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Abstract

We postulate that almost any motion of an interface between two crystals can produce a coupled tangential motion of the two
crystals relative to each other which is proportional to the normal motion of the interface. Such translations can produce grain rota-
tions; the special case of the rotations of shrinking included circular cylindrical grains which increase misorientation, as seen in the
molecular dynamics simulations, is reinterpreted with this postulate. When this postulate is added to other principles of interface
motion, several phenomena associated with grain boundary mechanics and motion are unified into a single theoretical formulation:
normal motion of a grain boundary resulting from a shear stress applied tangential to it which results in tangential motion and its
converse, tangential motion resulting from coupling to normal motion; rigid sliding of one grain with respect to the other along a
“greased” boundary; grain rotation due to tangential motion along curved grain boundaries, produced by either by sliding or by
coupling to the normal motion. When the motion is driven by the reduction in the total surface free energy [y da, if the grain rotation
is due to sliding alone, then 7y itself (the surface free energy per unit area) is reduced; if it is due to coupled motion, then increases in y
can occur if there is a large enough decrease in area that [yda is decreased.

We explore the predictions for rotations of circular cylindrical grains moving to reduce total surface free energy. Among the surpris-
ing results is that certain combinations of coupling and surface free energy functions can result in increases rather than decreases in radii;
these conditions, if achievable, can only occur far from small tilt misorientations. We also show that sliding alone must lead to miso-
rientations with minimum 7y — or no misorientation — before the crystal shrinks to zero radius. For coupling alone, limiting misorien-
tations (which need not, and often do not, coincide with minima in y) are never reached for non-zero radii. A more thorough
exploration of sliding and coupling, including application to non-circular crystals and a variational model, is being published elsewhere.
© 2004 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Two descriptions of tangential translations of one
crystal relative to the other along a grain boundary have
been proposed [1]. In one description, there is a coupling
between the relative tangential translation of the crystals
and the motion of the interface. When the interface is
moving (with one crystal growing into the other), the
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relative translation is distributed as a simple shear in
the region traversed by the moving interface. Our para-
phrased definition of simple shear is: every plane which
is parallel “to the interface” moves itself in the direction
of an axis “in the plane of the interface” through a dis-
tance proportional to the distance of the plane from the
plane of the original interface [2,3].

In the other description the tangential translation
along the grain boundary is not coupled to motion of
the boundary. There is a rigid body translation, which
we will call sliding, of one crystal relative to the other,
as if the interface were “greased.” In this definition,
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sliding occurs independently of other processes, and re-
sponds to a separate set of driving forces (which do not
directly drive grain boundary motion, although some
can drive other processes as well). The concepts of slid-
ing and coupling for planar interfaces with an applied
stress are illustrated in Fig. 1.

In Sutton and Balluffi [1], coupling is discussed in
Sections 9.2.1.1 and 9.2.1.2, especially for the planar
case for small tilt misorientations, while sliding is dis-
cussed separately in Section 12.8.1 for high angle grain
boundaries. There is a comment “At some point, the
mode of the bicrystal response should therefore switch.”
No evidence of switching was found in the simulations
of [4]. Twinning and martensite transformations are well
known examples that coupling can persist to high angle
grain boundaries. We cannot find any compelling evi-
dence that coupling switches to sliding at high angles
of misorientation.

Therefore in this paper, we postulate that switching
does not occur and that coupling persists to all angles

(a)

1 -

(c)

(being absent only by reasons of symmetry and at cer-
tain angles where the coupling coefficient, 5, defined be-
low, changes sign) and explore some of its consequences.
If true, almost any grain boundary can be moved by a
stress through coupling, and the motion of almost any
grain boundary will produce a relative tangential trans-
lation of the two grains.

Grain rotation, the relative rotation of the axes of
two crystals, along a curved grain boundary also pro-
duces relative tangential displacement, and conversely,
a relative tangential translation along a curved grain
boundary would result in grain rotation. When there is
coupling, motion of a circular cylindrical grain bound-
ary produces rotation without requiring or developing
any elastic stresses. This is illustrated in Fig. 2, which
also shows how for small values of the misorientation
0 between the grains, consideration of dislocations leads
to a rotation to a higher misorientation. We propose
that coupling, rather than sliding, may be a primary
cause of grain rotation of non-circular grains as well

(b)

(d)

e

Fig. 1. Tangential motion of crystals along planar grain boundary typically occurs in response to an applied stress ¢. Elastic distortions are small and
not depicted. (a) Original bicrystal, showing grain boundary and the trace of a plane in each crystal. The positions of atoms along this trace is
followed in the other parts of this figure. (b) Sliding without interface motion (greased boundary). (c) Coupling of relative tangential translation of
crystals with interface normal motion without sliding; direction of interface normal motion determined by the coupling. Seen by Li et al. [6] and
predicted in this paper to occur quite generally. (d) Coupling and sliding.

(b)

Fig. 2. When one of the crystals is a circular cylinder with radius r, included in the other and misoriented by a by a small rotation about the cylinder
axis, tangential motion changes the rotation angle. Traces of two orthogonal crystal planes are shown, each crossing the entire cross-section and
revealing edge dislocations, whose orientations are represented by L. (a) Original bicrystal. (b) Sliding alone, without normal motion, to decrease 7.
Note that there is no dislocation mechanism for sliding regardless of whether the grain boundary moves. (c) Continuity of crossing planes must lead
to an increase in misorientation as the included grain shrinks. This coupling of rotation driven by normal interface motion can also be understood
through dislocation conservation. Although 6 and 7y increase when r decreases, 2nry decreases.
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[5], and suggest that grain rotation during grain growth
be reexamined and understood in terms of tangential
translations and its two descriptions. We examine other
consequences of coupling and sliding for grain bounda-
ries and provide a single formulation for these various
processes when effects of triple lines can be ignored.

