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Abstract

A commonly employed measure of the signal amplification properties of an input/output system is its induced £? norm, sometimes also
known as H, gain. In general, however, it is extremely difficult to compute the numerical value for this norm, or even to check that it is
finite, unless the system being studied is linear. This paper describes a class of systems for which it is possible to reduce this computation
to that of finding the norm of an associated linear system. In contrast to linearization approaches, a precise value, not an estimate, is
obtained for the full nonlinear model. The class of systems that we study arose from the modeling of certain biological intracellular

signaling cascades, but the results should be of wider applicability.
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1 Introduction

The analysis of signaling networks constitutes one of the
central questions in systems biology. There is a pressing
need for powerful mathematical tools to help understand
and conceptualize their information processing and dynamic
properties. One natural question is that of quantifying the
amount of “signal amplification” in such a network, meaning
in some sense the ratio between the size of a response or
output and that of the input that gave rise to it. See for
instance [Heinrich et al., 2002] for a recent paper in this line
of work.

In control theory, a routine way to quantify amplification
is by means of the induced £? norm or “H,, gain” of a
system. Several aspects of general H., theory for nonlin-
ear systems have been developed by [van der Schaft, 1992]
and [Ball et al., 1993], oriented towards the problem of sta-
bilizing a nonlinear system through nonlinear state or output
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feedback. A major difficulty when trying to apply these tech-
niques to signaling networks is that such systems are usually
highly nonlinear. Thus, typically, mathematical results are
only given for small inputs or “weakly activated” systems,
see for instance [Heinrich et al., 2002,Chaves et al., 2004].
For large signals, that is, when analyzing the full nonlinear
system, even deciding if the norm is finite or not is usually
a very hard question.

In this paper, motivated by the particular systems studied
in [Heinrich et al., 2002,Chaves et al., 2004], we introduce
a class of nonlinear systems, which includes all these mo-
tivational examples as well as many others, and we show
finiteness and how to obtain precise values for norms, by
reducing the problem of norm estimation to the same prob-
lem for an associated linear system. This associated system
is sometimes a linearization of the original system around
an equilibrium point, though it need not be. In any case, the
techniques are not at all related to linearization techniques,
but instead borrow from comparison theorems, ISS-like es-
timates, and the theory of positive systems.

2 Definitions and Statements of Results

We deal with systems of the following special form:

i(t) = Al(®) 2(t) + Ba®)u(t), 20)=0 (1)
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(or just “& = A(z)x + B(x)u”), where dot indicates time
derivative, and states z(t) as well as input values u(t) are
vectors with nonnegative components: z(t) € RZ, and
u(t) € RY, for all t > 0, for some positive integers n and
m. We view A and B as matrix valued functions

A:Rgo_)Ran B:Rgo_)RnX’m

)

where RY | = (R>()", for any positive integer k, is the set

of vectors ¢ € R* in Euclidean k-space with all coordinates
& > 0,7 =1,...,k. Associated to these systems we also
have an output or measurement

taking values y(t) € RP, for some integer p, where C' :
RZ, — RPX™,

Assumptions We make several assumptions concerning the
matrix functions A, B, and C, as follows.

Stability: The matrix A(0) is Hurwitz, that is, all eigenvalues
of A(0) have negative real parts.

Maximization at { = 0: For each £ € R%, A(§) < A(0),
B(§) < B(0), and C(&) < C(0), meaning that A(&);; <
A(0);5 foreachi, j € {1,...,n}, B(§);; < B(0),; for each
1€ {1,...,’)1} and j € {1,...,m}, and C(S)U < C(O)ij
foreachi e {1,...,p}tand j € {1,...,m}.

Positivity of system: For each ¢ € RZ, and each
i € {1,...,n} such that {, = 0, it holds that: A({);; > 0
for all j # 4 and B(§);; > 0 for all j. Also, for every
£ e R, Ci;(&) > 0 forall 4, 5.

Local Lipschitz assumption: The matrix functions A(€),
B(£), and C(€) are locally Lipschitz in &.

Remarks about the form of the system The special form
assumed for the system is in itself not very restrictive, since
every (affine in controls) system & = F'(z) + B(x)u may
be written in this fashion, provided only that F' be a con-
tinuously differentiable vector field and F'(0) = 0, for in-
stance by taking A(&) = fol F’'(XE) d), where F indicates
the Jacobian of F'. This reduction to a “state dependent lin-
ear form” & = A(x)z + B(z)u is often useful in control
theory, where it appears for instance in the context of “state-
dependent Riccati equation” approaches to optimal control.
Of course, the difficulty is in satisfying the above assump-
tions for A and B.

