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Abstract

In this paper we consider the asymptotic behavior in time of ®lutions to the heat
equation with certain nonlinear Neumann boundary conditions, @u=@= F (u). Here
F is a function which grows superlinearly. In general solutims exist for only a nite
time before \blowing up", or they decay to zero as time approahes in nity. In both
one and two space-dimensions we establish some conditiona the initial data u( ;0)
under which blow-up is assured, and other conditions that lead to decay. In one space-
dimension we perform a detailed examination of the nature othe blow-up, which can
occur only at the boundary, and provide tight lower and upper bounds on the blow-up
rate for \arbitrary" nonlinear functions F, subject to mild restrictions.
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Let be aregionin RN, with suitably smooth boundary, andu(x;t) a solution to the heat

equation
@u
=4 =0 2 o 0<t<T
ot u X ; ;
with the nonlinear Neumann boundary condition
@u
— = F(u on@ ;
@ (u)

(1)

(2)



(n is the outward unit normal vector) and initial condition
uix;0)=f(x) x2 : (3)

Precise assumptions about the functiofr will be stated later, but in generalF should be
strictly increasing and grow superlinearly.

Under these conditions, in particular, if the initial condtion is positive, one may expect
that the solution u(x;t) will \blow up”|that is, become unbounded|in nite time. Co  n-
siderable work has been done on this problem to determiney fexample, where in the
function u will blow up (in general, on some subset ofd), to provide upper and lower
bounds on the time at which blow-up will occur, and to provideupper and lower bounds
for the solution near blow-up. Most of this work has been dorfer nonlinear functionsF of
rather speci c forms, typically F(u) = uP for p > 1 or F(u) = €'. Many variations of the
above basic model have also been examined.

Early results on blow-up for the heat equation with nonlineaboundary conditions were
obtained in [22] and [34], where the authors demonstrate thieevitability of blow-up for
certain types of nonlinear boundary conditions and initiadata, as well as for variations of
the heat equation itself. Similar but more general versionsf the problem are considered
in [35]. In [13] the authors examine the problem on the unit Bafor F(u) = uP, and
under certain conditions prove results concerning the blewp rate and spatial pro le of u
at the blow-up time. In [19] the authors consider a rather gesral case, a bounded domain

RN, N 2, and show that blow-up must occur for positive initial data They establish
upper and lower bounds for the quantity may, u(x;t) near blow-up, forF(u) = uP with
1<p< (N 21)5(N 2)inthecaseN > 2, and 1<p< 1 if N =2. They show that
blow-up occurs only on@ and make a detailed examination of the spatial pro le of u near
blow-up. Extensions of these results (to domains with lessneoth boundaries, and to the
caseN =2;F(u) = &) are given in [18]. Analogous results have been obtained five case
in which is a half-space, see [6]. Extensions to coupled ggsns of two heat equations have
been studied in [5, 24, 36, 37], for special domains and/or mimear boundary conditions.
Results for slightly more generaF (but polynomially bounded) are given in [11]. Extensions
to the case in which reaction terms are present (e.gu; = 4 u+ h(u) for certain h) or to
the case of nonlinear di usion are presented in [1, 9, 14, 239, 32, 33, 38]. In some cases
the emphasis is on proving and studying blow-up, in othersheé emphasis is on proving the
global existence of solutions in time. Some papers focus orareful analysis of the spatial
set on whichu blows up ([27]), and others (e.g., [12, 28]) consider the eresting question
of whether solutions can be meaningfully continued past thielow-up time. In many cases
the techniques used are similar to those used to study blovpun equations of the form
Uy 4 u=juj’ uforp> 1;see [15, 16, 17].



The articles [2, 10, 20] provide a more complete survey of uéts concerning the blow-up
of solutions to the heat equation with these types of nonlim@ boundary conditions.

In many of the above papers, for example [9, 12, 14, 23, 28]esjal attention is given to
studying some variation of the problem in one space dimengijosee also [8]. In one space
dimension equations (1)-(3) can be distilled down to a pairfpor even a single, nonlinear
integral equation(s). Results from the theory of nonlineamtegral equations can thus be of
use. In particular, [31] provides a nice survey of recent ndts for these types of integral
equations. However, sharp results on the asymptotic growtbf the solution near blow-up]|
whether for the heat equation or the integral equation formlation|exist only for the power
law caseF (u) = uP, the exponential case- (u) = €, or simple variations of these.

The present paper considers only dimensiomMé =1 and N = 2, and is divided into two
somewhat separate parts. In the rst part, Section 2 and sulestions, we study criteria for
the initial condition u(x;0) = f (x) that guarantee either that u(x;t) converges to zero as
t!1 , orthat u(x;t) blows up in nite time. These criteria are related to solutons to the
steady state boundary value problem

: . @u_ _

u=0 1in @ F(u on@ ; 4)
and they pertain to solutions that are not necessarily of ongign. The existence of nontrivial
(non-constant) solutions to the elliptic problem (4) does equire that F takes positive as
well as negative values; in order to assure this we shall algarequire that F be odd,i.e.,
F( u) = F(u). Inthe one space-dimensional case we consider very gehefaices for
F, whereas in two space-dimensions we restrict attention to eery special case, namely
F(u) =sinh(u) and a disk, where a whole family of explicit solutions to the problem (4)
are known.

In the second part of the paper, Section 3 and subsections, vestrict our attention to
the one space-dimensional case, and establish quite shagper and lower bounds on the
growth of solutions near blow-up. The bounds are in terms ohé functions F (u)=u and
FYu), or rather, their inverses.

To the best of our knowledge our (one and two space-dimensabnresults are the rst to
establish the role of non-trivial (explicit) steady state slutions as pointwise barriers between
blow-up and decay for the time-dependent problem. The fachat these barriers apply to
sign-changing solutions is also a novelty. Our one spacendinsional upper and lower bounds
for the solution behavior near blow-up are new as far as themgrality of F's are concerned.
For F of polynomial or exponential type our bounds coincide withleeady known bounds.



1.1 One space-dimension: integral equation formulation

In one space-dimension we may as well pick = (01), and so the initial-boundary value
problem becomes

@u @u _ . :

@t @ 0; O<x< 1, O<t<T ; (5)
oo = FuE); 0<t<T ; ©)
iy = F@o); 0<t<T ; ™)
ux;0) = f(x); O0<x< 1: (8)

In this case we shall make only very general assumptions abdt 2 C2(R): in addition to
the fact that F be odd (.e., F( u)= F(u)) with F{0) > 0, we shall require thatF grow
superlinearly in the sense that

Flw

“F)

+ 1 u M; 9)

for some positive constantdM and ;. By the odd symmetry we haveF (0) = 0, and for
simplicity we shall assume thatF{0) = 1. We shall also requireFu) > 0; u > 0, so that
FYu) is strictly increasing foru > 0. We note that

d F(u _ U @+ )
du ul* = uF(u) u2+2 ’
and so according to (9) it follows that
% pjup M is strictly increasing for any < ; ;
and non-decreasing for = ; : (20)

The fact that F(0) =0 and F%u) > 0 for u > 0 is easily seen to imply thatF (u) < uF qu)
whenu > 0, and therefore

# is strictly increasing on all ofR : (11)
From (10) it follows that
JF ()]
— : 12
jujtt c>0 12)



The continuity and monotonicity of F, F® and the fact that F (0) = 0 and FY0) = 1 insures
that this inequality holds for all u 6 0 (and not just for juj M). We note that the
strict monotonicity of FYu) and F (u)=u, u > 0, imply the existence of well de ned (positive
valued) inverses, say, for arguments larger than 1.

De ne ug(t) := u(0;t) and uy(t) := u(l;t). A standard argument involving the funda-
mental solution to the heat equation and integration by pars shows that (providedu is
su ciently regular) the pair ( ug(t); uy(t)) satisfy the coupled nonlinear integral equations

z t Z t
Uo(t) = Ki(t sjui(s)ds+ Kt s)F(ui(s))ds
° YA t ° 1
1 x2
+ Ko(t S)F(ug(s))ds+ p— e #f(x)dx (13)
0 t o
YA t YA t
uy(t) = Ki(t s)ug(s)ds+  Ks(t  s)F(uo(s)) ds
0 0
Z 1 z x 1?2
+ Kot s)F(uy(s)) ds+ P e (14)
0 0
where . )
e 1 e i
Ka(t) = Pz Ka(t) = Q—T , Ks(t) = P—T : (15)
The solution u(x;t) to the initial-boundary value problem (5)-(8) is then given by
1 Zl xy)2 :I.Zt e(4x<*l)s>2
u(x;t) = P+ fly)dy+ 5 pﬁF(ul(S)) ds
0
Z, x2 Z, x2
1 e 4(t s) 4(t S)
+ é pﬁF(uo(s)) ds+ x —pﬁuo(s) ds
Z, x_1n?
e 4t )
+ (1 x) —pﬁul(s) ds : (16)

forO<x< land O<t< T . A standard contraction mapping argument shows that for
any f 2 L?(0; 1) the equations (13)-(14) possess a unique continuous g@n on an interval
[0; T), for someT > 0, and in fact both uy and u; belong toC [0;T) forany < 1. If f
iS non-negative thenuy, u;, and u(x;t) are non-negative; indeed, if (x) 0 andf is not
identically zero, a simple maximum principle argument appd to (5)-(8) shows that for any
xed time to > 0 we haveu(x;tg) fo > 0 for some constant, and all x 2 [0; 1] (provided
u(x;to) exists).



2 Blow-up vs. decay to zero

2.1 The one space-dimensional case

There are a variety of approaches for characterizing type$ initial data f that lead to blow-
up. For example, letG be the anti-derivative for F with G(0) = O; for quite general F and
\compatible" f it is possible to show that if the energy expression

Z
11 dv ?

EVM =35 X dx  (G(v(1)) + G(v(0)))
is initially negative, that is, if E(f) < 0 (or if E(u) turns negative at any later time) then
(x;t) will blow up in nite time, in the sense that the H! norm ( Ol(du:dx)z(x;t) dx +
01 u?(x;t) dx)*2? will become in nite in nite time. The argument is a simple variation
on the \concavity method" that dates back (at least) to the pger [21]. The requirement
that f be compatible withF is needed in order to guarantee thati is su ciently smooth on
[0;1] [O;T](and notjuston [0;1] (O; T]). We won't make use of this one space-dimensional
blow-up criterion, but its analogue will be essential in ouanalysis of two space-dimensional
blow-up. We examine this energy-based blow-up criterion mm carefully in Appendix C.

In the one-dimensional case we begin by examining pointwisgteria on the initial data
that guarantee either blow-up in nite time or global existence and decay to zero. We start
our treatment by considering initial data of one sign. We assne f is positive, but by
replacingu by u, we obtain analogous results for entirely negative.

2.1.1 Blow-up estimate for positive initial data

Let H(u) be an anti-derivative for 1=F(u) for u > 0. From the conditions onF (stated in
Section 1.1) it's easy to see thaH (u) is strictly increasing and has a nite limitasu!1
By addition of a suitable constant we may assume that ligy H(u) = 0. The function H
is invertible, with H (u) < 0 for u > 0. Also, sinceF (0) =0 and FY0) = 1 we nd that

H(u)=In(u)+ O(1) (17)

for u near 0. The inverse functionH 1, is strictly increasing with lim,, ¢ H (z)= 1.
Let \erf" denote the error function
Z 4
2 2
erf(z) = p= e dx; z>0;
0

and letfy be a xed positive number.



We note that erf(za = #Z + O(Zz% for z near zero, and therefore erf(ﬁ(zID t)) behaves
asymptotically like 1= t ast!1 . As a consequence of this and (17) it now follows that
p_ p_ Pt
tH (foerf(1=(2 t))) behaves asymptotically like > Int ;

ast!1l . From the fact that erf(z) limitsto 1asz!1 we also easily see that
g tH (f oerf(1:(2p t))) behaves asymptotically like H (f o)p T
ast! 0.. Consequently the equation
t= P tH (foerf(1:(2p t))) (18)

has at least one positive solution, and indeed it has a smaitepositive solutiont;. We
proceed to establish the following result.