Thermodynamic considerations can turn some obser-
vations of grain rotation into unambiguous evidence
that grain rotation is coupled to grain boundary motion.
In particular, in some of the recent isothermal simula-
tions on cylindrical grains entirely included within ma-
trix grains [4] gave rise to spontaneous grain rotations
which increased 6, and thus, for a range of angles, y,
the surface free energy per unit area, as well. Thermody-
namics specifies that the total free energy cannot in-
crease in spontaneous isothermal processes. In these
simulations the entire excess free energy (over that of a
single crystal with the same number of atoms) is due
to the grain boundaries and thus given by [yda, rather
than just . For [yda to decrease while y increases, there
must be a coupling to the motion of the curved grain
boundary to produce a large enough decrease in grain
boundary area.

When the misorientation between the grains is small,
the observed rotation in [4] to higher tilt angle 0 and
thus to increasing y can be explained as a simple shear
produced by the conserved motion of the dislocations
that comprise the grain boundaries. In the geometry of
the simulation by Srinivasan and Cahn [4], dislocations
are conserved because pairs of dislocations that could
react and annihilate are diametrically opposed and thus
widely separated. Therefore the density of dislocations
in the grain boundary increases as area is lost, leading
to higher 6. Since the rotation to higher misorientation
was found to persist so smoothly to larger tilt misorien-
tations, Srinivasan and Cahn surmised that the same
phenomenon persists to all tilt misorientations, going
through zero only where the shear changes sign. The fi-
nal shrinkage of the grain was found to occur by
amorphization.

A classic experimental example of what we believe to
be coupling is in a paper by Li et al. [6], who found that
approximately planar grain boundaries moved in their
normal directions when a shear stress was applied along
the grain boundary. It is easy to infer that the action of
these shear stresses depended on a coupled relative dis-
placement in the direction of the applied shear stress of
one grain with respect to the other when the grain bound-
ary moved. Conversely, we infer that normal motion of
such a grain boundary, whether or not caused by an ap-
plied stress, would produce a coupled transverse dis-
placement of one grain relative to the other. Although
this normal motion requires coupling to the transverse
motion, this is a case where the transverse motion could
be supplemented (in the same or a different direction) by
sliding. Any formulation must consider both.

Since in these experiments of Li et al. the misorienta-
tion between the grains was small, the authors inferred
that the grain boundaries could be described as arrays
of dislocations. Then the applied stress acted on these dis-
locations and caused their collective motion, being thus
seen as moving grain boundaries. Elements in the tra-
versed zone sheared and rotated from one crystal orienta-
tion to the other, while elements of the crystals away from
the sheared zone experienced a rigid translation. Similar
experiments have been done more recently with large
misorientations [7], with the same observation that the
grain boundary moved when a shear stress was applied.

Recently there have been many observations of grains
rotating when grain boundaries move, both in experi-
ments on grain growth grain [8] and in simulations on
polycrystals [9-11]. The commonly accepted postulate
is that the rotation of each grain is uncoupled to all
grain boundary motions, including those leading to
grain growth. The rotation of each of the grain is as-
sumed driven by the reduction of Jeacn grainy da for just
the grain boundaries of that grain when its crystal axes
are rotated without motion of its grain boundaries. Be-
cause these conditions on each of the grains have to ap-
ply simultaneously to all of the grains, they are difficult
to substantiate (and to apply) for the usual grain growth
experiments in polycrystals, where each grain has many
neighbors and any rotation can cause the y of some of its
grain boundaries to increase (as long as the rotation will
decrease the y of the others more). Without coupling the
standard capillary driving force on the grain boundary
leads to motion by curvature to reduce area. The rota-
tion is presumably by tangential sliding along the curved
grain boundary, ignoring the obvious grain boundary
motion required for the shape accommodation that is
often needed. For the included bicrystal results, the
uncoupled rotation postulate fails to permit y to in-
crease, and thus it is demonstrably invalid.

Bicrystal experiments [6,7] and simulations [4,9],
where a grain has only one neighbor, have potentially
less ambiguity. We first consider special cases in which
the grain boundary between the two crystals does not
terminate at a fluid phase or vacuum. A grain boundary
along an infinite plane is one example; so are grains en-
tirely included in a matrix grain. Certain geometries sim-
plify the problem further. The tangential motion is
constant along a planar grain boundary and for the cir-
cular cylinders studied by Srinivasan and Cahn [4] in
which the rotation is along the cylinder axis. Then tan-
gential motion can be accommodated without requiring
mass transfer, and also for axial rotation of any included
grain shape with cylindrical symmetry. When the in-
cluded grain shape deviates from this symmetry, mass
transfer must accompany grain rotation. This will be
considered in a subsequent paper, using a variational
formulation of shape accommodation by grain bound-
ary diffusion [3].
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Several complications are introduced into the bicrystal
experiments [12,13] when a nearly planar crystal—crystal
grain boundary terminates at a crystal-crystal-fluid triple
junction line (at the “neck’). This situation is not ad-
dressed in this paper, but to illustrate the need to incorpo-
rate it in future work we summarize here what is known. It
has been analyzed theoretically for nearly planar small
angle dislocation grain boundaries [14,15]. For such small
angle dislocation grain boundaries, the triple junction line
plays two important roles: its thermal groove can pin the
grain boundary (at the “neck”), greatly reducing curva-
ture and normal motion, and it attracts and annihilates
grain boundary dislocations, reducing 6. Since there is lit-
tle area change, and indeed the neck may be growing in
area, this produces the required reduction in y. In these
bicrystal experiments the relative motion is tangential
only if the rotation axis is along the grain boundary nor-
mal (twisting); relative motion is along the normal if the
rotation axis is in the plane (tilting). Both tilting and twist-
ing occur if the axis is at a general angle. In any case the
relative motion is not constant, but proportional to dis-
tance along the grain boundary from the rotation axis.
For small angle grain boundaries, a model [14] based on
climb or glide of grain boundary dislocations in response
to the repulsion between them and their attraction to the
contact line leads to a rotation rate proportional to —0
and not to dy/df=log 6; this model is confirmed by exper-
iment [13]. In addition the rate of rotation is predicted to
vary with the reciprocal of the length L (actually as
—(LlogL)™") across the grain boundary between the tri-
ple junctions [14]. Thus triple line junctions between three
crystals are likely to be important for rotation during
grain growth in polycrystalline specimens and in geomet-
ric shape accommodation. A simulation to confirm this
has been done [16]. Triple junctions are likely to be impor-
tant in grain boundary motion and grain rotation in
small-grained polycrystals, but their effects may become
negligible when the extent of the grain boundary is large.

