorphic to P!,

Theorem (2.5) [OW, 2.5] (Orlik-Wagreich). Let V be a projective G-surface
without elliptic fixed points. Then there is a geometrically ruled surface p : S —
F,.(V) with a standard action of G and a finite sequence of blow ups at fixed
points ¢ .V — S, sothat w =po¢:V — F, isaruling of V. Moreover, if
Wy = Uf;l C; is the decomposition of the fiber over x € F (V) into irreducible
components, then we have the following.

(1) Sx =1 ifand only if y, is the closure of an ordinary orbit of V .
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(2) If Sx > 2, then Cy, ..., Cs, are the closures of the special orbits of a
branch of T(V).
(3) The graph T(V) has the form

non

7o
C+

U

for some integers c,., c_ and I]'ﬁ satisfying 1 j' <0 forall i and j, and
for each i thereisa j with I! = —1.

Corollary (2.6). Let V be a projective G-surface without elliptic fixed points.
Then the quotient n: V — V|G exists. Moreover, m = po ¢ where p: S —
F.(V) is a geometrically ruled surface with a standard action of G, and ¢ :
V — S is a sequence of blow ups at fixed points.

Proof. This follows from (2.5) and (2.1) upon repeated applications of (2.2). O

Corollary (2.7). Suppose V' is a projective G-surface without elliptic fixed points
and O is an orbit of V , then O-0 =0 ifand only if O is an ordinary orbit.
Proof. This is immediate from (2.5)(1) and (2.5)(3). O

3. G-PAIRS

Throughout G = k*. In view of the classification of projective G-surfaces,
we study affine G-surfaces via embeddings into projectives, see (3.1) below.
Then G-pairs are defined and it is proved that every affine G-surface without
elliptic fixed points is ¥ — Y for some (minimal) G-pair (V, Y). The graphs
of G-pairs are defined, and the form of the graph of a ‘minimal’ G-pair is
determined.

Proposition (3.1). If X is a nonsingular affine G-surface without elliptic fixed
points, then there is a projective G-surface V without elliptic fixed points and
an invariant subvariety Y C V, such that X =V —Y as G-surfaces.

Proof. By the equivariant compactification theorem of Sumihiro [S], one can
embed X equivariantly in a complete two dimensional G-variety V,. Iden-
tifying X with its image in Vp, set Yy = V5 — X and Xy = sing(¥p) U {x €
VOG : x is elliptic} . Note that Xy, C Y since X is nonsingular and contains no
elliptic fixed point.

The canonical equivariant resolution of ¥, [OW, 3.2] is a complete nonsin-
gular G-surface V' without elliptic fixed points and an equivariant morphism
n:V — ¥V satistying |y _,-1z,) : V - n~1(Zy) — Vo — Zo is an isomorphism.
Since V is complete and nonsingular, V is projective. Set Y = n~!(Yp). Then
Y isinvariantand X =V, - Y,V -Y. O

Definition (3.2). A pair (V, Y) is called a G-pair if
(1) V is a nonsingular projective G-surface without elliptic fixed points.
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(2) Y is an invariant connected closed curve of V.
(3) Every invariant closed curve of V' meets Y .

Remarks. Since Y is invariant and each component has dimension one, Y
consists of some union of fixed curves and closures of ordinary and special
orbits of V. Also, since the closure of each ordinary orbit of V' meets F, and
F_, Y must contain at least one of F, or F_.

Let (V, Y) be a G-pair and suppose E is an exceptional curve of V' which
is contained in Y . Then E is the exceptional curve of an equivariant blow up
¢:V - V' Set Y = ¢(Y). The tangential representation at the fixed point
¢(E) determines the action on E according to [OW, 3.4], this is independent
of the type (i.e. elliptic, parabolic or hyperbolic) of the fixed point ¢(E). From
this it follows that ¢(E) is an elliptic fixed point if and only if E is pointwise
fixed. Also V-Y =V'-Y',so (V, Y) satisfies (3.2)(3) if and only if (V', Y’)
does. Thus (V', Y’) is a G-pair if and only if E is not pointwise fixed. We
say (V,Y) is minimal if Y contains no exceptional curve E, unless F is
pointwise fixed.

Proposition (3.3). Let X be an affine G-surface without elliptic fixed points.
There is a minimal G-pair (V,Y) such that X =V - Y as G-surfaces.

Proof. Let V and Y beasin (3.1)sothat X =V —Y . Since X is affine, Y is
connected and has pure codimension one, see [H2, I11.3.1] and [H2, 11.6.2]. Also,
X cannot contain a closed curve of V. Thus (V, Y) isa G-pair. If (V,7Y) is
minimal, we are done. Otherwise there is an exceptional curve E; C Y which
is not fixed. Let ¢, : V — V; be the blow down and set Y; = ¢,(Y). Note
that (V},Y,) isa G-pairand X @V -Y 2V, -Y,;. Since E; is not fixed and
E,-E, =-1, (2.7) implies E; is the closure of a special orbit. Thus ¥; has
one fewer special orbit than V.

Repeating this process, one obtains a sequence {(V;, Y;)} of G-pairs such
that X = V; — Y; and V;,, has one fewer special orbit than V;. But V has
only finitely many special orbits by (2.5). Thus (¥, Y,) is minimal for some
n. O

Definition (3.4). For any G-pair (V, Y) the graph I'(V, Y) is defined as fol-
lows:

(1) The vertices of I'(V, Y) are the vertices of I'(V), see (2.3), together
with one vertex for each ordinary orbit of V' which is contained in Y .
Vertices whose corresponding curves are contained in Y are indicated
with an open dot (o). All others are indicated with a closed dot (e ).

(2) Two vertices are linked by an edge in I'(V, Y) if the closures of the
corresponding curves intersect.

(3) Each vertex is assigned a weight which is the self-intersection number
of the closure of the corresponding curve.

Suppose (V, Y) is a G-pair. A vertex of I'(V, Y) or I'(V) will be called
fixed (resp. ordinary, special) if the corresponding curve is fixed (resp. ordinary,
special). Note that there is a one to one correspondence between the special
vertices of I'(¥) and the special vertices of I'(V, Y). A branch of T'(V,Y)
is a subgraph which corresponds to a branch of I'(V). If & is a branch of
I'(V,Y), we write (V) for the corresponding branch of I'(V). The orbits
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of a branch & of T'(V,Y) are the orbits of & (V). The length of a branch
A is the number of orbits (or equivalently the number of vertices) of % .

If (V,Y) is a minimal G-pair, the forms of the branches of I'(V', Y) are
determined in (3.6) below. First we need the following.

Lemma (3.5). Let V be a projective G-surface without elliptic fixed points. Sup-
pose & is a branch of T(V') of the form
L L Is.y I

Then the following hold.

(1) & contains two adjacent vertices of weight —1 if and only if S=2.
(2) If Ij=-1 for j=1 or S, then I; = —1 for some | # j.

