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Oscillations in I/O Monotone Systems
under Negative Feedback

David Angeli and Eduardo D. Sontag

Abstract— Oscillatory behavior is a key property of many bio- include delays due to Mallet-Paret and Sell [28]. For ousgla
logical systems. The Small-Gain Theorem (SGT) for input/output of systems, we provide in Theorem 1 sufficient conditions
monotone systems provides a sufficient condition for global ot gyarantee the existence of characteristics (“noafiliC

asymptotic stability of an equilibrium and hence its violation - S . . .
is a necessary condition for the existence of periodic solutions. gain”), which is one of the ingredients needed in the SGT

One advantage of the use of the monotone SGT technique is Theorem from [1].

its robustness with respect to all perturbations that preserve Negative feedback is often associated with oscillations, a
monotonicity and stability properties of a very low-dimensional in that context one may alternatively view the failure of the
(in many interesting examples, just one-dimensional) model gGT congition as providing a necessary condition for a syste

reduction. This robustness makes the technique useful in the L S . . . .
analysis of molecular biological models in which there is large to exhibit periodic behaviors, and this is the way in which th

uncertainty regarding the values of kinetic and other parameters SGT theorem has been often applied.

However, verifying the conditions needed in order to apply the The conditions given in Theorem 1 arose from our analysis
SGT is not always easy. This paper provides an approach to of a classical model of circadian oscillations. The molacul
the verification of the needed properties, and illustrates the biology underlying the circadian rhythm iDrosophila is

approach through an application to a classical model of circadian )
oscillations, as a nontrivial “case study,” and also provides a currently the focus of a large amount of both experimentdl an

theorem in the converse direction of predicting oscillations when theoretical work. The most classical model is that of Gotehe

the SGT conditions fail. who proposed a simple model for circadian oscillations in
Index Terms— Circadian rhythms, monotone systems, negative DT0S0phila see [15] and the book [16]. The key to the
feedback, periodic behaviors Goldbeter model is the auto-inhibition of the transcriptiof
the geneper. This inhibition is through a loop that involves
I. INTRODUCTION translational and post-transcriptional modifications &l as

Motivated by applications to cell signaling, our previoué‘“dear transloc_atlon. Although, by now, several moreiséal
paper [1] introduced the class of monotone input/output sy&0dels are available, in particular incorporating otheneg®
tems, and provided a technique for the analysis of negat¥e€ €-9- [25], [26], this simpler model exhibits many relis
feedback loops around such systems. The main theorem gaf@@ures, such as a close to 24-hour period, and has been one
simple graphical test which may be interpreted as a monotoffe e main paradigms in the study of oscillations in gene
small gain theorem (“SGT” from now on) for establishing th&€tworks. Thus, we use Goldbeter's original model as our
global asymptotic stability of a unique equilibrium, a stiap “case study” to illustrate the _mathema_mcal techniques.
that persists even under arbitrary transmission delaysién t 1he second purpose of this paper is to further explore the
feedback loop. Since that paper, various papers have fedlew [d€@ that, conversely, failure of the SGT conditions mayilea
up on these ideas, see for example [27], [18], [17], [5], [12{° oscnlatl_ons if there is a delay in the feedback loop. (Ath_w
[7], [11], [13], [4], [14], [35]. The present paper, which wa he Classical Small Gal_n_ Theorem, of course the SG'I_' is far
presented in preliminary form at the 2004 IEEE Conferendg®m necessary for stability, unless phase is also consitler
on Decision and Control, has two purposes. As argued in [3], Section 3, and reviewed below, failure of

The first purpose is to develop explicit conditions so a{@e conditions often' means that a “pseudo—oscnlatlon’Stem
to make it easier to apply the SGT theorem, for a cladd the system (prowded that delays in the feedback I(_)op are
of systems of biological significance, a subset of the clal&g€ enough), in the rough sense that there are trajestorie
of tridiagonal systems with inputs and outputs. Tridiagon&hat “look™ oscillatory if observed under very noisy condits
systems (with no inputs and outputs) were introduced lgrgetnd for finite time-intervals. This begs the more interegtin
for the study of gene networks and population models, a§/€stion of whether tru_e periodic solutions exist. It tumﬂ
many results are known for them, see for instance [32], [34]1at Some analogs of this converse result are known, foaicert
Deep achievements of the theory include the generalizatihv-dimensional systems, see [30], [23]. In the contextaf f
of the Poincag-Bendixson Theorem, from planar systems t8® of the SGT, Enuso recently provided a converse theorem
tridiagonal systems of arbitrary dimension, due to Mallefor & class of cyclic systems, see [10]. The Goldbeter model

Paret and Smith [29] as well as a later generalization {® far from being cyclic, however. Theorem 2 in this paper
S S _ o proves the existence of oscillations for a class of monotone
D. Angeli is with the Dip. Sistemi e Informatica, University &forence, tridiagonal systems under delayed negative feedback, fend t
50139 Firenze, Italy (angeli@dsi.unifi.it) h is then ill d with the Goldb ircadiarced
E.D. Sontag is with the Dept. of Mathematics, Rutgers Uniggratd, theorem is then illustrated with the Goldbeter circadiardglo

USA. (sontag@math.rutgers.edu) We first review the basic setup from [1].
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Il. /O MONOTONESYSTEMS, CHARACTERISTICS AND respect to the main orthant is also called a cooperativesyst

NEGATIVE FEEDBACK This condition can be extended to non-orthant cones, sée [31
We consider an input/output system [36], [37], [38]. . N
d In order to define negative feedback (“inhibitory feedback”
di; = f(z,u), y=h(z), (1) in biology) interconnections we will say that a systenaigi-

monotone(with respect to given orders on input and output
in which states:(¢) evolve on some subséf C R™, and input yajye spaces) if the conditions for monotonicity are satikfi
and output values(t) andy(t) belong to subset§/ C R™ gxcept that the output mapeversesorder: z; < zo =
and Y C RP respectively. The mapg : X x U — R” h(z2) < h(z1).

andh : X — Y are taken to be continuously differentiable.

