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Oscillations in I/O Monotone Systems
under Negative Feedback

David Angeli and Eduardo D. Sontag

Abstract— Oscillatory behavior is a key property of many bio-
logical systems. The Small-Gain Theorem (SGT) for input/output
monotone systems provides a sufficient condition for global
asymptotic stability of an equilibrium and hence its violation
is a necessary condition for the existence of periodic solutions.
One advantage of the use of the monotone SGT technique is
its robustness with respect to all perturbations that preserve
monotonicity and stability properties of a very low-dimensional
(in many interesting examples, just one-dimensional) model
reduction. This robustness makes the technique useful in the
analysis of molecular biological models in which there is large
uncertainty regarding the values of kinetic and other parameters.
However, verifying the conditions needed in order to apply the
SGT is not always easy. This paper provides an approach to
the verification of the needed properties, and illustrates the
approach through an application to a classical model of circadian
oscillations, as a nontrivial “case study,” and also provides a
theorem in the converse direction of predicting oscillations when
the SGT conditions fail.

Index Terms— Circadian rhythms, monotone systems, negative
feedback, periodic behaviors

I. I NTRODUCTION

Motivated by applications to cell signaling, our previous
paper [1] introduced the class of monotone input/output sys-
tems, and provided a technique for the analysis of negative
feedback loops around such systems. The main theorem gave a
simple graphical test which may be interpreted as a monotone
small gain theorem (“SGT” from now on) for establishing the
global asymptotic stability of a unique equilibrium, a stability
that persists even under arbitrary transmission delays in the
feedback loop. Since that paper, various papers have followed-
up on these ideas, see for example [27], [18], [17], [5], [12],
[7], [11], [13], [4], [14], [35]. The present paper, which was
presented in preliminary form at the 2004 IEEE Conference
on Decision and Control, has two purposes.

The first purpose is to develop explicit conditions so as
to make it easier to apply the SGT theorem, for a class
of systems of biological significance, a subset of the class
of tridiagonal systems with inputs and outputs. Tridiagonal
systems (with no inputs and outputs) were introduced largely
for the study of gene networks and population models, and
many results are known for them, see for instance [32], [34].
Deep achievements of the theory include the generalization
of the Poincaŕe-Bendixson Theorem, from planar systems to
tridiagonal systems of arbitrary dimension, due to Mallet-
Paret and Smith [29] as well as a later generalization to
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include delays due to Mallet-Paret and Sell [28]. For our class
of systems, we provide in Theorem 1 sufficient conditions
that guarantee the existence of characteristics (“nonlinear DC
gain”), which is one of the ingredients needed in the SGT
Theorem from [1].

Negative feedback is often associated with oscillations, and
in that context one may alternatively view the failure of the
SGT condition as providing a necessary condition for a system
to exhibit periodic behaviors, and this is the way in which the
SGT theorem has been often applied.

The conditions given in Theorem 1 arose from our analysis
of a classical model of circadian oscillations. The molecular
biology underlying the circadian rhythm inDrosophila is
currently the focus of a large amount of both experimental and
theoretical work. The most classical model is that of Goldbeter,
who proposed a simple model for circadian oscillations in
Drosophila, see [15] and the book [16]. The key to the
Goldbeter model is the auto-inhibition of the transcription of
the geneper. This inhibition is through a loop that involves
translational and post-transcriptional modifications as well as
nuclear translocation. Although, by now, several more realistic
models are available, in particular incorporating other genes,
see e.g. [25], [26], this simpler model exhibits many realistic
features, such as a close to 24-hour period, and has been one
of the main paradigms in the study of oscillations in gene
networks. Thus, we use Goldbeter’s original model as our
“case study” to illustrate the mathematical techniques.

The second purpose of this paper is to further explore the
idea that, conversely, failure of the SGT conditions may lead
to oscillations if there is a delay in the feedback loop. (As with
the Classical Small Gain Theorem, of course the SGT is far
from necessary for stability, unless phase is also considered.)
As argued in [3], Section 3, and reviewed below, failure of
the conditions often means that a “pseudo-oscillation” exists
in the system (provided that delays in the feedback loop are
large enough), in the rough sense that there are trajectories
that “look” oscillatory if observed under very noisy conditions
and for finite time-intervals. This begs the more interesting
question of whether true periodic solutions exist. It turnsout
that some analogs of this converse result are known, for certain
low-dimensional systems, see [30], [23]. In the context of fail-
ure of the SGT, Enciso recently provided a converse theorem
for a class of cyclic systems, see [10]. The Goldbeter model
is far from being cyclic, however. Theorem 2 in this paper
proves the existence of oscillations for a class of monotone
tridiagonal systems under delayed negative feedback, and the
theorem is then illustrated with the Goldbeter circadian model.

We first review the basic setup from [1].
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II. I/O M ONOTONESYSTEMS, CHARACTERISTICS, AND

NEGATIVE FEEDBACK

We consider an input/output system

dx

dt
= f(x, u), y = h(x) , (1)

in which statesx(t) evolve on some subsetX ⊆ Rn, and input
and output valuesu(t) and y(t) belong to subsetsU ⊆ Rm

and Y ⊆ Rp respectively. The mapsf : X × U → Rn

and h : X → Y are taken to be continuously differentiable.
An input is a signal u : [0,∞) → U which is locally
essentially compact (meaning that images of restrictions to
finite intervals are compact), and we writeϕ(t, x0, u) for the
solution of the initial value problemdx/dt(t) = f(x(t), u(t))
with x(0) = x0, or just x(t) if x0 and u are clear from the
context, andy(t) = h(x(t)). Given three partial orders on
X,U, Y (we use the same symbol≺ for all three orders),
a monotone input/output system (“MIOS”), with respect to
these partial orders, is a system (1) which is forward-complete
(for each input, solutions do not blow-up on finite time, so
x(t) and y(t) are defined for allt ≥ 0), h is a monotone
map (it preserves order) and: for all initial statesx1, x2 for
all inputs u1, u2, the following property holds: ifx1�x2

and u1�u2 (meaning thatu1(t)�u2(t) for all t≥0), then
ϕ(t, x1, u)�ϕ(t, x2, u2) for all t > 0. Here we consider
partial orders induced by closed proper conesK ⊆ Rℓ, in
the sense thatx � y iff y − x ∈ K. The conesK are
assumed to have a nonempty interior and are pointed, i.e.
K
⋂−K = {0}. When there are no inputs nor outputs, the

definition of monotone systems reduces to the classical one of
monotone dynamical systems studied by Hirsch, Smith, and
others [33], which have especially nice dynamics. Not only is
chaotic or other irregular behavior ruled out, but, in fact,under
additional technical conditions (strong monotonicity) almost
all bounded trajectories converge to the set of steady states
(Hirsch’s generic convergence theorem [20], [21]).

