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COROLLARY 29.9. If X is a compact ANR, then for every ¢ > 0 there is a d > 0 so that
if f1, fo: Z — X are maps with d(f1, f2) < 0, then f; and f, are e-homotopic.
fl (.”L‘), x>

f2 (LL‘), <
by a continuous map rel Z x {0, 1} gives the desired homotopy.g

PROOF: Let h: Z x I — X be defined by h(z,t) = { Approximating h

N~ N

COROLLARY 29.10 (EILENBERG). If X is a compact ANR, then for each € > 0, there
isad > 0 so that if f : X — Y is continuous with diam f~'(y) < ¢ for each y € Y,
then there is a continuous function g : f(X) — X such that g o f is e-homotopic to the
identity.

PROOF: For each point y € f(Y), let ¢’(y) be a point in f~!(y). Approximating ¢’ by a
continuous function g and applying Corollary 29.9 does the trick.g

COROLLARY 29.11. If M™ is a closed connected n-manifold, then there is an € > 0 so
that if N is a connected n-manifold and f : M — N is a map with diam f~'(y) < ¢
for each y € N, then f is onto, N is closed, and there is a map g : N — M such that
Go f2id.

Proor: By Corollary 29.9, we can choose ¢ > 0 small enough that there is a map
g: f(M)— M with go f ~id. Then g, o f, : H,(M) — H,(M) is the identity, which
implies that H,(f(M)) = Z = f(M) = N. The rest follows. [J

REMARK 29.12. It follows from this that f is a homotopy equivalence. The argument
is not difficult, but it takes us a bit afield, so we omit it. In fact, Berstein and Ganea
have proven: “Let f : X — Y be a continuous map of an arbitrary topological space to
a manifold. If H"(X; Z) # 0 and if f has a left homotopy inverse, then f is a homotopy

equivalence.”g

DEFINITION 29.13. A function p : [0,R) — [0,00) is a contractibility function if p is
continuous at 0 and p(t) > ¢ for all t. We define M(p,n) to be the set of all compact
metric spaces of dimension < n such that for each r, the ball B,(z) contracts to a point
in int B,y(z). Here, n can be any nonnegative integer or infinity.

THEOREM 29.14. A compact, n-dimensional metric space X is an ANR if and only if
X is in M(p,n) for some contractibility function p.

PROOF: (=) We may assume that X C R™ for some m. If X isan ANR, let r: U — X
be a retraction from a closed neighborhood U of X to X. Let € > 0 be given. WLOG, we
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may assume that B.(x) C U for each z € X. Now choose § > 0 so that r(Bs(x)) C Bc(z)
for each © € X. This is possible by uniform continuity of r. If ¢; : Bs(x) — U is a straight-
line homotopy from the inclusion to the constant map x, then r o ¢; | (Bs(z) N X) is a
homotopy from the inclusion to a constant map in B.(z)NX. If 6, is the d corresponding
to e =L, let p(t) be < for all ¢ between 6, and &,,41.

(«<=) We begin by noting that:

() If A is a simplex, then every continuous f : A — X with diameter < ¢ extends

to a map f: A — X with diameter < p(t).
It follows by induction that if 0 < d; < p(d;) < d;41 < Rfori=1,--- ,n—1, then any d;-
continuous map f from an n-dimensional polyhedron to X can be p(d,_1)-approximated
by a continuous map f. As in the last part of the proof of Theorem 29.7 that we can
take f = f on any closed subset Ky C K where f is continuous.

Embed X in R™ for some n and choose a sequence {61-}2:11 as above. Let f: R" — X
be a function such that d(v, f(v)) = d(v, X) for all v.€ R". If K D X is a polyhedral
neighborhood so small that d(k, X) < 0; for all k € K, then f | K can be approximated
by a continuous function f: K — X such that f | X = f | X = id.g

COROLLARY 29.15 (KURATOWSKI SEE THEOREM 8.7). Compact topological manifolds
and finite polyhedra are ANR’s. In fact, every compact, finite-dimensional, locally con-
tractible space is an ANR.

REMARK 29.16. Theorems 29.7 and 29.14, are quite similar, but they differ in an impor-
tant regard. In Theorem 29.7, the § depends on € and on X, but not on Z. In Theorem
29.14, the dimension of Z comes into play.