2. The model

We postulate that coupling comes from the biased
diffusive atomic motions in the low symmetry environ-
ment of most grain boundaries which lead not only to
a normal component to grain boundary motion, but
also to a relative tangential one, which can occur in
the absence of applied stress. Even when the atomic mo-
tions are diffusive and coupling has a statistical basis, we
postulate a purely geometrical formulation, which need
not be rational and crystallographic.

In a two dimensional description let n be the normal
direction of the interface, and t the tangential direction
chosen to be rotated clockwise from n by 90°. Let v,
be the normal growth velocity, positive if in the direction
n, and v be the rate of relative tangential translation of

the crystal into which n points, positive if in the direc-
tion t. For the combined effects of coupling and sliding,

v :S6+ﬁl)n. (1)

Here f is the coupling constant, as without sliding equa-
tion (1) becomes v = fv,, and S is the sliding coefficient
in response to o, the t component of the applied stress;
without coupling, v=So. ! The assumption of linear re-
sponses is not essential to anything we develop here. We
postulate that f is a function of the misorientation 6 be-
tween the crystals but not of the curvature, and that nei-
ther it nor S dependent on n. We expect  to be
continuous, except for 6 at which there is a phase tran-
sition of the interface.

Since a tangential translation along a curved grain
boundary produces a change in misorientation, the
change in y with misorientation can be a driving force
for grain rotation, either with coupling or sliding. This
is investigated for circular cylindrical embedded crystals
below.

Because the experiment of Li et al. showed that a tan-
gential stress ¢ produced a v which could result from
coupling alone or a combination of coupling and sliding,
a challenge is to disentangle their effects. If under shear
stress one sees in an experiment v,=0 and v|#0, then
one has pure rigid sliding. If under some other driving
force one sees v,#0 and v =0, then =0 and S=0
(one need not worry about the case where there is suffi-
cient sliding to exactly balance the coupling, because any
of a number of changes in experimental parameters will
destroy the balance). When there is both normal and
tangential motion, one needs to do additional experi-
ments to determine f and S individually rather than in
combination. Sometimes this can be with an analysis
of the specifics of the atomic motions, which for small
angle dislocation motion permit determinations of both
p and S (see below). Or, for example, one might increase
temperature which is expected to increase S greatly with
little effect on . Or one might do experiments in which
there is a driving force for normal motion without a
stress tangential to the grain boundary. Differences in
the volume free energy fv provide examples of such driv-
ing forces; for example, a homogeneous magnetic field
produces differences in the energy of variously oriented
diamagnetic grains, and thus creates a driving force
for normal motion [17-19]. Elastic loading of the bicrys-
tal with anisotropic crystals creates differing strains
along n alone, and provides a driving force for the

! When considering the full 3-dimensional problem, one has to
recognize that v is a vector in the interface plane, that v, is along the
normal, and that § and ¢ are tensors in the interface plane. If both
crystals have mirror planes which are parallel and which contain n,
then f will not have a component out of that common mirror plane
and can be treated as a scalar, as in Eq. (1). Furthermore if the
bicrystal has a two-fold axis in the interface plane or a common even-
fold axis along n, f will be zero perpendicular to those axes.
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growth of the grain with the larger compliance which is
an even function of the applied stress. We therefore in-
clude forces capable of inducing normal motion of grain
boundaries in our formulations. In the presence of such
fields fv might depend on the orientation of each of the
grains. In Section 4 the orientation of one grian is held
fixed, and thus fy becomes a function of 6 alone. Any
dependence of fyy on 0 creates issues discussed in the
notes added in proof.

One further part of the model developed here is the
assumption that v, is linear in the driving force, via a
mobility M which may depend on many variables such
as misorientation 6 and temperature, composition, etc.
That is, when the normal velocity is v,, the rate of
change of free energy plus work done (per unit area of
a at interface) is —(fyv,+ov)) which with Eq. (1) be-
comes —(fyvnta(Sao+ fv,)). Therefore, for a interface,

Un :M(fV+Jﬁ) (2)
and so
vy = So+ BM(fv + ap). (3)

(Again, this linearity assumption on the mobility
could be replaced by a different kinetic assumption.)
Thus when the normal motion is due only to shear stress

o (e, fu=0),

va =MpBas, vj=(S+MB)a. 4)
When ¢=0,
Un :MfV7 UH :ﬁMfV (5)

When normal motion is due only to capillarity with f
and ¢ both zero, and when 7 is independent of n and the
interface is cylindrical with radius r (with normal n
pointing into the cylindrical crystal), then we have the
usual v,=My/r and v=0. For the formulation of these
slow velocities, originating from diffusive processes,
momentum is not a factor.

For circular cylindrical crystals and a surface free en-
ergy y which is independent of the normal directions of
the interface, capillarity is combined with coupling, slid-
ing, and body forces in Section 4. A more thorough
exploration, including application to non-circular crys-
tals, is being published elsewhere [5]. It relies on a novel
variational formulation of grain boundary motion due
to surface diffusion in the presence of normal grain
boundary motion.