The most interesting particular case is that in whichK is an
orthant cone inRn, i.e. a setSε of the form{x ∈ Rn | εixi ≥
0}, whereεi = ±1 for eachi. A useful test for monotonicity
with respect to arbitrary orthant cones (“Kamke’s condition” in
the case of systems with no inputs and outputs) is as follows.
Let us assume that all the partial derivatives∂fi

∂xj
(x, u) for

i 6= j, ∂fi

∂uj
(x, u) for all i, j, and ∂hi

∂xj
(x) for all i, j (subscripts

indicate components) do not change sign, i.e., they are either
always≥ 0 or always≤ 0. We also assume thatX is convex
(much less is needed.) We then associate a directed graphG to
the given MIOS, withn+m+p nodes, and edges labeled “+”
or “−” (or ±1), whose labels are determined by the signs of
the appropriate partial derivatives (ignoring diagonal elements
of ∂f/∂x). One may define in an obvious manner undirected
loops inG, and theparity of a loop is defined by multiplication
of signs along the loop. (See e.g. [2] for more details.) A
system is monotone with respect tosomeorthant cones in
X,U, Y if and only if there are no negative loops inG. In
particular, if the cone is the main orthant (ε = (1, . . . , 1)), the
requirement is that all partial derivatives must be nonnegative,
with the possible exception of the diagonal terms of the
Jacobian off with respect tox. A monotone system with

respect to the main orthant is also called a cooperative system.
This condition can be extended to non-orthant cones, see [31],
[36], [37], [38].

In order to define negative feedback (“inhibitory feedback”
in biology) interconnections we will say that a system isanti-
monotone(with respect to given orders on input and output
value spaces) if the conditions for monotonicity are satisfied,
except that the output mapreversesorder: x1 � x2 ⇒
h(x2) � h(x1).

A. Characteristics

A useful technical condition that simplifies statements (one
may weaken the condition, see [27]) is that of existence of
single-valued characteristics, which one may also think ofas
step-input steady-state responses or (nonlinear) DC gains. To
define characteristics, we consider the effect of aconstant
input u(t) ≡ u0, t ≥ 0 and study the dynamical system
dx/dt = f(x, u0). We say that a single-valued characteristic
exists if for eachu0 there is a stateK(u0) so that the
system is globally attracted toK(u0), and in that case we
define thecharacteristic k : U → Y as the composition
h ◦K. It is remarkable fact for monotone systems that (under
weak assumptions onX, and boundedness of solutions) just
knowing that a unique steady stateK(u0) exists, for a given
input valueu0, already implies thatK(u0) is in fact a globally
asymptotically stable state fordx/dt = f(x, u0), see [24], [6].

B. Negative feedback

Monotone systems with well-defined characteristics consti-
tute useful building blocks for arbitrary systems, and they
behave in many senses like one-dimensional systems. Cas-
cades of such systems inherit the same properties (monotone,
monostable response). Under negative feedback, one obtains
non-monotone systems, but such feedback loops sometimes
may be profitably analyzed using MIOS tools.

We consider a feedback interconnection of a monotone and
an anti-monotone input/output system:

dx1

dt
= f1(x1, u1), y1 = h1(x1) (2)

dx2

dt
= f2(x2, u2), y2 = h2(x2) (3)

with characteristics denoted by “k” and “g” respectively.
(We can also include the case when the second system is a
static functiony2(t) = g(u2(t)).) As in [2], we will require
here that the inputs and outputs of both systems are scalar:
m1=m2=p1=p2= 1; the general case [9] is similar but
requires more notation and is harder to interpret graphically.
The feedback interconnection of the systems (2) and (3) is
obtained by lettingu2=y1=“y” and u1=y2=“u”, as depicted
(assuming the usual real-number orders on inputs and outputs)
in Figure 1.

The main result from [1], which we’ll refer to as the
monotone SGT theorem, is as follows. We plot togetherk
and g−1, as shown in Figure 2, and consider the following
discrete dynamical system:

u+ = (g ◦ k)(u)
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Fig. 1. Negative feedback configuration
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Fig. 2. characteristics

on U . Then, provided that solutions of the closed-loop system
are bounded, the result is that, if this iteration has a globally
attractive fixed pointū, as shown in Figure 2 through a
“spiderweb” diagram, then the feedback system has a globally
attracting steady state. (An equivalent condition, see Lemma
2.3 in [7], and [12], is that the discrete system should have no
nontrivial period-two orbits, i.e. the equation(g ◦ k)(u) = u
has a unique solution.)

It is not hard to prove, furthermore, that arbitrary delays may
be allowed in the feedback loop. In other words, the feedback
could be of the formu(t) = y(t − h), and such delays (even
with h = h(t) time varying or even state-dependent, as long
ast−h(t) → ∞ ast → ∞) do not destroy global stability of
the closed loop. Moreover, it is also known [11] that diffusion
does not destroy global stability: a reaction-diffusion system,
with Neumann boundary conditions, whose reaction can be
modeled in the shown feedback configuration, has the property
that all solutions converge to a (unique) uniform in space
solution.

C. Robustness

It is important to point out that characteristics (called
dose response curves, activity plots, steady-state expression
of a gene in response to an external ligand, etc.) are fre-

quently readily available from experimental data, especially
in molecular biology and pharmacology, in contrast to the
rare availability and high uncertainty regarding the precise
form of the differential equations defining the dynamics and
values for all parameters (kinetic constants, for example)
appearing in the equations. MIOS analysis allows one to
combine the numerical information provided by characteristics
with the qualitative information given by “signed network
topology” (Kamke condition) in order to predict global be-
havior. (See [35] for a longer discussion of this “qualitative-
quantitative approach” to systems biology.) The conclusions
from applying the monotone SGT are robust with respect
to all perturbations that preserve monotonicity and stability
properties of the 1-d iteration.