Proof. Let Oy, ..., Os be the orbits of %, so that (5,)2 = I;. To prove
(1), first suppose S = 2. Then by (2.5)(3), at least one of (0;)*> = —1 or
(0,)? = —1. Assume without loss of generality that (0;)> = -1, and let
¢V — V' be the blowing down of O,. Then ¢(0,) is an ordinary orbit
of V'. Thus ($(0;))* =0 and (0,)? = (0,)* = —1. To prove the converse,

suppose (Oy)? = (Ok,1)> = —1 and let ¢ : ¥V — V' be the blowing down of
O . Then (¢(Oky1))* = 0. By (2.7) this means ¢(Ok,) is an ordinary orbit

of V'.So §=2.
The second assertion is proved by induction on S. If S =2, the statement
is proved. Suppose S > 3 and /; = —1. The proof in the case Is = —1 is sim-

ilar. Blowing down O; we get a projective G-surface V' whose corresponding
branch &’ has the form
IL+1 I Is_, Ig
. e -+ eo—o
Since at least one of the weights of %’ is —1, the induction hypothesis implies
Ij=—-1 forsome j>3. O

Lemma (3.6). Let (V,Y) be a minimal G-pair. If & is abranchof T(V,Y)
of length S =2 then & has the form

(1)
-1 -1

*r—1
If B isabranchof T(V,Y) of length S >3 then & is one of the following:
(2)
I, L Iy -1 Iny Ing2 Is .y s
o—o0 o . . - 0——o0 '’
(3)
L L Iny Iy -1 Ing Is., s
o0—0 - o o o 6 i oo
(4)
I, I Iy -1 Iyy Is.y  Is
o o e o Py Vo) oo O—0 >

where in (2), (3) and (4), 1; < -2 for j# N and 1 <N <S.
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Proof. If the length of &% is two, then by (3.5)(1) the weights are both —1.
Minimality implies the the corresponding curves are not contained in Y .

Suppose the length of & is S > 3. Let O, ..., Og be the orbits of %
and let
L L Is.y Is

be the corresponding branch of I'(V), so that (0;)? =I;.

Since Y is connected and Y contains at least one of F; or F_,if O, ...,
O, are the orbits which are not contained in Y , then {O;, ..., 0;} = {0, ...,
Oy,} forsome k=1,...,5—1/. Also, since the closure of each orbit meets
Y, Y contains all but at most two adjacent orbits O, and O,,; of & . Let
N be such that Iy = —1, this is possible by (2.5)(3). Minimality of (V, Y)
implies Oy ¢ Y. Now, if Y contains all but exactly one orbit of %, then
% has the form (4). If neither Oy nor Oy, is contained in Y, then either
k=N and % has form (2) or k =N -1 and % has form (3).

To show that 1 < N < §, suppose to the contrary that I; = —1 for j=1 or
S. Then, by (3.5)(2), I, = —1 for some [/ # j. Minimality of (V, Y) implies
neither O; nor O, is contained in Y . But then O; and O; are adjacent orbits
with (0))? = (0))> = —1. By (3.5)(1) this is only possible if S=2. O

If the closures of orbits intersect, they intersect in a fixed point. Thus the
branches of (3.6)(1), (2) and (3) correspond to a fixed point of ' — Y. On
the other hand, the Nth orbit of the branch (3.6)(4) is closed in V' — Y. This
motivates

Definition (3.7). Let (V, Y) be a G-pair and let & be a branch of I'(V, Y).
We say & is of type F if & has the form

L D Inoy  In Ingg Ing Is.y s
O———0 --- et ° - —0 o0————0
where 1 < N < S. Wesay & is of type & if % has the form:
L I Inoy Iy Ing Is .y s

where 1 <N < S.

Proposition (3.8). Let (V,Y) be a G-pair. Set X =V —Y. If dimX% =1,
then X is affine, X/G is a nonsingular affine curve isomorphic to X°, and
n: X — X/G has the structure of a G-line bundle. Moreover, V /G is the unique
nonsingular projective curve containing X/G. And, if (V,Y) is minimal, then
rV,Y) is

(1) or (2)

where ¢ is some integer, and, in each case, the number of ordinary vertices is
V/G - X/G]|.

Proof. As in the proof of (3.3), after blowing down exceptional curves of V
which are contained in Y and are not fixed, we may assume (¥, Y) is minimal.
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As remarked after (3.2), Y contains at least one of F, or F_. Since
dimX® = 1, Y contains exactly one of the fixed curves F, or F_. We
will show that if F~ Cc Y and F, ¢ Y, then I'(V, Y) has form (1). A similar
proof shows that, if F~ ¢ Y and F, C Y, then I'(V, Y) has form (2). Con-
nectedness of Y implies that I'(}, Y) cannot contain a branch of the form
(3.6)(2) for 1 < N < S, (3.6)(4) for 1 < N < §, or of the form (3.6)(3) for
2 < N < §. Since the closure of each orbit must meet Y, I'(V, Y) cannot
contain a branch of the form (3.6)(1), or of the form (3.6)(3) for N = 2. Thus
I'(V, Y) contains no branches. But, Y contains at least one point of F, . Thus
Y contains at least one ordinary orbit of V. Let {O;}¥, be the ordinary orbits
of V contained in Y. Then I'(V, Y) has the form

for some integers I;,..., Iy, ¢ and ¢'. By (2.7), I, = --- = I}y = 0. Also,
since V' has no special orbits, V' is a geometrically ruled surface over F, with
a standard action of G. It follows from (2.1) that ¢/ = —c.

Set x; = O;NF,. Then X9 = F, — {x;}M,, which is a nonsingular affine
curve. Let # : V — F, = V/G be the quotient (2.1). Then =#|y : X — X©¢
has the structure of a G-line bundle over XY. In particular, X is affine.
Since 7|x(x) = n|x(y) if and only if Gx NGy # @, from (1.6) it follows that
m|lx : X — XC is the quotient. 0O

Proposition (3.9). Let (V,Y) be a minimal G-pair. Set X =V -Y . If XC is
finite or empty, then each fixed point of X is hyperbolic, and T'(V , Y) has the

form
1 1 1 1 1 1 1 1
Il I2 Il\ll—l IMl IM1+1 IM1+2 Iﬂl—l IR[
/)—o . o- . ° 0 . o—\
K K K K ) K K K K
Il IZ IMI(-I IMK [MK+1 IMK+2 IR[(—I IRK
O O- Y 3 7 3 O O Q

1
JN1+1
)

L
JNL+1
o)

where the branches and weights are as follows.
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(1) There are K > 0 branches of type & . Foreach i =1, ..., K, either
Ri =2, in which case I = I}, = —1, or R; >3 and there is exactly one
m with I}, = —1. Moreover, if R; >3 and I\, = -1, then m = M; or
M, l<m<R;, and I,£§—2f0r k;ém

(2) Thereare L >0 branches of type € . Foreach j=1,...,L, S;>3,
Jl{,j=—1, 1<N;<Sj,and J/ <=2 for [ £ Nj;.

(3) There are M > 1 ordinary orbitsin Y, and Wy =...= Wy =0.

(4) c+c'=—-(K+1L).

Proof. Since V contains no elliptic fixed points, neither does X . Since X is
finite or empty, F,, F_ C Y. So X contains no parabolic fixed points. Thus,
each fixed point of X is hyperbolic.

By (3.6) each branch of I'(V, Y) hastype # or & . Let K be the number of
branches of type # , L the number of branches of type &, and M the number
of ordinary vertices of I'(¥', Y). Certainly, K > 0 and L > 0. The conditions
on the weights along these branches follow from (3.6). Connectedness of Y
implies M > 1, and, by (2.7), Wy =--- =Wy =0.