3. Special cases and the general the coupling conjecture

3.1. Dislocation-based analysis for tilt boundaries with
small misorientations

We regard crystal B as having its lattice rotated from
the other crystal 4 in a counter-clockwise direction

about a common axis by angle 6. If the normal n to
the plane of the boundary is perpendicular to the com-
mon axis a tilt boundary is created; if the normal is
along the common axis a twist boundary is created.
The unit normal n of the interface is the exterior normal
to A and points into crystal B, and thus the normal
velocity v, will be that seen from A.

With a low density of dislocations, the lattices of the
two crystals change continuously across the interface,
except for the dislocations. Therefore if the misorienta-
tion 6 is small in magnitude in a symmetric tilt bound-
ary, the motion of the interface is by the dislocations
gliding along n. Then just by geometry this is an example
of coupling with

v = 2tan(0/2)v, ~ Ov,,

B =2tan(0/2) ~ 0. (6)

For the pure symmetric tilt boundary there are no
dislocations which can glide in the plane of the bound-
ary. Hence there is no dislocation mechanism for sliding,
and S=0 unless ¢ approaches the theoretical strength of
perfect crystals. (Some rigid sliding together with cou-
pling might occur, due e.g. to a wetting or premelting
layer on the grain boundary mediated by impurities or
high temperatures.) Note that f would have been zero
if the ¢ had been applied along the dislocation lines,
i.e. perpendicular to the two-fold axis in a symmetric tilt
boundary. The screw dislocations in a twist boundary
can glide; hence S is positive, while symmetry dictates
that $=0 if the rotation is about an even-fold axis. An
arbitrary mixed boundary with tilt and symmetric twist
components should have both S and § non-zero.

Consider such a grain boundary with normal
n=(1,0,0), made from one type of dislocation, with
Burgers vector (sign chosen as defined by [20], p. 45)
b="5(1,0,0). The misorientation is then 6= pb, where p
is the density of the dislocations; observe that »>0 if
and only if 0>0. The Peach-Koehler formula (e.g.
[20], p. 355) gives the force on a unit length of disloca-
tion line with direction /=(0,0,1) and Burgers vector b
due to stress tensor o:

Jn = —€mnjln0ibi. (7)
Here € =1 if jjk=123 or 231 or 312, —1 if jjk=321 or
132 or 213, and 0 otherwise. With
0cg0
=000 |, (8)
000

the glide force (f,, resolved in the plane containing b and
En) iS’

Ji = —en01b) = —ab, 9)
while the climb force (f,, out of this plane) is zero,
f2 = —62310’21[)2 = 0 (10)
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Assuming that v, results from motion of the individ-
ual dislocations, whose velocity is assumed herein to be
linear in the glide force, we obtain
Un :M;,f~n:M;,ba. (11)
For an interface with normal n composed of several dif-
ferent types of dislocations,

9“ :Zpibh (12)

where the subscript i denotes dislocations of the ith type
and p; is their density. While all the dislocations must
move together to keep a at interface with normal n, there
are complications. For example some dislocations are
more mobile than others, and different types of disloca-
tions will cross and react. Considering only the mobility
differences, via penalty terms in a variational approach
detailed in the companion paper [5], one obtains

Vgl = Z,ml/Ma (Z pib,) a. (13)

If we compare this with the general statement
vl = M fa,, and use f= 6, we see that for a single species
of dislocation

1
Pi/Mp,
the individual dislocation mobilities M}, weighted by
their densities.

More generally, M = , a harmonic average of

3.2. Symmetric twist boundaries

A similar calculation for a symmetric twist boundary
shows it is composed of screw dislocations which can glide
in the plane of the boundary in response to o, giving rigid
sliding and thus S#0. With an appropriate stress these
same screw dislocation can also glide along n moving
the boundary with them. But there exist bicrystals with
special symmetries which make any positive and negative
motion equivalent and ensure that f is zero. For example,
there is at least one two-fold axis of the bicrystal in the
plane of any symmetric twist boundary; if a tangential
shear stress is applied normal to that, =0 by symmetry.

The symmetric tilt and twist boundaries are two
examples for which one can choose conditions were
either S or f must be zero by symmetry. We have also
given examples where there are dislocation mechanisms
to make S or f non-zero.

3.3. Mechanical twinning

Twinned bicrystals are variously defined 2 by orienta-
tion relationships among the two grains, and a twin

2 There seem to be many definitions of what precisely constitutes a
twinned bicrystal.

boundary is the grain boundary between them. Some
twin boundaries can be moved by an applied stress [3].
This coupled motion under stress is called mechanical
twinning, and provides well-understood examples of
high angle grain boundaries for which f#0 and related
to the twinning shear. Those f§ are easily measured and
related to the bicrystal geometry on an atomic level.
Thus twinning provides data about f3, especially useful
if we assume /3 is a continuous function of f.

Twin boundaries that cannot be moved by mechani-
cal stress reveal zeroes of . Some of these zeroes occur
by reasons of symmetry and can be easily found, but
there are other interesting zeroes. Friedel [21,22] made
the existence of a twin lattice, now called coincidence
site lattice (CSL), a defining characteristic of twins,
and would have considered X5 grain boundaries in fcc
as twin boundaries. Since  was found to be zero in
simulations [4] for £5 grain boundaries, these Friedel
twins are not mechanical twins. They would not be con-
sidered twins in some other definitions, even in those
that do not depend on mechanical coupling.

3.4. A conjecture that coupling occurs almost always

There are many mechanisms for expecting coupling
at higher misorientations when dislocation models are
no longer applicable. Growth of one grain into another
can be thought of as the rotation of small groups of
atoms from one lattice to the other [23], and unless there
is special symmetry those rotations are biased by the
lack of symmetry and add up to a net tug. Consider in-
stead applying the structural unit model in two steps to a
moving grain boundary. As the boundary approaches a
portion of one periodic crystal opens up and distorts to
form a structural unit; when the boundary passes the
structural unit collapses to form a portion of the other
grain. Unless there are special symmetries there is a
component of the mean translation along the boundary
which carries the respective crystals along to provide the
translation [3].

