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Counting Spanning Trees in Grid Graphs

1 Introduction

The Matrix Tree Theorem of Kirchhoff, a generalization of Cayley’s Theorem from complete
graphs to arbitrary graphs [6], gives the number of spanning trees on a labeled graph as a
determinant of a specific matrix. If A = (a;;) is the adjacency matrix of a graph G, then the
number of spanning trees can be found by computing any cofactor of the Laplacian matrix
of G, or specific to the (n,n)-cofactor:
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Since determinants are easy to compute, then the Matrix Tree Theorem allows for the
computation for the first few numbers in the sequence of spanning trees for families of graphs
dependent on one or more parameters. However, the downside of the Matrix Tree Theorem
is that it can only produce a sequence of numbers, and cannot a priori assist in finding out
the recurrence involved with said sequence. In this paper, the motivation is the following
families of graphs:

1. k x n grid graphs, with n — oo.
2. k x n cylinder graphs, with n — oo.
3. k x n torus graphs, with n — oo.

All of the families of graphs mentioned above can be placed into a more general class
of graphs of the form G x P, or G x (), where P, and C,, denote the path and cylinder
graph on n vertices, respectively. For each of these classes, a general method is obtained for
finding recurrences for all of the above families of graphs, and explicit recurrences are found
for many cases. The only drawback, as it stands, is the amount of computational power
needed to obtain these recurrences, as the recurrences are obtained through characteristic
polynomials of large matrices. The result is at least 15 new sequences of numbers, plus
improvements on the best-known recurrences known for other sequences.




2 History and Outline

The main source of the historical results is a paper [3] and website [2] by Faase, where the
main motivation is to count the number of hamiltonian cycles in certain classes of graphs.
Later on, in 2000, Desjarlais and Molina [1] discuss the number of spanning trees in 2 X n
and 3 x n grid graphs. In 2004, Golin and Leung [4] discuss a technique called unhooking
which will be used in this paper to reduce the problem of counting spanning trees in cylinder
graphs to the problem of counting spanning trees in grid graphs.

In the first two papers, and this one, the general idea is the same: our goal is to count the
number of spanning trees, but the method we use requires us to count other related objects,
also. The paper by Faase appeals to the Transfer-Matrix Method, used widely in statistical
mechanics (for more about the Transfer-Matrix Method, see [[?]]). The main distinction
of this paper from [1] is the direct application of the Cayley-Hamilton Theorem to achieve
recurrences for the sequences we are investigating. Overall, the results from this paper yield
sequences for the number of spanning trees of the graphs G x P, and G x C,, for any graph G.
Along with these sequences, our methods find the minimal recurrence, generating function,
and closed-form formulae for all of these sequences. As a consequence, we also find the
sequences and recurrences for many, many other types of subgraphs.

The bulk of the paper focuses on the steps involved in finding the transition matrix for a
given graph. In doing so, we will have to count other, related spanning forests with special
properties.

3 Notation.

All of the graphs we will be dealing with depend on two parameters, which we will call &
and n. In all cases, we will think of k£ as fixed and n — oo.

Definition The k& x n grid graph Gi(n) is the simple graph with vertex and edge sets as
follows:

V(Gr(n) ={v; |1 <i<k1<j<n}
E(Gi(n)) = {vijvi g | i =4+ 17— j'| = 1}

In order to keep the diagrams clean, Figure 1 shows the vertex naming conventions we will
use.

When showing examples, usually of spanning trees or spanning forests, we will always
show the underlying graph in one form or another. A concrete example is given in figure 2:
we will use black edges for edges in the subgraph exemplified; all unused edges will show up
in light grey.

When dealing with grids of arbitrary size, we will mainly be interested in the very right-
most end of the grid, so we will represent the rest of the graph we do not care about by a
gray box, as shown in figure 3.
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Figure 1: Labeling convention for grid graphs.
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Figure 2: A forest in a 3 x 3 grid.

The k x n cylinder graph Cy(n) can be obtained by “wrapping” the grid graph around,
specifically by adding the following edges:

E (Ci(n)) = E(Gr(n)) [ JUH{vrsvni} [ 1 <0 < ).

Note that Ci(n) = P, x C,,.
The k x n torus graph Ty(n) can be obtained by “wrapping” the cylinder graph around
the other way, specifically by adding the following edges:

E (Ty(n) = E (Ce(n) [ JH{vir, vis} |1 <0 <0}

Note that Ti(n) = Cy x C,.