It remains to show ¢+ ¢ = —(K + L). By (2.5), V is obtained from a
geometrically ruled surface S with a standard action of G, by a sequence of
blow ups at fixed points. Let

Veby 2l ==V 2 yy=s

be such a sequence. Also, let b, be the number of branches of I'(}}). The
proof is by induction on N. If N =0, then by = 0 = F,(S)> + F_(S)*. Let
x be the fixed point which is the center of the /th blow up ¢, : V; — Vj_;.
Set f;_;, resp. f;, to be the fiber of the ruled surface V,_,, resp. V;, which
contains x, resp. ¢~!(x). A priori, there are three possibilities:

(1) fi—y isirreducible and x € F, (V,_;)UF_-(V,_,),

(2) fj—; is reducible and x ¢ F,(V,_;)UF_(V,_;), or

(3) fi_1 is reducible and x € F, (V) UF_(V,_,).
In the first case, f; has two components, whereas f;_; has only one. So f;
corresponds to a new branch in I'(V}). Thus, —b, = —b;_; = 1 = F,.(V;_;)* +
F_(Vi_1)? =1 = F,(V})?> + F_(V})?, where the second equality follows from
the induction hypothesis. In the second case, x must be a double point of
Jfi—1 . So the blow up introduces no new branches in I'(¥}). Here the induction
hypothesis implies

by = —by_y = Fu(Viey)? + F- (V212 = F (V) + F-(W)°.

We show that the third case cannot occur. Suppose f;_; is reducible, and
consider the branch of I'(¥;_,) corresponding to fj_;:

L L Is.y Is

If x € F,(V,_,), then the corresponding branch of I'(V}) is
-1 I, -1 I Is_, Ig
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Since I} < 0, (3.5)(2) implies /; = —1 for some j = 2,...,S. But this is
impossible, since the corresponding branch of I'(}) has a unique exceptional
curve. Similarly, we obtain a contradiction if x € F_(V,_;). O

4. AFFINENESS OF (G-PAIRS

Let (VV,Y) bea G-pairand set X =V — Y. We say that (V, Y) is affine,
if X is affine. In this section, we show that all G-pairs are affine. In view of
(3.8), we assume X© is finite or empty; so that X¢ c F,(V). If x € X® we
construct new G-pairs from (¥, Y) by blowing up x and modifying the curve
Y . The pairs thus obtained will be affine (minimal) whenever (V, Y) is affine
(minimal). We will need a numerical criterion for affineness which we prove
now.

Proposition (4.1). Let V be a G-surface without elliptic fixed points. Suppose
Y is an invariant connected subvariety of V. Then V — Y is affine if and only
if there is an effective divisor D with supp(D) = Y such that D-D > 0 and
D - C >0 for each invariant irreducible complete curve C of V .

Proof. Goodman’s criterion for affineness [H2, 11.4.2] says an open subset of
a projective surface is affine if and only if the difference is the support of an
effective ample divisor. A divisor D on a surface is ample if and only if D2 > 0
and D - H > 0 for all irreducible complete curves H C V. This is the Nakai-
Moisezon criterion for ampleness, see [H2, p. 365]. (=) follows immediately.

Suppose D is an effective divisor of V' with supp(D) =Y such that D-D >
0 and D - C > 0 for each invariant irreducible complete curve C of V. Let
H be an irreducible complete curve in ¥ which is not invariant. For (<),
we need only show that D- H > 0. Since H is not invariant, H ¢ Y. Thus
H - F; > 0 for each irreducible component F; of Y and it suffices to show that
HNY #92.

Let m:V — V/G be the quotient map. We will show that

(1) Hnn ' (p) # @ foreach p e V/G.
(2) n~'(p)c Y, forsome p € V/G.

Consider the restriction #|y : H — V/G. This is a morphism of projective
curves and as such 7|y is either surjective or the image is a point, see [H1,
11.6.8].2 Since H is not invariant, we must have zn|y(H) = V/G. So HnN
n~!(p) # @ foreach pe V/G.

To prove (2), note that there is some ordinary orbit O which is not contained
in Y. Write D =Y n;D; + n.F, + n_F_, where the D; are prime divisors
different from F, and F_. Then 0<D-O= n,F,-O +n_F_-O=n,+n_.
So at least one of the fixed curves F, or F_ is contained in Y. Assume,
without loss of generality, that F, C Y. Then D-F_ >0,s0 YNF_ # 2.
Connectedness of Y implies there are invariant curves C;, ... , C, such that
F.nCi#2,CnCiy1#o fori=1,...,n-1and C,NF_ # &. Note that
the union of these curves maps to a single point P € /G and n~'(P) =, C;.
So Y contains z~!(P). O

2The nonsingularity of X in the statement of [H1, 11.6.8] is not used to prove this assertion.
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Lemma (4.2). Let (V,Y) be a G-pair and suppose T'(V, Y) has the form
oL

Then I} = ~1 and V - Y is affine.

Proof. By (3.5)(1), I]’f = —1. Let O be the ordinary orbit of V' which is
contained in Y. Set n = max(|F?|,|F?|) + 1 and D = F, + nO + F_.

It’s easy to verify that D2 > 0 and D - C > 0 for each invariant irreducible
complete curve of V. So (4.1) implies V' — Y is affine. O

This provides us with a large class of affine surfaces with hyperbolic fixed
points. In fact, if I'(VV, Y) isasin (4.2), V-Y has R fixed points x;, ... , Xg,
where x; = C/ n Czj and C ,’ is the closure of the orbit corresponding to the
vertex v/ with (C/)2=1/.

Lemma (4.3) (and definition of Of , Oy, C} and C; ). Let V be a projective
G-surface and suppose x € F,(V). Then there are unique orbits O} and Ogf
such that Cf N C; ={x}, x is a source of C} and x is a sink of C; , where
C:=0%.

Proof. Write T,V = t~2 + t* for positive integers a and b. Set L, to be
the one dimensional subrepresentation (7xV)® for ¢ € {+, —}. Let U be
an invariant affine open neighborhood of x, such a neighborhood exists by [S,
Corollary 2]). Let F: U — T, U & T,V be the equivariant étale morphism such
that F(x) = 0 from (1.8). Then F maps an invariant open neighborhood
W of x bijectively onto an invariant open neighborhood F(W) of 0. Set
H, = F-Y(L,)NnW . Then x € H,, and, since F is equivariant, x is a source
of H, and asinkof H_. Set O¢ = H, —{x}. O

Now let ¢: Vy — V be the blow up at x. For C C V', let 5=¢"1(C—x)
denote the proper transform.

Definition (4.4). The a{us, resp. minus, blow up of (V,Y) at x is the pair
BE(V,Y)=(Vy, YUCE) for e =+, resp. —.

Example (4.5). Suppose (V, Y) is a G-pair whose graph has the form of (4.2)
with R = 1. Then, I] = I} = —1. Let x = C; N C,, where C; = O; and
O, O, are the orbits of the unique branch of I'(V, Y). Note that C; = C
and C, = C} . Then I'(V,, Y UC;) has the form
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And, T(V,, Y UC}) has the form

This illustrates the effect of plus and minus blow ups on the graph of a G-pair.
It is also not difficult to determine, from I'(V, Y), when (V, Y) is BE(V', Y')
for some G-pair (V', Y') and hyperbolic fixed point x € V' — Y'. In fact, we
shall see that this occurs precisely when I'(V , Y) has a branch of type # with
length S > 3.

Lemma (4.6). Let (V, Y) be a G-pair and suppose x is a hyperbolic fixed point
of VY. Then, for ¢ € {+, —} we have:

(1) BL(V,Y) isa G-pair.

(2) If (V,Y) isaffinesois B(V,Y).