Moreover, even if one would have a complete system
specification, the 1-d iteration plays a role vaguely analogous
to that of Nyquist plots in classical control design, where
the use of a simple plot allows quick conclusions that would
harder to obtain, and be far less intuitive, when looking at the
entire high-dimensional system.

III. EXISTENCE OFCHARACTERISTICS

The following result is useful when showing that character-
istics exist for some systems of biological interest, including
the protein part of the circadian model described later. The
constantc represents the value of a constant controlu(t) ≡ c.

Theorem 1:Consider a system of the following form:

ẋ0 = c − α0(x0) + β0(x1)

...

ẋi = αi−1(xi−1) − βi−1(xi) − αi(xi) + βi(xi+1)

i = 1, . . . , n − 2
...

ẋn−1 = αn−2(xn−2) − βn−2(xn−1) − αn−1(xn−1)

+βn−1(xn) − θ(xn−1)

ẋn = αn−1(xn−1) − βn−1(xn)

evolving onRn+1
≥0 , wherec ≥ 0 is a constant. Assume thatθ

and all theαi, βi are differentiable functions[0,∞) → [0,∞)
with everywhere positive derivatives and vanishing at0,

θ and αi, βi, i = 0, . . . , n − 2 are bounded,

and
αn−1, βn−1 are unbounded.

We use the notationθ(∞) to indicatelimr→∞ θ(r), and sim-
ilarly for the other bounded functions. Furthermore, suppose
that the following conditions hold:

αi−1(∞)+βi(∞) < αi(∞)+βi−1(∞) i = 1, . . . , n−2 (4)

θ(∞) + βi(∞) < αi(∞), i = 0, . . . , n − 2 (5)

c < θ(∞). (6)

Then, there is a (unique) globally asymptotically stable equi-
librium for the system.
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Observe that (5) (applied withi = 0) together with (6)
imply that also:

c + β0(∞) < α0(∞) . (7)

Proof: We start by noticing that solutions are defined
for all t ≥ 0. Indeed, consider any maximal solutionx(t) =
(x0(t), x1(t), . . . , xn(t)). From

d

dt
(x0 + x1 + . . . + xn) = c − θ(xn−1) ≤ c , (8)

we conclude that there is an estimatexi(t) ≤
∑

i xi(t) ≤
∑

i xi(0) + tc for each coordinate ofx, and hence that there
are no finite escape times.

Moreover, we claim thatx(·) is bounded. We first show that
x0, . . . , xn−2 are bounded. Forx0, it is enough to notice that
ẋ0 ≤ c − α0(x0) + β0(∞), so that

x0(t) > α−1
0 (c + β0(∞)) ⇒ ẋ0(t) < 0

so (7) shows thatx0 is bounded. Similarly, forxi, i =
1, . . . , n − 2 we have that

ẋi ≤ αi−1(∞) − βi−1(xi) − αi(xi) + βi(∞)

so (4) provides boundedness of these coordinates as well.
Next we show boundedness ofxn−1 andxn.
Since the system is a strongly monotone tridiagonal system,

we know (see [32], Corollary 1), thatxn(t) is eventually
monotone. That is, for someT > 0, either

ẋn(t) ≥ 0 ∀ t ≥ T (9)

or
ẋn(t) ≤ 0 ∀ t ≥ T . (10)

Hence,xn(t) admits a limit, either finite or infinite.
Assume first thatxn is unbounded, which means that

xn(t) → ∞ because of eventual monotonicity. Then, case (10)
cannot hold, so (9) holds. Therefore,

αn−1(xn−1(t)) − βn−1(xn(t)) = ẋn ≥ 0

for all t ≥ T , which implies that

xn−1(t) ≥ α−1
n−1(βn−1(xn(t))) → ∞

as well. Looking again at (8), and using thatc − θ(∞) < 0
(property (6)), we conclude that

d

dt
(x0 + x1 + . . . + xn−1 + xn) (t) < 0

for all t sufficiently large. Thusx0 + x1 + . . . + xn−1 + xn

is bounded (and nonnegative), and this implies thatxn−1 is
bounded, a contradiction since we showed thatxn−1 → ∞.
So xn is bounded.

Next, notice thatẋn−1 ≤ αn−2(xn−2) + βn−1(xn) −
αn−1(xn−1). The two positive terms are bounded, because
both xn−2 andxn are bounded. Thus,

ẋn−1 ≤ v(t) − αn−1(xn−1) ,

where0 ≤ v(t) ≤ k for some constantk. Thus ẋn−1(t) < 0
wheneverxn−1(t) > α−1

n−1(k), and this proves thatxn−1 is
bounded, as claimed.

Once that boundedness has been established, if we also
show that there is a unique equilibrium, then the theory of
strongly monotone tridiagonal systems ([32], [33]) (or [24],
[6] for more general monotone systems results) will ensure
global asymptotic stability of the equilibrium. So we show
that equilibria exist and are unique.

Let us writefi(x) for the right-hand sides of the equations,
so thatẋi = fi(x) for eachi. We need to show that there is
a unique nonnegative solutionx = (x0, . . . , xn) of

f0(x) = . . . = fn(x) = 0.

Equivalently, we can write the equations like this:

fn(x) = 0 (11)
...

fi(x) + . . . + fn(x) = 0 (12)
...

f0(x) + f1(x) . . . + fn(x) = 0 (13)

Sincef0(x) + f1(x) . . . + fn(x) = c − θ(xn−1), (13) has the
unique solutionxn−1 = x̄n−1 = θ−1(c) which is well-defined
because property (6) says thatc < θ(∞).

Next, we consider equation (11). This equation has the
unique solution:

xn = x̄n = β−1
n−1(αn−1(x̄n−1))

which is well-defined becauseβn−1 is a bijection.
Pick i ∈ {1, . . . , n− 1} and suppose that we have uniquely

determinedxj = x̄j for eachj ≥ i. We will show thatxi−1

is also uniquely defined. Equation (12) is:

αi−1(xi−1) − βi−1(x̄i) − θ(x̄n−1) = 0

and has the unique solution

xi−1 = x̄i−1 = α−1
i−1(βi−1(x̄i) + θ(x̄n−1))

which is well-defined because property (5) says thatθ(∞) +
βi−1(∞) < αi−1(∞) for eachi = 1, . . . , n− 1. By induction
on i = n−1, . . . , 1, we have completed the uniqueness proof.