An input is a signalu : [0,00) — U which is locally A. Characteristics

essentially compact (meaning that images of restrictians 't~ i - o

finite intervals are compact), and we wriggt, zo, u) for the A useful technical co_n_d|t|on that S|mpl|fles statem_entse(on
solution of the initial value problendz/dt(t) = f(z(t), u(t)) may weaken the cond|_t|o_n, see.[27]) is that of eX|s.tence of
with z(0) = zo, or justz(t) if zo andu are clear from the single-valued characteristics, which one may also thinka®f

context, andy(t) = h(z(t)). Given three partial orders on step—input steady—;tate responses or (nonlinear) DC gains
X,U,Y (we use the same symbetl for all three orders), Qeflne characteristics, we consider the effect pt‘:cmstant

a monotone input/output system (“MIOS"Wwith respect to INPUt u(t) = uo, ¢ > 0 and study the dynamical system
these partial orders, is a system (1) which is forward-caepl 42/dt = f(z,uo). We say that a single-valued characteristic
(for each input, solutions do not blow-up on finite time, s§%iSts if for eachu, there is a stateK(ug) so that the
z(t) and y(t) are defined for alt > 0), h is a monotone system is globally gttracted t& (up), and in that case we
map (it preserves order) and: for all initial states, z» for define thecharacterlstlck : U — Y as the composition
all inputs u;, us, the following property holds: ifz; =<z hoK.ltis rem_arkable fact for monotone systems that (u_nder
and u;=uy (meaning thatu; (t)=<ux(t) for all ¢+>0), then Weak_ assumptions o, and boundedness_ of solut|0n_s) just
o(t, 21,u)=p(t, 2, us) for all t > 0. Here we consider knowmg that a unique stegdy staleé(uo).egqsts, for a given
partial orders induced by closed proper codésC RY, in nput valu_euo, already implies thak (uo) is in fact a globally
the sense that < y iff y — = € K. The conesk are asymptotically stable state fdw/dt = f(x,ug), see [24], [6].
assumed to have a nonempty interior and are pointed, i.e.

K () —K = {0}. When there are no inputs nor outputs, th8. Negative feedback

definition of monotone systems reduces to the classical bne onponotone systems with well-defined characteristics censti
monotone dynamical systems studied by Hirsch, Smith, aggte useful building blocks for arbitrary systems, and they
others [33], which have especially nice dynamics. Not oBly hehave in many senses like one-dimensional systems. Cas-
chaotic or other irregular behavior ruled out, but, in fastder cades of such Systems inherit the same properties (monotone
additional technical conditions (strong monotonicityjnast monostable response). Under negative feedback, one sbtain
all bounded trajectories converge to the set of steady sstafyn-monotone systems, but such feedback loops sometimes
(Hirsch's generic convergence theorem [20], [21]). may be profitably analyzed using MIOS tools.

The most interesting particular case is that in whi€is an e consider a feedback interconnection of a monotone and
orthantcone inR", i.e. a setS. of the form{z € R" |e;2; >  an anti-monotone input/output system:

0}, wheree; = £1 for eachi. A useful test for monotonicity

with respect to arbitrary orthant cones (“Kamke’s condifimn dy = fi(z1,u1), y1 = hi(z1) (2)
the case of systems with no inputs and outputs) is as follows. d‘fct
Let us assume that all the partial derivativ%(a:,u) for d—tz = fa(za,u2), y2 = ho(z2) )

i 7, 351 (w,u) for all 4, j, and () for all i, j (subscripts
indicate components) do not change sign, i.e., they arereit
always> 0 or always< 0. We also assume thaf is convex
(much less is needed.) We then associate a directed gfdph
the given MIOS, witm+m+p nodes, and edges labeled™

with characteristics denoted byk™ and “g” respectively.

e can also include the case when the second system is a
static functionys(t) = g(u2(t)).) As in [2], we will require
here that the inputs and outputs of both systems are scalar:
Jpr=ma=p1=p2= 1; the general case [9] is similar but

?hre ; (for f;t)e w;\rc:;? cljaetr)i(\ellasti\%i ((jietneor:?r:ne(;jiabyg:]r:r;%?; fequires more notation and is harder to interpret graplyical
pprop P 9 g diag The feedback interconnection of the systems (2) and (3) is

of 8f/_6x). One may _deflne in an obw_ous manner_undlr_ecte0 tained by lettingio—y;—="1” and uy—ys—"u", as depicted
loops inG, and theparity of a loop is defined by multiplication . .

; . assuming the usual real-number orders on inputs and @)tput
of signs along the loop. (See e.g. [2] for more details.) 'é\ Fiqure 1
system is monotone with respect smmeorthant cones in 9 :

X.U.Y if and only if there are no negative loops (. In The main result from [1], which we'll refer to as the
> . . . ' monoton T theorem, i follows. We pl r
particular, if the cone is the main orthart<£ (1,...,1)), the onotone SGT theorem, is as follows. We plot togethe

) : ) - . and g—*!, as shown in Figure 2, and consider the following
requirement is that all partial derivatives must be nontiega discrete dynamical system:

with the possible exception of the diagonal terms of the
Jacobian off with respect tox. A monotone system with ut = (gok)(u)
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Y guently readily available from experimental data, esghcia
characteristic of system in molecular biology and pharmacology, in contrast to the
rare availability and high uncertainty regarding the pseci
k form of the differential equations defining the dynamics and
values for all parameters (kinetic constants, for example)
appearing in the equations. MIOS analysis allows one to
combine the numerical information provided by charactiess
u y with the qualitative information given by “signed network
u topology” (Kamke condition) in order to predict global be-
havior. (See [35] for a longer discussion of this “qualiati
O o™ quantitative approach” to systems biology.) The conchisio
from applying the monotone SGT are robust with respect
g to all perturbations that preserve monotonicity and siigbil
properties of the 1-d iteration.
y Moreover, even if one would have a complete system
specification, the 1-d iteration plays a role vaguely anailsy
Fig. 1. Negative feedback configuration to that of Nyquist plots in classical control design, where
the use of a simple plot allows quick conclusions that would
y harder to obtain, and be far less intuitive, when lookinghat t
g-1 T K entire high-dimensional system.