(3) (V,Y) is minimal if and only if BE(V, Y) is minimal.

Proof. First, Y is connected and YNC? ;é @ implies YUC's is also connected.
If H is an irreducible complete curve of Vx , either H = C for some irreducible
complete curve C of V or H = E, the exceptional curve of ¢ vV, > V.
In the first case CnY;éz so CNY#@.If H=E,, HnCS;éz It is

clear that Y U C ¢ is invariant and closed, and that V, contains no elliptic fixed
point. This proves that B:(V, Y) is a G-pair.

Now suppose (V, Y) is affine. By (4.1) there is an effective divisor D with
supp(D) = Y such that D? >0and D- C > 0 for each invariant irreducible

curve C of V. Set H=Ct and let n = |H?|+ 1. Then D' = nD + H is
an effective divisor with support Yn Cﬁ Computing intersection numbers we
have:

D'-D'=n*D*+2nD-H + H?

>n?D? +2n+ H?>0,

D'-H=nD-H+H*>n+H*>0,

D -E.,=nD-E,+H -E.=1.
If F is a complete invariant irreducible curve of V, different from H and Ey
then F = C for some complete invariant 1rredu01ble curve C of V and

D.-F=nD-F+H-F>nD-C>0.

For (3) write Y = |J, F;, where the F; are the irreducible components of
Y. Thensince x € V — Y, F? = (F;)? for all i. Thus F; is an exceptional
curve of V if and only if F; is an exceptional curve Qf V' . This proves (=).

To prove the converse we need only show that (C¢)? # —1. But, C¢ is
the closure of a special orbit of V. By (2.5)(3), this means (C%)? < 0. So

(C)?=(Co*—1<~1. O

We now prove a lemma which will serve as an induction step in (4.8).
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Lemma (4.7). Let (V, Y) be a minimal G-pair such that each branchof T'(V ,Y)
has type & , some branch has length S > 3 and Y contains exactly one or-
dinary orbit of V. Then there is a minimal G-pair (V',Y'), a fixed point
xeV'—Y" and an € € {+, -} such that

() (V,Y)=By(V',Y'),

(2) each branch of T(V',Y') has type & , and

(3) Y’ contains exactly one ordinary orbit of V'.

Proof. Let & be a branch of I'(V, Y) of length S > 3, and let O, be the
orbit corresponding to the ith vertex. Since & is of type & , there is an N
such that Oy, Oy, C V —Y and O, C Y for i # N, N+ 1. Also, since
S > 3, exactly one of (Oy)2=—1 or (Oy;1)2=-1.

Assume (Oy)? = —1. We show there is a minimal G-pair (V', Y’) and a
fixed point x € V' — Y’ such that (V, Y) =B (V', Y’) with (2) and (3) also
satisfied. In case (Oy41)? = —1, a similar proof will show there is a minimal

G-pair (V', Y') and a fixed point x € V' —Y’ such that (V,Y)=Bf(V',Y’)
with (2) and (3) also satisfied.

Let ¢ : ¥V — V' be the blow down of the exceptional curve Oy. Set x =
#(Oy). Since S > 3,by (3.6) N> 1. Set O=0Oy_, and Y’ = ¢(Y - 0).
Then Y’ = ¢(Y) - ¢(0) = ¢(Y) - Cx and (V,Y)=B;(V',Y'). Itis easy to
see that (V', Y’') is a G-pair, so (4.6) implies (V’, Y’) is minimal. Properties
(2) and (3) are also easily verified. O

Proposition (4.8). Let (V,Y) be a minimal G-pair. Suppose each branch of
I'(V,Y) isoftype & and Y contains exactly one ordinary orbit of V. Then
V —Y is affine.

Proof. We use induction on N the number of special orbits of V. If N =2,
there is exactly one branch of I'(V,Y), its length is two and (4.2) implies
V —Y is affine. Suppose N > 2. If each branch of I'(V, Y) has length two,
(4.2) again implies V' —Y is affine. Otherwise there is a branch & of I'(V, Y)
of length S > 3. By (4.7), there is a minimal G-pair (V', Y’'), a fixed point
x€V'—Y and an ¢ € {+, —} such that (V,Y) = Bi(V', Y'), each branch
of I'(V',Y') isof type # and Y’ contains exactly one ordinary orbit of V’.
Notice also that V' has S — 1 special orbits. So, by the induction hypothesis,
V' — Y’ is affine. It follows, from (4.6) that V' — Y is affine. O

Theorem (4.9). If (V,Y) is a G-pair, then V — Y is affine.

Proof. After blowing down exceptional curves in Y which are not fixed, we
may assume (¥, Y) is minimal. Set X = V —Y . If dim X% = 1, the theorem
is proved (3.8). So suppose X¢ is finite or empty. Then I'(V, Y) has the form
given in (3.9). Let %, ... , &, be the branches of type &, S; be the length,

and O/, ..., Ogj be the orbits of .%;. Then for each j there is an N;, such
that 1 <N;<S;, O}, CV—Y and O/ CY for i # N;. Let Oy, ..., Oy be
the ordinary orbits of ¥ which are contained in Y, C; = O; and C,{ = 5,(
Set Y'=Y - (U, Ci_ VUL, C) and X' =V -Y'.

We now verify that (V, Y') is a minimal G-pair. Minimality is clear. Sup-
pose, to the contrary, that (¥, Y’) is not a G-pair. Then there is an irreducible
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invariant closed curve C of V suchthat CNY'=@. Since F,UF_cCcY', C
cannot be F,, F_ or the closure of an ordinary orbit. Thus C is the closure
of a special orbit. But, since (V,Y) isa G-pair, CNY #2.So CNY' =02
implies Cr‘lC,{,j_l for some j. But, this means C is one of, Cz{/,—z , C,{,}__] or
C,{,j , each of which intersects Y’. Therefore, no such C exists, and (V, Y’)
is a G-pair.

Next, notice that each branch of I'(}V, Y’) has type ¥ and Y’ contains
exactly one ordinary orbit of V. Thus X’ is affine by (4.8). But, X = X'-H
where H; is the closure in X' of 0,{,/__] , Fi isthe closurein X’ of O; and H =

UJL.=l H;u Ufi,_ F;. Since H is a finite union of codimension one subvarieties
of the affine variety X’, [La, p. 120] implies the difference X = X' — H is
affine. O

Corollary (4.10). Let X be an affine G-surface without elliptic fixed points. Let
(V,Y) bea G-pair suchthat X 2V —Y ,andlet n: V — V|G be the quotient
of V. Then n|x: X — n(X) is the quotient of X . In particular, X/G is a
nonsingular curve and the points of V/G—X/G are in one-to-one correspondence
with the ordinary orbits of V' which are contained in Y .

Proof. Note V/G is nonsingular and Gx N Gy # @ (closures in V) implies
n(x) = n(y). So by (1.6) we need only show that 7|x(x) = z|x(y) implies
GxNGy # @ (closures in X).

Let x and y be points of X such that n(x) = n(y). Then x and y lie
on the same fiber f of the ruling n : V — V/G. If f is irreducible, then
Gx = Gy is an ordinary orbit. Otherwise, let & be the corresponding branch
of I'(V,Y). If & isof type &, then x, y € X implies Gx = Gy. If &
is of type F , then x, y € X implies either Gx = Gy, or Gx and Gy are
adjacent orbits. In either case Gx NGy # @ (closures in X ). O

5. THE GRAPH OF AN AFFINE G-SURFACE

We continue to work over an algebraically closed field k of arbitrary char-
acteristic. Throughout, G = k*.