Throughout this paper, we will be dealing with partitions of the set [k] = {1,2,...,k}.
We denote by By, the set of all such partitions, and By = |Bi| are the Bell numbers. We will
impose an ordering on By, which we will call the lexicographic ordering on Bj:

Definition Given two partitions P; and P, of [k], for i € [k], let X; be the block of P
containing 7, and likewise Y; the block of P, containing ¢. Let j be the minimum value of ¢
such that X; # Y;. Then P, < P; iff

1. |P1| < |P2| or
2. |Py| = |P2| and X; < Y], where < denotes normal lexicographic ordering.

For example, Bs in order is

By = {{{1,2,3}}, {{1}, {2, 31}, {{1, 2}, {3}}, ({1, 3}, {23}, {1}, {2}, {3} }}
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Figure 3: An example of an arbitrary-sized graph with a specific end.

However, we will use shorthand notation for set partitions as follows:
By ={123,1/23,12/3,13/2,1/2/3}.

Since our examples will only deal with k£ < 10, we will not have to worry about double-digit
numbers on our shorthand notation.

We will find many recurrences in this paper, all pertaining to the number of spanning
trees of the graphs mentioned above. Since we will be dealing with each type of graph
separately, we will always denote by 7T,, the number of spanning trees of whatever graph we
are dealing with at the moment, which will be unambiguous.

4 Grid Graphs: The Example For k£ = 2.

What follows is mainly from [1] and is the inspiration for the other results on grid graphs. We
would like to find a recurrence for 7,,, which for now will represent the number of spanning
trees in Ga(n). If we started out with a spanning tree on Go(n — 1), then there are three
different ways to add the additional two vertices to still make a spanning tree on Ga(n):
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Figure 4: Possible ways to extend a tree on G(n — 1) to obtain a tree on Gy(n).

However, there is also a way to create a spanning tree on the 2 x n grid from something
that isn’t a spanning tree on Gi(n —1). Let © = vy,_1 and y = vg,_o be the end vertices
on Gi(n —1). If we have a spanning forest on Gy(n — 1) with the property that there are
two trees in the forest and x and y are in distinct trees, then we can append the following

edges to create a spanning tree in Gg(n):

Figure 5: The only way to extend a certain forest on Go(n — 1) to a tree on Gy(n).

Therefore, in counting 7,, it is useful to also count F},, which we define as the number of
spanning forests in G (n) consisting of two trees with the additional property that the end



vertices vy, and vy, are in distinct trees. From the preceding two paragraphs we can now
obtain the recurrence
T, =311+ F,1

and through similar reasoning we can also find the recurrence
F,=2T, 1+ F,

At this point, let us note that we have enough information to find 7;, (or F},) in time linear
in n. However, our goal is to provide explicit recurrences for 7,, alone. If we let v,, denote
the column vector

And if we define the matrix A by

Then we satisfy

With the starting conditions

The characteristic polynomial of A is
a(A) =A% —4x+1
so by the Cayley-Hamilton Theorem, we satisfy
A*—4A+1=0.

This can be re-written as
A2 =4A—1

and if we multiply by the vector v, on the right we obtain

Tn+2 — 4 Tn+1 . Tn
Foyo Foa F, |

Hence, we now see that T,, and F;, satisfy the same recurrence:

Tn+2 = 4Crn—l—l -1,
Fn+2 :4Fn+1_Fn
with starting conditions
Tho=1 Ty =4
F() =1 Fl - 3 '
We now have all the information we need to obtain more information, such as the generating
function and, finally, a closed-form formula for 7,,. All of these items can be found in [1].



5 The General Case For Grid Graphs.

We want to use the same ideas for general k, but it requires a bit more bookkeeping. To ex-
tend the idea of F}, in the previous section, we need to consider partitions of [k] = {1,2, ..., k}
and the forests that come from these partitions.

Definition Given a spanning forest F of Gi(n), the partition induced by F is obtained from
the equivalence relation

i~ ] <= Uni, Uy  are in the same tree of F.

For example, the partition induced by a spanning tree of Gi(n) is 123 - - - n and the partition
induced by the forest with no edges is 1/2/3/---/n —1/n.

Definition Given a spanning forest F of G(n) and a partition P of [k], we say that F is
consistent with P if:

1. The number of trees in F is precisely |P|.

2. P is the partition induced by F.

Definition Given a graph G on k vertices and a partition P of [k], let T¢(P,n) be the
number of spanning trees of the graph G x P,. We will often omit G when it is clear from

the context, or irrelevant. Recall that we have an ordering of partitions, so we will define
Tc(i,n) = Te(Fi,n).