THE GROMOV-HAUSDORFF METRIC

DEFINITION 29.17. If Z is a compact metric space and X and Y are closed subsets of
Z, then d¥(X,Y) = inf{le > 0| X C N(Y) and Y C N (X)}. This is the Hausdorff
distance from X to Y in Z. The Gromov-Hausdorff distance from X to Y is:

da(X,Y) =infz{d(X,Y)| X and Y are embedded isometrically in Z}.

THEOREM 29.18. dg(X,Y) =0« X and Y are isometric.

PRrROOF: The proof is deferred.
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DEFINITION 29.19. If X and Y are subsets of a metric space Z, then we will say that X
and Y are homotopy equivalent by e-mowves if there are maps f: X - Y andg:Y — X
such that f, g, and the homotopies all move points less than e.

THEOREM 29.20. If p is a contractibility function, then for each € > 0 there is a § > 0
such that if X, Y € M(p,n) and dg(X,Y) < 6, then X and Y are homotopy equivalent

by e-moves.

PrOOF: Choose a sequence {(52-}?:1 with 0 < 4p(d;—1) < §; < efori =2,--- 2n. If
da(X,Y) < %1, then there are d;-continuous functions f': X - Y and ¢ : Y — X. f/
and ¢’ can be p(d,_1-approximated by continuous functions f: X - Y and g: Y — X.
This argument is the same as the last half of Theorem 29.14. Since f’ and ¢’ were %—Close
to id, f and g are 2p(d,—1)-close to id and f o g and go f are 4p(5,,—1)-close to id. The
same inductive argument now produces p(da,,)-homotopies f o g ~id and go f = id.yg

COROLLARY 29.21 (BORSUK, PETERSEN). Any precompact subset of M(p,n) contains
only finitely many homotopy types. (A metric space X is precompact if X has a finite
cover by e-balls for each € > 0).

PROPOSITION 29.22. Given compact metric spaces X and Y and €,6 > 0 there is a
finite set f1,---, fx of (¢, d)-continuous functions f; : X — Y such that if f : X — Y is
(€, 9)-continuous, then d(f, f;) < 4e for some i.

PROOF: Choose a finite collection {Bé(ci)}?zl covering X. Consider the set Y™ of func-
tions {1,---,n} — Y and choose f{,---, f}. so that for each function f: {1,--- ,n} =Y
there is an 4 so that d(f/(j), f(j)) < efor j =1,---,n. If there are any (¢, §)-continuous
functions f: X — Y, such that d(f/(j), f(cj)) < e for all j, choose one and call it f;.
We claim that for every (e, d)-continuous function f : X — Y, there is an i so that
d(f, fi) < 4e. Given such an f, choose i so that d(f!(j),f(c;)) < € for all j. Then
d(fi(cj), f(c;)) < 2e for all j. Since both f and f; are (e, d)-continuous and every z € X

is within § of one of the ¢;’s, we conclude that d(f;, f) < 4eq

COROLLARY 29.23. If X and Y are compact metric spaces, {(e;, (51-)};;
of pairs of positive numbers with lim ¢; = lim §; = 0, and {fi}jil is a sequence of
71— 00 71— 00 -

functions from X to Y such that fy is (e;,d;)-continuous for i < k, then {f;} has a
subsequence which converges to a continuous function f: X — Y.

is a sequence

PROOF: By Proposition 29.22, there is a subsequence {f;,} of {fi} so that d(f;,, f,) <
8e; for all j, k. Keeping f;, and taking another subsequence gets d(f;,, fi,) < 8-min(ey, €2)
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for 5,k > 1. Tterating this procedure yields a sequence of functions which converges to a

function which is (e;, d;)-continuous for all ¢ and which is therefore continuous.g

REMARK 29.24. Note that (e, d)-continuous does not imply (ke, kd)-continuous for k > 1.
Consider {0,1} C R, Any map defined on this space is (3, 2)-continuous, but not all

2772
maps are (2, 2)-continuous.

LEMMA 29.25. If X and Y are compact metric and dg(X,Y') < €, then there are maps
f:X —=Y and g:Y — X which are (3, ~)-continuous for every v > €. Moreover, fog
and g o f are 4e-close to id.