Let X be an affine G-surface without elliptic fixed points and let (V, Y)
be a minimal G-pair such that X = V' — Y, such a pair exists by (3.3). In
this section we show that up to the weights at the fixed vertices, I'(V, Y) is
determined by standard invariants of the G-surface X . If dimX¢ = 1, this
follows from (3.8). In fact, I'(V, Y) is given in (3.8)(1), resp. (3.8)(2), if
the fixed curve X¢ is a source, resp. sink, of X . So assume X© is finite or
empty. We will show that the branches of I'(V, Y) of type # are determined
by the tangent space representations at the corresponding fixed points, and the
branches of type € are determined by the Seifert invariants, see below, of the
corresponding closed orbits of X .

Following [OW, 3.3], we define the Seifert invariant. Denote by u, the ath
roots of unity in k*, i.e. u, = Speck[T]/(T® - 1). Note that if chark = p,
Uq 1is reduced if and only if p fa. In any characteristic, the only subschemes
of k* which are also subgroups of k* are the u, for a > 1.

Let x be a nonfixed point of a G-surface V. Then the isotropy subgroup
of x is u, for some a > 1. The action on V induces a representation
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o: e = GL(T V) of u, on the tangent space to x. As in [OW, 3.3], there
is a unique integer y mod o such that for appropriate coordinates x;, x; on
TV, a(t) - (x1, x2) = (%, x;). In this case, we write TxV = t° + ¢’ as
a uq-surface. The Seifert invariant of x is the pair (a, f) where u, is the
isotropy subgroup of x, T,V = 9+’ as a u,-surface, fy = 1 mod a and
0<B<a.

Suppose @ is an orbit of a G-surface V' . It is straightforward to check that
for x, y € @, the Seifert invariant of x is the same as the Seifert invariant of
y . Thus we define the isotropy subgroup of @ and the Seifert invariant of @ to
be those of any point x € @ . The isotropy subgroups of orbits of a branch of
I'(V) are related to the weights of the corresponding vertices in the following.

Lemma (5.1). Suppose V is a projective G-surface without elliptic fixed points.
Let # be a branch of T (V') of the form

I I Is_, Is
- . — o
Let O, ..., Os be the orbits of & . Let pu,, be the isotropy subgroup of O;,

and let ag = as,; = 0. Then the following hold.

(1) If I, = —1, then a;, = am_i + amy -

(2) If S = 2, or if there is a unique m with I, = —1 and I, < -2 for
i#m,then a;=1 ifandonlyif i=1or i=S.

(3) (ai,a,‘+1)=1f07' i=1,...,8-1.

Proof. Since I,, = —1, O, is the exceptional curve of ablowup y:V — W .
By (1.8), TxW = t=om-1 4 tom+1 where x = w(0,,) . From [OW, 3.4], it follows
that a;, = apm—1 + amyy -

To prove (2), let x = O, NF,. By (2.1), T,V =+, s0 a; = 1.
Similarly, ag = 1. The conditions on the weights of % imply that V is
obtained by a sequence of blow ups at hyperbolic fixed points, ¢ : V — V',
where the corresponding branch of ¥’ has length two. The converse follows
from (1) by induction on the number of blow ups in ¢.

The third statement is also proved by induction on the number of blow
ups along &. If S =2, aj =ag =1. If § > 3, let n be such that
I, =-1and | < n < S. Blowing down O,, by the induction hypothesis
we have (ap—1, any1) = 1. Thus, by (1) (@n—1, @n) = (@n—1, 1 + Qpy1) =
(an—1, any1) = 1. Similarly, (an, apy1)=1. O

We say an orbit of a G-surface is trivial, if its isotropy subgroup is either G
or {1}, and nontrivial otherwise. Suppose (¥, Y) is a minimal G-pair, and
suppose that the fixed set of X = V' —Y is finite or empty. From (3.9) it is clear
that there is a one-to-one correspondence between the branches of I'(V, Y) of
type F and the fixed points of X . Since ordinary orbits are trivial, from (3.9)
and (5.1)(2) it follows that there is a one-to-one correspondence between the
branches of I'(V, Y) of type % and the nontrivial closed orbits of X .

Proposition (5.2). Let X be an affine G-surface without elliptic fixed points, and
suppose that XC is finite or empty. If (V;, Y;) and (V5, Y») are both minimal
G-pairs such that X 2 Vi =Y, 2V, -Y; and F,(V))-F, (V1) = F1(V2)- F+(V2),

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use




910 JEAN RYNES

then T(Vy, Y,) =T (Va, Y,). Moreover,

(1) the branches of type F are determined by the tangent space representa-
tions at the fixed points of X,

(2) the branches of type & are determined by the Seifert invariants of the
nontrivial closed orbits of X , and

(3) the number of ordinary vertices is |Z — X/G|, where Z is the unique
nonsingular projective curve containing X/G .

Proof. Let K be the number of fixed points and L the number of nontrivial
closed orbits of X . Then each of I'(V;, Y;) and I'(V3, Y») has K branches
of type F , one for each fixed point of X, and L branches of type %, one for
each nontrivial closed orbit of X . By (3.9)(4), F,(V})?+F_(})* = —(K+L) =
F (V2)? + F_(V3)?. So, Fi(V1)* = F,(V2)* implies F_(V1)? = F_(V2)*. It
follows from (4.10), that the number of ordinary vertices of I'(};, Y;) is the
same as the number of ordinary vertices of I'(};, Y>), and that this number
is |Z — X/G|, where Z is the unique nonsingular projective curve containing
X/G.

Let (V,Y) be any minimal G-pair such that X = V' — Y. We now show
that the branches of I'(V', Y) of type # are determined by the tangent space
representations at the fixed points of X, and the branches of I'(V,Y) of
type & are determined by the Seifert invariants of the nontrivial closed orbits
of X.

If XC+# @, fix x € XC and write T, X = t~% + ¢® for positive integers a
and b. Let & be the corresponding branch of I'(V, Y) of type ¥ . Then
O; and Of, cf. (4.3), are the adjacent orbits of % which lie in X . Using
(1.8), we see that the isotropy subgroup of Oy is u, and the isotropy subgroup
of Of is u,. From (5.1)(2), it follows that a = b = 1 if and only if the length
of & is two. So, in this case, & is

-1 -1

*—2e

Otherwise, exactly one of C; and Cj, cf. (4.3), has self-intersection —1 in
V. If (C7)? = —1, then (5.1)(1) implies a > b. In this case, the Seifert
invariants, cf. [OW, 3.3], of O; can be computed to be (a, n), where 0 <

n<a, (a,n)=1and nb=1mod a. Let [a,, ..., a;] denote the continued
fraction:
1
a, — I
“T T
o
From [OW, (3.5)(3)] it follows that % has the form
_bl _b2 “bn—l -1 _bn+l _bn+2 —Us—1 “‘bs
o—0 cee o - . 0 cee o——o0

where the weights are uniquely determined by the continued fraction represen-
tations af—,’ =[by, ..., b,_1] and % =[bs, ..., but1].