We conjecture that f§ can be expected almost always
to be non-zero. The exceptions are when there are spe-
cial symmetry conditions or where f§ changes sign.

4. Rotation of circular cylindrical grains

Assume there is a cylindrical crystal B with a circular
cross-section radius r(¢) and misorientation 6(¢) entirely
inside another crystal 4. We work entirely in two dimen-
sions (the cross-section of the cylinder) but continue to
use the language (surface area, etc.) of three dimensions.
The orientation of the outer crystal A4 is held fixed. From
the point of view of 4 (so that n points into B and the
tangent t points counterclockwise), a rotation of B to
change the angle by df amounts to a relative displace-
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ment in the direction of t along the grain boundary and
a radial change dr amounts to normal motion:

r(1)d0 = vydt;  dr = —v,de. (15)

Grain boundary motion is driven by the rate of
reduction of total free energy per unit cylinder height
(composed of surface free energy plus a bulk free energy
difference fv per unit volume)

dFr d

5 = @ Qmr@r(00) + mf), (16)

and the rate of work done, also per unit height, by an
applied stress ¢ along the boundary in the direction t,

aw L do
E——ZTU” Ua. (17)

The sum of these is then

drF dw Y dr Y do
E*ﬁm«ﬁﬁ%ﬁC~0%» (18)
which indicates that y/r and —y'/r act effectively like

additions, respectively, to fyv and the applied stress o.
Eq. (1) becomes

do dr Y

Thus

dr dw y Y dr Y :
E‘FE—ZTCV((;—FJ{V—ﬁ<7—6)>a—S<7—0’ s

(20)

which together with assuming a linear response to the
driving force, via a mobility M, become the main equa-
tions for the predicted behavior of circular cylinders

- =%= —M(fvﬂrﬁylwa), (21)
do
U=y

:ﬁM<fV+y_rﬁyl+ﬁa) —S<Zrl—a). (22)

Observe that these equations approach those for a pla-
nar interface when r is large, as they should. Time is elim-
inated by dividing Eq. (21) into (22) (if dr/d¢#0),
showing that a direct relation between changes in 0 and
r can be expressed as a sum of the coupling coefficient f§
and a sliding term.

do (¢'/r+0)
dlnr +M[fv + @ =py)/r+ BG]S

We now discuss various conclusions obtained from
Egs. (21) and (22). Because parameters such as M, S,
y, and even fy can depend on 0, these equations usually
have to be solved simultaneously.

(23)

4.1. No coupling and no sliding (=0, S(a—7y'lr)=0)

We begin with the case where there is neither cou-
pling nor sliding, and, consequently according to
Eq. (22), no rotation; 6 is constant. Then Eq. (21) re-
duces to motion by well-known driving forces, fy +y/r,

dr Y
—n:—:—M( —). 24
U =g vt (24)

For example, if fyy=0 then motion is by curvature and
we can integrate and solve this equation for
r(t) = \/ri — 2Myt, where ry is the initial r. The cylinder
shrinks to r=0 at #,_g = 13 /2M7.

4.2. Sliding only (=0 and S(a—y'lr) #0)

Whenever =0, Eq. (24) holds for dr/dz, while Eq.
(22) becomes

rd0/dt = =S((y'/r) — o). (25)

The direction of rotation is determined by the sign of
(y'/r)—o. Since the grain is circular, ¢ exerts a torque.
When the magnitude of ¢ is sufficient (|a| > |y'/r|), then
¢ overwhelms the capillary driving force and determines
the direction of rotation.

If =0, Eq. (22) becomes df/dt=— Sy'/r*. Grain
rotation is to decrease y. For small | 0], the result of Read
and Shockley [24] gives

7(0) = a1|0] + a2|0]In(1/]0]). (26)

Then y'—oo as 010, and rotation by sliding is to-
wards coincidence of crystal axes with ever increasing
rate, assuming that .S does not go to zero too fast and
that an applied fy does not push r to grow fast.

If we assume that both fyy=0 and =0, Eq. (21) be-
comes motion by curvature, dr/d¢=—Mqy/r, but with M
and y changing with 0, while Eq. (23) becomes

o 5
dlnr My’

When 7(0), as well as M(0) and S(0), are known this
equation can be integrated to give how 0 depends on r.
Then 7, as well as M and S, can be given as functions of
r and (21) integrated to obtain r(¢).

Consider a circular grain with small tilt angle. In the
limit of small 0, the Read—Shockley result [24] for y gives
y'ly~1/6. Integration of (27), with rq and 0(r¢) as the ini-
tial r and 0. If we assume S and M are constant, this re-
sults in

(27)

0(ro)” — 0(r)* = (2S/M) In[r/ry), (28)

and we see that the two grains merge by (sliding) rota-
tion to reach 0=0 when ry= o/ro=exp[—M0(r,)*/2S], i.e.
before the cylindrical grain has shrunk to r=0. This is
the situation of the phase-field model assumed by [11].
On the other hand, if we assume M= M;b/0 (14) and
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S=S*0 (arbitrary for purposes of illustration, since S
should be close to zero for small |6]), then instead we get

—1/0(r) + 1/0(ry) = (28" /Myb)) In[r/ro). (29)

Now the radius goes to zero as 0 goes to zero. There-
fore whether or not there is coincidence before the inner
grain shrinks to zero radius depends on the assumptions
about M and S — and on whether 7, is small enough that
these approximations are appropriate.

