Math 356 — Midterm [ — Fall 2007

1

Prove by induction that 13 + 23 + ... +n® =n2(n+1)* /4 for alln > 1

Solution 1 Forn =1 we verify 12(1+1)> /4 = 4/4 = 1 = 13. By induction
LHS = [13+23+...+(n—1)3] +nd= [(n—1)2(n)2/4] + 03

= (n2/4) [(n 1)+ 4n] = (n2/4) [n®+2n+1] =n>(n+1)* /4

2
Find integers x,y such that 868z + 527y = ged (868, 527) .

Solution 2 We determine the gcd as follows:

a b a—b|2b—a | 2a—3b| 5b—3a 17a—28b|
868 | 527 | 341 186 165 31 0 |

So the ged is 31 and we have 868 (—3) + 527 (5) = 31.

3

Suppose a and m are coprime. If {z1,...,z;} is a reduced residue system
(RRS) mod m, prove that {az1,... ,az} is also an RRS.
State and prove Euler’s theorem.

Solution 3 The set {ax1,...,ax} has k = ¢ (m) elements. Since a and z;
are coprime to m, so is ax;. It remains to prove that the ax; are incongruent,
but since ged (a,m) =1, az; = ax; modm = x; =x; modm =1i=j.
Euler’s Theorem: If gcd (a,m) = 1, then a®™ =1 mod m
Proof: By (1) (az1)...(az) = x1 ...z mod m. Since ged (m,z;) = 1, we
can cancel the x; to get a* = a®(™ =1 mod m.



4

State the Chinese remainder theorem (CRT). Use the CRT to find an integer z
such that £ = 2 mod 7, z = 3 mod 5, and z = 1 mod 3. (Show your steps. No
credit for guessing an answer.)

Solution 4 CRT: If my, ... ,my are pairwise coprime, then for any cq,... ,cg
the congruences {x =c¢; mod my,... ,z =c¢; mod my} have a simultaneous
solution x,. Moreover the general solution is {x +t(m1...my) :t € Z}.

We solve the congruences as follows: the first gives x = Tu + 2.

Next Tu+2=3mod 5 =>u=3mod 5 =>u=5v+3=x=35v+ 23.

Finally 35v+23=1mod 3 =>v=1mod3 = v =3t+1= x =105t + 58.

5

State the Moebius inversion formula (explaining any symbols you use). Prove
that the functions ¢ and e; form a Moebius pair.

Solution 5 Moebius inversion formula: eg x u = & where eq (n) =1 for all n

(1 ifn=1 [ (-1)" ifn=pi...pr distinct primes
§(n) = { 0 otherwise ’ p(n) = { 0 otherwise

and fxg(n) =34, f(d)g(n/d).
We need to show (¢ * eg) (n) = e1 (n) for all n. Since both sides are multi-
plicative, it is enough to consider pime powers p®. In this case we have

@re) @)= Y. ¢(@) =" -p")+...+p-D+1=p"=e (p")

0<b<a