Proposition 2.1  Supposef (x) fo for some positive constanf, and let up, u; denote
the solutions to (13)-(14). Lett; denote the smallest positive solution to (18). Then there
exists0 <t t, such that

(1) up andu; are both inC [0;t ) for some > 1=2 ;
(2) at least one of the functionsly, and u; fails to be bounded as approaches

Proof: The contraction mapping argument referred to in the previos section establishes
the existence of continuous solutiongy and u; on some interval [Qt) with t > 0. Moreover,
Uo and u; must belong toC [0;t) for any < 1 on such an interval [Qt). De ne

T =supft>0 : u 2C [0;t)\ Lt (0;t)g :

If T is nite then at least one of these two functions must fail to le in L* (0; T) (otherwise
the contraction mapping argument yields existence beyon@l). There are potentially two
possibilities: (1) T ty,0or (2) T >t;. Inthe rst scenario we know that at least one of the
functions up and u; is in L (0;t) for any t < T but not in L (0; T). This partially veri es
the proposition witht = T  t;. We now proceed to show that the second scenario cannot
occur, thus completing the proof of the proposition.

Let's focus on the left end of the domainX = 0) and the function ug(t), and suppose
we are in the second scenario. Consider equation (13). Sirtbe functions up and u; are



positive and bounded we see that the integrals involving, are positive and nite for any
t<T . As aresult we can drop these terms to obtain
Z, 1 Z 2
Uo(t) . Ko(t  s)F(uo(s)) ds+ p—T . e «f(x)dx (29)

for 0 <t < T ; the function u; has completely dropped out. We shall show that the above
inequality alone implies thatug blows up att; at the latest { a contradiction to the basic
assumption of the second scenarid (> t1). This will complete the proof of Proposition 2.1.
Using the monotonicity of the error function we can bound

z 1 Z 1
1 x2 fo x2 1 1
p— e #f(x)dx p—= e wdx="fq erf p= >fqy erf p= ;
t o t o 2t 2t
forO t<t;. From (19) we then have
Z, 1
uo(t) > Ko(t S)F(uo(s)) ds+ fo erf Ep?
0 1

for0 t<t,. After insertion of the formula (15) for K, this yields

uo(t) > p: ﬁa(uoﬂdwfo erf Epl?
2, !
pl—T F(up(s)) ds+ fo erf Epl?
2., !
91: F(up(s)) ds+ fo erf —91: ; (20)
ty o 2t
for0 t<t;. Let 7

v(s) = sF(uo(t)) dt ;
0

so that v{(s) = F (up(s)) and ug(s) = F (vqs)). The estimate (20) now reads
F Y(vYs)) > pl,[:v(s)+ fo erf Epl? ;. 0 s<ty:
1 1

SinceF is strictly increasing this impliesvqs) > F [v(s):p t+ fo erf(1:(2p t1))], which
we may rewrite

vYs)
p— pb——>1: 0 s<t;: 21
F v(s)= ti+fo erf(1=2" &) ! (21)

9



As before, letH (u) < 0 be the anti-derivative of =F(u), u > 0, that satises limy; H(u) =
0. Sincev(0) = 0 integration of the inequality (21) from O to t <t ; yields

- \ 1 — 1
IOtlH Q+f0 erf —p— ptlH fo erf o= >t ;
t, 2 11 2 11
so that
v(t) 1 t 1
tq 2t t1 2t

Note that the right hand side of (22) must be negative, and ths lies in the domain of
de nition of H 1. We now applyH ? (strictly increasing) to both sides of (22) to arrive at

t 1 1 _
vi)> H ! p—+H fy erf —p— fo erf p— P tq, : (23)
As t <t , approached; the expression
t 1
p—+H fo erf p=
t1 2 1
approaches r
t—l+ H fo erf —p1: =
2 1
SinceH (z)tendstol asz! O it follows that
1 t 1 .
H pt:+H fo erf ép? 1 ; ast! t; from below.
1 1

The inequality (23) implies that v(t) becomes unbounded asapproached; from below, and
Souy(t) also becomes unbounded aspproached; from below. Indeed, a direct combination
of (20) and (23) yields the following lower bound fouy(t)

Up(t) > plzv(t)+fo erf —pl:
t, 2 1

t 1
>H1pt:+H fo erfép? 0 t<tg :
1 1

This establishes the impossibility of the second scenarid ¢ t,), and completes the proof
of the proposition.

10



Remark 1 In Proposition 2.1 we can relax the conditionf (x) foto f(x) 0 with f
not identically 0. To see this simply note that iff (x) 0 and is not identically O then the
maximum principle guarantees thatu(x; ) f , wheref is a positive constant, for some
xed > 0. We may now apply Proposition 2.1 with as the ir&iti_al time. t; thuE gets
replaced byt; + , wheret; is the smallest positive solution ta = tH (f erf(1=(2 t))).
Proposition 2.1 also holds iff (x) 0 with f not identically 0. To prove this we simply
replaceu by u, and note that, due to the odd symmetry ofF, this function solves the same
initial boundary value problem asu only with f replaced by f.

2.1.2 Decay and growth for certain symmetric solutions

We now consider special cases of the problem (5)-(8) in whitlie initial condition f is not
of one sign. We suppost is anti-symmetric aboutx = 1=2, thatis, f(1 x)= f(x). Itis

guite easy to show that the solutioru(x; t) inherits the same property,u(1 x;t) = u(x;t),

for all t > 0 in the domain of existence; in particularu(1=2;t) = 0. In this section we shall
analyze criteria that make it possible to predict whether dations decay to zero uniformly
over thedomain 0 x last!1 , orblow upin nite time at the endpoints.

Remark 2 It should be clear that the behavior ofF (x) for x su ciently near zero has no
bearing on solutions that blow up, and conversely, the behir of F(x) for x su ciently
large has no bearing on solutions that decay. Thus, for exatep the condition F(0) = 0 is
not relevant to the blow-up analysis that follows, and the gswth bounds stemming from (9)
are not relevant for the decay results.

Many of the arguments in this section are straightforward aoparison principles that rely
on the maximum principle. Let us thus rst establish the folbwing lemma.

Lemma 2.2 Let =( a;b be a bounded interval. Leti(x;t) and v(x;t) be solutions to the
heat equation in ~ (0;T), each inC((0; T); C?()) \ C°((0;T); C*()) \ C°I0;T); C°)) ,
with u= v =0 at x = a and Neumann data

@u_ . @v_

a@x F(u); @x G(v)
at the right endpointx = b. Let Z = fz : there existst with 0 <t < T such thatz =
u(b;t) = v(b;t)g, and supposeF (z) G(z) for all z 2 Z. Suppose also that and v
have initial data u(x;0) = f(x); v(x;0) = g(x), with f(x) < g(x) for x 2 (a;. Then
u(x;t) <v(x;t) forall x 2 (a;gandt 2 [O;T).

11



Proof: Let w= v u, so thatw has the same regularity as1 and v and also satis es the
heat equation. We havew =0 at x = aandw(x;0) > O forx 2 (a;d. Let0<TO%<T.
According to the maximum principle (or in this case, the minnum principle) the minimum
value forw on [a;d [0;TYis assumed either at =0 orat x = aorx = bwith0 <t TP

In fact, the minimum cannot be attained at any point (x;;t;) in (a;8 (0; T9 unlessw is
constant fort t; (see e.g., Theorem 2 of Section 2, Chapter 3 in [26]); our asgiions on
the initial data preclude w being constant on any such set. Indeed, the assumptions show
that the minimum here must occur atx = a (wherew 0) orx = h.

We now show thatw(b;t) > Oforall0 t T° Suppose to the contrary that

fo t T°: wb;ty 0g8; ;

and lett denote the in mum of this set. From the assumptions we clearlhavet > 0, and
continuity yields w(b;t) = 0. Thus w attains its minimum value on [a; [O;t ] at the
point (x;t) = (b;t) (as well as anywhere oix = a). From Theorem 3 of Section 2, Chapter
3 in [26] we conclude that, sincev is not constant,

@w, . .
@‘i(b,t) <0: (24)

But from the assumptions in the statement of this lemma we hav

%\gb;t )

@v, @y, .
o) @Zb,t)

= G(v(b;t)) F(u(b;t))
0 sincev(b;t) = u(b;t) ;

in contradiction to inequality (24). We conclude that the sefO t T : w(b;t) 0Ogis
empty, and sow(b;t) > O for allt 2 [0;T9. That w(x;t) > 0 forx 2 (a; and t 2 [0;TY
follows from the fact that the minimum value assumed by on [a;d [0;Tq is 0, and as
remarked abovew(x;t) cannot assume this minimum value foa <x<b,0 t T. In
summary we have proven thatw(x;t) > 0 and thus that u(x;t) < v(x;t) fora<x Db,
0 t TO SinceTYis an arbitrary time smaller than T, this completes the proof of Lemma
2.2.

We now proceed with an analysis of the steady-state case f@){(8). This is straightfor-
ward, for then u = u(x) satis es u’¢x) = 0, and hence is of the formu(x) = mx + b. The
boundary conditions yield the requirement thatm = F(m=2). From the conditions imposed
on F (in particular that FY0) = 1 and that F(x) is of superlinear growth) it follows that

12



the equationm = F(m=2) has precisely three rootsm =0, m=m > 0,andm= m,
and corresponding solutionsi  0,u(x) = m (x 1=2),andu(x)= m (x 1=2). We note
that for three steady-state solutions to emerge it is not esatial that FY0) = 1, rather the
condition 0 < F 40) < 2 would su ce.

The steady-state solutions can be used in a comparison argemts to predict decay
or nite time blow-up of the transient solutions. We start by establishing the following
boundedness lemma.

Lemma 2.3 Let m be the positive solution ton = F(m =2), and letu(x;t) be the solution
to equations (5)-(8) with initial condition f (x) 2 C([0; 1]) that has the odd symmetry (1

x) = f(x), and satisesjf (x)j] mjx 1=2j, x 2 [0;1], for somem 2 [0;m ). Then u(x;t)
can be continued as a solution for ali> 0, and ju(x;t)] mjx 1=2j for x 2 [0; 1] and all
t> 0.

Proof: As already remarked, the solutionu(x;t) exists for some time interval (Qty). We
will establish the inequality ju(x;t)] mjx 1=2j on any such interval, so that the same
contraction mapping argument that established the local estence may be used to extend
beyondty; this will imply that u is de ned for all t > 0 and satis esju(x;t)] mjx 1=2j.
Given the symmetry off and u, we restrict our attention to the interval x 2 [1=2; 1].
Let us rst focus on the inequality f (x) m(x 1=2). Choosem®2 (m;m ) and de ne
v(x;t) = mYx 1=2). The function v satis es the heat equation withv(1=2;t) = 0 and

W (L;t) = G(v(1;1))

where (sincev,(1;t) = m%v(1;t) = m%2) we haveG(z) = 2z. Note that F(z) 2z = G(2)
for z 2 [0;m =2] since by (11)F (z)=z is increasing, andF (m =2)=m = 1.

Due to the fact that m < m % it now follows from Lemma 2.2 applied to the solutionsi
and v that u(x;t) <v(x;t) = mYx 1=2)forall0 t<ty 1=2<x 1. By letting m°
tend to m we may conclude thatu(x;t) m(x 1=2) for x 2 [1=2;1]. A similar argument
may be made for the inequalityu(x; t) m(x 1=2) for x 2 [1=2;1] and allt <t ,, and
this completes the proof of Lemma 2.3.

Remark 3 We note that if m >m and the odd symmetric initial condition satis esf (x)
mjx  1=2j for all x 2 [1=2; 1], or f (x) mjx  1=2j for all x 2 [1=2; 1], then an argument
almost identical to that of the proof of Lemma 2.3 shows thau(x;t) mjx  1=2j or
u(x;t) mjx  1=2j, respectively, for allx 2 [1=2; 1], and thoset for which the solution
exists.

13



Lemma 2.4 Under the assumptions of Lemma 2.3 we have
tI!llm u(x;t)=0
uniformly with respect tox 2 [0; 1].

Proof: As before we may consider onlx 2 [1=2;1]. Let m°2 (m;m ). From Lemma 2.3
we haveju(x;t)j] mjx 1=2j for all t, and in particular ju(1;t)] m=2. We also note that
F(z) F(m=2) < F(m%2)

z = Bo::W<2;forallo Z m=2 .

Let v(x;t) denote the solution to the heat equation on#2 < x < 1 with boundary conditions
v(1=2;t) = 0, Neumann datav,(1;t) = Bgv(1;t), and initial data v(x; 0) = mYx 1=2). The
maximum principle guarantees thatv(1;t) > O forallt 0.

The hypotheses of Lemma 2.2 are met witls(z) = Bz (since common values oii(1; t)
and v(1;t) lie between 0 andm=2). We conclude thatu(x;t) < v(x;t) for all x 2 (1=2; 1]
andt 0. A similar argument establishes thatuu(x;t) > v(x;t), so that ju(x;t)] v(x;t)
forall x 2 [1=2;1] andt O.