If (Cf)?= -1, then (5.1)(2) implies b > a. In this case, the Seifert invari-
ants of Of are (b,v),where 0<v <b, (b,v)=1 and —av =1mod b.
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Here [OW, (3.5)(3)] implies &% has the form

-1 -0 —Cp—2 —Cp—1 =1 —Cny —Cs—1  —Cs
o290 “ee O 9 'Y ’e) “e O——20
b __ b _
where ;2 =[c1, ..., cp—1] and J =[c, ..., Cpya]-

If O is a nontrivial closed orbit of X with Seifert invariants (a, ), then
the corresponding branch of I'(V, Y) of type % is determined from [OW,
(3.5)(3)] to have the form

-d, —d, —dpy =1 —dpy —dg_y  —ds
o———20 . o PY 0 e Oo—o 0
where ﬁ=[d1,...,dn_]] and%:[ds,...,d,,ﬂ]. O

Suppose X is an affine G-surface without elliptic fixed points and (V', Y)
is a minimal G-pair with X =@ V' — Y. Let C be the closure of an ordinary
orbit of ¥ which is contained in Y. Then, for ¢ = + or —, blowing up
C N F, followed by blowing down the proper transform of C yields another
G-pair (V',Y') with X 2 V' -Y', Fb,(V)-FWV') = F,(V)-FEWV)-1,
and F_ (V') - F_g(V') = F_¢(V) - F_¢(V) + 1. Thus, repeating this process if
necessary, we may assume that F. (V). F, (V) =0.

Definition (5.3). If X is an affine G-surface without elliptic fixed points, then
the graph I'(X) is defined to be I'(V, Y), for any minimal G-pair (V,7Y)
with X 2V -Y and F (V)-F,.(V)=0. This is independent of the choice of
such a G-pair.

In (5.5) below, we see that the hyperbolic representations of k* on k2 can
be identified from their graphs and quotients. For this, we need the following.

Lemma (5.4). Let ¢ : Z — k? be the blow up of k? at (0, 0). Then Z—L = k2,
where L is any line in k?* through (0, 0).

Proof. Embed k2 in P? as k? = P> - L, where Lo, = {[x : y : 0]}, and
[x :y: z] are the usual homogeneous coordinates on P2. Let H be the closure
in P2 of the line L through (0, 0). Let é:Z — P2 be the blow up of P? at
[0:0:1],and E =¢~'([0:0:1]). Then Z is a geometrically ruled surface
over P! with two nonintersecting sections, E and Z,oo. Also, H is a fiber of
the ruling. Thus Z — L~7 _H- Zoo . But the latter is a line bundle over k
and hence isomorphic to k2. O

Remark. Suppose (V,Y) isa G-pairsuchthat V—Y = k? and x € V-Y is
a hyperbolic fixed po~int.~Then (5.4) implies that the plus and minus blow ups
at x, BE(V,Y)=(V,YUC?),satisfy V —(YUCE) k2.

Lemma (5.5). Let (V,Y) be a minimal G-pair and let X =V —Y . Suppose
X/G=k and T(X) has the form

L L Inoy Iy Inyi Ing2 Is., s
@ O

Then X is equivariantly isomorphic to a hyperbolic representation of k* on k?.
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Proof. As in the proof of (4.8), (V, Y) is obtained, by plus and minus blow
ups, from a G-pair (V;, Yy) whose graph has the form

Since X/G =k, V/G=Vy/G=P!. Let O be the ordinary orbit of ¥, which
liesin Yy, and set x = F_NO. From its graph we see that (};, Y;) is obtained
from (P! x P!, F, UO) by blowing up some y € F_ and removing the line
F_ — {x}. But,

P! xP' - (F,UO)=k?.

Since (V, Y) is obtained from (}g, Yp) by plus and minus blow ups, by the
preceding remark, ¥ — Y = k2. Every action of k* on k? is linear by [B1, p.
123], so X = k2 with a hyperbolic representation. 0O

6. HoMoLOGY OF C*-SURFACES

Throughout this section all varieties are over the complex numbers and G =
C* . The integral homology of an affine C*-surface with hyperbolic fixed points
is computed in terms of its graph. The rational homology of fixed point free
C*-surfaces is also computed. Our main result is that the only acyclic affine
C*-surface is the complex plane with a linear action.

Let V be a nonsingular projective surface. Denote by Pic” V', resp. Pic? V,
the subgroup of PicV consisting of divisors numerically, resp. algebraically,
equivalent to zero. The quotient groups are denoted Num V = PicV/Pic" V
and NSV = PicV/Pic? V; the latter is called the Néron-Severi group of V.
Viewing V' as a complex manifold one can consider the integral singular co-
homology H*(V; Z). There is a natural map v: NSV — H?*(V; Z) which
maps a divisor to its fundamental class. From the exponential sequence, [H1,
p. 446, it follows that v is an isomorphism if and only if H%(V ;&) = 0.
Since Num V is the free part of NSV, [H3, 3.1], v : NumV — H%(V; Z) is
an isomorphism if and only if H2(V ;@) =0 and H*(V ; Z) is torsion free.

If V is a projective G-surface, then V is ruled. So H?*(V;Z) is free,
and the geometric genus, which is the rank of H2(V ;@y), is zero. Thus, in
this case, v : NumV — H?(V;Z) is an isomorphism. By Poincaré duality
HX(V;Z) = Hy(V;Z). Thus, NumV = Hy(V;Z). This will be used to
obtain relations among homology classes.

We now find relations in Num V. If C and D are numerically equivalent,
we write C ~, D. The setting for (6.1) and (6.2) is the following.

(i) V isa projective G-surface such that I'(V) has the form of (2.5)(3).
(ii) Of, ..., OL are the orbits of the ith branch of I'(V), and C} = O; .
1 S; A b e = Y
(iii) a; is such that Mo is the isotropy subgroup of O; , and of = og ., =
0

(iv) ®:¥V — S is a sequence of equivariant blow ups from a geometrically
ruled surface S with a standard action of G.
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Lemma (6.1). Let f be the closure of an ordinary orbit of V. Then in NumV

Si
Cirnf- z a;ccli

k=2
foreach i=1,...,R.
Proof. In S, any two fibers are numerically equivalent. So, ®(f) ~, ®(C}).
Pulling back to V', f ~, Zf,;'=2 mi CL, for some m} . Clearly m{ = 1. Using
(5.1)(1) and induction on the number of blow ups in ®, one can show m} =
a . O

Lemma (6.2). Suppose F,(S)* = F_(S)? = 0. Suppose also that ® factors as
v -2, Vo - S where T (Vo) has R branches of length two, each blow up of w

occurs along F_, and each blow up of ¢ is centered at a hyperbolic fixed point
which is contained in an exceptional curve. Then the following hold.