PrOOF: Let Z be a compact metric space containing isometric copies of X and Y such
that dz(X,Y) < e. For each point x € X, choose f(z) € Y so that d(z, f(x)) < e. The
inclusion i : X — X is (9, d)-continuous for every 6 > 0 and d(i, f) < € < v, so f is
(37, v)-continuous for v > € by Lemma 29.4.4

We are now in a position to prove Theorem 29.18:
PRroOOF: If dg(X,Y) = 0, we can choose sequences { f;} and {g;} of functions f; : X — Y
and g; : Y — X forv=1,--- 00, so that f; and g; are %—continuous and f; o g; and
g; o f; are %—close to id. This is Lemma 29.25 with € = 2% By Corollary 29.23 we can
find a subsequence so that {fi. }, {g:,}, {fi, ©gi,}, and {gs, o fi,} converge to continuous
functions. Lim{ f;;o0g;,} = idy, lim {g;;0f;;} = idx, and f = lim {f;} and g = lim {g;}

: i—00 i—00 i—o0 i—00

are 1sometries.g
THEOREM 29.26 (GROMOV-HAUSDORFF). d¢ is a complete metric on the set of isometry
classes of compact metric spaces.

DEFINITION 29.27. The set of isometry classes of compact metric spaces with the
Gromov-Hausdorff metric will be denoted by CM.

PrOOF: Clearly, dg(X,Y) = de(Y, X) and we just proved that dg(X,Y) =0 < X and
Y are isometric, so it remains to prove the triangle inequality.

We will show that dg(X,Y) < €1 and dg(Y, Z) < €3 implies that dg(X, Z) < €1 + €3.
Since dg(X,Y) < €1 and dg(Y, Z) < €3, we can choose metrics d; and dy on X [[Y and
Y [[Z so that di(X,Y) < €1 and d2(Y, Z) < €3. Define d3 on X [[Y [[ Z by:

dy(a,b) ifa,be XY
ds(a,b) = < da(a,b) ifa,beY][[Z
inf{di(a,y) + da2(y,b) |y €Y}, ifaec X andbe Z.
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It is not difficult to check that ds is a metric and that ds(X, Z) < €1 + €.
That dg is complete is not difficult to prove. If {X;} is a Cauchy sequence of metric

oo
spaces, one can metrize HXi as above and take the metric completion X on X. One
then shows that X is compact and that lim X; = X — X 4
THEOREM 29.28 (GROMOV? HAUSDORFF?). If X and Y are compact metric spaces
such that every finite subset of X is isometric to a finite subset of Y and vice versa, then
X and Y are isometric.
PrRoOOF: Let € > 0 be given and let {a:i}?zl be a maximal collection of points in X
such that d(x;,z;) > € for i # j. This maximal number n must be less than the
number of elements in any cover of X by balls of radius < §, since no element of such a
cover can contain two of the x;’s. Let {yi}?zl be a collection of points in Y such that
d(yi,y;) = d(z;, x;) for all 4,j. The hypotheses imply that {y;} is also maximal. Then

de(X,Y) < dg(X, {zi}) + de({zi}, {vi}) + da({yi}, Y) < 26+ 0 + 2e = 4e.

Since € was arbitrary, it follows that dg(X,Y) = 0 and that X and Y are isometric.g

DEFINITION 29.29. If p : [0, R) — R is a contractibility function, we will say that a
space X is in class LGC(p,n) (LGC stands for locally geometrically contractible) if for
every € > 0 and map a : 0AF — X, 0 < k < n, with diam(a(0AF)) < t < R, there is a
map @ : A¥ — X with diam(a(AF)) < p(t). We say that X € LGC(k) if X € LGC(p, k)
for some contractibility function p. Note that if X € M(p, o0), then X € LGC(k) for all
k.

PROPOSITION 29.30. Let p : [0, R) — R be a contractibility function and let 0 < §; <
p(6;) < i1 < Rfori=1,---,k—1. If X € LGC(p,k — 1), then any 0;-continuous
map f from a k-dimensional polyhedron to K to X can be p(d,,_1)-approximated by a
continuous map f : K — X. Moreover, we can take f = f on any close subset of L

where f is continuous.