We can solve forv explicitly with a straightforward separation of variablesto nd that

X
vix;it) = Ace ®sin(g(x  1=2)) ;
k=1

where theq, < g, <::: are the countably many positive roots of
q= Botan(g=2) ;

and the sequenc&€A,gi_, 2 2 can be determined from the initial condition. The root, lies
in the interval (O; ), and the ¢ are asymptotically equal to (kX 1) ask!1 . Therefore

. . X . . 2 2 X . . 2 2 2
jv(x;t)j jAgje &t e @t jAje G W Mee Bt fort>te> 0 ; x 2 [1=2;1] ;
k k

In other wordsjv(x;t)j convergestoOas!1 , uniformly with respect to x. This completes
the proof of Lemma 2.4
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Remark 4 If the initial condition f has an odd symmetry aboutx = 1=2 and satis es
f(x) mjx 1=2jfor x 2 [1=2; 1], orf (x) mjx 1=2j for x 2 [1=2; 1], m>m , then an
argument similar to that in the proof of the last lemma can be sed to examine the growth
of u. Briey, select m°so thatm < m®< m and dene By := ~M>2 > Fm =3 -
The argument of Lemma 2.4 shows thafu(x;t)j j v(x;t)j, wherev is the solution to the
heat equation on £2 < x < 1 with v(1=2;t) = 0, w(1;t) = Bov(1;t), and initial condition
v(x;0) = mY{x 1=2). A straightforward separation of variables yields

X
v(x;t) = Aieftsinh(q(x  1=2))+  Age %'sin(g(x 1=2)) (25)
k=2

where theq, for k 2, are the countably many positive roots ofj = Bgtan(q=2) and ¢, is
the unique positive root ofg = Bgtanh(g=2), the existence of which is assured by the fact
that Bp > 2. Since tanh@=2) < 1 it follows immediately that ¢, < B o. Moreover, because

q=2 q

" <41 >0 -
anh(q) <271 970
it follows immediately that
80:2<%+1 . or By 2<qi : (26)

In summary, 0< By 2<q; <Byg: The value of A; in (25) is determined as a ratio of
L2(1=2; 1) inner products, namelyA; =<mYx 1=2);sinh(cu(x 1=2)) > =< (sinh(or(X
1=2));sinh(w(x 1=2)) >, and is clearly positive. As a consequeneegrows without bound
ast ! 1 . This would also immediately prove thatu grows without bound, if u were
de ned for all t. However, we can do better: in the following we shall prove & u becomes
unbounded in nite time.

2.1.3 Finite time blow-up for certain solutions

Before stating the nite time blow-up result, we need to intoduce what will amount to an
upper bound on the time of existence. Given angn > m we de ne By(m) as

F(m2< 1)
Bk(m) := Tk 1

Due to the assumptions about~ in (10) and the de nition of m as the positive root of
z = F(z=2) we have

2<Bo(m)<Bi(m)<B,m)< :::; with Be(m) cn(22)* ; (27)
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for some constantc,, > 0, independent ofk. The constant By used in the proof of Lemma
2.4 and Remark 4 coincides wittBo(m® according to this de nition. From the assumptions
about F it follows that By(m% < B (m) for m < m%< m, and that limpyo n Bx(mY =
By(m). For any m>m we now de ne

s s
T(m)=  (B«(m) 2) %+ (Be(m) 2) *': (28)
k=0 k=0

The fact that T(m) < 1 for any m > m follows immediately from (27). From the mono-
tonicity and convergence properties of th@, it follows that lim o » T(m% = T(m). Since
Bo(m)! 2asm! m we alsoseethaf(m)!1 asm! m.

Proposition 2.5 Let m be the unique positive solution ton = F(m =2), andm >m .
Let u(x;t) be a solution to equations (5)-(8) with initial conditionf 2 C°([0; 1]) that has the
odd symmetryf (1 x) = f(x) aboutx = 1=2, and satis es jf (x)] mjx 1=2j for all
X 2 [1=2;1]. Let T(m) be as de ned in (28). Then there exist¢ = T(m) such that

Q) u(l;)isinC [O;t) forany < 1 ;
(2) u(1; ) fails to be bounded as approaches

Proof: As remarked shortly after equation (16), for any < 1 the function u(1;t) will be
in C [0;t;) on any interval 0 t <t; on which u(1;t) remains bounded. For any such
de ne

T=supft>0 :u(d;)2C [0t)\ L (0;t)g :

If T is nite then u(1;t) will be in C [0;T) but will fail to be in L* (0;T) (because if not,
then a contraction mapping argument would prove smooth exence beyondT). There are
two possibilities: (1)T T(m), or (2) T >T (m). In the rst scenario we know that u(1; )
isin C [0;t) for any t < T but not in L! (0;T). This partially veri es the proposition
witht =T T(m). We now proceed to show that the second scenario cannot ogctinus
completing the proof of the proposition.

We will focus on the interval 22 X 1 and the caseu(x;0) m(x 1=2); the
alternative caseu(x; 0) m(x 1=2) can be treated in an entirely similar fashion. Suppose
now T > T (m); since limpa m T(MY = T(m) we have thatT >T(m%Y forall m <m%<m
with m°su ciently close to m. The essential idea in the argument that follows is to estinta
the time t, it takes a solution u(x;t) with initial condition u(x;0) m(x 1=2) to grow
until u(x;t;) 2m(x 1=2) is satis ed. Recall from Remark 3 that we already have that
u(x;t) m(x 1=2) for all t for which the solution u exists.

16



As before letgy = cu(m9 be the positive root ofq= Bo(m9 tanh(g=2), and de ne

mO

me‘ht sinh(p(x  1=2)) : (29)

v(x;t) =
This function satis es the heat equation with v(1=2;t) = 0 and v,(1;t) = Bo(m9Yv(1;t).
Moreover, v(1;0) = m®2, and sincev(x;0), x  1=2, is convex (with v(1=2;0) = 0)) we
havev(x;0) mYx 1=2) for x 2 [1=2;1]. A comparison argument similar to that already
given in Lemma 2.3 shows thav(x;t) u(x;t) forall x 2 [1=2;1]and 0 t<T . A simple

Oy, @05t . .
computation shows thatv,(1=2;t) = 2?inﬂl(§:l= >, and sincev(x;t) is convex forx  1=2 we
can bound
2t
zgn%g;zz)(x 1=2) wv(x;t) u(x;t) ;5 1= x 1; 0 t<T : (30)
We introduce 1
ty = ty(m9 = E(m9 In [4 sinh (e (M%) =2)=c,(m9]
A straightforward estimation shows that
In2 1 2 1.
g TR
and in combination with (26) we nd
ti(m)  (Bo(m) 2) 2+ (Bo(m) 2) *<T(m?) : (31)
Insertion of t;(m9 into (30) gives
2myx  1=2) u(x;t(m9Y): (32)

Passage to the limitm®! m in (31), (32) now yields
2m(x  1=2) u(x;ti(m)) and  ti(m) (Bo(m) 2) *+(Bo(m) 2) *<T(m) :
We de ne t, in the same way adi, but with m replaced by 2Zn, and so obtain
t2(m)  (Bo(2m) 2) *+(Bo(2m) 2) *=(Bi(m) 2) +(By(m) 2) ' :
Therefore
Xt
ti+ 1ty (Bk(m) 2) 2+(Bk(m) 2) ' <T(m):

k=0

17



We now \start" the heat equation at t = t;(m) with initial datum u(x;t;(m)) and then
advance time byt,(m) to get

dm(x 1=2) u(x;ty(m)+ tp(m)):

This process may be continued iteratively, yielding

5(+1 X( ) .
ti(m) [(Bk(m) 2) “+(Bk(m) 2) ]<T(m) ;
k=1 k=0
and I
K+1
XIm(x 1=2) u x;  t(m)
k=1
forany K 1. At x = 1 this forces
K+ | K+1
2m u 1,  t(m) ; where t(m) T(m)<T ;
k=1 k=1

for any K 1, in contradiction to the fact that u(1; ) 2 L* (0; T(m)). We conclude that
the second scenarioT > T (m)) cannot arise, and this completes the proof of Proposition
2.5.

2.1.4 Examples

In Figure 1 we show the solutionu(x;t) corresponding toF (x) = x + x3. The numerical
solution was obtained using a simple adaptive time-marchgnscheme based on the integral
equation formulation (13)/(14). The non-trivial steady-date solutions are (x) = 2(x
1=2) (herem = 2). The initial condition is u(x; 0) = 2tanh(x 1=2), shown as the solid
curve; note thatu(x; 0) is odd inx = 1=2, and satis esu(x; 0) < 2j)x 1=2j for 1=2<x 1,
though we don't quite haveu(x; 0) mjx 1=2j for any m < 2 (as required by Proposition
2.4). Nonetheless, we see that the solution still decays terp ast ! 1 . The solutionu(x;t)
is shown at timest = 0:15 andt = 0:5.

In Figure 2 we again show the solutiomi(x; t) corresponding toF (x) = x + x3, but with
initial condition u(x; 0) = 2:2tanh(x 1=2) (sou(x;0) m(x 1=2)with m=2:03>m =
2), shown as the solid curve. As predicted by Proposition 2the solution blows up in nite
time. The solution u(x;t) is shown at timest = 0:1 andt = 0:1232, at which point the
solution has \blown up", to numerical precision. Equation 28) yieldsT(2:2) 27:84, so the
upper bound in this case is not terribly sharp.
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0.5 N
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Figure 1: F(x) = x + x8, steady-state solution, initial condition, andu(x;t) at t = 0:15; 0:5.

2.2 A two space-dimensional case

An analysis similar to that in the previous section can be caed out in two space dimensions,
though in this case one typically doesn't have the luxury oflosed-form solutions to the
elliptic nonlinear boundary value problem, analogous to(x) = m (x 1=2) on the interval
(0;1). However, if the domain is the two-dimensional unit disk(B;), and F is of a special
form, then a countable family of non-trivial, explicit soluions have been obtained, and these
may be used as a basis for the analysis.

In [4] the authors considered the elliptic boundary value mblem4 = 0 on the unit
disk B; with the boundary condition % = F ( ) on @B, where
F (z) = sinh(2)! (33)

and > 0. ThisF satis es all the superlinearity conditions stated in Sectin 1.1, furthermore
it is easy to see that for any given < 1 we have

J'F_(?)J' ce i

. 260 ; 34
iz (34)

for somec > 0. The derivative of the ux at 0 is not 1, instead (F ){0) = . The parameter
is assumed positive, for otherwise the nonlinear ellipticdundary value problem has only

1The function considereed in [4] is actually 2sinhg=2) but the change of dependent variableu=2! u
gives rise to theF introduced above
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, / t=0.1232
2
o t=04

— initial condition
steady-state

Y l

7 steady-state

Figure 2: F(x) = x + x3, steady-state solutions, initial condition, andu(x;t) at t = 0:1 and
t =0:1232.

the trivial solution u 0. For any xed > 0 a countable family of closed-form solutions is
given by

1
n06Y)= (DFK(Y) ()P n=1;2 0 (35)
k=0
wherepy = (Xk;Yk) = (cos(k =n);sin(k =n)), 0 k 2n 1, are 4 equispaced points on
@B, K (x;y) =In( x?+ y?) (just 4 times the usual Green's function for the Laplacian), and

1

n+ n
()= -
The solution , is well-de ned for 2 (0;n). Note that ,, depends on , but we do not
explicitly indicate this. As ! 0" we nd ()! 1' and the function ,(x;y) develops

logarithmic singularities at the 2n boundary points (Xx;yx), 0 Kk 2n 1. The function
n(X;y) has some obvious symmetries:

n(X;y) is evenly symmetric about any lineL through the origin at angle
k

n

k =0;1:::2n 1 ; with respect to the x axis ; (36)
and

1(x;y) is oddly symmetric about any lineL? through the origin at angle
_2k+1
~2n

k =0;1:::2n 1 ; with respect to the x axis : (37)

20



We suspect the %s, modulo rotations, represent all solutions to the nonlingaboundary
value problem with Neumann data sinh(u) on B;. In what follows we will consider solutions
u(x;y;t) to

u 4 u = 0inB; (O;T) ; (38)
2'- Fw

= sinh(uyon @B (0;T) ; (39)

u(x;y;0) = f(xy)in By ; (40)

where > 0. We will assume the initial condition,f , is a continuously di erentiable function
that possesses the same symmetry properties (36) and (37) asand that f is \compatible"

with the nonlinear boundary condition in the sense tha%f = F (f)= sinh(f) on @B. It

is well known that a unique strong solutioru(x; y; t) exists for some interval of time. Further-
more, standard regularity theory (or an integral represerition formula) gives that if a strong
solution u(x;y;t) exists for 0<t < T , then it is indeed an element ofC((0; T); A(B4)),

A(B,) denoting the the real analytic functions in the spatial vaiables ;y) 2 B;. In light

of this, we de ne a classical solution to (38){(40) as a soliudn with

u(x;y;t) 2 Co[0; T); C*(By)) \ CH(0; T); A(BY)) :

As a consequence of uniqueness, the solutionalso possesses the spatial symmetries (36)
and (37).