IIl. EXISTENCE OFCHARACTERISTICS

The following result is useful when showing that character-
istics exist for some systems of biological interest, idlahg
the protein part of the circadian model described later. The
constantc represents the value of a constant contr@) = c.
Theorem 1:Consider a system of the following form:

u g = c¢—ag(xo)+ Bolx1)

Fig. 2. characteristics ’

;= oi_1(wim1) = Bim1(wi) — aixs) + Bi(wigr)
i=1,...,n—2

onU. Then, provided that solutions of the closed-loop system

are bounded, the result is that, if this iteration has a dlpba

attractive fixed pointu, as shown in Figure 2 through a &, | = a, o(zn_2) = Bn_o(@n_1) — ¥n_1(Tp_1)
“spiderweb” diagram, then the feedback system has a gipball +Bu1(zn) — O(zn1)

attracting steady state. (An equivalent condition, see rham .

2.3in[7], and [12], is that the discrete system should have n ~ *n  ~= an-1(Tn-1) = Bp-1(2n)

nontrivial period-two orbits, i.e. the equatidg o k)(u) = u  evolving onR™}", wherec > 0 is a constant. Assume thét
has a unique solution.) and all theo;, 3; are differentiable functionf), co) — [0, c0)

Itis not hard to prove, furthermore, that arbitrary delaysym \th everywhere positive derivatives and vanishing)at
be allowed in the feedback loop. In other words, the feedback

could be of the formu(t) = y(t — h), and such delays (even ¢ and «;, B;, i =0,...,n —2 are bounded,
with h = h(t) time varying or even state-dependent, as lon
ast— h(t) — oo ast — oo) do not destroy global stability of
the closed loop. Moreover, it is also known [11] that diffusi
does not destroy global stability: a reaction-diffusiorsteyn, \We use the notatioi(co) to indicatelim, .. (), and sim-
with Neumann boundary conditions, whose reaction can Rarly for the other bounded functions. Furthermore, siggpo
modeled in the shown feedback configuration, has the prppettat the following conditions hold:

that all solutions converge to a (unique) uniform in space .
solution. @i —1(00)+fi(00) < ai(00)+Bi—1(00) i=1,...,n=2 (4)

0(00) + Bi(00) < aj(00), i =0,...,n—2 (5)
< 6(o0). 6
It is important to point out that characteristics (called ¢ (o) ©

dose response curves, activity plots, steady-state esipres Then, there is a (unique) globally asymptotically stablaieq
of a gene in response to an external ligand, etc.) are fidrium for the system.

On—1,Pn—1 are unbounded

C. Robustness
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Observe that (5) (applied with = 0) together with (6)  Once that boundedness has been established, if we also
imply that also: show that there is a unique equilibrium, then the theory of
strongly monotone tridiagonal systems ([32], [33]) (or J|[24
¢+ fo(00) < ag(00). () (6] for more general monotone systems results) will ensure

Proof: We start by noticing that solutions are definedlobal asymptotic stability of the equilibrium. So we show

for all ¢ > 0. Indeed, consider any maximal solutiarit) = that equilibria exist and are unique.

(xo(t), z1(t),...,z,(t)). From Let us write f;(x) for the right-hand sides of the equations,
d so thatz; = f;(x) for eachi. We need to show that there is
% (vo+x1+...+2,) = c—0(x,1) < ¢, (8 aunique nonnegative solutian= (o, ...,z,) of

we conclude that there is an estimatgt) < 3. z:i(t) < fox) = ... = fa(z) = 0.

>_;%i(0) + tc for each coordinate of, and hence that there gqivalently, we can write the equations like this:
are no finite escape times.

Moreover, we claim that(-) is bounded. We first show that falz) =0 (11)
Zo,...,T,_o are bounded. Fotg, it is enough to notice that .
To < c— 040(330) + 50(00), so that

fil@) + .o+ falx) 0 (12)

zo(t) > ag (e + Bo(o0)) = do(t) <0

so (7) shows thatzy is bounded. Similarly, forz;, i = ) ) '
1,...,n— 2 we have that fol@) + fi(@)... + fulz) = 0 (13)
. , A Nl 4 Since fo(z) + fi(x) ...+ fu(z) = c— 0(xp—1), (13) has the
B < @im1(00) = fia (@) — i) + fi(0) unique éolLtiomi_)l = ;fn_l(:) 6-1(c) vflhich ?S well-defined
so (4) provides boundedness of these coordinates as well.because property (6) says thak 6(oco).
Next we show boundedness of | andx,,. Next, we consider equation (11). This equation has the
Since the system is a strongly monotone tridiagonal systeamique solution:
we know (see [32], Corollary 1), that,(¢) is eventually

_ =~ _ g1 =
monotone That is, for somel” > 0, either Tn = Tn = B 1(0n-1(Zn-1))
. hich is well-defined becaus®,_; is a bijection.
WH)>0 VE>T g) whe L .
Ealt) 2 - © Picki € {1,...,n—1} and suppose that we have uniquely
or determinedr; = z; for eachj > i. We will show thatz;_;
To(t) <0 VE>T. (10) is also uniquely defined. Equation (12) is:
Hence,x.,,(t) admits a limit, either finite or infinite. ai—1(zi1) — Bi—1(Z;) — 0(&p—1) = 0