A special case in which these hypotheses are satis-
fied is that of models of cell signaling cascades as
in [Heinrich et al., 2002,Chaves et al., 2004]. These are
systems whose equations can be written as follows (with n

arbitrary and m = 1):

&y = aqu(er — 1) — Biry
ii:aixi,l(ci—xi)—ﬁixi, i:2,...,n

and output y = x,,, and the «;’s, §;’s, and ¢;’s are all pos-
itive constants. We represent this system in the above form
using: A(§)1,1 = —B1, A(§)ii—1 = oy for i = 2,... . n,
A(&)ii = —a&—1—PBifori =2,...,n, B(§)11 = arc1 —
a1&1, and all other entries zero. Note that A(¢) < A(0) and
B(§) < B(0), for all ¢ € RY,, because —a;&; < 0 for
all 4. The matrix A(0) is lower triangular with negative di-
agonals, and hence is Hurwitz. Positivity holds as well: if
i =1 and ¢ is such that & = 0, then A(§)1; = O for all
j # 1and B(€)11 = aje; > 0;if instead ¢ > 1 and & is
such that §; = 0, then A(§);; = 0 for all j & {i — 1,4},
A(&)ii—1 = aic; > 0, and B(€);1 = 0. Finally, the func-
tions A(-) and B(-) are linear, and hence Lipschitz. The
matrix C'(£) = (0,0,...,0,1) is constant and nonnegative.
Thus all properties hold for this example.

A linear one-dimensional system &, 1 = ©,, — {Z, 41 may
be cascaded at the end, as in [Chaves et al., 2004], and the
output is in that case redefined as y = x,,41; this may be
again modeled in the same way, and the assumptions still
hold. For such cellular signal transduction mechanisms, one
would like to have a measure of the input signal amplification
at the end of the cascade. Thus, it would be useful to have
a method to easily compute the £2-induced norm of the
system. For systems of the form (1), we will show that this
norm is in fact equal to the H, gain of a companion linear
system.

Induced gains Assume given a system (1). We consider
the operator 7' that assigns the solution function x to
each input u. To be more precise, we consider inputs
u € L%([0,00),R7)), and define z = T as the unique
solution of the initial value problem (1). In principle, this
solution is only defined on some maximal interval [0,7),
where 7 > 0 depends on u; however, we will show be-
low that 7 = 400, and that x is again square integrable
(and nonnegative), so we may view x as an element of
£2([0,00),R%) and T as an (nonlinear) operator

T : L£3([0,00),RZy) — £3([0,00),R%).

We will write |-| for Euclidean norm, and use ||-|| to denote

£2 norm: ||ul|* = [ |u|® dt. For the operator T', we con-
sider the usual induced operator norm:

T
1) = sup 124
Tl

We will show that | T|| < oo for the systems that we are
considering. In order to see this, we first consider the linear
system

z = A(0)z+ B(0)u, =z(0)=0 (2)



with output v = ¢(z) = C(0)z, and its associated operator
L: EQ([Opo),RgO) — EQ([O, ), R%g) tu+— 2.

Since A(0) is a Hurwitz matrix, z(¢) is defined for all t > 0,
and L indeed maps £2 into £2. Furthermore, its induced
norm || L||, the “H ., gain” of the system with output y = z,
is finite; see for instance [Doyle et al., 1992]. (The H, gain
is defined for arbitrary-valued inputs u € £2([0,00), R™);
we will remark below, cf. Section 5, that the same norm
is obtained when only nonnegative inputs are used in the
maximization.) Moreover, the £2 — £ (or “H,”) induced
gain is also finite. Therefore, using ||-|| to denote supre-
mum norm ||z|| . = sup,>q|2(t)|, we can pick a common
constant ¢ > 0 such that

[Lull < ¢llull and [|Lull o < c|lul 3)
for all u € £2([0, o0),RTy)

where ¢ upper bounds both ||L|| and || L (we use ||L||,
for operators to denote induced £2 — £> norm).