In one space dimension it followed as an immediate conseqcermf the integral equation
formulation and a contraction mapping argument that the saltion u(x;t) will either exist
for all time, or become unbounded in nite time. We now prove d@wo-dimensional version
of this result, in which each |, plays the role that the linear steady-state solution playedh
the one-dimensional setting. We begin with a two-dimensiah analogue of Lemma 2.3.

Proposition 2.6 Let |, denote the steady-state solution de ned by (35). Let(x;y;t),
0 t<T, be a classical solution to the di usion problem (38){(40)with initial condition
f satisfying the same symmetry conditions (36)-(37) as,, and the compatibility condition
%f = F (f) = sinh(f) on @B. If the initial condition additionally satis es jf (x;y)]
mj n(X;y)j; (Xy) 2 By, for somem 2 (0;1) then ju(x;y;t)j mj n(x;y)j for all (x;y) 2
By; 0 t<T.

Proof: Let °denote thewedgd(r; ):0<r< 1, 2 ( 571 37)91n (r; ) polar coordinates.

The solution u(x;y;t) will possess, for all <t < T , the same symmetries (36)-(37) as,.
Given the symmetry ofu it su ces to prove the estimate ju(x;y;t)j mj n(x;y)j on °©
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and forall 0<t < T . Note that ,(x;y) > 0in % Let @? denote the portion of @ °
that consists of the two straight edged(r; ) : 0 r 1; = g (including their

endpoints) and let @ 9 denote the remaining part of @ % namely the open circular arc
f(p ) :r=1; 2( 5:5)9 Bothf Oandu(;t) Oon@?. Choosem®2 (m;1)

and let (x;y) = m° ,(x;y). Then

O%” (y)= m°F (n(%y)) > F ( (%)) (41)

on @ 9. Here we use that ,(x;y) > 0 on@ 9, and that F (z)=z, z > 0, is strictly increasing,
soF (m%)=(m%) < F (z)=zfor m°< 1 andz > 0, implying F(m%) < m % (2).

Dene v= u, sov satis es the heat equation and has the same regularity ag and
symmetries (36)-(37). We haver(x;y;0) > 0in %andv 0 on@ 9. Also, from (41) we
obtain

%(x; y)=m

@. .. _ @, @y,
@YD = G0y @%JJ)
> F ((xy)  F (u(xy;t)) (42)

for(x;y) 2 @%and 0 t<T. Foreach &y)in @9 we dene (x;y)=supf 0<t<
T : v(xy;s) Oforalls2 [0;t] g Sinceu(x;y;0) = f(x;y) <mP° ,(x;y) = (x;y) for
(X;y) 2 @ I we conclude by continuity that (x;y) > 0 for any (x;y) 2 @ 9. Let

t=inff (xy) @ (xy)2@99 :

Clam 1: t > 0.

To prove this, rst note (x;y) > 0 forany (x;y) 2 @9, and (x;y) is uniformly bounded
away from O on any compact subset o® 9. Let p denote the corner point of © with
polar coordinatesr = 1; = , where = 4, and consider (1 ) in a neighborhood
S= @93\ B (p) of p, for some > 0. We have

V(L 5t) = v t)+ v (Lt )( )+ %v (1;z; t)( )?
= V@O0 )E v @z ) (43)
sincev(l; ;t)=0forall t 0. The valuez lies between = —-and . Fromv = m® , u
we obtain
V(L 0=ml ) @) f@ ) (44)

It's easy to check that ( ) (1; ) > 0, and since ,(1; )=f(1; )=0and jfj m , on
@ 9 we have
@ mCa) @ )<mya) @) (45)
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for any m®> m: We conclude from (44) and (45) thatv (1; ; 0) > 0. From the continuity
of v it follows that there exists ; > 0 and , > 0 so that

d= min v(l ;t)>0:
(;)2[; + 1] [0; 2]

Let M denote an upper bound fojv (1;z;t)j. For 2 [; + 1];t2 [0; 2] we can now use
(43) to estimate

v(1; ;t) vLst) ) M )2

= ( v (L ;t) M( )=2)
( v (L ;t) M 1=2) (46)

with M independent of ;, , and of andt in the speci ed neighborhoods of and 0. By
selecting ; so that M ;=2 < d, whered is the minimum introduced above, we obtain that

v(d;;t) 0 for 2[; + 1;t2][0; 5] ;

which implies that (x;y) is greater than or equal to , in a @ 9 neighborhood of the corner

point r =1; = .. The same fact holds in a@ 9 neighborhood of the corner point

r=1; = 5. We may thus conclude that (x;y) is bounded uniformly away from 0 on@ 9,
which establishes Claim 1.

Clam2: t =T.

To prove this, let us assume to the contrary thatt < T. Let g denote a \minimizing"
sequence for, in other words

g2@92 and (q)! t asl!1
After extraction of a subsequence there are now two possitiés
(i) : a! a2@3 ;
or g converges to one of the endpoints @ 9, say

(i) : qg! p ;wherep=(1; )in polar coordinates, with = o

Let us start by considering the possibility (). In this case it is easy to see that
0=v(g; (a))! v(g;t) ;
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and sov(q;t) =0, with g2 @ 9. Due to the maximum principle (Theorem 5, Section 3 of
Chapter 3 in [26]) inf o o ;v = 0 and so the fact thatv(q;t ) = 0 implies that %"(q;t ) O.
However, due to (42) and the fact thatu(q;t) = (q) (sincev(q;t) = 0) we also have

%\fq;tPO;

a clearcontradiction. We may conclude that {) is not possible, and so we are left with the
possibility (ii), i.e.,

g! p ;wherep=(1; )in polar coordinates, with = —

2n
We have that
v(;;t )=0 ; andthat v(1;;t) O for 2¢(; ) 47)
with = . SincevisCN*! in we may write
X @V ( )k @|+1V ( )N+1
Cet Y= @v .. + - :

v(l; ;t ) B @k(l, t) i @ (1;z;t) N+l (48)
for > andz 2 (; ). Due to the odd symmetry ofu; ,; and hencev about = we
have @

%
@(1; t)=0 ;

for all non-negative even integerk and allt 0. Thus the sum on the right in (48) contains
only terms of odd index. Consider now (48) in the cadd = 1, which yields

VI )= VA )y @zO( )P (49)

Due to (47) it follows that v (1; ;t ) 0. However, ifv (1; ;t ) > 0 then an argument
almost identical to that following equation (46) shows that (9 t + for some > 0
and for all qin a @ 9 neighborhood ofp. This contradicts the fact that g is a minimizing
sequence withg ! p. We must conclude thatv (1; ;t ) = 0, and therefore that the rst
non-zero term in the sum on the right in (48) is of indexk 3. The exact same argument
given above now yieldsZ¥(1; ;t ) =0, and indeed we nd that all derivatives £¥(1; ;t )
with k odd must also equal zero. Sincg1; ;t ) is analytic in it follows that v(1; ;t )=0
for in a neighborhood of = , in other words there are pointsq2 @ 9 with v(q;t) = 0.
However, the existence of such points was (due to the maximupninciple) ruled out above.
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We conclude that (i) is not possible either, and thus it follows thatt < T cannot be true.
This completes the proof of Claim 2.

To complete the proof of the Proposition, note thatt = T implies that v(x;y;t) 0 for
(x;y) 2 @Jand all0 t<T. The maximum principle (and the fact that v(x;y;0) > 0
for (x;y) 2 9 then implies that v(x;y;t) > 0 for (x;y) 2 %andall 0 t< T, so that

u m°,on ©° [0;T), forany m°>m. Thisimpliesu m ,on ° [0;T). A similar ar-
gument shows that m , uon © [0;T), and this completes the proof of Proposition 2.6.

Using the same techniques as in the proof of Proposition 2.6evmay also prove the
following result.

Proposition 2.7 Let |, denote the steady-state solution de ned by (35). Let(x;y;t),
0 t<T, be a classical solution to the di usion problem (38)-(40)with initial condition
f satisfying the same symmetry conditions (36)-(37) as,, and the compatibility condition
% = F (f) = sinh(f) on @B. If the initial condition additionally satis es jf (X;y)j

mj (X;y)j] ; (X;y) 2 By, for somem > 1 thenju(x;y;t)] mj n(x;y)j for all (x;y) 2
By; 0 t<T.

2.2.1 Decay

We now proceed to establish a decay result similar to that fro one space-dimension. In
order to do so we need some information about solutions to dated linear problem. Given
anym> 0 and any 2 ( ) we de ne

F(m ,(1; )) _ sinh(m ,(1; ))
mal )  mal)

Note that for any xed the function B(m; ) > 0 is strictly increasing inm > 0. Letv
denote the solution to the linear initial-boundary value poblem

2n' 2n

B(m; )= (50)

vi 4 v = 0in ° (0;1) ;

%V = B(m; )von@5 (0;1) ; (51)
v = 0on@? (0;1) ;
v(x;y;0) = m (xy)in °:
A standard separation of variables shows that can be written as
X
viyst) = Ake < (k) (52)
k=0
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where the  and | satisfy

4 = K kin 9
% = B(m; ) xon@3Y ; (53)
k = 0Oon@Y :

That is, the ; k are the eigenfunctions and eigenvalues for the Laplaciantithe stated
boundary conditions, and the , form an orthogonal basis fol.?( 9. We note that | and
x depend onm, n, and , though we do not explicitly indicate this. The functions  may
be thought of as eigenfunctions on all oB; with special symmetries. For that reason it
is not very dicult to see that they are all in nitely smooth, in spite of the fact that °
has \corners". The A, are determined as theL?( 9 inner products A, =< f; | >, if we
normalize the | to have L?2( 9 norm 1. As shown in [7] (Courant and Hilbert, Chapter 6,
section 5) the ¢ are all real and limitto innity as k!1 , and only a nite number of the

k are negative. We assume they are ordered as

0 1 2

It is possibly to characterize the  variationally, in particular o =inf Q(m; ) where

Z Z
jr j2dx B(m; ) 2ds
0 @? :
Q(m; ) = Z ; (54)
2 dx
0
and where ranges over the class o&*( 9 functions that satisfy Oon@ 9.

We shall need the following fact about .
Lemma 2.8 Let , denote the principal eigenvalue introduced above. Then
0>01if O<m< 1 ; =0 1if m=1 ; and (<O0if m>1:

Proof: Consider rst the casem = 1. In this case the function , is an eigenfunction

for (53) with eigenvalue 0. If O was not the principal eigenvae then , would have to be

L2( 9-orthogonal to any principal eigenfunction. A standard agument (see Courant and

Hilbert, Chapter 6, section 6) shows that any principal eiggunction must be of one sign,

and since , is also of one sign, orthogonality is impossible. We thereé conclude that
0 =0 for m=1. For m 6 1 the monotonicity of B(m; ) implies that

Q(m; )>Q(; ) ifO<m< 1 and does notidentically vanish on@ 8 X
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and
Q(m; )<Q(; ) ifm>1 and does notidentically vanish on@ J :

Since no eigenfunction of (53) can vanish identically on amypen portion of @ 9 (by unique
continuation it would then have to vanish identically in 9 the above two inequalities and
the fact that o =0 for m =1 now give that o> OforO<m< 1,and o< Oform> 1,
respectively.

We are now ready to prove the decay result.

Proposition 2.9 Let u(x;y;t), 0 t< 1, be a globally de ned, classical solution to the
di usion problem (38){(40), with initial condition f. Let the assumptions concerning be
as in Lemma 2.6, in particular assumgu(x;y; 0)j = jf (x;y)] m n(X;y) ; (X;y) 2 By, for
some0O<m< 1 Then

tI'ilm u(x;y;t)=0

uniformly with respect to(x;y) 2 B;.

Proof: We again focus on the wedge ® and use ¢, ) to indicate polar coordinates when
convenient. From Proposition 2.6 we havgu(x;y;t)] m ,(x;y) for all t. We may subject
this function to a maximum principle argument very similar © that used on the functionv
in the proof of Proposition 2.6.