Assume first thatz,, is unbounded, which means that d has th . luti
xn(t) — oo because of eventual monotonicity. Then, case (16}1 as the unique solution

cannot hold, so (9) holds. Therefore, Tioqg = Ty_q = a;_ll(ﬁiil(ji) +0(Zn_1))
n—1(Tn1(t)) = Bur(zn(t)) = &n > 0 which is well-defined because property (5) says fiat) +
for all ¢ > T, which implies that ﬂi_.l(oo) < aj_1(o0) foreachi=1,...,n—1. I_3y induction
oni=n—1,...,1, we have completed the uniqueness proof.
Tn-1(t) > a;il(ﬁnfl(wn(ﬁ))) - > u

as well. Looking again at (8), and using that- (cc) < 0

(property (6)), we conclude that IV. THE GOLDBETER CIRCADIAN MODEL

The original Goldbeter model of Drosophila circadian

%(mo +r1+ ..tz x,) () <0 rhythms is schematically shown in Figure 3. The assumption
for all ¢ sufficiently large. Thuseg +z1 + ... + 21 + =, Um M ks P Vi P V3 P Ud
is bounded (and nonnegative), and this implies that, is 0~ A 1 n 2
bounded, a contradiction since we showed that; — oc. UST k1|Tk2
So z,, is bounded. P

Next, notice thati, 1 < ap_o(zp—2) + Br_1(xn) —
on_1(xn_1). The two positive terms are bounded, becaudd- 3- Goldbeters Model
both z,,_, andz,, are bounded. Thus,
is that PER protein is synthesized at a rate proportional
to its mRNA concentration. Two phosphorylation sites are
where0 < v(t) < k for some constant. Thusz,_1(t) < 0 available, and constitutive phosphorylation and dephosph
wheneverz,,_ (t) > a;ﬁl(k), and this proves that,,_; is rylation occur with saturation dynamics, at maximum rates
bounded, as claimed. v; and with Michaelis constant&’;. Doubly phosphorylated

:tnfl < ’U(t) - anfl(xnfl) )
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PER is degraded, also described by saturation dynamich (wéind the remaining parameters will be constrained below, in
parametersyy, k4), and it is translocated to the nucleus, wittsuch a manner that those in the previously given table will
rate constantt;. Nuclear PER inhibits transcription of thesatisfy all the constraints.

per gene, with a Hill-type reaction of cooperativity degree

and threshold constat{;. The resulting mRNA is produced. A, Breaking-up the Circadian System and Applying the SGT

and translocated to the cytoplasm, at a rate determined bXNe choose to view the system as the feedback interconnec-
a constantv,. Additionally, there is saturated degradation O{ion of two subsystems, one fai and the other one foP
mRNA (constants,,, andk,,). ' '

. . . s?e Figure 4.
Corresponding to these assumptions, and assuming a well-
mixed system, one obtains an ODE system for concentrations Uy Y1
are as follows: M
Vo— v K7 - VM
KPP+ PR kp+ M
: 1R Vo Py P
Py = kM-
0 Ki+P Kyt P Y2 U2
P = iby Vol VP + VaDy (14) Fig. 4. Systems in feedback
Ki+P Ke+P K3+P Ki+PB
. Va P, VaPs v P . )
P = - — k1P + ko Py — mMRNA Subsystenthe mRNA (M) subsystem is described
K3+P Kyi+ P kg + P . . .
: by the scalar differential equation
Py = kiP,—kyPy

vs K} v M
Ky+uy kn+M
with input w; and outputy; = ks M.

M:

where the subscript= 0, 1, 2 in the concentratio®; indicates
the degree of phosphorylation of PER proteiy is used
to indicate the concentration of PER in the nucleus, ahd o .
- . As state-space, we will pick a compact intervd, =
indicates the concentration per mRNA. [0, M], where

The parameters (in suitable unifgh/ or h=') used by 77" vakom

i . \ - _ Ud
Goldbeter are given in Table I. With these parameters, there P <M< T (16)
m S S
Parameter] Value T Parameter| Value and we assume that < v,,. The order onX; is taken to be
k2 13 k1 19 the usual order fronR.
Vi 3.2 Va 1.58 Note that the first inequality implies that
Vs 5 Vi 25 _
Vs 0.76 km 0.5 UM
ks 0.38 Vg 0.95 vy < — 17)
kq 0.2 n 4 km + M
K3 2 Ka 2 and therefore
K3 2 K4 2 _
K 1 U 0.65 v K7 VM <0
K +ub ko + M
TABLE | Lo m_+ o
PARAMETER VALUES for all u; > 0, so that indeedX; is forward-invariant for the

dynamics.