IV. T HE GOLDBETER CIRCADIAN MODEL

The original Goldbeter model of Drosophila circadian
rhythms is schematically shown in Figure 3. The assumption

� - -- -� �

6 6
�

vm
M P1P0 P2

ks V3

V4V2

V1 vd

vs

PN

k1 k2

Fig. 3. Goldbeter’s Model

is that PER protein is synthesized at a rate proportional
to its mRNA concentration. Two phosphorylation sites are
available, and constitutive phosphorylation and dephospho-
rylation occur with saturation dynamics, at maximum rates
vi and with Michaelis constantsKi. Doubly phosphorylated



MONOTONE SYSTEMS UNDER NEGATIVE FEEDBACK 5

PER is degraded, also described by saturation dynamics (with
parametersvd, kd), and it is translocated to the nucleus, with
rate constantk1. Nuclear PER inhibits transcription of the
per gene, with a Hill-type reaction of cooperativity degreen
and threshold constantKI . The resulting mRNA is produced.
and translocated to the cytoplasm, at a rate determined by
a constantvs. Additionally, there is saturated degradation of
mRNA (constantsvm andkm).

Corresponding to these assumptions, and assuming a well-
mixed system, one obtains an ODE system for concentrations
are as follows:

Ṁ =
vsK

n
I

Kn
I + Pn

N

− vmM

km + M

Ṗ0 = ksM − V1P0

K1 + P0
+

V2P1

K2 + P1

Ṗ1 =
V1P0

K1 + P0
− V2P1

K2 + P1
− V3P1

K3 + P1
+

V4P2

K4 + P2
(14)

Ṗ2 =
V3P1

K3 + P1
− V4P2

K4 + P2
− k1P2 + k2PN − vdP2

kd + P2

ṖN = k1P2 − k2PN

where the subscripti = 0, 1, 2 in the concentrationPi indicates
the degree of phosphorylation of PER protein,PN is used
to indicate the concentration of PER in the nucleus, andM
indicates the concentration ofper mRNA.

The parameters (in suitable unitsµM or h−1) used by
Goldbeter are given in Table I. With these parameters, there

Parameter Value Parameter Value
k2 1.3 k1 1.9
V1 3.2 V2 1.58
V3 5 V4 2.5
vs 0.76 km 0.5
ks 0.38 vd 0.95
kd 0.2 n 4
K1 2 K2 2
K3 2 K4 2
KI 1 vm 0.65

TABLE I

PARAMETER VALUES

are limit cycle oscillations. If we takevs as a bifurcation
parameter, a Hopf bifurcation occurs atvs ≈ 0.638.

As an illustration of the SGT, we will show now that the
theorem applies whenvs = 0.4. This means that not only
will stability of an equilibrium hold globally in that case,
but this stability will persist even if one introduces delays
to model the transcription or translation processes. (Without
loss of generality, we may lump these delays into one delay,
say in the termPN appearing in the equation forM .) On the
other hand, we’ll see later that the SGT discrete iteration does
not converge, and in fact has a period-two oscillation, when
vs = 0.5. This suggests that periodic orbits exist in that case,
at least if sufficiently large delays are present, and we analyze
the existence of such oscillations.

For the theoretical developments, we assume from now on
that

vs ≤ 0.54 (15)

and the remaining parameters will be constrained below, in
such a manner that those in the previously given table will
satisfy all the constraints.

A. Breaking-up the Circadian System and Applying the SGT

We choose to view the system as the feedback interconnec-
tion of two subsystems, one forM and the other one forP ,
see Figure 4.

u1

y2

y1

u2

�

- M

P

Fig. 4. Systems in feedback

mRNA Subsystem:The mRNA (M ) subsystem is described
by the scalar differential equation

Ṁ =
vsK

n
I

Kn
I + un

1

− vmM

km + M

with input u1 and outputy1 = ksM .
As state-space, we will pick a compact intervalX1 =

[0, M̄ ], where
vskm

vm − vs

≤ M̄ <
vd

ks

(16)

and we assume thatvs < vm. The order onX1 is taken to be
the usual order fromR.

Note that the first inequality implies that

vs <
vmM̄

km + M̄
(17)

and therefore

vsK
n
I

Kn
I + un

1

− vmM̄

km + M̄
< 0

for all u1 ≥ 0, so that indeedX1 is forward-invariant for the
dynamics.

With the parameters shown in the table given earlier (except
for vs, which is picked as in (15)),

M̄ = 2.45

satisfies all the constraints.
As input space for the mRNA system, we pickU1 = R≥0,

and as output spaceY1 = [0, vd). Note thaty1 = ksM ≤
ksM̄ < vd, by (16), so the output belongs toY1. We viewU1

as having thereverseof the usual order, andY1 are is given
the usual order fromR.

The mRNA system is monotone, because it is internally
monotone (∂f/∂u < 0, as required by the reverse order on
U1) and the output map is monotone as well.

Existence of characteristics is immediate from the fact that
Ṁ > 0 for M < k(u1) and Ṁ < 0 for M > k(u1), where,
for each constant inputu1,

k(u1) =
vs Kn

I km

vm Kn
I + vm u1

n − vs Kn
I



MONOTONE SYSTEMS UNDER NEGATIVE FEEDBACK 6

(which is an element ofX1).
Note that all solutions of the differential equations which

describe theM -system, even those that do not start inX1,
enterX1 in finite time (becauseṀ(t) < 0 wheneverM(t) ≥
M̄ , for any inputu1(·)). The restriction to the state spaceX1

(instead of using all ofR≥0) is done for convenience, so that
one can view the output of theM system as in input to theP -
subsystem. (Desirable properties of theP -subsystem depend
on the restriction imposed onU2.) Given any trajectory, its
asymptotic behavior is independent of the behavior in an initial
finite time interval, so this does not change the conclusionsto
be drawn. (Note that solutions are defined for all times –no
finite explosion times– because the right-hand sides of the
equations have linear growth.)