PrOOF: We proceed exactly as in the proofs of Theorems 29.7 and 29.14. By induc-
tion, any d;-continuous map f from an n-dimensional polyhedron to X can be p(d,—1)-
approximated by a continuous map f. As in the last part of the proof of Theorem 29.7,
we can take f = f on any closed subset Ky C K where f is continuous. [J

PROPOSITION 29.31. If X is n-dimensional and X € LGC(p,2n+1), then X is an ANR.
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PROOF: The argument above shows that X € LGC(p*"*! 2n + 1). If we embed X
into R?"1, then the proposition above allows us to construct a contraction from a
neighborhood U of X in X?"*! to X. O

The next proposition gives a criterion for finite dimensionality.

ProroOSITION 29.32. If X is a compact metric space such that for every € > 0 there is
amap f: X — K from X to an n-dimensional polyhedron such that diam f~1(y) < e
for all y € Y, then X has dimension < n.

PrOOF: Let U be an open cover of X and let € be a Lebesgue number for /. Choose
f : X — K so that K is n-dimensional and diam f~1(y) < e for each y € K. For
each y € K, choose a neighborhood Vj, of y so that f~1(V,) C U for some U. Then
V ={V, |y € Y} is an open cover of K and has a refinement V' such that no more than
(n + 1) distinct elements of V' can have nonempty intersection. f~1(V’) is a refinement
of U having the same property, so X is < n-dimensional.g

DEFINITION 29.33. We say that X € LGC(p, k) (LGC stands for locally geometrically
contractible) if for each £ < k and « : S* — X with diam(a(S%)) < t < R, we have
a: D't — X with a|0DT! = a and diam(a(D*1)) < p(t).

PropoOsITION 29.34. If X; € LGC(p,k),1=1,2,---, and lim X; = X in the Gromov-
Hausdorff metric, then X € LGC(k).

PrROOF: We induct on k, so we may assume that X € LGC(p’, k—1) for some p’. Setting
p" = max(p, p') and then renaming p’ as p, we may assume that X;, X € LGC(p, k—1).
Claim: For any map « : A% — X, 0 < k < n, with diam(a(0A*)) <t < R, and € > 0,
there is a triangulation T' of A* and a map & : |T*~!| — X with & | 9A* = o and diam
(a(|T*71))) < 2p(t) and diam (&(d|o])) < € for every o € T*.

We defer the proof of the claim and show how the claim implies the proposition. Let
a: OAF — X with diam(a(0AF)) <t < R. Choose {¢;} so that 2p(e;) < t/2! for each
i > 0. By the claim, we can find a triangulation T} of A* and a map oy : [T*71| — X
with a; | AF = a, diam(a;(|T*71))) < 2p(t), and with diam(a;(|o])) < € for every
o€ le_l. Applying the claim again to the k-simplexes of T}, we obtain a subdivision
Ty of Ty and a map ay : |[T¥ | — X extending o with diam(ay(|00])) < 2p(e1) < t/2
for each simplex o € TF and diam(as(|00|)) < €2 for every o € Ty. Subdivisions T; and
maps «; : T; — X are defined similarly, with simplexes at the i*" level having diameter
< t/2%. In the limit, these maps define a continuous function & : A¥ — X since the
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image of every point is specified to within ¢/2=2 at the i*" stage of the construction.
The diameter of a(AF) is less than or equal to 2p(t) +t, so X € LGC(2p(t) +t, k). We

now prove the claim

ProOOF OF crLAIM: By the proof of Theorem 29.14, it suffices to show that for any
§ > 0 there is a d-continuous map & : A¥ — X such that diam(a(A¥)) < p(t) + 6 and
d(a, & | OAF) < §, since we can define 8 : A¥ — X to be o on A and & elsewhere. This
3 is 25-continuous, so if € > 0 is given and § is chosen sufficiently small, 3 | |T*| can be
e-approximated by a continuous function & : |[T*| — X extending a. One easily checks
that for a fine enough triangulation 7', & has the desired properties.

Given 0 > 0, choose X; € LGC(p, k) with dg(X;, X) < §’. Then there are (35,9')-
continuous maps f : X; — X and g : X — X so that d(f,id), d(g,id) < ¢’. Since foa is
3¢’-continuous, by Theorem 29.14, we can €¢’-approximate f o« by a continuous function
o 1 OAF — X;. Since diam(a/(0AF)) < t, there is a continuous extension &' of o’ to A*
with diam(a/(A¥)) < p(t). Now, @ = go &' : A¥ — X is the desired approximation to
oy

A finite-dimensional compact metric space is an ANR if and only if it is locally con-
tractible. This condition does not suffice when X is infinite-dimensional. Here is a useful
criterion for an infinite-dimensional compactum to be an ANR. Since we use only the
easy half of this theorem, we will prove only that half.

