INTEGRATING MONOMIALS OF TRIGONOMETRIC FUNCTIONS

In this handout we will see how to integrate any product of powers of the six basic trigonometric functions.

Every such trigonometric monomial can be written in the form
f(z) =sin™ xzcos" x, m, n integers

simply by writing everything in terms of sines and cosines and then simplifying. We will consider the following
six cases, which are exhaustive:
1
2
3

sin™ xcos" xz, m,n >0
sec xcesc"x, m,n>0

tan™ xsec”x, m>0,n>0

5
6

(1)

(2)

(3)

(4) cot™zcscx, m>0,n>0
(5) tan™ zsin"xz, m>0,n>0
(6)

cot™xcos"xz, m>0,n>0

CASE 1: sin™ z cos™ z, with m,n > 0. If n is odd, save one copy of cosz and write the rest in terms of sinx
using the identity cos? z = 1 —sin® . If n is even and m is odd, save one copy of sin z and write the rest in terms
of cos x using the identity sin? 2 = 1 — cos® z. If both n and m are even, simplify the integrand (repeatedly, if
necessary), using the identities

14 cos2x . 9 1 —cos2x

2
cos’ T = sin’ z =
2 ’ 2

Alternatively, use the reduction formulas

. 1 e n—1 e
/sm”xdm:—fcosxsm” Lo+ sin" 2 z dz,
n n

or

1 n—1
/cos"a:dacz —sinzcos" x4+ cos" 2z dz,
n n

which can be derived using integration by parts.
CASE 2: sec™ xz csc™ x, with m,n > 0. If m,n > 2, simplify the integrand using the identity
2

sec™ zesc” x = sec™ 2z ese™ x + sec™ zesc 2 .

Doing this repeatedly will ensure that at least one of m,n is 0 or 1, leaving the four cases:

/seck rdz, /csck rdr, / seck x csc x du, / csck xsec z du.

D /secé’d@ =In|sec + tanf| 4+ C

Powers of secant:

° /sec29d9:tan0+0
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o If £ > 4 is even, save two copies of secant and write the rest in terms of tangent using the identity
kE—2

sec? = tan? 0 + 1 so that /seck 0do = /(u2 +1) 7 du, where u = tan.

e If k > 3 is odd, use the reduction formula

1 . .
/seck 6do = 1 {seck_2 ftand + (k — 2)/S€Ck_2 Hde} ,

which can be obtained by integrating [ seck 0 df by parts (u = seck=26, dv = sec? §df)) and replacing
tan? @ with sec? § in the resulting integral.
Powers of cosecant: (analogous to powers of secant)

o /csc@de —1In|cscld + cotf| =1In|cschd —cot ] + C

. /05029d9 =—cotf@+C
e If k > 4 is even, save two copies of cosecant and write the rest in terms of cotangent using the identity
k—

csc? § = cot? f + 1 so that /csck 0do = /—(u2 + 1)T2 du, where u = cot 6.

e If k > 3 is odd, use the reduction formula

1
/csck9d9: v [csck_2900t9+(k—2)/csck_29d9] ,

which can be obtained by integrating [ csck 0 df by parts (u = csck 726, dv = csc? 6 df) and replacing
cot? 6 with csc? 6 — 1 in the resulting integral.

/ sec® @ csc 0 df can be solved either by using the reduction formula

k—1 0
/sec’%csc@d@ = /seck*29c5c9d9+ sekcil +C
(which comes from replacing two copies of sec with tan? + 1), or by making the rationalizing substitution
0 du de For inst
u=cosl, —— = . For instance
w2 -1 sinf ’

1 -1 12 1/2
/sec@csc@d@ /u(ufl)(u+1)d9 /(u +u+1+u1> du =In|tané| + C

Similarly, / sec csc® 0 df can be solved either by using the reduction formula

k=1 0
/sec@csekHdH = /secé’csck_QQdH - Cb/:il +C
d do
or by making the rationalizing substitution u = sinx, _duw _ 9
1—wu? cosf

CASE 3: tan™ 0 sec™ 0, with m > 0, n > 0. If the power of secant is positive and even, save one copy of sec? §
and write the remaining copies of secant in terms of tangent by using the identity sec?§ = tan?6 + 1. If the
power of tangent is odd and n > 1, save one copy of secftanf and write the remaining copies of tangent in

terms of secant using sec? § = tan? § + 1. For powers of tangent, use the following:

D /tan€d921n|secé‘|+0

1
o for k> 2 /tankﬂdﬂ = /(se(:20 —1)tan*"20dh = 1 tan® 10 — /tank*29d9.
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If m is even and n is odd (with both positive), then it is possible to express every copy of tangent in terms
of secant using the identity sec?§ — 1 = tan? @, thus putting us back in Case 2. Alternatively, it may help to

express everything in terms of sine and cosine and then simplify using the identity sin 6 4 cos® 6 = 1.

CASE 4: cot™ zcsc” x, with m > 0,n > 0. Essentially the same as Case 3. If the power of cosecant is positive
and even, save one copy of csc? @ and write the remaining copies of cosecant in terms of cotangent by using the
identity csc? 6 = cot? 9 + 1. If the power of cotangent is odd and n > 1, save one copy of csccotd and write

the remaining copies of cotangent in terms of cosecant using csc? § = cot? 6 + 1. For powers of cotangent:

. /cotﬁdﬂzln\sinﬁ\—f—C

1
o for k> 2 /cotkﬁdé = /(csc2 6 —1)cot*20df = T % cothF=14 — /cotk*2 6de.

If m is even and n is odd (with both positive), then it is possible to express every copy of cotangent in terms of
cosecant using the identity csc? @ — 1 = cot? §, thus putting us back in Case 2. Alternatively, express everything

in terms of sine and cosine and simplify using the identity sin? @ + cos? 6 = 1.

CASE 5: tan™ zsin” x, with m > 0,n > 0. If m is odd, then the rationalizing substitution u = sin 6 yields

. . um+n
/tan 0 sin Gdﬁz/(l_ug)wdu'

If m + n is odd, then the rationalizing substitution v = cos 6 yields

m+n—1

— 2 P
/tanmﬁsinnﬁdﬂz/%du.

_um

If both m and n are even, then
1—cos? )"
/tanm Osin" 0 dj = / QeSO 4y
cos™ 6
which is a sum of powers of secants and cosines.

Alternatively, express everything in terms of sine and cosine and then simplify.

CASE 6: cot™ x cos™ x, with m > 0,n > 0. If m is odd, then the rationalizing substitution v = cos @ yields

" n _uern
/Cot 0 cos 0d0—/(1u2)(m+1)/2du

If m 4+ n is odd, then the rationalizing substitution u = sin @ yields

m+4n—1
2

_ 2\ TS
/CothCOSnQdGZ/%dU.

u m

If both m and n are even, then

m+n

J— 3 2
/cotmecosnade - /%da,

sin™ @
which is a sum of powers of sines and cosecants.

Alternatively, express everything in terms of sine and cosine and then simplify.