With the parameters shown in the table given earlier (except
are limit cycle oscillations. If we take, as a bifurcation for vs, which is picked as in (15)),
parameter, a Hopf bifurcation occurs@t= 0.638. M = 2.45

As an illustration of the SGT, we will show now that the

theorem applies when, = 0.4. This means that not only satisfies all the constraints.
will stability of an equilibrium hold globally in that case, AS input space for the mRNA system, we pitk = R,
but this stability will persist even if one introduces dedayand as output spack; = [0,v4). Note thaty; = kM <
to model the transcription or translation processes. (With ksM < v4, by (16), so the output belongs 1q. We view Uy
loss of generality, we may lump these delays into one del&g having theeverseof the usual order, and; are is given
say in the termPy appearing in the equation fdv/.) On the the usual order fronR.
other hand, we'll see later that the SGT discrete iteratoesd ~The mMRNA system is monotone, because it is internally
not converge, and in fact has a period-two oscillation, whéRonotone §f/du < 0, as required by the reverse order on
v, = 0.5. This suggests that periodic orbits exist in that cas&) and the output map is monotone as well.
at least if Sufﬁcienﬂy |arge de|ays are present, and Weﬁea] ) Existence of characteristics is immediate from the fact tha

the existence of such oscillations. M >0 for M < k(u1) and M < 0 for M > k(uy), where,
For the theoretical developments, we assume from now & each constant input,
that Fu) vs K7 ko,
vs < 0.54 (15) ‘= Uy K 4 Uy ug™ — v K7
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(which is an element oi;). explosions, and also th& coordinate will converge to the set
Note that all solutions of the differential equations whickX; = [0, M].
describe theM-system, even those that do not startXn, This means that the subsystem corresponding to Fthe

enter X, in finite time (becausd?[(t) < 0 wheneverM (t) > coordinates will be forced by an inpui; such thatu(t) €

M, for any inputu,(-)). The restriction to the state spadg [0, k;M| for all ¢ > t,, for somet,. Now, for constant inputs
(instead of using all oR~) is done for convenience, so thatin [0,v4), which contains|0, k,M], we have proved that a
one can view the output of the/ system as in input to th&- characteristid: exists for the open-loop system corresponding
subsystem. (Desirable properties of tResubsystem dependto these coordinates. Therefore, by monotonicity, thettajry

on the restriction imposed ofl,.) Given any trajectory, its components;(t) = (Py(t), Pi(t), P2(t), Py (t)) will lie in the
asymptotic behavior is independent of the behavior in araini main orthant order rectanglpyo(t), y1(t)], for eacht > 0,
finite time interval, so this does not change the conclustonswhere y, is the solution with constant input, = 0 and
be drawn. (Note that solutions are defined for all times —n@(to) = y(to) and whereyy is the solution with constant
finite explosion times— because the right-hand sides of thgut uy = k.M, andy; (o) = y(to). Sincey, andy; con-

equations have linear growth.) verge to[k(0), k(k,M)], the omega-limit set of is included in
Protein SubsystemThe second P) subsystem is four- [k(0), k(ksM )], and therefore thé> components are bounded
dimensional: as well.
) ViPy ) Now we are ready to apply the main theorem in [1]. In
Py = wus order to do this, we first need to plot the characteristice Se

CKi+P Kyt P . "
Vi, Vo Py ViPy V. Py Figure 5 for the plots of andk~" (dashed and dotted curves)

P = — — + and the a typical “spiderweb diagram” (solid lines), when we
Kit+h Kot P Kst+Po Ko+ P pick the parameteo, = 0.4. It is evident that there is global

. Va Py VaPy Vg Py
P = - — 1Py + ko Py —

? Ks+P Kyi+ P PN kg + P
Py = kP,—kyPy

with input u, and outputy, = Py . ;
For the P subsystem, the state spaceRi§, with the main |

orthant order, and the input spacelis = Y; and the output i E

space isY, = U; (with the orders specified earlier). Internal

r;]lgnotonicity of ‘the]f subsyster_n_ is clear from the fact tharFig_ 5. Stability of spiderwebu, — 0.4)

op, > 0 for all ¢ # j (cooperativity). In fact, because these

inequalities are strict and the Jacobian matrix is tridiagjo

and irreducible at every point, this is an example strngly convergence of the discrete iteration. Hence no osciliatio

monotone tridiagonal syste(fi32], [33]). The system is anti- €an arise, even under arbitrary d_elays in the feedback_from

monotone because the identity mapping reverses orderli(redav 1 M, and in fact that all solutions converge to a unique

that Y> = U; has the reverse order, by definition). equilibrium.

We obtain the following result as a corollary of Theorem 1, On the other hand, for a larger value«f such as); = 0.5,
Vir_ ete. It the discrete iteration conditions are violated; see Fidufer
r?! :

applied withn = 3, 0(r) = 4=, ag(r) = % _ : !
il'as for a iarg@e “spiderweb diagram” that shows divergence of the dtscre

says that, for the parameterski#'?able I, as we > > U TLe R
set of parameters, the system has a well-defined charaiceridteration. Thus, one may expect periodic orbits in this ciée
which we will denote byg. (It is possible to give an explicit
formula for g=1, in this example.)
Proposition 4.1: Suppose that the following conditions
hold: ;
e vt Vo<V | A
e Vi+ Vi< Va+ Vs T
e 0 < vy
. V4 +vg < V3

and that all constants are positive and the inpuft) = c.

ngmgzﬁi{syﬂem has & unique globally asymptotically Stablr(?ext prove a result that shows that indeed that happens.

Fig. 6. Instability of spiderwebu; = 0.5)

V1. PERIODIC BEHAVIOR WHEN SGT CONDITIONS FAIL

One may conjecture that there is a connection between

Solutions of the closed-loop system, i.e., of the origingderiodic behaviors of the original system, at least under
system (14), are bounded under the above assumptions.d&tayed feedback, and of the associated discrete iteratien
see this, we argue as follows. Take any solution of the closfibt present an informal discussion and then give a precise
loop system. As we pointed out earlier, there are no finitetimesult.