Choosem®such thatm < m %< 1 and letv®denote the solution to the linear problem (51)
with m replaced bym® The functionw = v° u satis es the heat equationin © (0;1 ) with
w(x;y;0)=m° (x;y) f(xy) (m® m) (x;y)>0in ° Also,bw=00n @9 (0;1),
and

ew_ @b eu
@ @ @
B (m% )V F (u)

on@9 (0;1). Atapointon @9 (0;1 ) wherew =0 (and thus u = v°> 0) it follows
that0<u m ,<m? ,, and thus

F (m°n)

F (u) < 5 u= B(m® )u :

n

As a consequence of this and the previous identity

O, 5 (m® W B (M )u=0

@
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at any pointon @9 (0;1 ) wherew = 0. A maximum principle argument (somewhat
complicated by the presence of the \corners" of®on @ 9, but) similar to that of Proposition
2.6 now shows that

w>0on@9; andw>0in © forallt O ;

and therefore
u Vlon 0 forallt O :

An entirely similar argument establishes v uon 9 forallt 0. From the formula (52)
and Lemma 2.8 we have that lip;  vY(x;y;t) = 0 uniformly with respect to (x;y) 2 By,
and in conjunction with the above estimates we see that lim u(x;y;t) = 0, uniformly
with respect to (x;y) 2 °(and in B;). This concludes the proof of Proposition 2.9.

2.2.2 Growth and blow-up in two dimensions

We now establish an alternative to Proposition 2.9 for the @ whenu(x;y;0)] m ,(X;Yy),
for somem > 1. In order to do so we shall need a result comparing the spdcsalution

» de ned in equation (35) to the principal eigenfunction o of (53). Even though it is not
explicitly expressed in the notation,  depends orm, n, and

Lemma 2.10 There exist positive constantg;; c;, depending onrm > 1, n and , so that

o(X;y)
n(Xy) (53)

for all (x;y)2 ©

Proof: Note that both functions , and , are positive away from@ ¢, so if the ratio
approaches zero or is unbounded then this behavior occurs @9¢. Let us rst show that
o= n IS bounded. The smooth function o vanishes on@ 9, and so does ,; moreover, it's
easy to check that%n = %" 8 0 on @ ? away from the origin, so clearly the ratio o= ,
will remain bounded up to@ 9 away from the origin. At the origin it's easy to check that
n vanishes to exactly ordem (asr" nearr = 0). Given the symmetry of 4 (as a function
on the entire disk) the function o must vanish to at least ordern. To see this vese simply
expand o(r; ) in terms of the orthogonal basis functions;(r; ) = cos(nj )y (" of),
] 1, wherely denotes the modi ed Bessel function of ordek, and note that I, vanishes
to order k at r = 0. Thus the ratio (= , is bounded near the origin too, and we infer the
existence of a constant, so that o(x;y)= n(x;y) © for(x;y)2 °©
A similar argument works to show that there is a positive cortiant c¢; such thatc, 0= n
on © First note that 4 in fact vanishes to exactly ordem at the origin, for if not then
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could be expanded in terms of the functions; (r; ) = cos(nj )l (IO ~ or)forj 2 (the
term corresponding to 1(r; ) would be absent) and so o would vanish at points inside °
{ a contradiction, since g is strictly positive in % Since , vanishes to precisely orden
we conclude that o= , is bounded away from O near the origin. Secondly, we claim tha
%0 8 0 at any point p2 @ ?, away from the origin. For if @O(p) = 0 then an argument
similar to that of Lemma 1.2 in [3] shows that there must be a eue C such thatC\ @ 9 = p
and o OonC rgn this case the argument can be based on an expansion mtmtﬂnons
of the form &% 1, (" ~ or) rather than € rk, where {; ) denote polar coordinates around
the point p). However, the existence of such a curv@ contradicts the fact that , cannot
vanish in % We conclude that o= , does not vanish anywhere on (or neai® ¢, and thus
the rst inequality of (55) also holds. This veri es Lemma 210

We are now ready to show that any classical (real analytic) &dgion to the nonlinear
di usion problem with initial datum ju(x;y;0); m ,(x;y), m > 1, will either cease to
exist in nite time, or grow exponentially (at an arbitrary r ate) as time approaches in nity.

Proposition 2.11 Let | denote the steady-state solution de ned by (35). Let(x;y;t),
0 t< 1, be a globally de ned, classical solution to the di usion pblem (38)-(39), with
initial condition f that possesses the same symmetry properties (36)-(37) a&s and satis es
the compatibility condition 2 @ = F (f) = sinh(f) on @B. If additionally jf (x;y)j
mj (X;y)j; (X;y) 2 By, for somem > 1 then

8K 2 R 9ck > Osuch thatju(x;y;t)j c€e'j n(X;y)j 8(x;y)2B; ; 0 t< 1

Proof: As in the proof of Lemma 2.6, we may con ne our attention to thevedge ° Let
m°2 (1;m) be xed, and de ne B(m® ) as in equation (50). From Proposition 2.7 we know
that ju(x;y;t)j] m L(x;y) >m? (x;y) forall t and all (x;y) 2 ©°{ suppose for now that
u(Gy;t)  m a(xy). Asaresult FW > F(mD = = B(m% ) on @Y, so that

%“: B(mS Ju+ h ) (56)

where h( )> 0, < < 5.
Let O, § denote the eigenvector-eigenvalue pair from (53), corrempding to m® and let
), & be the appropriate constants from Lemma 2.10. De ne

m° 0
VX y;t) = ol ot 0%;y) (57)
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Note that § < 0 according to Lemma 2.8, and s@”grows exponentially int. Due to Lemma
2.10

m . 0 (yeyy) -
@ O(X’ y) m n(X’ y) )
for all (x;y) 2 © which immediately yields
VY00 m(xy) <m a(xy) u(xy;0) forall (x;y) 2

The function vPalso satisesv® 0on@ ¢, and %9 = B(m% )vPon @ J. In view of equation
(56) a comparison argument (as in the proof of Proposition @ shows that vq{x;y;1)
u(x;y;t) for all x;y;t. From (57) and Lemma 2.10 we obtain

0 .

Mo T alay) WGy u(eyi (59
This makes it clear that for anyM > 1 we may nd aT > 0 so that

M h(Xy) <u(xy;t) (59)

forall (x;y) 2 Candt T. We conclude that for any &;y) 2 °we have limy;  u(x;y;t) =
1 (under the assumption that the solution exists for alkt).

We can estimate the growth rate of/° (and henceu) by estimating the eigenvalue o(m)
corresponding tom~ With Q as de ned by equation (54) we have

o(m) =inf Q(m; ) Q(m; )

where ranges over the class of( 9 functions that satisfy 0 on @ ¢ (note that
satis es this boundary condition). According to (34), foraay < 1,
F (m
B(m; )= Fma) om, on@?Y ;
M n
for somec > 0. We thus have
Z F(m.)
it nj?dx " o2ds
@ 0 m n
Q(m; n) = Z :
2 dx
Z ° Z
jr aj%dx ce™ 2 ds
Z @ g\f n> g
O 2 dx
= Ci e m



forany < 1, and any strictly inside the range of ,,. The constantsC;;c, are positive,
and independent ofm- It follows that o(m) C; ce™ , or

o(m) ce™ Cu (60)

Notethat o(m) > Oforanym > 1, though the above estimate doesn't yield that inequality
unlessm-is su ciently large. The estimate (60) shows that

o(m) !l asm!l

Suppose nowM > 2 is chosen so that o(m) K for m >M=2, and that T is chosen so
that (59) holds. Instead ofu we now considemnéx;y;t) = u(x;y; T + t); & solves the same
di usion problem as u, only with an initial condition that is bounded below by M ,(x;y).
From (58) it follows that forany 1 < m <M

ME;
e
&

By choosing a xedm with M=2< m <M we thus obtain

MU L6y) sy = Uy T+ 5 8(xy)2 %;8t> 0

€ n(cy)  ucy;t) ; 8(xy)2 °;8t>T :

From (58) we know that the same inequality holds for &t  T. This concludes the proof of
Proposition 2.11 in casel(x;y;t) m ,(X;y). The alternative caseu(x;y;t) m ,(X;y)
can be treated with a similar argument.

We proceed to use the energy criterion (explained in detail Appendix C) in combination
with Proposition 2.11 to show that solutions to the di usion problem (38)-(39), with initial
data that pointwise \exceed" one of the steady state solutiss ,, can only exist for a nite
period of time. For this purpose the following lemma will pree very useful.

Lemma 2.12 There exists a constanC such that
kvklog,) C K VKo@) + kvkiz gy
for any v 2 H?(B,):
Proof: Let be the solution to
=v inB;y ; with =0 on @B
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Standard elliptic estimates assert that
k kH 2(B4) CkaLZ(Bl) :

Furthermore, due to Green's formula,

Z Z
vZ dxdy = v dxdy
B1 ZBl Z
_ @ .
= v dxdy + v—d ;
Bi1 @B @
and so
kaEZ(Bl) k VkLZ(Bl)k kLZ(Bl) + kaLZ(@E)k@ :@kLZ(@a)
C k VkLZ(Bl)+ kaLZ(@a) k kHZ(Bl)
C k Vkizg,) + kvkiz@r) kvkizgy) ; (61)
or
kaLz(Bl) C k VkLZ(Bl) + kaLZ(@a) ,
as desired.

Unlike in the one-space dimensional case, we do not have arpleit upper bound for
the maximal time of existence, and we are not able to provide @etailed description of the
transition to nonexistence. We do suspect, based on numerievidence (given the imposed
symmetries on the initial dataf ) that blow up occurs atn symmetrically distributed points
on @B. Our two dimensional analogue of Proposition 2.5 now reads #ollows.

Proposition 2.13 Let , denote the steady-state solution de ned by (35). Let(x;y;t),
(x;y)2B1,0 t<T, be a classical solution to the di usion problem (38)-(39)with initial

condition f that satis es the same symmetry properties (36)-(37) as,, and the compatibility
condition % = F (f)= sinh(f) on @B. If additionally jf (x;y)] mj (X;y)j; (X;y) 2

B1, for somem > 1 then there existsThax < 1 (depending onf ) such thatT < Tyax

Proof: Green's formula asserts that

Z Z Z @u
u udxdy = jr uj? dxdy + —ud
Bi1 ZBl @ﬁ @n
= jr uj? dxdy + sinhwud ;
B1 @B
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at any time t, where and r refer to the Laplacian and the gradient applied tau in the
spatial variables only. Therefore, for any > 0,
Z Z
1 L .
2—k ukf g, + ékukfz(Bl) i jr uj? dxdy + on sinhwud ;
1

or Z 4
k uklg, 2 jrujfdxdy 2 sinh(Wud + 2kukfsg,) ;
B1 @B
at any xed time t. Insertion of the estimate from Lemma 2.12 and a simple reamgement
now gives

Z Z
(1+C Ak ukizg, 2 i jr ujzdxdy 2 on sinh(u)ud + C *kuk?»gg)
1
at any time t, where the constantC is independent ofu, andt. For = 1:p6 this
immediately leads to
1 z z 1
k  ukfzg, p% ] jr uj? dxdy p% on sinhuud + ékukfz(@a) ; (62)
at any time t. Let E(v) denote the energy
Z Z
E(v) = 1 jr vj? dxdy (coshfy) 1) d
2 B1 @B
A simple calculation yields
z
d o A, _
—E(;1) = j uj®dxdy ;
dt B,

at any time t. Remember:u = u(x;y;t) is the solution to the di usion problem. Using (62)

we thus obtain
Z Z

EE(u( 1)) pl: jr uj? dxdy p— sinh(u)ud + }kukfz(@a)
pZtE(u( ;1)) + pzt (coshu) 1) d p= sinh(u)u d
C C en C en
1
+ SkukZz(ga) - (63)
= pZ—E(u( 1)) pz—z + —sinh(u)u  coshq) p—Euzl d
C ’ C ea 2 4
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Now consider the function
Pe
g(z)= + Esinh(z)z cosh) Tzz .