Our object of study are the compositions with the output
maps, i.e. the input/output operators:

Ty [:2([07 Oo)ngO) - £2([Ov OO)aRgo)
cu—y=Czx)r=C(Tu)Tu

and

Lo : L2(]0, o0), RYy) — £2([o, oo),R;o)
cu—v=C(0)z=C(0)Lu

and their corresponding induced norms. Our main result is
as follows:

Theorem 1 The norm of T, is finite, and ||T,|| = || Lo |-

3 Preliminary Results

We start our proof by remarking that the solutions of (1) re-
main in RZ. To see this, we need to verify the following
property (this is a standard invariance fact; see for instance
[Angeli and Sontag, 2003] for a discussion in a related con-
text):

for each i = 1,...,n, each £ € R, such that {; = 0, and
each p € R;"O, B

(A€)§ + B(u); = 0.

Since {; = 0, we need to prove that ,,; A(§)i;&; +
>~ B(&)ij; is nonnegative, but this is implied by the pos-
itivity assumption.

Similarly, solutions of (1) remain in R’%O, as also
(A(0)§ + B(0)u); = 0if & = 0.

The next observation is a key one:

Lemma 3.1 Every solution of (1), with u € £2, is defined
for all ¢t > 0. Moreover, for any two solutions x of (1) and
(2) with the same input u, it holds that 0 < z;(t) < z;(t)
for each coordinate ¢ = 1,...,n and each ¢t > 0.

Proof. We use the following comparison principle for dif-
ferential equations. Suppose that f(¢, &) and g(¢, £) are such
that f;(¢,&) < gi(t,§) foralli=1,...,nand all £ € RY,,
and that we consider the solutions of & = f(¢,x) and
2 = ¢(t, z) with the same initial condition (or, more gener-
ally, initial conditions 2(0) < z(0)). Then, provided that g is
quasi-monotone (and suitable regularity conditions hold, as
here), we may conclude that z(t) < z(t) (componentwise)
for all ¢ > 0 for which both solutions are defined. See for
instance [Smith, 1995,Lakshmikantham and Leela, 1969].
Quasi-monotonicity means that dg;/0¢; > 0 for all ¢ # j.

Let us now take any fixed control and let f(¢,&) =
A()E + BE)u(t), g(t,€) — A(0)¢ + B(O)u(t). We have
that f(¢,£) < g(t, &) coordinatewise, because A(&) < A(0)
and B(¢) < B(0) by assumption. To see that g is quasi-
monotone, one needs to verify that A(0);; > 0 for all i # j.
but this follows from the positivity assumption on (A, B).
Thus the comparison principle tells us that z(t) < z(¢) for
all t > 0 for which the solution z is defined (the solution z
is defined for all ¢, since (2) is linear and A(0) is a Hurwitz
matrix). We already observed that x is bounded below by
zero; thus, the maximal solution x is bounded on any finite
interval, and hence it is indeed defined for all ¢, and the
Lemma follows. |

Corollary 3.2 For each u € £2, the solution Tw of (1) is
in £2, and the operator 7" has finite norm. Moreover,

[Tull < [[Lull < cllufl and [Tl o < [[Lull < cllu]

where ¢ is any constant as in (3), so in particular ||T|| <
IL|| < cand||T|, <L, < c.Similarly, the i/o operator
T, also has finite norm, ||Tou|| < |[Lou|| and |[Toul| <
[ Lot for all u € L2, and |To|l < [ Lol [Toll,, <
10l

Proof. Pick any u, and let + = Tw and z = Lu. By
Lemma 3.1, 0 < x;(t) < z;(t) for all ¢, so

Jall? = [ i) ds <
o =1

zi(s)2 ds = ||z||2 .
1

n

7

So ||[Tul] < ||Lu|| < c¢||lul|, and since u was arbitrary it
follows that || T'|| < ||L||. Similarly,

2]l oo = suplz(t)] < sup[z()] = [|2]|«
>0 >0



leads to | Tull, < [ Zul . and |, < L],

The positivity and the maximization properties for
C imply that, for each coordinate 7 of the outputs
y(t) = C(x(t))x(t) and v(t) = C(0)z(t), we have
0 < wit) = Dy Cijla(t))a; (1) < 325, Ci(0)z5(t) =
v;(t), so the inequalities for T, and L, follow by an analo-
gous reasoning. u

Note that the inequality ||T,| < ||L,|| gives the finiteness
statement as well as one-half of the equality in the main
theorem.

For any matrix @, we denote by |Q] its induced operator
norm as an operator in Euclidean space, that is, the smallest
constant d such that |Q¢| < d|¢] for all €.