Next consider a grain with misorientation 6 close en-
ough to a local minimum y,, in y at 6=0,,, and assume
(more reasonably here) that S and M are constant;
approximate y by 7(0,) + a,|0 — 0,,|" for some n>0.
Then y'/y =~ na,|0 — 0, /7,. When n#1 or 2, integra-
tion of (27) yields

na,S 1 r
Q- o

For n<2 (and n#1) we sce that r approaches a non-
zero limit as 0 approaches 0,,; the opposite is true for
n>2. The special case of n=1 is not really a special case,
as its integration also says r approaches a non-zero limit.
For the dividing case of n=2, integration of (27) leads to
0 — Hm 2612 ro

Q(FO) - Hm :Mym hl?’

|9 - 0m|27n - |0(70) - 0m|27n =

In

and grains reach 0,, only in the limit of r=0. For inte-
gration of (21), setting y to y,, is a good approximation,

and r(t) ~ \/r3 — 2My,,t.
4.3. Coupling only (S=0 and f#£0)

When S=0, Eq. (21) is not affected, while Egs. (22)
and (23) become

0 =By
-y = r% = —ﬁM (fv + 4 rﬁy +ﬁ0_>7 (30)
dé
dinr~ P e

Comparing Egs. (31) and (23) shows that the absence of
a radius dependence provides a test for the absence of
sliding.

The second equation should provide the basis for a
convenient method for determining f as a function of
0 from the simulations: when there is no sliding, all
log,,r versus 0 plots of results should superimpose on
a master curve after shifting the graphs vertically to ac-
count for differences in the integration constants due to
differences in the initial r. This is illustrated in Fig. 3 and
discussed below.

Although the equations are constructed from a ther-
modynamic formulation and guaranteed to be consist-
ent with thermodynamics, it is noteworthy that none
of the driving force factors, not fy, 7, not even ¢ and
7', the main driving forces for rotation by sliding in

(a) Coupling function 3 in degrees

Q
2
0
0 5 10 15 20 25 30 35 40 45
0
(b) Log rversus 6
o b
-
0 o0 r
C
[o]
o |-
+ 2
-
°
o *
[e]
-
-6
0 5 10 15 20 25 30 35 40 45
0

Fig. 3. (a) A sample coupling function f, Eq. (34), with 0,=36.87°,
and 0,=45°, plotted against 0. (b) The corresponding master curve
from the integration of Eq. (31), on a log—log plot. When there is no
sliding, all log,[r] versus 6 plots of results for this S should
superimpose after shifting the graphs vertically to account for
differences in the initial conditions and thus differences in the
integration constants ¢, and c,.

Eq. (25), appear in Eq. (31). It emphasizes that rotation
due to coupling alone is purely geometric.

(1) From Eq. (30) or (31) we see that 0 is constant
when f(0)=0. Therefore, when there is no sliding, the
zeroes of f§ rather than the minima of y are the candi-
dates for constant 6.

An obvious zero of f is 0=0. For small angle tilt
misorientations, Eq. (6) holds, and with 6=0, 6 can be
substituted for f and Eq. (31) specializes to

dIn|0] q

dlnr

which integrates to

r(¢)0(t) = constant = ry0(ry), (32)

a result consistent with dislocation conservation and
with the simulation [16]. According to (32), the zero in
0 at 6=0 occurs only at r=o0; it is never reached in this
coupling-only situation.

Suppose f(0;)=0 for some other 0;. Then for 0 near
0;, let f be approximated by p=/'(0y)(0—0,), where
B'(00)=(dp/d0) at 0=0;. Then, if '(0y)<0, 0 moves to-
ward 0; as the grain shrinks. If '(69)>0, the grain ro-
tates away from 0; as it shrinks. (This case includes the
small angle tilt boundaries considered above.) Integrat-
ing Eq. (31) gives
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0—0(ry) (r)-/f’ww -
(0(0) = 6(r0))  \ro ’
which reveals that even when f’(0,) <0, 0 approaches 0;
only in the limit as the grain radius shrinks to zero. This
could not be seen in the simulations, because the grains
always became amorphous [16] when r was about 5
atomic radii.

(i1) As stated above, for any given function f of 6,
integrating Eq. (31) gives a master equation which re-
lates r to 0. Let us assume for illustrative purposes that
f can be approximated by a polynomial,

p=0(1-0/0,)(1—0/0,), (34)

with 0<6; <0,; this function has the proper behavior at
small 6 and has zeroes at 0,, 0,. Integrating Eq. (31)
gives

1
]ogr = 10g<0) —|—ﬁ (—92 10g<91 — 0) + 91 10g(92 - H))
2— U1

+c for0<0<0,

logr = log(0) + (=02 1og(60 — 61) + 0, log(6, — 0))

1
0, — 0,
+c, for 0, <0< 0,.

The integration constants are determined by inserting
a known r and 6, say ro and 0(ro).

For tilts about a common cube [00 1] axis in fcc, n lies
along the (001) common mirror plane. Then symmetry
dictates that zeroes in a continuous (vector or scalar) f§
occur at every even-fold axis in the (001), ie. at
0=nmn/4 for every integer n. The simulation [4] found an-
other set of zeroes for £5 at 0=2tan '(1/3)=0.6435° or
36.87°, to be repeated by the 4mm symmetry of the
(001) plane. At the high temperature of the simulation,
no zeroes were found at £13 and X17. A polynomial f§
with three specific zeroes at #=0°, 6=0,=36.87°, and
0,=45° is plotted against f in Fig. 3(a). Fig. 3(b) shows
the corresponding master curve for this 5. The ordinate
is log,,[r]. When there is no sliding, all log,,[r] versus 0
plots of results should superimpose after shifting the
graphs vertically to account for differences in the initial
conditions and thus differences in the integration con-
stants ¢; and ¢,.

This master curve illustrates that with decreasing r,
grains rotate to approach the zero at X5 only in the limit
of r=0, and rotate away from 0=0° and 45°. Since the
change in 6 per decade change in r of a typical simula-
tion is small, many simulation runs with different start-
ing 0 would be needed to map out f.

(ii1) From Eq. (21) we see that the inner grain grows
rather than shrinks if fv + # — po < 0. This can hap-
pen even if ¢=0 and fy=0 provided y—fy'<0. No
experiments have yet found a range of 6 and functions
p and for which this condition holds; in particular, it

is incompatible with small angle tilt boundaries. Still,
if such a condition were to hold over some range of lar-
ger angles, this might give rise to opportunities to keep
grain size fixed and small.