In the previous section, since By = 2, we were counting two things: 7), , which corresponds
to T'(12,n), and F,,, which corresponds to T'(1/2,n). Therefore, for arbitrary k we are now
tasked with counting B, different objects at once, so we are to find the B x By matrix that
represents the B simultaneous recurrences between these objects.

Definition Define by E,, the set of edges
Ey = E(Gr(n)) \ E(Gk(n—1))
Note that |E,| = 2k — 1 edges.

Given some forest F of Gg(n — 1) and some subset X C E,,, we can combine the two to
make a forest of Gi(n). If we are only interested in the number of trees in the new forest
and its induced partition, then we only need to know the same information from F, and this
is all independent of n. Therefore, we have the following definition:

Definition Given two partitions P; and P, in By, a subset X C E,, transfers from Py to Py
if a forest consistent with P, becomes a forest consistent with P» after the addition of X.

Example Figure 6 shows a spanning forest of G4(4) where, from left to right, the edges
transfer from 1/23/4 to 1234, from 1234 to 12/34, and from 12/34 to 1/2/34.



Figure 6: An example of a spanning forest of G4(4).

Therefore, we can define the By x Bj matrix A; by the following:
Ai(i,7) = {A C E,41 | A is compatible from P; to P;}|.

The 2 x 2 matrix in the previous section is As. Brute-force search with straightforward
Mathematica code [5] can produce more matrices:

8 3 3 41

4 3 2 21

As=14 2 3 2 1

10010

32 2 21
(218 9 118 1411153 3 4 3 4 5 1]
98 6 446583342221
6 4 9 444443223221
33003 121200001T1F0
946 586482323421
1001031000O0O0O0T10Q0
3 101023200100T1F0
Ay=1000000O01O0O0O0OO0O0GO0O0
546 434343222221
544346 342322221
1 1000012001000 0
53 6 344442223221
10011002000O010O00
10010210000O0O0T1O0
|4 3 4334342222221 ,]

As, Ag, and A7 have also been found; they are shown in [5]. Once these matrices are
known, then everything about the sequence of spanning trees can be found. The following
table shows some results obtained for grid graphs; results obtained for arbitrary graphs of
the form G x P, for all graphs G with at most five vertices are in [5].



Ga(n) : ([1])
T, =411 — T,
Sequence: {1,4,15,56,209,...} (OEIS A001353)

Generating Function: —==—;

Gs(n) : ([2])
Tn - 15Tn_1 - 32Tn_2 + 15Tn_3 - Tn_4
Sequence: {1,15,192,2415,30305,...} (OEIS A006238)

3x(14+49x+115222)
142422422423

Generating Function:

Ga(n) : ([2])
T, = 56T,,_1 — 672T,_o + 2632T,,_5 — 4094T},_4 + 2632T,,_5 — 672T}_¢ + 56T,_7 — Thr_s
Sequence: {1, 56,2415, 100352, 4140081, ...} (OEIS A003696)

16z(1+122422)
1—2042+119022 20423 + a4

Generating Function:

Gs(n) : ([2], with improvements from this paper)

T, = 2097, — 119367,,_o + 2742087,,_5 — 31120327,,_4 + 194560197, _5
—70651107T,,_¢ + 1523258881,,_7 — 1966648967},_s + 152325888T;,_g
—70651107T},—19 + 194560197, _1; — 31120327, 15 + 2742087},_13
—119367,,—14 + 2097}, 15 — T),—16

Sequence: {1,209, 30305,4140081, 557568000, ...} (OEIS A003779)

1252(14+465624+1061668622 +-234322281612°% +517149585012502* )
1422552—10598522 +10598523 — 225524 425

Generating Function:

Gg(n) : (new)

T, = T80T,y — 1948817, _o + 223774207,,_3 — 14192197921, _4

+552847159807,_5 — 14107751065971,,_¢ + 245742158227801,,—7
—3004292974468857,,—g + 26299464653311207},_9 — 167417277551337607,,— 19
+784751743451800807;,—11 — 273689714665707178T}, 12 + 7163705372937313207,,_13
—14170562511051021227;,_14 4+ 21292555072921563607;,_15 — 24379325200994754247T,,_1¢
+21292555072921563607,,—17 — 14170562511051021227;, 15 + 7163705372937313207,,_19
—2736897146657071781,,_o0 + 784751743451800807, o1 — 167417277551337607;,_22
+26299464653311207;,_95 — 300429297446885T,, 24 + 245742158227807,_25
—14107751065971,,—96 + 552847159807, o7 — 14192197927}, o5 + 223774207, 29
—1948817;, 30 + 7801}, —31 — 15,32

Sequence: {1,780,380160, 170537640, 74795194705, ...} (OEIS A139400)