Protein Subsystem:The second (P ) subsystem is four-
dimensional:

Ṗ0 = u2 −
V1P0

K1 + P0
+

V2P1

K2 + P1

Ṗ1 =
V1P0

K1 + P0
− V2P1

K2 + P1
− V3P1

K3 + P1
+

V4P2

K4 + P2

Ṗ2 =
V3P1

K3 + P1
− V4P2

K4 + P2
− k1P2 + k2PN − vdP2

kd + P2

ṖN = k1P2 − k2PN

with input u2 and outputy2 = PN .
For theP subsystem, the state space isR4

≥0 with the main
orthant order, and the input space isU2 = Y1 and the output
space isY2 = U1 (with the orders specified earlier). Internal
monotonicity of theP subsystem is clear from the fact that
∂Ṗi

∂Pj
> 0 for all i 6= j (cooperativity). In fact, because these

inequalities are strict and the Jacobian matrix is tridiagonal
and irreducible at every point, this is an example of astrongly
monotone tridiagonal system([32], [33]). The system is anti-
monotone because the identity mapping reverses order (recall
that Y2 = U1 has the reverse order, by definition).

We obtain the following result as a corollary of Theorem 1,
applied with n = 3, θ(r) = vdr

kd+r
, α0(r) = V1r

K1+r
, etc. It

says that, for the parameters in Table I, as well as for a larger
set of parameters, the system has a well-defined characteristic,
which we will denote byg. (It is possible to give an explicit
formula for g−1, in this example.)

Proposition 4.1:Suppose that the following conditions
hold:

• vd + V2 < V1

• V1 + V4 < V2 + V3

• 0 ≤ c < vd

• V4 + vd < V 3

and that all constants are positive and the inputu2(t) ≡ c.
Then theP -system has a unique globally asymptotically stable
equilibrium.

V. CLOSING THE LOOP

Solutions of the closed-loop system, i.e., of the original
system (14), are bounded under the above assumptions. To
see this, we argue as follows. Take any solution of the closed
loop system. As we pointed out earlier, there are no finite time

explosions, and also theM coordinate will converge to the set
X1 = [0, M̄ ].

This means that the subsystem corresponding to theP -
coordinates will be forced by an inputu2 such thatu(t) ∈
[0, ksM̄ ] for all t ≥ t0, for somet0. Now, for constant inputs
in [0, vd), which contains[0, ksM̄ ], we have proved that a
characteristick exists for the open-loop system corresponding
to these coordinates. Therefore, by monotonicity, the trajectory
componentsy(t) = (P0(t), P1(t), P2(t), PN (t)) will lie in the
main orthant order rectangle[y0(t), y1(t)], for each t ≥ 0,
where y0 is the solution with constant inputu2 = 0 and
y0(t0) = y(t0) and whereyN is the solution with constant
input u2 = ksM̄ , andy1(t0) = y(t0). Sincey0 and y1 con-
verge to[k(0), k(ksM̄)], the omega-limit set ofy is included in
[k(0), k(ksM̄)], and therefore theP components are bounded
as well.

Now we are ready to apply the main theorem in [1]. In
order to do this, we first need to plot the characteristics. See
Figure 5 for the plots ofg andk−1 (dashed and dotted curves)
and the a typical “spiderweb diagram” (solid lines), when we
pick the parametervs = 0.4. It is evident that there is global

0 0.5 1 1.5 2 2.5
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1.5
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Fig. 5. Stability of spiderweb (vs = 0.4)

convergence of the discrete iteration. Hence no oscillations
can arise, even under arbitrary delays in the feedback from
PN to M , and in fact that all solutions converge to a unique
equilibrium.

On the other hand, for a larger value ofvs, such asvs = 0.5,
the discrete iteration conditions are violated; see Figure6 for
the “spiderweb diagram” that shows divergence of the discrete
iteration. Thus, one may expect periodic orbits in this case. We
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Fig. 6. Instability of spiderweb (vs = 0.5)

next prove a result that shows that indeed that happens.

VI. PERIODIC BEHAVIOR WHEN SGT CONDITIONS FAIL

One may conjecture that there is a connection between
periodic behaviors of the original system, at least under
delayed feedback, and of the associated discrete iteration. We
first present an informal discussion and then give a precise
result.
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For simplicity, let us suppose thatk already denotes the
composition of the characteristicsg and k. The input values
u with k(k(u)) = u which do not arise from the unique fixed
point of k(u) = u are period-two orbits of the iterationu+ =
k(u). Now suppose that we consider the delay differential
systemẋ(t) = f(x(t), h(x(t − r))), where the delayr > 0 is
very large. We take the initial conditionx(t) = x0, t ∈ [−r, 0],
wherex0 is picked in such a manner thath(x0) = u0, and
u0 6= u1 are two elements ofU such thatk(u0) = u1 and
k(u1) = u0. If the input to the open-loop systeṁx = f(x, u)
is u(t) ≡ u0, then the definition of characteristic says that
the solutionx(t) approachesx1, whereh(x1) = u1, Thus, if
the delay lengthr is large enough, the solution of the closed-
loop system will be close to the constant valuex1 for t ≈ r.
Repeating this procedure, one can show the existence of a
lightly damped “oscillation” between the valuesx0 andx1, in
the sense of a trajectory that comes close to these values as
many times as desired (a largerr being in principle required
in order to come closer and more often). In applications in
which measurements have poor resolution and time duration,it
may well be impossible to practically determine the difference
between such pseudo-oscillations and true oscillations. See
also [8] for a weaker type of pseudo-oscillatory behavior for
circadian models under delay.

It is an open question to prove the existence of true periodic
orbits, for large enough delays, when the small-gain condition
fails. The problem is closely related to questions of singular
perturbations for delay systems, by time-re-parametrization.
We illustrate this relation by considering the scalar case,and
with y = x. The systemẋ = f(x, x(t − r)), has periodic
orbits for large enoughr if and only if the systemεẋ(t) =
f(x(t), x(t − 1)) has periodic orbits for small enoughε > 0.
For ε = 0, we have the algebraic equationf(x, u) = 0 that
defines the characteristicx = k(u). Thus one would want to
know that periodic orbits of the iterationu+ = k(u), seen
as the degenerate caseε = 0, survive for smallε > 0. A
variant of this statement is known in dimension one from
work of Nussbaum and Mallet-Paret ([30]), which shows the
existence of a continuum of periodic orbits which arise in a
Hopf bifurcation and persist for0 < ε ≪ 1; see also the more
recent work [23]. (We thank Hal Smith for this observation.)