THEOREM 29.35 (HANNER). A compact metric space X is an ANR if and only if it is
e-dominated by finite complexes K for each € > 0.

PROOF: (=) Let § > 0 be given. Cover X by open sets of diameter < §/3 and let U be
a finite subcover of this cover. Let ¢ : X — N (U) be the map from X to the nerve of U
obtained by ¢(z) = > ¢y (z)(U) where ¢y is a partition of unity subordinate to U.
The map v : N(U) — X obtained by v(>_t;(U;)) = z, where z € U; and t; # 0 is
0-continuous. For § small, it can therefore be ¢’-approximated by a continuous function.
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The composition v o ¢ is 2¢’-close to the identity, so for €’ small, it is e-homotopic to the
identity. Thus, K = N(U) e-dominates X 5

PROPOSITION 29.36. Suppose that:

(i) X = hm {X } in the Gromov-Hausdorff metric.
(ii) EachX is in M(p,n).

Then X is n-dimensional iff X is an ANR.

ProOF: If X is n-dimensional, then the fact that X € LGC(p/,2n + 1) implies that X
is ANR.

If X is ANR, choose a finite complex K and maps d : K — X, u : X — K so that
dou is e-homotopic to the identity. Since the X;’s are in M(p, n), the (<) argument in
Theorem 29.14 shows that if X € M(p,n), then X € LGC(pg,n) for each k, where py
is a function depending only on p. Proposition 29.30 then shows that for large i there
are maps d; : K — X; so that lim d; = d. It follows that for sufficiently large ¢ d; o u
is e-close to the identity and, tﬁgroeofore, has small point-inverses. By Proposition 29.32,
therefore, X has dimension < n.g

REMARK 29.37. Note that the proof above shows that X is n-dimensional < X is
finite-dimensional. We have X finite-dimensional = X ANR = X n-dimensional.

PROPOSITION 29.38. Suppose that:
(i) X = lim {X,} in the Gromov-Hausdorff metric.

’L—)

(ii) Fach X; is a closed manifold in M(p,n).
(iii) X is finite-dimensional.

Then X is an ANR homology manifold.

Proor: (X, X —pt) = lim{(X, X —int B, (z))}, where the bonding maps are inclusions
and the ¢;’s converge monotonically to zero. Thus, H.(X, X — pt) = lim{H.(X, X —
int Be,(z))}, where the bonding maps are inclusions and the ¢;’s converge monotonically
to zero. If we fix ¢ and choose ¢’s so that €; < §; < €41 < d;11 < €42 < d;42, then for
sufficiently large j, we have:

(X, X —int B, (z)) « (X, X; —int Bs,(p;(r))) « (X, X —int B, (x)) <

(Xj7 Xj — int B5i+1 (pj+1(x))) — (X7 X —int B61+2( )) — (Xj7 Xj — int B5i+2 (ijrl(m)))
with all two-fold compositions homotopic to the appropriate inclusions. This shows that
X is a homology manifold.y



Chapter 30. Simple homotopy theory in M(p,n)

This section is devoted to proving:

THEOREM 30.1. Every precompact subset of M(p,n) contains only finitely many simple
homotopy types.

It suffices to show that if {X;} is a sequence in M(p,n) with lim X; = X € CM,

then X; and X; are simple homotopy equivalent for sufficiently large 7, j.

DEFINITION 30.2. If f: K — L and p: L — B are maps and € > 0, then f is a p~!(e)-
equivalence if there exists a g : . — K and homotopies H : fog~id, G:go f ~id so
that po H and po f o GG are e-homotopies.

We begin by recalling the statements of Theorem 17.2 and Theorem 18.2.

THEOREM 17.2. For every finite complex L there is a 0 > 0 so that if f : K — L is a
d-equivalence, then f is simple.

THEOREM 18.2. If B is a finite polyhedron, then there is an € > 0 so that if K and
L are polyhedra, p : L — B is a map and f : K — L is a p~1(e)-equivalence, then
7(f) € ker(p. : Wh(L) — Wh(B)).