Generating Function: See [5]

6 Extending to Generalized Graphs of the Form G x P,

For the results above, it was not necessary that the graph we were dealing with was a grid.
We could have repeated the same process as above for any sequences of graphs G,, defined

G,=GxP,




for some predefined graph G. In fact, the Mathematica code in the appendix handles any
such general case. Therefore, it leads to the following theorem:

Theorem 6.1. Let a graph G be given with k vertices, and define the sequence of graphs
{G,} by G,, = G x P,. Then there is a By X By, matriz M and a vector v, both taking on
integer values, such that

T, = M"vl[1]

where T,, is the number of spanning trees in G,. Furthermore, M"v[i| lists the number of
spanning forests consistent with P; in G,,.

Corollary 6.2. Let a graph G be given with k wvertices, and consider the sequence {T,}.
Then T,, satisfies a linear recurrence of order Bj,.

From investigations, we have a few conjectures:

Conjecture 1. For the matrix M given in the theorem above, the characteristic polynomial
XA(M) factors over the integers into monomials whose degree is always a power of 2.

Conjecture 2. For any graph G, the recurrence {T,} satisfies a linear recurrence whose
coefficients alternate in sign.

Conjecture 3. The recurrence for the grid graph Gy(n) has order 2871,
Conjecture 4. The recurrence for the graph Ky x P, has order k.

For the time being, we will only prove the special case of Conjecture 3 for the grid graphs
Go(n). We will give a combinatorial proof that we hope can be adjusted accordingly to the
higher cases. To aid in the proof, we will introduce the concept of grid addition, which is
simply a shorthand way of creating the union of two grids.

Definition If Gy is a k xny grid and G5 is a k X ny grid, then G; + G5 is the k x (ny+ns—1)
grid defined as the graph obtained by identifying the right-most vertices of GG; with the left-
most vertices of Gy. Any overlapping edges remain.

Example Figure 7 shows the addition of a tree on Go(3) with a tree on G2(2) to obtain a
subgraph of G(4).

e ]

Figure 7: An example of grid addition.

Theorem 6.3. The number of spanning trees of the graphs Go(n) satisfies the linear recur-
rence T, = 4T,,_1 — T,,_o with the initial conditions Ty =1, T, = 4.
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Figure 8: How we interpret 7,,_5.

Proof. Showing the initial conditions is a minor exercise. We will prove this recurrence in
the equivalent form T}, +T;,_o = 47T,,_1. Let 7 denote the set of spanning trees of the graph
Go(k). We will associate T,,_o with the set 7,,_, with an addition at the end, as shown by
Figure 8. In this way, we can think of 7,,_5 as being trees of Ga(n). Similarly, as Figure 9
shows, we will associate 47,,_; with the set of trees from 7,,_; with each of the four trees of
G2(2) added at the end. If we have a tree from 7, then we can decompose it depending on

Figure 9: How we interpret 47;, ;.

what the ending of the tree looks like. Figure 10 shows all of the possibilities, along with
their decompositions. Note that the decompositions are of the same form as we dictated for
47T, 1. Similarly, if we have a tree from 7, _, modified as explained above, then Figure 11
shows the decomposition. Again, note that the decompositions are of the same form as we
dictated for 47},_;. The reader can verify that the map described is invertible, yielding the
desired bijection. O

7 Extending to Cylinder Graphs

In this section we will discuss the changes necessary to extend the above arguments to find
recurrences for cylinder graphs and generalized cylinder graphs. We shall take advantage
of the “unhooking” technique covered in [4]. The technique is a reduction from a cylinder
graph to a grid graph. Recall that the vertex sets of Ci(n) and Gi(n) are the same.

Definition For a given k, we define & by
& = E(Ci(n)) \ E(Gy(n))

If we unhook (i.e. remove) the edges in &, then what we have left is precisely Gg(n). Now
we have to consider what structures in Gy(n) yield a spanning tree in Ci(n) by the addition
of some subset of edges from &. Since we are going to add edges that go from one end of the
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Figure 10: Endings and decompositions for elements of 7,,.
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Figure 11: Ending and decomposition for elements of 7,, .

grid to another, we must look at both ends of the grid now, as opposed to only looking at
one end. For example, Figure 12 shows a spanning forest of GG3(3) will never yield a spanning
tree of G3(n) for any n > 3 through the method described in the previous sections, but this
spanning forest would create two different spanning trees of C3(3) through the addition of
either edge vy,1v31 or vy 23 9.

Therefore, we can keep the same basic idea used with grid graphs, with some modifi-
cations. We must now keep track of how our spanning forests affects the vertices at each
end.
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Figure 12: Example for cylinder.