Lemma 3.3 There is a nondecreasing and continuous func-
tion M : R>¢ — R>¢ such that:

[A(€) — A(O)] < M(J¢]) [¢]
[B(&) = BO)] < M(|¢]) [¢]
C(&) = C(0)] < M([¢]) [¢]
for all £ € R,

Proof. This is a simple consequence of the local Lipschitz
property. On each ball B(R) = {¢] |¢| < R}, we pick the
smallest common Lipschitz constant My (R) for A(+), B(-),
and C(-). The function My is nondecreasing, and hence
can be majorized by a continuous and nondecreasing func-
tion M. Since & € B(|£]), we have that |A(¢) — A(0)] <
M(J€]) €|, and similarly for B and C. n

Corollary 3.4 For each function z € £? () L>:

[A(z () = AO)] < M([|]l o) lI=]]
1B(z()) = BO)|| < M([|zll) Il
1C(()) = CO)| < M(Jlz]lo) ||

where M is as in Lemma 3.3.

Proof. We have:

0)]? = / |A(x(s)) — A(O)? ds
0

< [ M(a(s))? o) ds

[A(x(-) =

< [ M(llz]lo0)? a(s)I* ds

o — g °

= M(|lall0)* [llf®

and similarly for B and C. |

4 Proof of the Main Result

Pick any input u € £2 and consider once again the respective
solutions z = Tw and z = Lu. By Corollary 3.2, we know
that both ||z|| < c|lu|| and ||z||, < ¢||u||. Therefore, using
Corollary 3.4, we also have that:

[A(x(-)) -
1B(z() =
1C(z()) = CO)]| < M (clull) [[ull

where M is as in Lemma 3.3. Let ¢ : R>o — R%, be the
function o(t) :=

AO)[ < eM (e ful]) [|ul

BO)[| < eM (e fJull) [Ju]

(AQ0) — A(x(t))) x(t) + (B(0) — B(z(t))) u(t) -
By the Cauchy-Schwartz inequality,
1(A(z(-)) = A0) ()] < [[A(z(-)) = AO)] [[]|
< M (e lull) |ul®
and
1(B()) - BO) u()]| < |Ba() - BO) Ju
< eM(ellul]) flul®
from which we conclude that ||¢| < ~(||lu||)||u| with

v(r) = (c®> 4+ ¢)M(cr)r, and v is a function of class K, i.e.
continuous, strictly increasing, and with v(0) = 0.

Consider the difference w(t) = z(t)
w(0) = 0. Evaluating w = [A(0)z + B
B(x)u] and rearranging terms,

w(t) = A(O)w(t) + (1) .

Using once again that A(0) is a Hurwitz matrix, we know
that, for some constant d > 0 which depends only on A(0)

— z(t). Note that
0)u] — [A(z)z +

Therefore, ||w|| < ~v(||ul) ||u||, after redefining v(r) :=
dv(r).

In terms of the outputs y = T,u = C(z)x and v = Lyu =
C(0)z,

lo =yl = 1C(0)z — C(a(-))z]
<[IC0)(z = 2)[| + [(C(0) = C(a ()|
<[CO) Iz = 2] + IC0) = Clz( ) =]l
<1CO)| () ull + M (e |[ull) [lu]®



and we can again write the last term as v(||u||) |Ju|| if we
redefine (1) := |C(0)| v(r) + 2 M (cr)r.

The triangle inequality gives us that ||Lu| — ||Tul|
|ILu — Tu|| and ||Loul| — ||Tou| < ||Lou — Tou||, and
Corollary 3.2 gives ||Tu|| < ||[Lu|| and || Toul| < ||Loul, so
we may summarize as follows:

Proposition 4.1 There is a function v € /C such that

0 < [[Lull = [Tull < ~([lul]) [[ull

and

0 < [ Loull = 1Toull < v(flull) [lull

for any input u € £2. O

To conclude the proof of Theorem 1, we must show that
[Toll > ILoll- Let g = ||L,||, and pick a minimizing se-
quence u,, n = 1,2, ... of nonzero inputs in L2, that is,

LO’I’L
o Lol _

n—oo ||luy,|

Pick a sequence of real numbers ,, > 0 such that v, :=
ently, — 0 (for example, &, = (n ||u,||)~1). Since L, is a
oUn|l = €n || Lotn||, and since |lv,|| =
en [lunll, also |[Lovn||/[|vnll = [[Lounll/||unll. Applying
the second inequality in Proposition 4.1:

[Lovnll  [[Tovall
— < A(llvnll) — 0
[[on | [[onll

which gives that H”“}’I”l” — g, and therefore || T,|| > ¢, as
desired. O

5 Positive vs. arbitrary inputs

We have shown that the norm of the nonlinear system (1) can
be exactly computed by finding the norm of the associated
linear system (2). The computation of induced £2 norms for
linear systems is a classical area of study, and amounts to the
maximization, over the imaginary axis, of the largest singu-
lar value of the transfer matrix of the system (the Laplace
transform of the impulse response), the H,, norm; see for
instance [Doyle et al., 1992]. There is, however, a potential
gap in the application of this theory to our problem, namely,
the usual definition of H,, norm corresponds to maximiza-
tion over arbitrary inputs u € £2([0,00), R™), not neces-
sarily inputs with values in R, as considered in this paper.
We close this gap now, by showing that the same result is
obtained, for systems (2), whether one optimizes over arbi-
trary or over nonnegative inputs.

The positivity assumptions imply that the operator L, is a
nonnegative convolution operator:

t

(Lou)(t) = / Wt — syu(s) ds. @
0
W(t) S (Rzo)pxm Vt>0. 5

Here W (t) = C(0)e!4(®) B(0), and its nonnegativity fol-
lows from the fact that ' has all entries nonnegative, pro-
vided that F;; > Oforall # j. (This last fact is well-known:
itis clear for small # from the expansion e/ = I +tF +o(t),
and for large ¢ by then writing e!*" as a product of matri-
ces e(/®)F with the positive integer k large enough.) We
next show that any operator as in (4-5) has the same norm
whether viewed as an operator on £2([0,00),R™) or on
£2([0,00),R7). Since the norm as an operator on non-
negative inputs is, obviously, upper bounded by the norm
on arbitrary inputs, it will be enough to show that, for
each w € L£2([0,00),R™), there is another input @ €
£2([0,00), RY,) with [|w]| = [[@]| and || Low|| < || Low].

Given such a w, we start by writing w = u — v, where
u and v are picked in £%([0,00),R7,) and orthogonal.
(Such a decomposition is always possible. We define coor-
dinatewise, for each ¢ = 1,...,m, u; := max{w;,0} and
v; := max{—w;, 0}; clearly, w=u-—u. The suppoﬂs of u;
and v; are disjoint, so {u;,v;) fo u; (t)vi(t) dt = 0 for
each 7, and also then (u,v) = > 1" (u;, v1> = O ) We now
let & := u+v. Since u and v (or —v) are orthogonal, ||w]|* =
ull® + =0 = lull® + floll® = @], so [lw]| = [l@]].
Because L, is nonnegative, both z = L,u and y = L,v are
nonnegative. (So, indeed one has x,y € R%,.) To finish the
proof, we only need to see that ||z — y|| < ||z + y||:

- / S (wslt) — yi(t))? dt

6 Cascades

Signaling systems are often built by cascading subsystems,
so it is interesting to verify that a cascade of any number



of systems which satisfy our properties again has the same
form. It is enough, by induction, to show this for two cas-
caded systems

t=A1(x)x + Bi(z)u v=Ch(a)x
2=Ay(2)z+ Ba(2)a y=Ca(2)z

each of which satisfies our assumptions, under the series
connection obtained by setting & = v. The composite system
can be represented in terms of the following A(¢,¢) and
B(¢, ¢) matrices:

A= <B2é1)(6§1)(§) Af(C)) 8= <B10(§)>

and output y.

It is easy to verify all the necessary properties. For ex-
ample, the only nontrivial part of the maximization prop-
erty amounts to checking that B2 ({)C1(§) < Bz(0)C1(0),
which follows from B2({)C1(§) < B2(0)C1(§) (using the
maximization property for By and the positivity of C1)
and B»(0)C1(§) < B3(0)C1(0) (using maximization for
C4 and positivity of By(0)). Similarly, the only nontriv-
ial part of the positivity property involves checking that
(B2(¢)C1(£))i; > 0 provided that ¢; = 0, for all j. But,
for such a vector ¢, we know that Bs(();r > 0 for all k, so
indeed Zk BQ(C)1k01(€)kJ > 0.

7 Remarks and Conclusions

We provided a way to compute, for systems of a special
form, the induced £2 norm of the system. The special form
includes a variety of cellular signaling cascade systems.
An even wider class of systems can be included as well,
provided that one extends our treatment to systems that
are monotone with respect to orders other than that given
by the first quadrant. Such orders have proven useful in
analyzing, for example, MAPK cascades, see for exam-
ple [Angeli and Sontag, 2003,Angeli et al., 2004]. The de-
tails of this extension will be provided elsewhere.
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