If the applied torque from the stress ¢ is non-zero, it
will move the curved boundary by coupling in the same
way as in the experiments of [6]. According to Eq. (21), a
large enough stress, fo>fyv+(y— fy)/r, will cause the
grain to grow. By Eq. (30) or (31) rotation will reverse
as well.

Consider conditions where the stress balances the
other factors and fo=fyv+(y— By")/r. Both growth and
rotation cease. For any fixed o, we can solve for an r
for which dr/dz=0; because smaller cylinders shrink
and larger ones grow, this r is unstable. When the crys-
tals are prevented from rotating, d6/dz=0; ¢ will take on
the value in the above equation and the grain will not
grow or shrink.

(iv) For small angle tilt boundaries all elements of
Egs. (30) and (31) are known. When fy and ¢ are zero,
the normal velocity is proportional to 1/r, but with fac-
tor M(y— f3y’) rather than My. We may use Eq. (26) to
compute

y=PBy =y -0y =a)0| >0. (35)

Using the expression (14) for M, the motion laws

become
dr Mba,

g = — = — , 36

v dr r (36)
together with the general coupling-only result r0=con-
stant. The 0 dependence of M in Eq. (14) cancels that
in f. Integrating and solving for r(¢) yields

r(t) = \/ri — 2Mp|blast. This looks like the classical re-
sult r(¢) = \/r3 — 2Myt, but it will have a very different
dependence on temperature.

The increase in 0 occurs in spite of the fact that 9’ is
large and positive when 0 is small and positive, because
the integral 7y, namely 2nrf(a;+axln(1/0)=2mnrb,
(a1 +a»(1/0)), decreases in time in spite of the increase
in p(0) itself.

4.4. Coupling and sliding

Finally, observe that the full equations (21)—(23) pro-
duce the many additional cases for which there is both
coupling and sliding, including the many limiting condi-
tions, detailed above, for which either sliding or cou-
pling become large enough to overwhelm the other.

In many experiments we do not know whether cou-
pling or sliding or both are occurring. Adding
Eq. (21), multiplied by f to (22) we obtain

dr ~dO Y
ﬁa—kra——S(?—a). (37)
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The differences in the dependencies of the various
terms on shrinkage and rotation rates, » and ¢ should
enable the determination of  and S. The task is much
simpler if f§ is known.

When there is both sliding and coupling, 0 will tend
to alternate zeroes of the RHS of Eq. (23), those with
the positive sign of the 0 coefficient of the RHS. Since
there is an r dependence in the sliding term, these zeroes
will change with time as the cylinder shrinks.

Consider the small 0 case with fyy=0 and ¢=0; dr/dt
is negative and given by Eq. (36). The sign of d6/dz de-
pends on the ratio W If it is larger than 1, 6 will
decrease. We have seen from Eq. (14) that M0 is approx-
imately constant (equal to M,b). If S were constant in
the small 0 limit, sliding would always overcome cou-
pling for small enough 0 (since — l“w‘ gets large
without bound as 6 approaches zero) and 0 would tend
to zero. However, the absence of dislocations for sliding
and the simulations imply that S tends to zero fast en-
ough to make the ratio tend to zero, or at least limit
its magnitude so that the grain rotates to increase 0
and take the grain out of the small-0 range.

5. Discussion

Coupling and sliding are much discussed [1] as dispa-
rate basic concepts in the literature of relative tangential
motion of two crystals at the interface between them. In
Eq. (1) we combined these concepts into a single formu-
lation, based on our belief that both can occur for any
given interface, sliding in response to a shear stress
and coupling due to the biased motion of atoms in the
anisotropic environment of the moving interface. Sliding
will be absent when symmetry or the absence of appro-
priate dislocation makes S=0. It will also be absent
when there is no stress or if ' =0 along a curved inter-
face. Coupling can be absent at values of 0 for which
the coupling coefficient f=0; this usually occurs at spe-
cial values of 6 where a continuous f§ changes sign, often
for symmetry reasons. Abrupt cessation of coupling can
only come at first-order interfacial phase transitions,
such as interfacial melting. We therefore postulated that
almost any motion of an interface between two crystals
can produce a coupled tangential motion of the two
crystals, with or without an additional rigid sliding pro-
duced by an applied stress.

Through the purely geometric equation (15) we
linked this tangential motion of planar interfaces to
grain rotation. This concept relates the causes and
mechanisms of grain rotation to every cause and mech-
anism for tangential motion. In Section 4 we illustrated
some of the many consequences on rotation and shrink-
age of circular cylindrical embedded crystals. In future
work we intend to extend these to the causes and effects

of grain rotation on grain growth and during high-tem-
perature mechanical processing.

Knowledge about the coupling constant f comes
from simulations [4,9], experiments [6,7], mechanical
twinning, and symmetry. For small angle tilt bounda-
ries, dislocation theory results in Eq. (6) for f(6). For
twist boundaries, f§ is zero by symmetry. Symmetry is
a useful tool for finding many other zeroes where f
changes sign, but not all zeroes are dictated by symme-
try. In the absence of interfacial phase transition, f is
continuous, allowing e.g. use of Eq. (6) and the zeroes
found in simulations and from symmetry to estimate
and sketch out the f(0) in Eq. (34) and Fig. 3(a).

Dislocation theory and symmetry provide some in-
sight into the sliding parameter S. Because symmetric
tilt boundaries do not contain any of the dislocations
needed for sliding, S=0 for any 6. Moreover thermody-
namics does not allow S to be negative.

Because of the continuity of f and S, there seems to
be no reason to expect a switching from coupling only
to sliding only at some misorientation angle . Our pos-
tulate is that they can occur together, even though, for
some interfaces and under some circumstances, either
coupling or sliding, or both, can be absent.