Let X; be a sequence of spaces in M(p,n) with lim X; = X € CM. By Proposition
29.30, X € LGC(k) for all £k > 0. If X = m{f(z:z}, then pro-m,(X) refers to the
sequence {m, K;, (o;)#}. A sequence {G;, ;} of groups and homomorphisms is stable if
it is equivalent as a system to a sequence of isomorphisms. The sequence is Mittag-Leffler

if it is equivalent to a sequence of epimorphisms.

THEOREM 30.3 [F2]. A compactum X is shape equivalent to an LGC(n) compactum if
and only if pro-m(X) is stable for 0 <1 < n and Mittag-Leffler for | =n + 1.

Actually, we only need the (=) half of this theorem, which is due to Kozlowski-Segal
and Borsuk. Since X is surely shape equivalent to itself (no matter what shape theory
might be!), we see from this that our limit compactum has stable pro-m;(X) for all [.

THEOREM 30.4 [F2]. A compactum X with pro-m;(X) stable for 0 < 1 < n and Mittag-
Leffler for | = n + 1 can be represented as an inverse limit X = lim{K;, o;} with
a; : K; — K;_1 (n+ 1)-connected. This means that o,z : Tp41(K;) — m(K;_1) is an
isomorphism for each i and for 0 <1 <n and that a;g : Tp41(K;) — Tpy1(Ki—1) is epi
for all i.

190
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It follows from all of this that if X € LGC(k), then we can represent X as an inverse
limit im{K;, o;} with m(K;) = m(X) for | < k. Let X, be a sequence of spaces in

M(p,n) with lim X; = X € CM and metrize X [] (HX1> as before. Write X =
11— 00 im1
Um{ K, a;} with a; @ m(K;) — m1(K;—1) an isomorphism for each i. Let p: X — K;

be the projection from the inverse limit to the first term of the inverse sequence. By the
above, py : m1(X) — m1 (K1) is an isomorphism. By passing to a subsequence of {X,} if
necessary, Theorem 29.20 allows us to assume that there are 1/2'-(bi)homotopy equiv-

alences f; : X; — X;4+1. The sequence of maps {fj o--rofi: X;— X]] (HXk> is
k=1

Cauchy and converges to a map g; : X; — X with d(g;(z),z) <1/2"71in X [] HXk :
k=1

For large i, f; is a (po g;11)~!(€)-equivalence, where € is chosen for K; as in Chapman’s
Improvement. Thus, for large i, 7(f;) € ker{(po gi+1)« : Wh(X;11) — Wh(K;)} = {0},
since p o g;4+1 is a mj-isomorphism. This proves the Theorem.y

There is a related “limiting form” of this result:

THEOREM 30.5. If K and L are finite polyhedra and ¢; : K — X and ¢y : L — X are
CE maps, then K and L are simple-homotopy equivalent.

Proor: Choose p : X — K as above so that the composition p o ¢5 induces an isomor-
phism of fundamental groups 71 (L) — 71 (K7). Let € > 0 be given and choose 6 > 0 so
that if @ C X is a set with diameter < §, then p(Q) C K; is a set of diameter < e¢. By
Lemma A on p. 506 of [L], we can find maps f: K — L and g : L — K and homotopies
F:gof~id, G: fog=~id so that d(c1,co0 f) < 6, d(ca,c10g) <6, and so that ¢; o F
and cy o G are d-homotopies. It follows immediately that f is a ¢, 1(8)-equivalence and
a (p o ca)~t(e)-equivalence. By Chapman’s Improvement, this implies that f is a simple
homotopy equivalence.
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Chapter 31. Shape Theory

DEFINITION 31.1.

(i) If {K;, «;} is an inverse sequence of compact polyhedra and PL maps, we define
the shape of {K;, a;} to be the equivalence class of { K;, a;} generated by passing
to subsequences and homotoping the bonding maps. Thus, {K;, a;} ~ {K;, a}} if
o ~ o for all i and {K;, o} ~ { Ky, 0,4, }-

(ii) If X is a compact subset of R™ for some n, we define the shape of X to be the
shape of the sequence {K;, a;} where Ky is a PL ball containing X, K is a closed
polyhedral neighborhood of X in R", and «; : K; — K;_1 is the inclusion.

(iii) In general, we define the shape of a compact metric X to be the shape of any
inverse system {K;, o;} with im{K;, a;} = X and K contractible.
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