Clearly there exist positive constantdM , D, and d such that
jg(zj D forjzj<M ; andg(z) dé¥ forM j zj :

We therefore obtain
Z Z Z

g(u) d D 1d +d dud : (64)
@B @B\Mj uj Mg @B\j uj>M g

Suppose now the solutioru to the di usion problem exists for all time. From the expo-
nential lower bound of Proposition 2.11 it follows that

i n(XY)] implies that ju(x;y;t)j o eX' foralltimet ;
and thus
@B\f (x;y) : j o(¥)i 9 @B\f (x;y) : ju(xy;t)] o« et g
@B\f (x;y) : ju(x;y;t)j] Mg ; (65)

fort > K llog[M=(ck )]. Now select > O strictly inside the range of ,,. The above
inclusions, in connection with (64), yield
Z z z
g(u(x;y;1)) d D 1d + dex e d
@B @B\j uj Mg @BYj n(xy)i 9
With Z

c=d d>20
@BYj n(xy)i g

it follows that Z
gux;y;t)) d 2D cexe"

fort>K !log[M=(ck )]. Note that the constants D and ¢ are positive and independent

of K (and t). Insertion of this into the inequality (63) gives

d

5 e "CE(u(;t) Die "c de™ " "¢ DT dee ; (66)
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for t suciently large. Here K > 0 is arbitrary, and the constantsC, D; and d¢x are
positive. The constantsC and D; are independent oK . Select a xedt , su ciently large.
By integration of (66) fromt to t we now get

p_
t t p—
E(u( ;1)) eZ(QE)E(u(;t))+ D1—2C et 1 d?Keth C Kt gt fort>t

From this formula it follows immediately that E (u( ;t)) becomes negative fot su ciently
large (recall that K is arbitrary and C is independent ofK). However, in this case the
energy criterion of Proposition C.1 asserts thati will cease to exist after a nite time { a
clear contradiction to our supposition of global existenceWe conclude that the classical
solution u must indeed cease to exist after a nite time, and this comptes the proof of
Proposition 2.13.

2.2.3 Example

To illustrate two-dimensional blow up in this setting, we slbw in Figure 3 the function
f(x;y)=1:01 1(x;y) with =0:8. We usef as the initial condition u(x;y;0) = f (x;y) for
the solution to (38)-(40); the maximum value forf (at (1;0)) is about 0.479. In Figure 4
we show the solution at timet = 1:34, the maximum value is about 1126. Past this time
the solution appears to blow up (in the sense that our numeiat solver no longer converges).
In contrast, using the initial condition f (x;y) = 0:9 1(X;y) the solver yields a solution that
rapidly converges to 0 (not shown).

3 Asymptotic bounds near blow-up

In the following two sections we provide a more detailed stydof the asymptotic structure of
solutions to equations (5)-(8) (the one space-dimensionedse) near the time of blow-up. The
nonlinearity F is now of a very general superlinear nature, with the very ndlassumptions
described in section 1.1. From the the representation forfau(16) for u(x;t) in terms of the
initial data and u(0;t), u(1;t), it is clear that blow-up at time t always implies blow-up at
one or both boundary points. As we shall see later (after ediishing an upper bound for
endpoint blow-up) the solution always stays bounded in thenterior, even when boundary
blow-up occurs. In general, blow-up will happen at one bouady point, and the solution
will remain bounded at the other. An exception is of course aysimetric situation as the
one we examined in Sections 2.1.2{2.1.3. However, as we asted in that case it is natural
to consider the solution only on the interval (¥2; 1), and then again blow-up only happens
at one boundary point.
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Figure 3: Initial condition f (x;y) = 1:01 1(x;y) on unit disk.

In the remainder of this section we shall assume thaiy(t) := u(0;t) and uy(t) := u(l;t)
are su ciently smooth and de ned on [0;t ), that u; becomes unbounded nedr but that ug
remains bounded. For simplicity we assume thai; attains arbitrarily large positive values
ast approachest . From the integral formulation (14) we then know thatu; 2 C [0;t ) is

a solution to L Z, -
S
w®=pt B dsr g ; (67)

0

whereqis aC? function on the closed interval [0t ]. In Appendix A we prove the following
monotonicity result.

Proposition 3.1 Let (t) be a function inC [0;t ) for some > 1=2, and suppose
satis es an integral equation of the form

Zt .
Pc)= 3P asequ

0
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Figure 4: Solutionu(x;y; 1:34) on unit disk.

whereP 2 C(1 ;1) is strictly increasing, q2 C![0;t ], andH 2 C([0;t ) (1 ;1)).
Assume thatH (s; z) is nondecreasing in each argument with

ZI!ilm H(s;z)=1
for each xeds2 [0;t ), and assume that
Iirtr?stup (t)y=1":
ForR2 (inf ; 1) lettg 2 [0;t ) be de ned as
tr=infft2[0t) : ()=Rg :

Then there existsR such that (t) is strictly increasing fortg  t<t .
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Remark 5 Proposition 3.1, in combination with the fact that u; attains arbitrarily large
positive values ag approached , shows thatu; is strictly increasing in some interval {;;t ).
By changing the initial time, if necessary, we may without lss of generality assume thaii;
is positive and strictly increasing on the whole interval (0t ).

In the following two sections we shall establish an upper and lower bound for the
blow-up of behavior ofu; neart . Very brie y, we shall prove that

KiFY *CF T D w® KB * G T D
for constantsK; and C;, and larger than, but arbitrarily close to 1. The function G is
de ned as G(u) = F(u)=u. We note that G F? and due to the strict monotonicity of F°
and G (both are increasing for positive arguments) it follows thia(F% * G * for positive
arguments. In spite of the fact that the two bounds are expresd in terms of di erent
functions, they are obviously very closely related.

3.1 Lower bound for growth

We are now ready to show.

Proposition 3.2 Let the assumptions be as in the previous section, in partlan assume
that uy(t) attains arbitrarily large positive values fort neart . Let K denote the constant
F(2)

K =1 [limsup,; 35 > 0. Supposed <K <K ,andO<C<p_:2. Then

L) KEY T )
for t neart .

Proof: As discussed in Remark 5, we may without loss of generalitysasne that u(t) is
positive and strictly increasing for O<t<t . ForO<t<t + h<t we have from equation
(67)

£ (uy(s)

1
u(t+h) = p= ) pﬁds+ q(t + h)
Zt Zt+h
= gt ) gy ot o1 oy i+ h)
o t+h s t t+£1 S
1 Z t+h

t
Mdﬁ F(ui(t + h)) p= p1:ds+ q(t+ h)
0 pt_ S t t+h s

= u1(t)+Zp—EF(u1(t+ h)) + q(t+ h) o) ;
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where the inequality follows from 0 F(uy(s)) F(uy(t+ h))for0O s t+ h. We now
use the fact thatjg(t + h) q(t)] Cgyh to obtain
"R
uy(t+h)  2p=F(uy(t+h)) u(t)+ Ceh ; (68)

forO<t<t +h<t . Note that sinceq2 C*[0;t ] we can choos€, independently oft and
h. Let G, denote the function

"R
Gh(x) = x 2p=F(x) :

For a givenz > u4(t) consider that (unique) h such that u,(t + h) = z. Equation (68) shows
that
Gn(z) ug(t)+ Cyh:

The above inequality leads to a lower bound fdn (e.g., whenh = 0 the inequality is violated,
for it becomesz  u,(t)). For xed z > u4(t) the quantity Gn(z) is strictly decreasing inh,
and limits to 1 ash increases, so there is a uniqug, > 0 for which

Gn, (2) = uy(t) + Cyh,: (69)

This h, provides a lower bound for the value oh for which u;(t + h) = z: in other words,
h, h. We can solve equation (69) foh, to arrive at

_ F(»)
h, = e

2+p 2p 1+ p)

Cq (z ua(t)

with p = . A simple (but asymptotically sharp) lower bound orh, can be obtained

F2(2)
from the fact that 2 + p 2p 1+p z(gfz) forall p 0. We obtain
h Fiz) ¢
Cz 2(p+2)
(z  ua(t)?

4F2(z)+2Cq (z  uy(t))

Due to the superlinearity of F we obtain, for any Cy < 1 (and su ciently large values of
uy(t)) that
(z  u(t)?

"N ComE

(70)
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forany z uy(t), whereuy(t + h) = z. The constantC, is independent oft and h.
Let v = u, !, which is well-de ned, sinceu; is strictly increasing. Using the notation
us(t) = z; we havev(z) v(z;) = h, and the inequality (70) may be written

(z z)?

v(z) v(zz) C4 (71)

with C; = %. This inequality holds for any su ciently large z; and allz  z;. We know
that u; blows up monotonically as! t , and sov is strictly increasing, with

lim v(z) =t :
z!1
For > 0 suciently small we now choosez; = uy(t ) so that v(z;) = t . Since
v(z) <t ,z; z, the estimate (71) now yields
(z z)?
_— <
ey V@ V@ (72)

forall z z;. We get as much out of the estimate (72) as possible by takingdt z z;
which maximizes the left hand side. It's easy to see that theris a unique sucle, for the
left side of (72) equals O whez = z;, tends to zero az! 1 , and has a stationary point
z = z, that satis es

F(z)) _ _ .

“1 Fqz,) A
easily found by di erentiating the left side of (72). That the equation (73) has a unique

solution z; > z; is a consequence of the fact that the functioa FFO((ZZ)), z, z,is strictly
increasing (a consequence &> 0) with

F(z1) . :
Z FQz,) <z; ; and ZIlllmz F12)

The latter assertion is a consequence of assumption (9), whiimplies

(73)

F(2) 1
FU) 1+, <1 (74)
for some , > 0, and so
Fa_, 1 F@ 0 sz (75)

FYz) z zZF9z)
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From (74) and (75) it furthermore follows that with K as de ned in the statement of the
proposition

. F(2) 2
K =1 | >0
MSPF) 1+ 5, 0

and that, for any K < K
F(z,)
Fqz,)

for z; su ciently large. Of course this implies that

Kz, <z,

Zl_

Zl K y

(76)

for z; su ciently large. If we use z = z, in (72) then (73) gives

1 .
CFEy:

which in combination with (76), and the fact that F°is increasing, yields

1
NGEERE

for z; su ciently large. We conclude that, with C = P Cy,
2 K(FY HC) (77)

for z; su ciently large. Inequality (77) yields a lower bound on the growth ofu; neart if
we note thatz; = u,(t ), namely

ult ) K(F9 l(Czlo_) . for suciently small ;

or D
u(t) K(F9Y Y(Cc=t t); fortneart
p

HereC =  C; = P Co=2< P= 2 can be arbitrarily close top
arbitrarily close to K . This proves Proposition 3.2.

=2,andK <K can be

41



Remark 6 To illustrate the above bound, let us consider a couple of typal examples. With
F (u) = sinh(u) it's easy to check thatK = 1. In this case Proposition 3.2 yields a lower
bound of the form

ui(t) KarccoshC=t 1)) = KEln(t t)+ O(1) ;

forany K < 1.
For F(u) = juj® u+ u with p> 1, Proposition 3.2 gives

ul(t) Kp(t t) 1=2(p 1)

for some positive constanK ,, smaller than, but arbitrarily close to (p =2)Fr Dp PP Y(p
1). It is easy to check thatK, must approach 0 ap! 1, and that K, may be picked arbi-
trarily close to 1 asp! 1

3.2 Upper bound for growth

In order to establish an upper bound on the solution near blowp we shall make one more
assumption on the behavior of, in addition to those of Section 1.1. We shall require that

There existsM > 0 such that F {u)=F(u) is non-increasing fou M : (78)

This assumption and those of Section 1.1 all are satis ed fdf(u) = jujP ‘u+ u, p > 1,
and F (u) = sinh(u). Assumption (78) implies that F{u)=F(u) K, for M  u and some
constant K,. Integration then yields F(u) Ce&2¥ for M u, and from continuity we
obtain F(u)  C,ef2¥ for some constantC, and all u > 0. In combination with (12) we
conclude that our assumptions abouE imply the existence of constant¥; > 1 and positive
constantsK ,; C;; C, so that

Cuft  F(u) C,e&? forallu> 0

The apriori assumptions about the solutioru neart are as in the previous section; that
is, we assume thatug(t) := u(0;t) and uy(t) := u(l1;t) are smooth and de ned on [0t ),
that u; becomes unbounded nedr, but that us remains bounded. For simplicity we assume
that u; attains arbitrarily large positive values ast approachest . Finally we recall that
up 2 C [0;t) (any < 1) satis es the integral equation (67) whereg is a C* function on
the closed interval [Qt ].
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Proposition 3.3 Let the assumptions be as discussed above, and assumeup@) attains
arbitrarily large positive values fort neart . For any > 1 and anyK > 1 there exists a
constantC such that

u(t) KG 1C4p t)
for t neart . Here G(u) = F(u)=u.