(1) There are unique positive integers y,i such that

R S
-> ) nci.
i=1 k=2
(2) If (C))*=—1, then yy=---=yi =1.
3) If (Ci) =—land | <m<S;, then yi, =y, | +yi ., o 75 —
UVt =1 and o vy — b V=1,

Proof. Let y. be the multiplicity of C} in the pullback of F_(S) to V. We
induct on the number, N, of blow upsin ¢. If N =0, then V = V,. The
condition F,(S)? = F_(S)?2 =0 implies that F,(S) ~, F_(S) in S. Note that
the R blow ups of y : /5 — S are centered at points of F_(S) which lie on
distinct fibers. It follows that, in pulling back to V = V;, we have

R
(t) Fi = y*(Fi(S)) ~n W (F-(S)) = F- + Y Cj.
i=1
Then y} =0 and y{=1. So, (1) and (2) hold when N =0.
If N=1,let (C2”)2 = —1 be the exceptional curve of the blowup ¢: V —
Vo. From (1), it follows that in V', we have

F_~, F,—(C}+C)) - z Ci.
1#n
Then y{ =0, y,=1,and y} = 1. So, (1) and (2) hold when N = 1. Noting

that af =af =1 and of = 2, (3) is easily verfied.
If N> 1,let C), be the exceptional curve of the last blow up ¢n : V — Viy_,
of ¢. By the induction hypothesis for (1), in Vy_; we have

S R S

O(E-) ~n d0(E0) = | 3 show(cD) + Y 3 how(ch)]
k=2 i=1 k=2
k#m i#l
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Pulling back to V', we have

M R Si

P B | Y ACH+ Gy + ) Chot X kG|
k=2 i=1 k=2
k#m i#l

Then y), =y, _, + 7, . So, (1) and the first part of (3) are proved. If m =2,
then every blow up along the [/ branch occured at the hyperbolic ﬁxed point
in (the image of) C!. Since y/ = 0 and by induction 7} = --- = y{ =1,
(2) follows. To prove the remaining parts of (3), recall that from (5 1)(1),
al,=a}_,+al,, . Thus
U1 Vin = Vot = U1 (Ve + Vast) = (@t + Q) Vi

— 1 s

/ ! ] _
U 17me1 ~ Ot Pm—1 =

where the last equality holds by the induction hypothesis. Similarly, oy}, H—
oy tm=1. 0

Let X be an affine G-surface. We will compute the integral homology
H,(X;Z), if X¢ # @, and the rational homology H.(X;Q), if X% = &.
If X contains an elliptic or parabolic fixed point, the homology of X is easily
obtained from (1.9). We record this here. The reduced homology H.(X, x; R)

is denoted H,(X; R).
Lemma (6.3). Let X be an affine G-surface.
(1) If X contains an elliptic fixed point, then X/G is a point, X = C? and
X is acyclic.

(2) If X contains a parabolic fixed point, then X/G is an M-punctured
compact 2-manifold of genus g, for some M > 1 and g >0, and

Z2g+M—l ifq= 1,

Az ={ ifa#1.

Henceforth we assume the following.

(a) X is an affine G-surface which contains no elliptic or parabolic fixed
points.

(b) (V,Y) is a minimal G-pair such that X =V -Y .

(c) T(V,Y) isasin (3.9) with c= F2=0.

(d) g is the genus of F, .

(e) The orbits of the ith branch of type F are U/, .. UR ,and C} = U'
(f) The orbits of the jth branch of type & are O/, .. 0§ , and D’ 0’
(g) fi,..., fu are the closures of the ordinary orblts of V contamed in

Y.

Generators for the homology groups of V' and Y are given in the next two
lemmas. Submanifolds are identified with their corresponding fundamental
classes in Hy,(V;Z) and Hy(Y; Z).

Lemma (6.4). Set A=2+Y5 (Ri—1)+ X7 (S
(1) Hy(V;Z)=Z%8, generated by the meridians and longitudes of F; .
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(2) Hy(V;Z) = Z*, generated by F., fi, {C} :2 <k <R}, and
{D]:2<1<Sj},.
(3) Hy(V;Z)~=17%.
Moreover, the relations given in (6.1) and (6.2) hold in Hy(V ; Z).
Proof. Let ¢ : V — S be a sequence of blow ups where S is a geometrically

ruled surface with a standard action of G . Topologically, V' is obtained from
the S'-bundle S over the 2-manifold F,, of genus g, by taking connected

sums with (CP2) , one for each blow up. Thus H,.(V ; Z) and its generators are
as stated. It follows from (c) and (3.9) that the blow ups can be performed so as
to satisfy the hypotheses of (6.2). Since numerical and homological equivalence
agree in V', the relations in (6.1) and (6.2) also hold in H>(V';Z). O

Lemma (6.5). Set B=2+M + Y% (Ri—=2)+ X5 (S~ 1).

(1) H\(Y;Z) = Z*+*M-1 generated by the meridians and longitudes F,
and F_, together with {a,}M" such that i\(d;) =0 in H\(V;Z).

(2) Hy(Y;Z)=ZB generated by
Fo  Fo, {fudM  (Clik# My, Mi+ 135, and {D] : 1 # N;}L,.

Proof. Observe that Y has the homotopy type of a wedge of Fy, Fo, (M- 1)
circles, and a collection of 2-spheres, one for each C,i and D{ which liesin Y .
The curve o, can be realized as a loop connecting the poles of the 2-spheres f;
and f;,, . With this choice it is clear that i;(g;) =0 for s=1,... ,M—-1. 0O

Lemma (6.6). The homomorphism i,: H|(Y ; Z) — H\(V ; Z) is surjective with
kernel a free abelian group of rank 2g + M — 1.

Proof. This follows immediately from (6.4)(1) and (6.5)(1). O

Let By, resp. By, be the basis for Hy(V;Z), resp. Hy(Y;Z), given
in (6.4)(2), resp. (6.5)(2). Consider the homomorphism i: Hy(Y;Z) —
Hy(V;Z). If C € By N By, then i,(C) = C. Thus, in analyzing i,, we
disregard these common generators. Let Hy, resp. Hy, be the subgroup
of Hy(V;Z), resp. H(Y;Z), generated by By N By. Set Hy(V;Z) =
Hj(V)® Hy and Hy(Y; Z)= H)(Y)® Hy . Then i) : H)(Y) — Hy(V) satisfies
keri, = keri, and coker i) = cokeri,.

A basis for Hj(Y), resp. Hy(V),is By —(By NBy), resp. By —(ByNBy).
The elements of these bases are now given explicitly.

First, of the curves which are not the closures of the special orbits, f5, ... , fir
and F_ arein By — (By N By).

Next, consider the curves D,’ which are the closures of the special orbits of
branches of type & . The jth such branch has the form

J J J J J J J
Jl J2 JNj—l JNj JNj+1 JSj—l JSj
o——o0 .- o 7Y % o————0

From (3.6) we know 1 < N; < S;. Thus D] € By — (By N By) and Dy} €
By — (BV N By).
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The situation for the C; is more complicated. If C} ¢ Y, then the corre-
sponding branch of type ¥ has the form

Oo—0

(t)

So C! ¢ By UBy. But C} € By — (By N By). By reordering the branches if
necessary, we may choose »n so that the first #n branches of type # have the
form (). Explicitly, choose n so that 0 < n < K, Cf ¢ Y for i < n,and
Cf CcY for i >n. Then for i > n, the ith branch of type ¥ has the form

i i i i i i i i
Il 12 IM,'—I IM IM,‘+1 IM,‘+2 IR,‘-[ IR,
o—0 .- o ° - —- e o—»

where M; > 1. So for i >n, C{ € By - (ByNBy) and C;, and Cj,,, are
in By — (By N By).
Thus ordered bases By, and Bj, for Hj(Y) and H;(V') respectively are

/I 1 L +1 K ’
By—<D1,...,Dl,F_,Cln ,...,Cl,ﬁ,...,fM>
and
!’ 1 L 1 n n+1 n+1 K K
y=(Dk,....DE . Cl ... Co L at L CEL L CRL.

Lemma (6.7). In H;(V) we have the following relations.

