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Let p = 2r+1 be an odd prime, an integer a is said to be a quadratic residue
mod p if a is coprime to p and a = n? mod p for some n. We define

a 1 if a is a quadratic residue mod p
(—) = 0 if p divides a
p —1 otherwise

following Legendre, and then we have a" = (%) mod p (Euler’s criterion).
Gauss’s law of quadratic reciprocity states:

Theorem 1 Ifp=2r+1,q9 =2s+ 1 are different odd primes then

-

We give an elementary (non-group theoretic) proof, inspired by Rouseau’s
group-theoretic simplification [2] of Schmid’s second proof [3]. Schmid’s proof
was in turn inspired by Gauss’s fifth proof [1].

For an odd integer m, define H (m) = {1 < a < (m —1) /2 : ged (a,m) = 1}.
Then R(m) = {£n :n € H (m)} is a reduced residue set mod m.

Lemma 2 Let h denote the product of the integers in H (pq). Then we have

h=(-1)° (%) modp, h=(-1)" (g) mod g. 2)

Proof. By symmetry it suffices to prove the first congruence.

The set H (pq) is obtained from {1,2,... , (pg — 1) /2} by removing multiples
of p and ¢. What are these multiples? Since (pg—1)/2=(p(2s+1)—-1)/2=
sp + r, we can arrange the integers in a table with p columns as follows:

1] ... T ... p—1| p

p+1] ... p+r | ... |2p—1|2p

(s—Dp+1]|... [ (s—1)p+r|... |sp—1] sp
sp+1] ... sp+r




The p-multiples appear in the last column and they are {p,2p,...,sp}. By
symmetry the g-multiples in the set are {q,2q,... ,rgq}.
The integers in the first p — 1 columns comprise the set H (pg) plus the g-

multiples, therefore their product is hq"r! = h (;’—)) r! mod p by Euler’s criterion.

However, we can also compute the same product row by row. The first row gives
(p —1)! = —1 mod p by Wilson’s theorem. Since the columns are congruent,
the first s rows all give —1 mod p, while the last row gives r! mod p. Thus we

get h (1%) rl = (=1)°r! mod p. Since (%)2 = (+1)> = 1, multiplying by (%)

we get hr! = (-1)° (%) r! mod p.
We may cancel r! since it is coprime to p, and the result follows. m

Proof. (of quadratic reciprocity (1)). For each integer z in R (pq), there
are unique integers f (z) € R(p), g () € R(g) which are congruent to  mod p
and mod q respectively. Then with h as in the previous lemma we have

h= H f(z) mod p, h= H g (z) mod gq. (3)

z€H(pq) zE€H(pq)

By the Chinese remainder theorem, the map z — (f (z), g (x)) is a one-to-
one correspondence from R (pq) to the set R (p) x R(q). We construct a table
of 2 x 2 blocks with rows +i from R (p) and columns +j from R (q), writing the
integer z in R (pq) in row f (z) and column g (z).

The table for p = 3,q = 5 and the general (7, j) block are as follows

1 -1 2 -2 i =
11 4]7 -2 i [* #
1| -4 —1|2 -7| —i|# =

Since f(—xz) = —f (z) and g (—z) = —g (z), within each block the two entries

marked * are mutual negatives as are the two #-entries. Hence exactly one of
each kind belongs to H (pq) and contributes to the two products in (3).

Thus up to sign, the (i,7) block gives two (row) factors of i for the first
product and two (column) factors of j for the second product in (3). As for the
signs, the x-entries give the same sign in the two products while the #-entries
give opposite signs. Since there are rs blocks, up to some overall sign € we have

II r@=cen*, II 9@ =@E=D"e()™. (4)

z€H(pq) zE€H(pq)

Applying Wilson’s theorem to the complete residue system R (p) we get
(=1)" (r)> = =1 mod p. Hence (r!)** = (=1)*(=1)"* mod p. By symmetry
(s1)*" = (=1)" (=1)"* mod ¢ and so by (3) and (4) we get

h

e(-1)°(=1)"mod p, h=¢e(—1)"mod gq.

Now from (2) we deduce € (—1)"° = (%) €= (%) , and (1) follows. m
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