Proof: As argued in Remark 5, we may without loss of generality ass@enthat u,(t) is

positive and strictly increasing for O<t<t . Letlk,, n 0, be a sequence that limits to
in nity, starting with I, > u,(0). Indeed, let us suppose that we havl, = b(n) for some
strictly increasing function b(x) of a real variablex. Let a, 2 (0;t ) be chosen (uniquely) so
that u;(a,) = . Notethat0<apg<a;<:::<ap<ap+s <:::wtha,! t,asn!l

We then have

b = El(an)

_ Fgul(s)) ds o(an)

0 a S

X 1Z Ak +1
_ Fgul(s)) ds+ o(an)

k=0 & & S

X 1Z A +1
Fﬁul(ak)) d3+ q(an)

k=0 & & S

X 1Z a1 E () ds
= pP——+ q(an)
k=0 & & S
X1 P
= 2 Fb)( an &
k=0

iy )’ @1 Q; (79)

where we use that is strictly increasing, andq(a,) Q, and drop all butthek=n 1
term in the last sum. A little rearrangement of (79) yields

(b + Q)?
4F2(by 1)
and a straightforward telescoping summation then shows

1 X (b+Q)?
% @m 7 F2(b 1)

k=m+1

p

an ak+l) + q(an)

adh an 1
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We let n tend to in nity to nd

1% (h+Q? .

£ an Folo 1)

k=m+1

From now on we takeb, = hyd* for some xedd > 1, and so based on the previous estimate

1 X (h+ Q)2
4 Fb 1)
1% (da 1+ Q)Y
k=m+1 Fz(b( 1)
1% (dh + Q)2
4 F2(b)

k=m

m O :

SinceQis xedand b, !'1 ,ask!1 it follows that, given any D > 1,

DX
4 __F(h)

k=

t  am (80)

for m su ciently large. De ne
P 2 X g2«
sz%m)‘% CF2(lpd)

k=

(m) =

(81)
k

Note that > O, and that is strictly decreasing inm, with (m)! Oasm!1 . Of
course, is de ned only on the non-negative integers, but we may extein to a function
with the same properties on the non-negative reals. From (8Oe have

d’D _dD .
t  am 2 (m) = 4 (b *(u(am))) ;

sinceb (u(an)) = b (b,) = m. Divide both sides above byd?’D=4 and apply the strictly
decreasing function = b ! to both sides (which reverses the inequality) to nd

4

ot an) (82)

u(am)
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for m su ciently large. We note that (s)!1 ass! 0". Given su ciently small we
have t 2 [an 1;8m) forsomem 1 (withm!1 as ! 0). The estimate (82) then

yields (recallu(an) = by)

Wt ) u(an) = %u(am )
d %t am 1)
4 .
d o= 83)

for m su ciently large, or  su ciently small. Here we can take anyD > 1 (though D closer
to 1 may require smaller ). It only remains to bound . Comparison to an integral shows
that, with  de ned by (81), we have

Z, Z,

d2x d2x
———dx m ————dx
5 FEeH™ ™ % Ees
where we make use af=F(z) strictly decreasing forz large. The change of variableg = byd*
yields Z Z
i ' Ldy (m) i ' Ldy . (84)
In(d) pam F2(Y) IN(d) poam = F2(y) 7
Now =b 1 sothat = bl thatis, I(p)= (logy(p=R)). In conjunction with
(84) this yields bounds
Z z
1 =1y 1~y
d ! dy : 85
g, 20 P @ L FPe® (59
Lemma B.1 of Appendix B asserts the existence of constar@ and 0< 1, (dependent
upon F and d, of course) such that
z 1 2

y p
P2y Y T Fa(p)

which upon combination with the last estimate of (85) giveshe upper bound

forallp>1;

Cy P
In(d) F2(p)

*(p) (86)
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The constantC; may be taken arbitrarily close toi, where ; is the constant from the su-

perlinearity assumption (9). If we de neG(z) = F(z)=zand L(z) = mC(—ld)Zzi then inequality

(86) can be written  1(p) L(G(p)) for p su ciently large. Since is strictly decreasing
in its argument, and sinceL(G(p)) ! Oasp!1l (note L(G(p)) is also strictly decreasing
in p), we conclude that (z) G (L %(2)) for z su ciently close to zero. This yields

Cs
(2) ! ?gE)T
1=2 )

whereC, = . In combination with (83) this gives

In(d)
C,D =2 )=
1 2 .
U(t ) dG ZT(B—)T )

or
C,D 72 )=
2= ("t ¥
This is exactly an estimate of the type asserted in the stateamt of this proposition, with

=1= > 1,K =d> 1andC = % As d and D approach 1, approaches 1K

1=2
approaches 1 an® approachesz(lﬁlw, which may be picked arbitrarily close t%pm
These last observations all follow from Remark 9 of Appendik.

ut) de?

Remark 7 As an example, we may consider the functiof (u) = juj® *u+ u for p > 1.
In this caseG(u) = uP '+ 1, u> 0,sothatG (z)=(z 21¥P D C%ZP I for any
C%> C and z su ciently large. The upper bound on u(t) then becomes

u1(t) Ko(t t) =@ 1)

for a suitable constantK °. This bound is (modulo ) of the same form as the lower bound
in Remark 6.

As another example, consideF (u) = sinh(u). Here G(u) = sinh(u)=u and G 1(z) =
In(z) + o(In(z)) asz!1 . We then obtain the bound

uy(t) K7 In(t  t)+ O(njIn(t t)j) ;
where and K can be taken arbitrarily close to 1.
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3.3 Boundedness of the solution in the interior

In this section we show that for each xedx 2 (0; 1) the solution u(x;t) remains bounded
forO t<t . We suppose thatup and u; are both de ned on [Qt ), and that u; (or for
that matter, both u; and ug) blows up att = t in a manner controlled by the estimate in
Proposition 3.3. As per Remark 5 we may assume that grows monotonically ast ! t .
According to (12), the strictly increasing function G(u) = F(u)=u satises cu? G(u)
for u 0, where ; > 0 is the constant from the superlinearity condition (9), so hat
G (u) eur ! for some constantc~The upper bound from Proposition 3.3 then guarantees
that for some constantC

uy(t) C:(p t)y~ * fort close tot ; (87)

where can be chosen arbitrarily close to 1.
We also need a bound oifr (u;(t)), and so we shall introduce one additional assumption
on F, namely that for xed K > 1, su ciently close to 1,

there exist constantsCy ; Ax and Mg
such that F(Ku) CkF(u)?« foru>Myg : (88)

This condition is, in some sense, another type of exponentiaound on the growth ofF, and
is easily checked for any speci ¢ function, e.gE (x) = jxjP x+ x or F(x) = sinh(ax). With
K > 1 being the constant from Proposition 3.3 we have

Fuu(t)) = u(t)G(uy(t))

C
KG ! ——
ui(t)G KG R (89)
Note that K may be chosen arbitrarily close to 1. We thus also have, forya My,
F(KG Y(2)
1 —
G(KG *@) = “siny
(F(G Y(2))"«
Ck
KG (2)
= Cz™(G Y2 ! (90)

with Cx = Ck =K. Here we make use of the assumption (88) and the fact ttbﬁt(G Y2)) =

zG 1(z). If we combine the estimates (89), (90), and (87) (using = C=( t t)) we

obtain
(o
Fu(®)  Pe—pr @y (91)

47



From (16) we know thatu(x;t) 0<x< 1,0<t<t may be represented as

1 Z, , 1Zt o o y? 1))2
(x y) 4(t s
u(x;t) = EP_T . f(y) dy+ 5 PﬁF(Ul(S)) ds
7 . 2 Z <2
1 e 4('[ s) At s)
* 3 PﬁF(Uo(S)) ds+ x —Pﬁuo(s) ds
0
Z, x_1?
e 4(t s)
+ (1 X) —pﬁul(S) ds :

It is clear that the integral involving the initial conditio n f stays bounded (in any norm) as
t approachest . The estimates (87) and (91) show thau;(s) and F (uy(s)) grow at most
like a negative power ot sass! t. Atany xed interior point 0 <X < 1 the kernels
in the corresponding two integrals (and all their derivaties) behave likee ¢ 9 for s near
t, with ¢ > 0. For this reason it follows immediately that the integralsinvolving u,(s) and
F (ui(s)) stay bounded ast! t for any xed x = X 2 (0;1). The same argument applies
to the integrals involving ug(s) and F (uq(s)) if ug blows up in a matter controlled by the
estimate of Proposition 3.3. In summary we have proven:

Under the additional assumption (88), the solutioru(xo; t) stays bounded (in any norm)
in a neighborhood of any xed interior pointxy 2 (0;1) ; ast! t

A Appendix: A monotonicity result

The goal of this section is to give a proof of Proposition 3.Before we do so it will be useful
to establish the following two closely related lemmata.

Lemma A.1 Let (t) be a function inC [0;t ) for some > 1=2, and suppose satis es
an integral equation of the form

S, (S))
t

P( (1) = ds+ q(t)

0

whereP 2 C(1 ;1) is strictly increasing, q2 C![0;t ], andH 2 C([0;t) (1 ;1)).
Assume thatH (s; z) is nondecreasing in each argument and that

Iim H(s;2)= 1
z!1
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for each xeds 2 [0;t ). Suppose additionally thatimsup,, ; (t)= 1. ForR2 (inf ; 1)
lettg 2 [0;t ) be de ned as

tr=infft2[0;t) : (t)=Rg :
Then for any su ciently large R there existshg > 0 so that
(tr) < (tg+h) forO<h hg

We may use a common valueg = h, > 0 for all R (su ciently large but) in a bounded
interval 1.

Proof: For convenience de ne an operato) as

Z t
H(s; (s
Q)= P dsr o)
Given that the function P is strictly increasing we can establish the lemma by showirtgat
Q( )tr + h) Q( )(tr) > O whenh > 0, that is,

Z tr+h . Z tr .
0 < P gorqrarn  HEDgs gy
ZOtR A R 7 0 R
1 H(s; (s) IR 1 1
= p——————ds+ H(s; (s P P ds
tr tR+h S 0 ( ()) HtR+h S HtR S
+Q(tr + h)  q(tr) :
This inequality can be written
z IR 1 1
CHE () P P WSt Al (92)
tr+h .
. CHC) I
tr tr+ h s

Sinceq 2 C![0;t ] we havejg(tr) q(tr + h)j  Cgh for some constantC, independent of
tr and h. Inequality (92), and henceQ( )(tr + h) Q( )(tr) > O, will hold if we obtain

ZtR Zt+h
1 1 RTY H(s; (9)
H(s; (s D D ds+ C;h < —— % _ds ; 93
S HEO) Pe= P e P (93)
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for 0< h <h g. We will establish, under suitable circumstances, an uppdround I; on the
left side of (93), and a lower bound, on the right side of (93), with I, < 1,. This will
establish (93) and the lemma.

We rst obtain a lower bound for the integral on the right in (93). Let R be any positive
value ininterval (inf ; 1 ), and lettg be as in the statement of the lemma. For some constant
C.r we have

HORIRCY R
jt g '
for all t in a neighborhood oftg. The constant C.r is uniformly bounded forR in any
compact subinterval of (inf; 1 ). In particular, for all su ciently small h we have

j(trth) R} Cgrh |
since (tgr) = R. As a consequence(tr+h) R C. h ,andfors?2 [tg;tg + h] we have
(s) R Crh

For su ciently small h the integral on the right side in (93) is then bounded below by

ZtR+h . ZtR+h .
H(s: 8) 4o H(t',ge,R CrN) o
tR+h S tR+h S
= 2 hH({g;R Cgrh) :

tr

Here we have made use of the fact thad is nondecreasing in each argument. Sinéeis C?!

we nd that Zon Hs: (9) o_h i

tr
for some constantC.r . The constant C.x is uniformly bounded for R in any compact
subinterval of (inf ; 1 ). To obtain an upper bound on the integral on the left side in 3)
we begin with

ZtR
1 1

H . n [a)
; (s; () P Poan s ds

ZtR 1 1

H((tg;R) B e ds
0 (Rp) r't Sp 'JtR+h S
=2H(tr;R)( tr+ h tr + h) ; (95)
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where the above inequality follows from (t) R fort tg and the properties ofH. It is
easy to see that

— 1
1+ 1 -
X 4x

forall 0 x 8. With x = h=t this inequality becomesp 1+h=t 1 % forO h 8t
Multiplication by 2" t and addition of 2 h to both sides yields

_ p_ _ p_
2P1+Pn Pm 2n §5‘—t (96)
forO h 8t. By insertion of (96) into the right side of (95) we obtain theupper bound
Z .
1 1 P— h
. H(s; (s)) = Pi=n ds H(tg;R) 2 h Ept__R (97)

for suitably small h. Here we use thatg is bounded away from O, for instancé =2<tr <t ,
for R su ciently large. If we make use of the upper and lower bound§97) and (94) we see
that the inequality (93) (and thus Q( )(tg + h) > Q( )(tr)) will be established if

h [

P— P
Csh+ H(tg;R) 2 h Epht: <2 h H(tg;R) Cgh : (98)
R
A cancelation and a bit of algebra show that (98) is equivalério
H%B‘}i’ Cq h>2Cgh 2 (99)
R

Due to the monotonicity of H( ;R), and since 0 tr <t , we obtain (99) if we establish
that for xed t; 2 [O;t )

ié&%m Cq h>2Cgh ** (100)

for all R su ciently large (with tg  t;) and all h su ciently small. Given the properties
of H, the coe cient of h on the left side of (100) is clearly uniformly positive iR is chosen
su ciently large. Since the right side of (100) isO(h ) with =+ % we now see that
(100) holds for all su ciently small h. This establishes inequalities (99), (98), and (93), and
the lemma. The fact that the constantC.z is uniformly bounded forR in any compact
subinterval of (inf ; 1 ) immediately implies that we may use a commorhg = h, for R
su ciently large, but in a bounded interval |.