V. CLOSING THELOOP
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For simplicity, let us suppose that already denotes the and scalar outputy = x,. The functions f; are twice
composition of the characteristigsand k. The input values continuously differentiable, and (cooperativity) all thof-
u with k(k(u)) = v which do not arise from the unique fixeddiagonal Jacobian (with respect tg entries are positive.
point of k(u) = u are period-two orbits of the iteratiom™ = Suppose that there is a unique péif, uo) € R™ x R such
k(u). Now suppose that we consider the delay differentighat f(xo,uo) = 0, and that%(xmuo) = 1, and consider
systemz(t) = f(x(t), h(z(t —r))), where the delay > 0 is the linearized systen{A,b,c), whereb = (1,0,...,0,0),
very large. We take the initial conditian(t) = xo, t € [-r,0], ¢=(0,0,...,0,1), andA = D, f, the Jacobian of the vector
where z is picked in such a manner tha{z,) = up, and field f(z,uo) evaluated aty. Assume thatd is nonsingular,
up # uy are two elements o/ such thatk(ug) = u; and and letg = ¢(—A)~'b be the DC gain of the linearized
k(u1) = ug. If the input to the open-loop systein= f(xz,u) system. LetK : R — R be a differentiable function, let
is u(t) = wo, then the definition of characteristic says that := —a{;—(y), evaluated atyy = (x0)n, and suppose that
the solutionz(t) approaches:;, whereh(z1) = uy, Thus, if kg > 1. Then, for someh > 0, the system (18) under the
the delay lengtir is large enough, the solution of the closedfeedbacku(t) = K (y(t — ho)) admits a periodic solution and,
loop system will be close to the constant valugefor ¢ ~ . moreover, the omega-limit set of every bounded solution is
Repeating this procedure, one can show the existence oéither a periodic orbit, the origin, or a nontrivial homait
lightly damped “oscillation” between the values andxy, in  orbit with lim; 4., = xq.
the sense of a trajectory that comes close to these values as ) o
many times as desired (a largeibeing in principle required .Note that the uniqueness result for closed—loc_)p equilibria
in order to come closer and more often). In applications Mill @ways hold in our case, and the DC gain property
which measurements have poor resolution and time durdtion’g > 1 corresponds to a locally unstable discrete iteration.
may well be impossible to practically determine the differe | € matrix A is Hurwitz when we have hyperbolicity and
between such pseudo-oscillations and true oscillatioes Farameters as considered earlier (existence of charstate}i
also [8] for a weaker type of pseudo-oscillatory behaviar fol he conclusion is that, fqr a suitable delay length there is
circadian models under delay. at least one.penodlc orbit, an_d_, moreover, boundeq sadst.lo

It is an open question to prove the existence of true periodi®t converging to zero exhibit oscillatory behavior (with
orbits, for large enough delays, when the small-gain cioit Periods possibly increasing to infinity, if the omega-lirsét
fails. The problem is closely related to questions of siaguliS & homoclinic orbit). (We conjecture that moreover, foe th
perturbations for delay systems, by time-re-parameitgat C|rc.ad|.an ex.ample,. in fa;t almost all §0Iut|ons .convergeato
We illustrate this relation by considering the scalar case penodp qrb|t. Ffrovmlg this would require establishin@timo .
with y = 2. The systemi = f(z,z(t — r)), has periodic homocllnlc .OI’bItS exist for our system (14) when.a d(_elay is
orbits for large enough if and only if the systemei(t) = introduced in thePy term appearing in théd/ equation, just
#(z(t), z(t — 1)) has periodic orbits for small enough> 0. aS shown, when no delays present, for a large class of systems
For e = 0, we have the algebraic equatigifzr,u) = 0 that " [29].)
defines the characteristic = k(u). Thus one would want to  Before proving Theorem 2, we show the following simple
know that periodic orbits of the iterationt = k(u), seen lemma about linear systems.
as the degenerate case= 0, survive for smalle > 0. A Lemma 6.1:Consider a lineam-dimensional single-input
variant of this statement is known in dimension one froringle-output system4, b, c), with b = (1,0,...,0,0)" and
work of Nussbaum and Mallet-Paret ([30]), which shows the= (0,0,...,0,1), and suppose that is a linear tridiagonal
existence of a continuum of periodic orbits which arise in Batrix

Hopf bifurcation and persist fab < ¢ < 1; see also the more d by 0 0 ... 0 0

recent work [23]. (We thank Hal Smith for this observation.) ay dy by O ... 0 0
We now show that, at least, for a class of systems which 0 as ds by ... 0 0

is of some general interest in biology, and which contains A = o ) .

the circadian model, oscillations can be proved to exist if o

delays are large enough and the SGT fails locally (expoakenti 0O 0 0 0 a, d,

instability of the discrete iteration).
with a;b; > 0 for all ¢ (in particular, this holds if all off-
A. Predicting Periodic Orbits when the Condition Fails diagonal elements are positive). Then, the transfer foncti

In this section we prove the following theorem, whicHV (s) = c(sI — A)~'b has no zeroes and has distinct real
applies immediately to the complete circadian model (14). Poles; more specificallV (s) = Zry, wherepy = a ... ap

Theorem 2:Consider a tridiagonal systein= f(z,u) with andq(s) = (s — ai1)...(s — ay) for distinct real numbers
scalar inputu: a1,...,an. Moreover, there are two real-valued functigns

C - R andv : C — R+ so that the logarithmic derivative

#o= file ) Q(s) = ¢'(s)/q(s) satisfiesQ(s) = u(s)—iv(s)ims for every
T2 = folwr,22,75) s that is not a root of;.
: (18) Proof: The fact thatA hasn distinct real eigenvalues is
Tno1 = foo1(Tn—2,Tn_1,%y) a classical one in linear algebra; we include a short proof to
Tn = folZn-1,%,) make the paper more self-contained. Pick any positive numbe
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o1 and define, inductively, are made regarding super or subcriticality of the bifukma)i
O as given in Theorem 11.1.1 in [19]. The theorem guarantees
o] Oi—1 b—l that oscillatory solutions will exist, for the nonlinearstgm,