Definition Given a spanning forest F of Gi(n), the partition P of [2k] induced by F is
obtained from the equivalence relation

i~ jJ <= wv;,v; are in the same tree of F

where we identify the vertices vy, vo, ..., v, With vy 1,010, ..., V1, respectively, and the ver-
tices Vi1, Ugt2, - - ., Vo With v, 1, Vp2, .. ., Un i, Tespectively.

Definition Given a spanning forest F of Gi(n) and a partition P of [2k], we say that F is
cylindrically consistent with P if:

1. The number of trees in F is precisely |P|.

2. P is the partition induced by F.

For example, the forest shown in Figure 12 is consistent with the partition 12/3456. It’s
important to know what partition a certain forest of G(n) is cylindrically consistent with,
as that determines how many different ways edges can be added to achieve a spanning tree of
Ck(n). Since each spanning tree of Cy(n) is uniquely determined by the underlying spanning
forest of Gi(n) and the extra edges from &, we have all the information we need to count
the number of spanning trees of C(n).

Definition For a given k, the tree-counting vector dy, is the vector, indexed by the partitions
of [2k], such that di(i) is the number of ways that edges from E(Ck(n)) \ E(Gr(n)) can be
added to get from a forest cylindrically consistent with partition ¢ to a spanning tree of
Ck(n). Notice that this is independent of n.



It can be verified that the following information produces ds:

1234
1/234
12/34
134/2
123/4
14/23
124/3
13/24
1/2/34
1/23/4
1/24/3
12/3/4
13/2/4
14/2/3
1/2/3/4
dy=(1,1,2,1,1,2,1,0,1,1,0,1,0,1,0)

To count the number of spanning trees for Ci(n) we can produce the Bg X B matrix in
the same way as we did for the grid graphs, and using this matrix we can find the number
of spanning forests of Gy(n) consistent with each of the partitions of By, which can be
expressed as a vector of length By,. Then, when we take the dot product of this vector with

dg, we obtain the number of spanning trees of Cy(n). For example, it can be verified that
the following is the matrix related to Cy(n):

—_
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The initial vector is as follows:
v=(1,0,0,0,0,0,0,1,0,0,0,0,0,0,0)
We then obtain
Av) - dy =12
(A%v) -dy =75
(A%v) - dy = 384

which yields the sequence of the number of spanning trees on Cy(n).

Similar to the process with grids, there is nothing specific here to the simple cylinder
graph - these methods can be used to obtain sequences for graph families of the form G x C),
for arbitrary G. However, due to the rapid growth of By, the ability to find the appropriate
matrices becomes somewhat impossible starting at graphs with five vertices. Nevertheless,
we still have the following:

Theorem 7.1. For a given graph G on k vertices, there is a Bg, X Bop matriz M and a
vector v of length Bsy, such that
s the number of spanning trees of the graph G x C,,.

Corollary 7.2. For a given graph G on k vertices, the number of spanning trees {T,,} of
G x C), satisfies a linear recurrence of order at most Boy,.

Although the sequence for Cy(n) is already known, these methods used were able to
obtain sequences for C3(n) and K3 x C),, which we now state:

Csy(n) : ([2], with improvements)
Tn - 10Tn_1 - 35Tn_2 + 52Tn_3 - 35Tn_4 + 10Tn_5 - Tn_ﬁ
Sequence: {1,12,75,384,1805,...} (OEIS A006235)

2(14+22—1022+223+24)
(=1+5x—bx2+13)?2

Generating Function:

Cs(n) : (new)

T, = 48T,_1 — 9607,,_o + 106227T,,_5 — 732481, _4 + 335952T1,,_5 — 10658557,,_¢ + 2396928T,,_~
—38775361,,_g + 45481001,,_9g — 38775361 ,_10 + 23969281,,_11 — 10658551}, _12 + 3359521}, _13
_73248T,, 14 4 10622T,, 15 — 960716 + 48T, 17 — Th_1s

Sequence: {1,70,1728,31500, 508805, ...} (OEIS to be submitted)

Generating Function: See [5]

K3 x P, : (new)
T, = 581,y — 11317,,_o + 87007;,_5 — 294931,,_4 + 437341,,_5 — 294937,,_¢ 4 87001 ,,_7
—11317,,—s + 58T},—9 — T3, —10

Sequence: {3,318,12960,410700,11870715,...} (OEIS to be submitted)
32 (14482 —697x2 — 247423 +9918x% +6225 — 20452549627 +528)

Generating Function: (—1+292— 14502 1 14523 2921 0)?
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