We now show that, at least, for a class of systems which
is of some general interest in biology, and which contains
the circadian model, oscillations can be proved to exist if
delays are large enough and the SGT fails locally (exponential
instability of the discrete iteration).

A. Predicting Periodic Orbits when the Condition Fails

In this section we prove the following theorem, which
applies immediately to the complete circadian model (14).

Theorem 2:Consider a tridiagonal systeṁx = f(x, u) with
scalar inputu:

ẋ1 = f1(x1, x2, u)
ẋ2 = f2(x1, x2, x3)

...
ẋn−1 = fn−1(xn−2, xn−1, xn)

ẋn = fn(xn−1, xn)

(18)

and scalar outputy = xn. The functions fi are twice
continuously differentiable, and (cooperativity) all theoff-
diagonal Jacobian (with respect tox) entries are positive.
Suppose that there is a unique pair(x0, u0) ∈ Rn × R such
that f(x0, u0) = 0, and that ∂f1

∂u
(x0, u0) = 1, and consider

the linearized system(A, b, c), where b = (1, 0, . . . , 0, 0)′,
c = (0, 0, . . . , 0, 1), andA = Dxf , the Jacobian of the vector
field f(x, u0) evaluated atx0. Assume thatA is nonsingular,
and let g = c(−A)−1b be the DC gain of the linearized
system. LetK : R → R be a differentiable function, let
k := −∂K(y)

∂y
, evaluated aty0 = (x0)n, and suppose that

kg > 1. Then, for someh > 0, the system (18) under the
feedbacku(t) = K(y(t−h0)) admits a periodic solution and,
moreover, the omega-limit set of every bounded solution is
either a periodic orbit, the origin, or a nontrivial homoclinic
orbit with limt→±∞ = x0.

Note that the uniqueness result for closed-loop equilibria
will always hold in our case, and the DC gain property
kg > 1 corresponds to a locally unstable discrete iteration.
The matrix A is Hurwitz when we have hyperbolicity and
parameters as considered earlier (existence of characteristics).
The conclusion is that, for a suitable delay lengthh0, there is
at least one periodic orbit, and, moreover, bounded solutions
not converging to zero exhibit oscillatory behavior (with
periods possibly increasing to infinity, if the omega-limitset
is a homoclinic orbit). (We conjecture that moreover, for the
circadian example, in fact almost all solutions converge toa
periodic orbit. Proving this would require establishing that no
homoclinic orbits exist for our system (14) when a delay is
introduced in thePN term appearing in theM equation, just
as shown, when no delays present, for a large class of systems
in [29].)

Before proving Theorem 2, we show the following simple
lemma about linear systems.

Lemma 6.1:Consider a linearn-dimensional single-input
single-output system(A, b, c), with b = (1, 0, . . . , 0, 0)′ and
c = (0, 0, . . . , 0, 1), and suppose thatA is a linear tridiagonal
matrix

A =















d1 b2 0 0 . . . 0 0
a2 d2 b3 0 . . . 0 0
0 a3 d3 b4 . . . 0 0
· · · · . . . · ·
· · · · . . . · ·
0 0 0 0 . . . an dn















with aibi > 0 for all i (in particular, this holds if all off-
diagonal elements are positive). Then, the transfer function
W (s) = c(sI − A)−1b has no zeroes and has distinct real
poles; more specifically,W (s) = p0

q(s) , wherep0 = a2 . . . an

and q(s) = (s − α1) . . . (s − αn) for distinct real numbers
α1, . . . , αn. Moreover, there are two real-valued functionsµ :
C → R and ν : C → R>0 so that the logarithmic derivative
Q(s) = q′(s)/q(s) satisfiesQ(s) = µ(s)− iν(s)Ims for every
s that is not a root ofq.

Proof: The fact thatA hasn distinct real eigenvalues is
a classical one in linear algebra; we include a short proof to
make the paper more self-contained. Pick any positive number
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σ1 and define, inductively,

σi := σi−1

√

ai

bi

for i = 2, . . . , n. Let S = diag (σ1, . . . , σn). Then B =
S−1AS is a tridiagonalsymmetricmatrix:

B =















d1 c2 0 0 . . . 0 0
c2 d2 c3 0 . . . 0 0
0 c3 d3 c4 . . . 0 0
· · · · . . . · ·
· · · · . . . · ·
0 0 0 0 . . . cn dn















whereci = εi

√
aibi and εi = signai = signbi ∈ {−1,+1}.

Therefore B, and hence alsoA, has all its eigenvalues
real. Moreover, there is a basis{v1, . . . , vn} consisting of
orthogonal eigenvectors ofB, and soA admits the linearly
independent eigenvectorsSvi. Moreover, all eigenvalues of
B (and so ofA) are distinct. (Pick anyλ and considerC :=
B−λI. The firstn−1 rows ofC look just like those ofB, with
di := di−λ. Then−1×n matrix consisting of these rows has
rankn−1 (just consider its lastn−1 columns, a nonsingular
matrix), so it follows thatC has rank≥ n − 1. Therefore, the
kernel of C has dimension at most one.) We conclude that
A hasn distinct real eigenvalues and hence its characteristic
polynomial has the formq(s) = (s − α1) . . . (s − αn).

By Cramer’s rule,(sI−A)−1 = (1/q(s))cof(sI−A), where
“cof” indicates matrix of cofactors. ThusW (s) = p0/q(s),
where p0 is the (n, 1) entry of cof(sI − A), i.e. (−1)n+1

times the determinant of the matrix˜(sI − A)1,n obtained by
deleting from sI − A the first row and last column. The

matrix ˜(sI − A)1,n is upper triangular, and its determinant
is (−a2) . . . (−an) = (−1)n−1a2 . . . an. Therefore p0 =
a2 . . . an, as claimed.