’ and for some value of the deldyarbitrarily close to a given
fori = 2,...,n. Let S = diag(oi,...,0,). Then B = hg > 0, provided that the following two properties hold for
S~LAS is a tridiagonalsymmetricmatrix: ho:

d ¢ 0 0 ... 0 0 (H1) There is somevy # 0 such thatF'(iwg, ho) = 0, w =
¢o dy ¢35 0 ... 0 0 iwg is a simple root of F'(w, hg) = 0, and (nonresonance)
F(miw, hg) # 0 for all integersm > 1;

po |0

- O

and letting\(h) be aC! function such thatF"(\(h),h) = 0
S for all h nearhy and A(hg) = wp (such a function always
0 0 0 0 ... ¢y dn ?XiS)tS)i )
) . H2) Re)'(hg) # 0.
wherec; = ¢;v/a;b; ande; = signa; = signb; € {—1,+1}. |5 order to prove these properties, we proceed analogously
Therefore B, and hence alsad, has all its eigenvalues , \hat is done for cyclic systems in [10]. (Cyclic systems
real. Moreover, there is a basig,...,v,} consisting of .o the special case in whidhf;/dz;1 = 0 for eachi =
orthogonal eigenvectors aB, and soA admits the linearly |, 'y \hich is not the case in our circadian system.)
independent eigenvectorSv;. Moreover, all eigenvalues of We first show thatF (iwo, ho) = 0 for somehy > 0 and
B (and so ofA) are distinct. (Pick fany\ _and consideC' = o > 0. SinceF(s, h) = q(sS[l ¥ (p/q(s))e"*] andg(iw) #
B—AI. Thefirstn—1 rows of C look just like those of3, with o, 4| real numberso (becausey has only real roots, and
d; := d; —A. Then—1xn matrix consisting of these rows hasig onsingular, so alsg(0) # 0), it is enough to find ang > 0
rankn — 1 (just consider its last — 1 columns, a nonsingular andwo > 0 such thatf(wy) = —eihowo — cithowo—m) \where
matrix), so it follows thatC' has rank- n — 1. Therefore, the (w) = p/q(iw). Since is a continuous function ofd), o),
kernel of C' has dimension at most one.) We conclude thé((()) — pok/q(0) = W(0)k = gk > 1 by assumption, and
A hasn Qistinct real eigenvalues and hence its characteris [ f(w) = 0, there is somevy > 0 such that f(wo)| =
polynomial has the formy(szlz (8 —a1)...(s —an). 1, so thatf(wo) = €' for someyp, which we may take in the
By Cramer's rule(s/—A)"" = (1/q(s))cof(s] —A), where ipona| (0, 21]. It thus suffices to pickiy = (¢ + ) /wo, SO
“cof” indicates matrix of cofactors. Thu8/(s) = po/q(s), that howo — 7 = .
where po is the (n,1) entry of colsl — A), ie. (=) Fix any suchhg. Since for retarded delay equations there
times the determinant of the matrix/ — A), , obtained by are at most a finite number of roots on any vertical line, we
deleting from s/ — A the first row and last column. Thecan pickw, > 0 with largest possible magnitude, so that
matrix (sI — A),,, is upper triangular, and its determinanhecessarilyF' (miwq, hg) # 0 for all integersm > 1. To prove

1,n
is (—az)...(—a,) = (-1)""lay...a,. Thereforep, = that (H1) and (H2) hold for thesk, andw,, we first prove
as...ay, as claimed. thatda—f(iwo, ho) is nonzero. By the implicit function theorem,
Finally, considerQ(s) = > 7_, ﬁ Write s = a + b, so this will imply that w, is a simple root, as needed for (H1).
that SinceF'(s,h) = + pe~hs,
o 1 _ (a—ag)—ib (5,h) = a(s) +pe
s — Qg (a—ag)+idb Pk 67F(8,h) _ q/(S)—hpe_hs.

Js
At points whereF (s, h) = 0, hq(s) = —hpe™"*, so at such

a—ap =1 _ . points:
Qs) = Z — 1 (Z pk> b = u(s) —iv(s)b OF
- = Sl k) = a()[Q(s) + ],
. S
as desired. [ ] . . )

We now continue the proof of Theorem 2, by first studyinﬁ"heiehswe are denoting)(s) := ¢ gs)/q(s)- Since q(s) =
the closed-loop linearized systeiit) — Ax(t)+bkea(t—h). —pe”"* # 0, in order to show thag (s, h) # 0 it is enough
The closed-loop transfer function to prove thatQ(s) + h # 0, for which it is enough, in turn,
to show that InQ)(s) # 0. From the formulaQ(s) = u(s) —

wherep;, = (a — ay)? + b?, and therefore

Wh(s) = % iv(s)b (with real-valuedv and i) we have that, at the point
1L+ ke=sW(s) s = iwg # 0, Qiwg) = p(iwg) — iv(iwg)wp; its imaginary
corresponding to a negative feedback loop with déelagnd part v(iwg)wy is nonzero, as wanted. We conclude that (H1)
gain k, simplifies to: indeed holds.
o Che Notice that, at points wher&(s,h) = 0,
Wils) =7,  Fls,h) =qls) +pe™™,

H N ‘Z,—Z(s, h) sq(s) B s
whnerep = pok. OF = = .

In order to prove that there are oscillatory solutions fanso s (5, 1) a(s)[Q(s) + 1] Qs) +h

h = hg, we proceed as follows. We will use the weak fornsing the Implicit Function Theorem, there is a smooth
of the Hopf bifurcation theorem (“weak” in that no asser§onfunction A(h) so thatF'(A(k),h)) = 0 in a neighborhood of
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ho and A(hg) = iwp. Taking derivatives with respect at the computed equilibrium. Thug(0) = gk ~ 1.138 > 1,

as required. Indeed, IQ(iw) ~

A/(ho) — _%(A(h0)7h0) _ in )
9E (X(ho), ho) Q(iwo) + ho — (2.88 + 133.26 w? 4 408.07 w?* + 120.12w° 4+ 5.0w%) w
(0.007 + w?) (2.42 + 65.682 + 135.81w4 + 30.026 + w®)
Since Rez = —Im >z for all 2, ReXN (hg) = Im (m) ,
This last expression has the same sign as and hence In@(iw) # 0 for all w # 0.