In Egs. (2) and (3) we introduced kinetics through an
interfacial mobility M and an extra term, a volume driv-
ing force fy, to suggest experiments for the independent
determination of the parameters. In Egs. (21)—(23) these
kinetics were extended to shrinkage (and growth) and
rotation of embedded grains which are circular
cylinders.

Since Eqgs. (21)—-(23) contain many parameters and
terms, we explored in Sections 4.1-4.4 many simpler sit-
uations for such embedded grains in which one or more
factors can be ignored, either as limiting cases, or elim-
inated through the design of experiment. The results
show grain shrinkage by curvature, modified by fv in
Eq. (24) or simple dislocation dynamics in Eq. (36) or
in Eq. (37) linked by coupling to rotation rate, as well
as to 7’ and . When sliding is dominant, the rotation
rate given in Eq. (22) simplifies to that in Eq. (25),
and demonstrates a dependence on g, which acts as a
torque, and is supplemented by a dependence on y’.
When coupling is dominant the rotation rate depends
on quite different parameters given in Eq. (30).

Elimination of time leads to a simpler equation (23)
which contains a coupling and a sliding term and which
relates the changes in 6 directly to changes in r. From
this a set of simpler equations are derived, allowing rota-
tion due to sliding and coupling alone to be examined.
The contrast between Egs. (27) and (31) is most reveal-
ing. With sliding alone (and ¢=0), rotation is towards
minima in 7y, while with coupling alone the rotation is to-
wards and away from alternate zeroes in 5. Most dra-
matically, Eq. (32) shows that coupled shrinking
moves 0 to higher y, away from the cusped minimum
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in y at €=0. This result is consistent with what was
found in simulations [4] and with thermodynamics.

We have thus unified into a single theoretical formu-
lation at least five disparate phenomena associated with
grain boundary kinetics and mechanics. Three result
from an applied shear stress along a planar grain
boundary:

1. Sliding of one rigid grain with respect to the other
tangentially along a stationary grain boundary.

2. Coupling of the normal motion of a grain boundary
with tangential motion, resulting in a sheared zone
in the region traversed by the grain boundary, and,
as a special case.

3. Mechanical twinning. The other two apply to curved
grain boundaries for which there can be grain bound-
ary motion without the need of an applied shear
stress; tangential motion produces rigid rotation of
one grain relative to the other.

4. Sliding driven by a stress or by the reduction in y, not
coupled to the normal motion and thus independent
of a reduction in area, and

5. Coupling of the tangential motion and thus grain
rotation to the usual grain growth processes, driven
by the reduction in the JydA.

We believe a unified formulation is needed because
the same physics is involved in all these phenomena.
The underlying molecular processes are similar and thus
the same kinetic coefficients are likely to occur. Each
of the processes could occur locally in many different sit-
uations, but data obtained from one should be useable
in each of the others. Tangential motion in grain growth
is linked to grain rotation and mechanical twinning.

Similar-looking sheared zones in surface topography
can result from tangential motion whenever there is
boundary normal motion, whether coupling or sliding
occurs. In the experiments of Li et al. [6], coupling is
implicated as there was no normal component of the ap-
plied driving force and the interfaces were flat. However,
in the classic work of Wheeler and Hanson on the sur-
face topography during creep [25,26], which clearly re-
vealed tangential motion along advancing grain
boundaries, the grain boundaries could be advancing
independent of the transverse motion for two reasons,
because they were curved and there was deformation,
which could have led to recrystallization. Thus either
coupling or sliding or both could be occurring.

We suggested several strategies for disentangling the
mechanisms, varying driving forces to separate ¢ from
y'lr, changing curvature and 0, varying the parameters
S and f through dislocation types, and varying S and
M with temperature and impurities. But the most dra-
matic difference occurs during the shrinkage of circular
grains. With sliding, the grain reached an “‘equilibrium”
with respect to 0, usually before it had shrunk to r=0,

while for coupling the direction of the rotation was
not influenced by minima in y, and in the case of small
0 dramatically rotated away from a cusped minimum
in y. Even when the sign of the coupling constant f fav-
ored rotation towards a zero in f3, the rotation reached
that angle only in the limit of r=0. We also included
forces due to volume free energy difference, such as
those due to magnetic fields, which drive coupled trans-
lations only, as an example of experiments in which
some parameters can be measured separately.

There are many complications that we have omitted in
this paper. Among them are the full three dimensional for-
mulation with anisotropic interface parameters which de-
pend on all five characterizing angles, a non-linear S,
shapes (interfaces that are not circular cylinders or at
planes) that require accommodations, elastic energies, ef-
fects of triple junctions in absorbing dislocations, etc. Be-
cause of the rotation in some of these processes, 7, as well
as S and M, which are functions of 0 are not constant.
Their variation will surely affect the details of the kinetics.
Stresses, whether applied or not, affect the processes. For
non-circular grains stresses will be generated by these
grain boundary processes and the kinetics will be modified
by them. Some of these issues (including anisotropy in y
and more general cylindrical shapes) are dealt with in
the companion paper [5]; others await future work.

Note added in proof

In Eq. (18) we used only the change in F resulting
from the conversion of a volume of grain B to grain
A, and ignored any possible dependence of
Sv(= & — 1) on changes in the misorientation 6. Since
only B rotates for the shrinking circular cylinder of

dv _ I

Section 4, ¥ =

. @ = - and

d, .. dr ,0f¢ do
a(nrfv)onrfvdt—i-nr T
If /& depends on 0, the second term must be included in

the effective stress term (g — /7/) to give a combined effec-

tive stress term (o — ’7 — 5 ;) in all equations of Section
4 in which this stress term appears, beginning with Eq.
(18). An interesting anomaly arises in the limit as the ra-
dius r tends to infinity: This term does not drop out,
reflecting the enormous volume it acts on. Egs. (21)
and (22) reduce to the planar case of Egs. (2) and (3)

M
only where 5 =
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