Finally, considerQ(s) =
∑n

k=1
1

s−αk
. Write s = a + ib, so

that
1

s − αk

=
1

(a − αk) + ib
=

(a − αk) − ib

ρk

whereρk = (a − αk)2 + b2, and therefore

Q(s) =

n
∑

k=1

a − αk

ρk

− i

(

n
∑

k=1

1

ρk

)

b = µ(s) − iν(s)b

as desired.
We now continue the proof of Theorem 2, by first studying

the closed-loop linearized systeṁx(t) = Ax(t)+bkcx(t−h).
The closed-loop transfer function

Wh(s) =
W (s)

1 + ke−hsW (s)

corresponding to a negative feedback loop with delayh and
gain k, simplifies to:

Wh(s) =
p0

F
, F (s, h) = q(s) + pe−hs,

wherep = p0k.
In order to prove that there are oscillatory solutions for some

h = h0, we proceed as follows. We will use the weak form
of the Hopf bifurcation theorem (“weak” in that no assertions

are made regarding super or subcriticality of the bifurcation)
as given in Theorem 11.1.1 in [19]. The theorem guarantees
that oscillatory solutions will exist, for the nonlinear system,
and for some value of the delayh arbitrarily close to a given
h0 > 0, provided that the following two properties hold for
h0:
(H1) There is someω0 6= 0 such thatF (iω0, h0) = 0, ω =
iω0 is a simple root ofF (ω, h0) = 0, and (nonresonance)
F (miω, h0) 6= 0 for all integersm > 1;
and lettingλ(h) be aC1 function such thatF (λ(h), h) = 0
for all h near h0 and λ(h0) = ω0 (such a function always
exists):
(H2) Reλ′(h0) 6= 0.

In order to prove these properties, we proceed analogously
to what is done for cyclic systems in [10]. (Cyclic systems
are the special case in which∂fi/∂xi+1 ≡ 0 for each i =
1, . . . , n − 1, which is not the case in our circadian system.)

We first show thatF (iω0, h0) = 0 for someh0 > 0 and
ω0 > 0. SinceF (s, h) = q(s)[1 + (p/q(s))e−hs] andq(iω) 6=
0 for all real numbersω (becauseq has only real roots, andA
is nonsingular, so alsoq(0) 6= 0), it is enough to find anh0 > 0
andω0 > 0 such thatf(ω0) = −eih0ω0 = ei(h0ω0−π), where
f(ω) = p/q(iω). Sincef is a continuous function on[0,∞),
f(0) = p0k/q(0) = W (0)k = gk > 1 by assumption, and
limω→∞ f(ω) = 0, there is someω0 > 0 such that|f(ω0)| =
1, so thatf(ω0) = eiϕ for someϕ, which we may take in the
interval (0, 2π]. It thus suffices to pickh0 = (ϕ + π)/ω0, so
that h0ω0 − π = ϕ.

Fix any suchh0. Since for retarded delay equations there
are at most a finite number of roots on any vertical line, we
can pick ω0 > 0 with largest possible magnitude, so that
necessarilyF (miω0, h0) 6= 0 for all integersm > 1. To prove
that (H1) and (H2) hold for theseh0 and ω0, we first prove
that ∂F

∂s
(iω0, h0) is nonzero. By the implicit function theorem,

this will imply that ω0 is a simple root, as needed for (H1).
SinceF (s, h) = q(s) + pe−hs,

∂F

∂s
(s, h) = q′(s) − hpe−hs .

At points whereF (s, h) = 0, hq(s) = −hpe−hs, so at such
points:

∂F

∂s
(s, h) = q(s)[Q(s) + h] ,

where we are denotingQ(s) := q′(s)/q(s). Since q(s) =
−pe−hs 6= 0, in order to show that∂F

∂s
(s, h) 6= 0 it is enough

to prove thatQ(s) + h 6= 0, for which it is enough, in turn,
to show that ImQ(s) 6= 0. From the formulaQ(s) = µ(s) −
iν(s)b (with real-valuedν and µ) we have that, at the point
s = iω0 6= 0, Q(iω0) = µ(iω0) − iν(iω0)ω0; its imaginary
part ν(iω0)ω0 is nonzero, as wanted. We conclude that (H1)
indeed holds.

Notice that, at points whereF (s, h) = 0,

∂F
∂h

(s, h)
∂F
∂s

(s, h)
=

sq(s)

q(s)[Q(s) + h]
=

s

Q(s) + h
.

Using the Implicit Function Theorem, there is a smooth
function λ(h) so thatF (λ(h), h)) ≡ 0 in a neighborhood of
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h0 andλ(h0) = iω0. Taking derivatives with respect toh:

λ′(h0) = −
∂F
∂h

(λ(h0), h0)
∂F
∂s

(λ(h0), h0)
= − iω0

Q(iω0) + h0
.

Since Reiz = −Im z for all z, Reλ′(h0) = Im
(

ω0

Q(iω0)+h0

)

.
This last expression has the same sign as

−Im Q(iω0) ,

which, as shown earlier, is nonzero. Thus Reλ′(h0) 6= 0, and
(H1) and (H2) both hold.

To conclude the proof, we note that the conclusion about
global behavior follows from the Poincaré-Bendixson for
delay-differential tridiagonal systems due to Mallet-Paret and
Sell [28].

Note that, since Reλ′(h0) 6= 0, if h′
0 is near enoughh0, then

the system (18) under negative feedbacku = −ky(t − h′
0)

admits a pair of complex conjugate eigenvaluesa + iω for
its linearization, witha > 0. Thus, its equilibrium is expo-
nentially unstable, and therefore every bounded solution not
starting from the center-stable manifold will in fact converge
to either a homoclinic orbit involving the origin or a periodic
orbit.

B. Examples

As a first example, we take the system with the parameters
that we have considered, andvs = 0.5. We have seen that
the spider-web diagram suggests oscillatory behavior when
delays are present in the feedback loop. We first compute the
equilibrium of the closed-loop system (with no delay), which
is approximately:

M ≈ 1.47, P1 = 0.42, P2 = 0.29, P0 = 0.71, PN = 0.42.