As a consequence of the previous lemma we obtain
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Lemma A.2 Let the notation be as in Lemma A.1. There existR, with the property
that for any R Rp one may nd hr > 0 so that is strictly increasing on the interval
[tr:tr + AR].

Proof: For a given su ciently large R, let hg be as asserted by Lemma A.1. Ldt be the
compact interval ([tg;tg + hr]), and let g = h;  hr be the common increment that may
be used for all values inl, according to Lemma A.1. We proceed to show that is strictly
increasing on {r;tg + Nr]. Supposet; t2 [tg;tg + Nr] with t< t0 Dene T = (t); since

(s) <R = (tr) (t) for s < tg it follows immediately that t+ 2 [tg;tr + Nr]. We also
havetr t< tt From Lemma A.1, and the fact that the samdig may be used for all values
in I (and thus for T) it now follows that

(tr) < (s) forall s2 (tr;tr + Ar] :
In particular, sincetr < t tg+ Ag ty + Ng, it follows that

M= ()< O ;

which completes the proof.
By making use of Lemma A.2 it is now fairly simple to give the mof of Proposition 3.1.

Proof of Proposition 3.1 :  We shall show that is strictly increasing on the interval
[tro;t ), Where Rp and tg, are as in Lemma A.2. To this end we de ne

t =supft:tg, t<t ; and is strictly increasing on the interval fr,;t] g :

It is clear that t t, and from Lemma A.2 we know thattg, < t°. The function is

strictly increasing on the interval fr,;t ) if and only if t = t . We proceed by contradic-
tion: Supposetr, < t <t . By continuity we know that is strictly increasing on the
interval [tg,;t]. IfwedeneT = (t)thenwe haveRy<T andty = t, and so by Lemma
A.2 we conclude that is strictly increasing on some intervaltf;t+ + hy] = [t; T + hy],

ht > 0. By combination with the strict monotonicity on [tg,; t'] this yields that is strictly

increasing on the interval {g,; t + ht], in contradiction to the de nition of t. We therefore
conclude thatt = t , and this completes the proof of Proposition 3.1.

Remark 8 We note that a result entirely similar to that of Proposition 3.1 holds ifH is non-
increasing (inz) with lim ,;  H(s;z) = 1 , P is strictly decreasing, and limsup , (t) =
1 . The appropriate conclusion is then that (t) is strictly decreasing on some interval
[tr;t ) for R su ciently negative.
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B Appendix: An integral estimate

In this appendix we establish the following estimate, whichvas used for the veri cation of
the upper bound in Section 3.2.

Lemma B.1 Let F 2 C?(R) with F(u) > 0, u> 0, be superlinear in the sense of (9) and
suppose-{u)=F(u) > 0 is non-increasing foru M > 0 as required by (78). For anyd > 1

there exist constant < 1 and C such that
Z 1 y p2
d C forallp>1 : 101
LY C Fp P (101)

Proof: As noted in Section 1.1, the condition (9) together with thedct that F(u) > O for
u> 0 implies that F (u)=u** , u> 0, is strictly increasing for any < ;. Therefore

F(&y) F(p=9

yi* (p=0** for 'y p=d;
sothatF(y) -y, or
1 (p*) 1
F2(y)  F2(p=g y**)
As a result
Z Z
Y g TR,
p=d F 2(y) F 2(p:@ p=d
p2+2 d 2
 2d?2 F2(p=g p
p2
- 2d%F(p=q °
We thus have
Z
: F2(p) Yoy . F2(p) p?
limsu d limsu
P T Gy Y P T 2dPR(peg
_ 1 210 ) F? (p) .
= 2dzllrlg!llsupp F2(p=q" (202)
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We shall now show that the lim sup on the right in (102) is nite Since the expression

Z
Fp) ~ ' y
p2 p=d |:2(y)
is bounded forp in any bounded interval (1 N), the boundedness of the lim sup is su cient
to verify the estimate of this lemma. LetH (u) = FYu)=F(u). For a xed d > 1 choose

_K; 1

S dKy 1
whereK; =1+ ;> 1and ; is the constant in the superlinearity assumption (9). Cledy
0< < 1. Note that this choice for yields

1 1
- - 1
d dK,
SinceH (u), u M is positive and non-increasing we havd (u) H(u=d) foru Md, and

so with  given by (103)

dy

(103)

H (u)

H (u=d) 1
11
T d dK;
11 1
T od u dKi,=u
1 1 1

(104)

d U H(u=g

foru Md. The last inequality in (104) follows from (9) in the formH (u=d) dK;=u. We
multiply both sides of (104) by H (u=d) to obtain

H (u) éH(u:d) 1T foru Md : (105)

Integration of both sides of (105) fromu = Md to u = p (note that H(u) = FYu)=F(u))
and simpli cation yields
F () CF(p=dp *

with C = % The boundedness of the limsup in (102) follows, and this pres
the lemma.
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Remark 9 Note that with  given by (103) will approach 1 asd approaches 1. Moreover,
the constant C in the proof of Lemma B.1 also approaches 1 @as! 1. The constantC in
the estimate (101) can be taken as

1 oo  F2(Md)M? )

C= 20 T Z2azFrw)

where is given by (103). As a consequence a possible const@anthat may be used in
(201) will approachzi asd! 1. Here may be picked arbitrarily close to i, the constant
from the superlinearity assumption (9).

C Appendix: Concavity method for blow-up

The argument presented in this appendix was originally adagd from the work of Quittner
and Souplet (see e.g. [30]) by Kai Medville; it was done as paif Kai's Ph.D. work, although
it did not actually appear in his dissertation [25]. For comfeteness and the convenience of
the reader we include the argument here.

In the context of this appendix can be any bounded domain inRN for N 1, with a
suitably smooth boundary. Let > 0 andu 2 C((0;T);C2?()) \ C°([0;T);C*()) denote
a solution to (38)-(40) with f (x) 2 C(), and @f=@= sinh(f) on @. It is well-known
that there exists such a solutioru(x;t) for some positiveT. Let Tax denote the supremum
of TS for which a solution with these regularity properties exis.

Our goal is to show that, under a certain energy conditionl,,.x < 1 . To this end, de ne

the functional 1 Z Z
E():== jr j%dx cosh() 1dy ;
2 @
where 2 CY() (in fact, E is well-de ned on H().) This is the energy functional

associated with the steady-state problem

0 in :
sinh(v) on@

v
@v (106)
@

Our main result is

Proposition C.1 If the initial condition f (x) satisesE(f) < O,then Tpa < 1.

More precisely, the argument we provide may be re ned to shothat the H*() norm of
the solution blows up in nite time.
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Proof: The proof proceeds by contradiction, so let us assume that,.x = 1 . For what
follows, we introduce a second energy functional, namelydlsimple translation
Z z

L jir j2dx cosh() D)d ,.
@

Eo( )= >
In particular, E( ) = Ei( )and Ep( ) = Ei( )+(D 1) j@]j. For any xed the
functional Ep () is increasing in the parameteiD. Note that strict negativity of the energy
E,(f) means we can choose soni®, > 1 such thatEp,(f) < O: In fact, given Ep( ) =
Ei( )+(D 1) j@]j, anything in the range

Ea(f)
j@ ]

1<Dyp<1

will work.

Claim C.2 If u denotes the solution to (38)-(40) then for anyp the function Ep (u( ;t)) is
non-increasing int.

The proof of this claim consists of simple integration by p&s. In the computation below
the operatorsr and 4 are applied in the spatial variables only:

q Z Z
—Ep(u(;t)) = ru r udx u¢ sinh(u) d
dt ~ @ -

= (r (ur u) u u)dx us sinh(u) d

Z
@u z 2z |
= U—d U; udx u¢ sinh(u) d
g @ @
= j u?dx 0 ; (107)

where we have made use of the boundary condition (39) ang= u.

To continue with the proof of Proposition C.1, de ne the funtions
z Z,

g(t) = % u(x; t)2dx and G(t) := i g(s) ds

Note that G{t) = g(t) > 0 and G(0) = 0.
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Claim C.3 The functionsg and G satisfy
tI!|1m git)y=1 and tI!|lm G(t)=1

The proof of this claim is a simple cgmputation:

A
gXt) uudx= u udx
A
(r (uru) jr uj®dx
Z A
@u .
u@d X jr uj©dx
4 Z
usinh(u)d jr uj2dx (108)
@ Z

2E (u( ;b)) + usinh(u) 2cosh@)+2 d
@
2B (u(;t)  2Eq(f)> 0

where we have used the fact that sinh(x) 2coshk)+2 0 forallx 2 R, as well as Claim
C.2. It follows that limy; g(t) = 1 , and hence lim; G(t) = 1 , which establishes Claim
C.3.

Given our choice ofDy > 1 above, let = (Dg) > 2 be chosen so that the function
h (x) := xsinhx coshx Dy O
for all x> 0. This is possible since foby > 1 and allx 2 R we have
xsinhx 2(coshx Dy > 0 ;
and sincex sinh(x) grows faster than coshX) at in nity.

Claim C.4 The function G satis es
cYt) G%0) ° Ec;(t)c;O?t) :

To show this we use the Cauchy-Schwartz inequality to nd
Z, zZ.7Z
2 2
Gty GY0) = Gs)ds uu, dx ds
7% zZ.7 Z.Z

udxds (u)?dxds =2G(t) (u)?dxds : (109)
0 0 0
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From equation (107) we have
YA t
Ep,(f) Ep,(u(t)) = Ep,(s) ds
zZ.Z
( u)?dxds
7.z
ui(x;s)?dxds : (110)

0

We can combine inequalities (109) and (110) to nd

GYt) GY0) 2 2G(O)(Ep,(f)  Epo(u(t)))  2G(1)Ep,(u(t)) ; (111)

since Ep,(f) < 0. With the above choice of and Do, we can rewrite G{t) as (refer to
equation (108))

G = gty -
= jr uj?dx + usinh(u) d
2@ Z Z
=  Epo(u)+ —— jr ujfdx+ h (u)d «
2 @
E po(U) ; (112)

since > 2 andh 0. If we combine this with inequality (111) we obtain Claim C4.

To nish the proof of Proposition C.1, we use the fact thatGqt) = g(t) limits to in nity
to observe that, for any given < < 1, there exists at such that

GY0) P |
) 1 5> 1 forallt t (113)

A little rearrangement yields
Gy G%0) “> @ )Gt :
In combination with Claim C.4 this yields

(1 )EGO(t)Z G(t)G%4).
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Since our choice of > 2 has been made, we choose ar> 0 small enough that =
(1 )3 > 1. We then have the di erential inequality

G)* GGt
forsome > 1 andallt>t . This inequality may be rewritten as
(D@6 6m&R) (G)? ;
which after division by (G9?2 gives
GMHGAY (GA))? _ d  G(t)

1 = - 7
(GA1))? t GqY)
fort>t . We integrate both sides above fromm=1t tot=t, to nd
G() G(t)
This last inequality immediately leads to
G(t) G(t)
PN 1 +
0 ( )t t) )
= (1 2tW+c¢ fort>t
wherec; = gk +( Dt . The left side above is always positive, while the right side

(since > 1) becomes negative for su ciently large { a contradiction. This shows that the
solution u(x;t) cannot exist for all time and thus completes the proof of Pymosition C.1.
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