(1) D] =-a jD{;,j, where p,, is the isotropy subgroup of 01(,]
(2) Fori>n, Cl = —a,-C,{,‘, “bicfm +1» Where pg,, is the isotropy subgroup of
Uy, and py, is the isotropy subgroup of Uy, ., . By (5.1)(3), (ai, bi) =

1.
(3) i==fu=0.
(4) There are unique positive integers J;, o; and t; such that a;t;—b;o; = 1

and
L . L K , .
F_= —[Z(S_,‘D"Nj+zc2r+ Z (aiCIIW,-+TiC;Wi+1) .
j=1 r=1 i=n+1

Proof. The first two statements follow from (6.1). Since any two fibers are
homologically equivalent, (3) holds. By (6.2)(1) there exist unique positive
integers J;, d;, o; and t; such that

L L K
F =— [Z«%D{v, +Y5/C5+ > (0:Ciy + zic;,ﬁl)}.
Jj=1

r=1 i=n+1

By (6.2)(2), 6 =--- =6, =1,and by (6.2)(3) aj1;—bo=1. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use




NONSINGULAR AFFINE k*-SURFACES 917
Lemma (6.8). With respect to the ordered bases By, and B, , the matrix for
i Hy(Y) — Hy(V) is given by —#"' where

a ]
Ozxn Orx2(k—n)
ar
6p - 0L | 1 - 1 | Opy1 Tan Ok Tk
Y’ ant1 bn+]
= Ani2 bpia
Ok —nyxL Ok —nyxn
axg bK
Opr—1)xL Opr—1)xn OM—1)x2(K—n)

and the integers «j, d;, 0;, T, a; and b; areasin (6.7).

Proof. This follows immediately from (6.7). O

Lemma (6.9). If K > 1, then keri, 2 ZM~! and

L
cokeri, 2 7K1 g @Z/ajz.
j=1
If K =0, then keri, @ ZM and coker i, C @f._l Z/ojZ.
Proof. First assume K > 1. Consider the submatrix

Lo 1 | Opp1 Thn ok Tk
Any1 bn+l
'
M = any2 bn+2
O(K—-n)xn
ag bg

of the matrix .# of (6.8).

Suppose n > 0, then since (a;, b;) =1 forall i=n+1,... , K,by(6.7)(2),
column operations reduce .#’ to

1
M = Ok —n+1)x(K-1)
1
If n =0, then since also
o T;
a: b; =0;b; — 1;a; = -1,

by (6.7)(4), one can again reduce the matrix .#’ to .#" . In either case column
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operations reduce .# to

e -
Orx(k+1-n) Orxk-1
ap
1
O(K‘H—")XL O(K+l—n)x(l(—1) >
1
Omr-1)xt Op—1)x(k+1-n) Opr—1yx(k-1)

from which the result for X > 1 follows.

If K=0, then
- o -
ar
/: 6] 6L s
Oar—1)xL

from which it follows that keri, = ZM and cokeri, C ®f=1 Z/ojZ. O

Proposition (6.10). Let X be an affine C*-surface with
(1) K > 1 hyperbolic fixed points,
(2) L >0 closed orbits with nontrivial isotropy subgroups iy, , .. , o, ,
(3) and quotient space X/C*.
Let Z be the unique nonsingular projective curve containing X/C*, g the genus
of Z, M =|Z-X/G| and N therank of H\(X/C*;Z). Then N =2g+M—1

and
Ve @, Z/aZ, ifq=1,
Hy(X;Z)={ ZN+K-1, ifg=2,
0, otherwise .

Proof. Let (V,Y) beaminimal G-pairsuchthat X = V-Y . Then Z =V/G,
which is a compact 2-manifold of genus g . Since the cardinality of Z — X/G
is M, H(X/G; Z) = Z228+M-1

To compute H.(X; Z), we relate this to H,(V, Y). The later is then com-
puted using the homology exact sequence for the pair (¥, Y). All homology
and cohomology groups have integral coefficients; the Z will be dropped from
the notation.

Let T be a neighborhood of Y of which Y is a deformation retract. Then
X' =V —T is a 4-manifold with boundary, 8X’, and X’ is homotopy
equivalent to X . By excision and Poincaré duality Hi(V,Y) = H(V,T) =
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Hy(X',0X') = H*5(X") & H**(X). Thus, by the universal coefficient theo-
rem, for 0 < s <3 we have

H(V,Y)=Hom(H;_s(X), Z) ® Ext(H3_4(X), Z)
=~ zrank(He—s(X) g torsion (Hz_s(X)).
Solving for the free and torsion parts of H,(X), for 1 <g<3
6 H,(X) = ZrkHi-oV. V) g torsion (H_,(V, Y)).
Consider the following portion of the exact sequence for the pair (V, Y):
0— Hy(V) — Hy(V, Y) 2 Hy(Y) & Hy(V)
— Hy(V,Y) 2 H(Y) & H(V) — 0.

Exactness at the ends holds since H3(Y) = 0 and i, is surjective (6.6). Ex-
tending the sequence, it is easy to see that Hy(V,Y) = 0. Since H;_(Y) is
free, Hy(V, Y) = kerd; @ imaged; for s =2, 3. Applying (6.6) and (6.9),

L
Hy(V, Y) = coker iy @ keri; 2 ZV*¥~1 o (P Z/a;Z,
j=1

and, by (6.4) and (6.9),
Hy(V,Y)= Hy(V)aokeri, = zV.
Thus, by (1),

L
HI(X)QZN@ @Z/ajz and H2(X)'=VZN+K‘4.
j=1

The homology groups H,(X) vanish for ¢ >3, by [M, 7.1]. O
Proposition (6.11). Let X be an affine C*-surface with X¢ = @. Let Z be

the unique nonsingular projective curve containing X/C*, let g be the genus of
Z and M =|Z — X/C*|. Then the rational homology of X is given by

Q+M ifg=1,
Hy(X;Q) =q Q¥+*M-1  jfg=2,
0, otherwise.

Proof. As in the proof of (6.10) we have H,(X;Z)=0 for ¢ > 3, and
rank(Hy(X ; Z)) = rank(Hs—o(V , Y ; Z))
_ { 2g + rank(ker i), ifg=1,
| rank(coker iy) + rank(keri,), ifgq=2.
By (6.6), rank(keri;) = 2g + M — 1, and, by (6.9), rank(keri;) = M and
rank(coker i;) = 0. Thus,
QE+M,  ifg=1,
Hy(X;Q)=H,(X;Z)®Q=q Q®¥+*M-!, ifg=2,
0, otherwise. O
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Theorem (6.12). Let X be an affine C*-surface. If X ‘is acyclic, then X is
equivariantly isomorphic to C* with a linear action of C*.

Proof. If X¢ = @, then by (6.11) rank(H,(X;Z)) > 0. Thus, X is
nonempty.

Case 1. X contains an elliptic fixed point. In this case, by (1.9), X is
isomorphic to the tangent space representation at the fixed point.

Case 2. X contains a parabolic fixed point. The acyclic condition implies
that in (6.3) we must have g =0 and M = 1. But then X/C* = C. So, by
(1.9), X is a G-vector bundle over C. The only such surface is C?, and an
action on a G-vector bundle is linear.

Case 3. X contains a hyperbolic fixed point. Since H{(X;Z) = 0, in
(6.10), we must have g =0, M =1,and L =0. Hence X/C* =C and X
contains no nontrivial closed orbit. Also, since H>(X;Z) =0, K = 1. Thus
X contains a unique fixed point and the graph I'(X) has the form:

L D Iy Iy Inyi Ing2 Is., s

By (5.5), X must be C?> with a linear action of C* and a hyperbolic fixed
point. 0O
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