We now consider the system with variablesM,P1, P2, P3, PN

in which the feedback termvsK
n
I /(Kn

I + Pn
3 ) is replaced by

an inputu. Let A be the Jacobian of this open-loop dynamics
evaluated at the positive equilibrium given above. ThensI −
A ≈




















0.08 + s 0 0 0 0

−0.38 0.87 + s −0.54 0 0

0 −0.87 2.24 + s −0.96 0

0 0 −1.70 3.66 + s −1.3

0 0 0 −1.9 1.3 + s





















and hence the transfer functionW (s) = c(sI −A)−1b, where
b = (1, 0, 0, 0, 0)′ andc = (0, 0, 0, 0, 1), is:

W (s) =
p0

q(s)
,

wherep0 ≈ 1.075 andq(s) ≈
(0.084 + s)

(

s4 + 8.08 s3 + 17.61 s2 + 10.98 s + 1.56
)

.

The DC gain of the system isg = W (0) ≈ 8.26 (which
is positive, as it should be since the open loop system is
monotone and has a well-defined steady-state characteristic).
andk = −∂(vsK

n
I /(Kn

I + Pn
3 )/∂P3 ≈ 0.14 when evaluated

at the computed equilibrium. Thusf(0) = gk ≈ 1.138 > 1,
as required. Indeed, ImQ(iω) ≈

−
(

2.88 + 133.26ω2 + 408.07ω4 + 120.12ω6 + 5.0ω8
)

ω

(0.007 + ω2) (2.42 + 65.68ω2 + 135.81ω4 + 30.02ω6 + ω8)

and hence ImQ(iω) 6= 0 for all ω 6= 0.
We show in Figure 7 one simulation, withh = 100, showing

a periodic limit cycle. The delay length needed for oscillations
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Fig. 7. Oscillations seen in simulations (vs = 0.5, delay= 100hr, initial
conditions all at0.2), using MATLAB’s dde23 package

when vs = 0.5 is biologically unrealistic, so we also show
simulations forv2 = 0.6, a value for which no oscillations
occur without delays, but for which oscillations (with a period
of about 27 hours) occur when the delay length is about 1 hour,
see Figure 8.
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Fig. 8. Oscillations seen in simulations (vs = 0.6, delay = 1hr, initial
conditions all at0.2), using MATLAB’s dde23 package

VII. A C OUNTEREXAMPLE

We now provide a (non-monotone) system as well as a
feedback lawu = g(y) so that:

• the system has a well-defined and increasing characteris-
tic k,

• the discrete iterationu+ = g(k(u)) converges globally,
and solutions of the closed-loop system are bounded,

yet a stable limit-cycle oscillation exists in the closed-loop
system. This establishes, by means of a simple counterexam-
ple, thatmonotonicityof the open-loop system is an essential
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assumption in our theorem. Thus, robustness is only guaran-
teed with respect to uncertainty that preserves monotonicity
of the system.

The idea underlying the construction is very simple. The
open-loop system is linear, and has the following transfer
function:

W (s) =
−s + 1

s2 + (0.25)s + 1
.

Since the DC gain of this system isW (0) = 1, and the
system is stable, there is a well-defined and increasing char-
acteristic k(u) = u. However a negative feedback gain of
1/2 destabilizes the system, even though the discrete iteration
u+ = (−1/2)u is globally convergent. (TheH∞ gain of the
system is, of course, larger than1, and therefore the standard
small-gain theorem does not apply.) In state-space terms, we
use this system:

ẋ1 = (−1/4)x1 − x2 + 2u

ẋ2 = x1

y = (1/2)(x2 − x1) .

Note that, for each constant inputu ≡ u0, the solution of
the system converges to(0, u0/2), and therefore the output
converges tou0, so indeed the characteristick is the identity.

We only need to modify the feedback law in order to
make solutions of the closed-loop globally bounded. For the
feedback law we pickg(x) = −0.5sat(y), where sat(·) :=
sign(·)min{1, | · |} is a saturation function. The only equilib-
rium of the closed-loop system is at(0, 0).

The discrete iteration is

u+ = −(1/2)sat(u) .

With an arbitrary initial conditionu0, we have thatu1 =
−(1/2)sat(u0), so that|u1| ≤ 1/2. Thusuk = (−1/2)uk−1

for all k ≥ 2, and indeeduk → 0 so global convergence of
the iteration holds.

However, global convergence to equilibrium fails for the
closed-loop system, and in fact there is a periodic solution.
Indeed, note that trajectories of the closed loop system are
bounded, because they can be viewed as solutions of a stable
linear system forced by a bounded input. Moreover, since the
equilibrium is a repelling point, it follows by the Poincaré-
Bendixson Theorem that a periodic orbit exists. Figure 9 is a
simulation showing a limit cycle.
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Monotone Cyclic Feedback Systems with Delay”,Journal of differential
equations, Vol. 125, pp. 441-489, 1996.

[29] J. Mallet-Paret and H. Smith, “The Poincare-Bendixon theorem for
monotone cyclic feedback systems,”J. Dynamics and Diff. Eqns,
2(1990): 367-421.

[30] J. Mallet-Paret and R. Nussbaum, “Global continuation and asymptotic
behaviour for periodic solutions of a differential-delay equation,” Ann.
Mat. Pura Appl., 145 (1986): 33–128.

[31] H. Schneider and M. Vidyasagar, “Cross-positive matrices,” SIAM J.
Numer. Anal., 7:508–519, 1970.

[32] J. Smillie, “Competitive and cooperative tridiagonal systems of differ-
ential equations,”SIAM J. Math. Anal.15(1984): pp. 530–534.

[33] H.L. Smith, Monotone Dynamical Systems: an Introduction to the
Theory of Competitive and Cooperative systems, Mathematical Surveys
and Monographs, Vol. 41, American Mathematical Society, Ann Arbor,
1995.

[34] H.L. Smith, “Periodic tridiagonal competitive and cooperative systems
of differential equations,”SIAM J. Math. Anal.22(1991): 1102-1109.

[35] E.D. Sontag, “Molecular systems biology and control,”Eur. J. Control,
11(4-5):396–435, 2005.

[36] P. Volkmann, “Gewohnliche differentialungleichungenmit quasimono-
ton wachsenden funktionen in topologischen vektorraumen,”Math. Z.,
127:157–164, 1972.

[37] S. Walcher, “On cooperative systems with respect to arbitrary orderings,”
Journal of Mathematical Analysis and Appl., 263:543–554, 2001.

[38] W. Walter, “Differential and Integral Inequalities,” Springer-Verlag,
Berlin, 1970.