We show in Figure 7 one simulation, with= 100, showing

—Im Q(iwp) , a periodic limit cycle. The delay length needed for osditias

which, as shown earlier, is nonzero. Thus Rg,) # 0, and
(H1) and (H2) both hold.

To conclude the proof, we note that the conclusion about
global behavior follows from the Poin@Bendixson for
delay-differential tridiagonal systems due to Mallet-¢aand
Sell [28]. |

Note that, since R& (hg) # 0, if h{, is near enouglh, then
the system (18) under negative feedback= —ky(t — hy)
admits a pair of complex conjugate eigenvalues- iw for
its linearization, witha > 0. Thus, its equilibrium is expo-
nentially unstable, and therefore every bounded solutioh n
starting from the center-stable manifold will in fact corye
to either a homoclinic orbit involving the origin or a period
orbit.

concentration of M

1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000
hours

Fig. 7. Oscillations seen in simulationss(= 0.5, delay= 100hr, initial
conditions all at0.2), using MATLAB's dde23 package

B. Exampl N . -
amples when v, = 0.5 is biologically unrealistic, so we also show

As a first example, we take the system with the parametefignyjations forv, = 0.6, a value for which no oscillations
that we have considered, and = 0.5. We have seen that gccyr without delays, but for which oscillations (with a joer

the spider-web diagram suggests oscillatory behavior whgpapout 27 hours) occur when the delay length is about 1 hour,
delays are present in the feedback loop. We first compute thes Figure 8.

equilibrium of the closed-loop system (with no delay), whic
is approximately:

M ~ 147, P, = 0.42, P, = 0.29, Py = 0.71, Py = 0.42.

We now consider the system with variables Py, P, Ps, Py

in which the feedback term, K7 /(K} + P3') is replaced by
an inputu. Let A be the Jacobian of this open-loop dynamics
evaluated at the positive equilibrium given above. Thén-
A=

18

17t

concentration of M

16

and hence the transfer functiofi (s) = c(sI — A)~'b, where
b=(1,0,0,0,0) andc = (0,0,0,0,1), is:

Po
Wi(s) =—=,
#) q(s)
wherep =~ 1.075 andg(s) ~

(0.084 + s) (s* +8.08 s> 4+ 17.61 5% + 10.98 s + 1.56) .
The DC gain of the system ig = W (0) ~ 8.26 (which

tic k,

VIl. A COUNTEREXAMPLE

[ 0.08 +s 0 0 0 0 al
70-38 0.87 JF S 70-54 0 O 1ggﬂ 960 9%0 h94‘10 QéO 980 1(;00
0 —0.87 224+4s —0.96 0
Fig. 8. Oscillations seen in simulationss(= 0.6, delay = 1hr, initial
0 0 —1.70 3.66 + s -1.3 conditions all at0.2), using MATLAB’s dde23 package
| 0 0 0 19  13+s |

We now provide a (non-monotone) system as well as a
feedback lawu = g(y) so that:

« the system has a well-defined and increasing characteris-

« the discrete iterations™ = g(k(u)) converges globally,
and solutions of the closed-loop system are bounded,

is positive, as it should be since the open loop systemyist a stable limit-cycle oscillation exists in the closedy
monotone and has a well-defined steady-state charaateristtystem. This establishes, by means of a simple counterexam-
andk = —0(vs K} /(KT + P§)/0Ps =~ 0.14 when evaluated ple, thatmonotonicityof the open-loop system is an essential
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assumption in our theorem. Thus, robustness is only guaran-
teed with respect to uncertainty that preserves monotynici
of the system.

The idea underlying the construction is very simple. The
open-loop system is linear, and has the following transfer

function:
—s+1

W) = a1

Since the DC gain of this system #/(0) = 1, and the
system is stable, there is a well-defined and increasing char
acteristic k(u) u. However a negative feedback gain of
1/2 destabilizes the system, even though the discrete iteratio
ut = (=1/2)u is globally convergent. (Théi,, gain of the
system is, of course, larger than and therefore the standard
small-gain theorem does not apply.) In state-space terras,
use this system:

ltl = (71/4)1’1 7$2+2u
To = @1 [6]
y = (1/2)(z2 —21).

[71
Note that, for each constant input = ug, the solution of
the system converges t@®,uo/2), and therefore the output
converges taig, so indeed the characteristicis the identity.

We only need to modify the feedback law in order tol®
make solutions of the closed-loop globally bounded. For the
feedback law we picky(z) = —0.5saly), where sat) [10]
sign(-) min{1, | - |} is a saturation function. The only equilib-
rium of the closed-loop system is &1, 0).

The discrete iteration is

ut = —(1/2)salu) .

With an arbitrary initial conditionug, we have thatu; =
—(1/2)safugp), so that|u;| < 1/2. Thusug = (—1/2)up—1
for all k > 2, and indeedu;, — 0 so global convergence of
the iteration holds.

However, global convergence to equilibrium fails for thét®]
closed-loop system, and in fact there is a periodic solutiofg
Indeed, note that trajectories of the closed loop system are

(11]

(12]

(13]

(14]

bounded, because they can be viewed as solutions of a st&ble

linear system forced by a bounded input. Moreover, since the
equilibrium is a repelling point, it follows by the Poin&r [18]
Bendixson Theorem that a periodic orbit exists. Figure 9 is a
simulation showing a limit cycle. [19]
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