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Mathematical models for the stochastic evolution of wave functions that combine the unitary
evolution according to the Schrödinger equation and the collapse postulate of quantum theory are
well understood for non-relativistic quantummechanics. Recently, there has been progress in making
these models relativistic. But even with a fully relativistic law for the wave function evolution, a
problem with relativity remains: Different Lorentz frames may yield conflicting values for the matter
density at a space-time point. One solution to this problem is provided by Tumulka’s [16] “flash”
model. Another solution is presented here. We propose a relativistic version of the law for the
matter density function. According to our proposal, the matter density function at a space-time
point x is obtained from the wave function ψ on the past light cone of x by setting the i-th particle
position in |ψ|2 equal to x, integrating over the other particle positions, and averaging over i. We
show that the predictions that follow from this proposal agree with all known experimental facts.

I. BACKGROUND

One way of solving the conceptual problems of quan-
tum theory [5] has been successfully implemented by
spontaneous-collapse theories [8] (such as the GRW the-
ory [3, 10] and the CSL theory [14], a.k.a. dynamical
state reduction theories) for non-relativistic quantum me-
chanics. In these theories, a stochastic evolution law
for the wave function is postulated (hereafter, “law for
ψ”) that remains close to the unitary Schrödinger evo-
lution for systems consisting of few particles but avoids
superpositions of macroscopically different states (such as
Schrödinger’s cat) for macroscopic systems. In order to
make explicit the connection of the stochastic wave func-
tion with our reality (and thus, to be able to rigorously
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derive empirical predictions from these theories), another
postulate in these theories needs to specify which variable
represents the distribution of matter in 3-dimensional
space; the technical name for this variable is “the primi-
tive ontology” (PO). At least two different choices of PO
have been suggested: “flashes” (e.g., [1, 3, 16]) and the
“matter density function” (e.g., [1, 6, 11]). According to
the latter choice, matter is continuously distributed in
space with matter density function

m(x, t) =

N
∑

i=1

mi

∫

R3N

d3Nq δ3(x− qi) |ψt(q)|2 , (1)

where q = (q1, . . . , qN ) is the configuration variable
of a non-relativistic N -particle system, ψt is the wave
function of this system at time t (as obtained from the
stochastic law for ψ), and mi is the constant usually
called the mass of particle number i. We call Eq. (1)
a “law for m.” Our main aim is to propose a relativistic
version of it.
Note that Eq. (1) is more or less the obvious way of

obtaining a density function in 3-d space from the den-
sity |ψt|2 in 3N -d configuration space. Eq. (1) can be
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reformulated as

m(x, t) = 〈ψt|M(x)|ψt〉 , (2)

where M(x) is the mass density operator at x ∈ R
3,

defined on L2(R3N ) to be the multiplication operator

M(x) =
N
∑

i=1

mi δ
3(x− qi) . (3)

Eq. (1) is not Lorentz invariant because it involves inte-
grating over all positions qj at the same time t, so that
for any space-time point x the value of m(x) depends on
the Lorentz frame chosen for evaluating Eq. (1).
Progress to date towards a relativistic spontaneous col-

lapse theory includes: a toy model providing a Lorentz-
invariant process for ψ in terms of given “measurement”
events [7, Sec. 7]; a relativistic CSL process for the state
vector of a quantum field theory [9, 15] which, however,
suffers from divergences; a very recent modification of
that process avoiding the divergences [2]; and a relativis-
tic GRW process for the state vector ofN non-interacting
spin- 12 particles in an external field [16]. To provide a rel-
ativistic law for ψ is not enough, however, in order to ob-
tain a meaningful spontaneous-collapse theory. One also
needs to make an explicit choice of the PO, and to spec-
ify a relativistic law for it. For example, the PO used in
[16] consisted of “flashes” governed by a relativistic law.

II. RELATIVISTIC LAW FOR m

In this paper we elaborate on a relativistic law for m
that was outlined in [2, 17]. We assume that a law for ψ
is given and satisfies the assumptions (A1)–(A5) formu-
lated in the course of this paper. We use the Schrödinger
picture in the Tomonaga–Schwinger variant, in which
with every spacelike hypersurface Σ there is associated
a vector ψΣ in a Hilbert space H with ‖ψΣ‖ = 1. It
will sometimes be convenient to work in a representa-
tion using a separate Hilbert space HΣ for every Σ, with
ψΣ ∈ HΣ. As a simple example, N -particle wave func-
tions correspond to HΣ = L2(ΣN ). We assume that:

(A1) Given any spacelike hypersurface Σ0 and any wave
function ψ0 on Σ0, the law for ψ specifies the con-
ditional joint distribution of all ψΣ with Σ in the
future of Σ0, given that ψΣ0

= ψ0.

For example, we may take the law to be either the one
provided in [16], or that in [2], or, if we pretend the diver-
gences were not there, that in [9, 15]. Or, as a toy model
following [7], we may also pretend that what “measure-
ments” are was precisely defined and suppose that the
wave function collapses whenever a measurement occurs
(with the usual probabilities).
For the case of N -particle wave functions, HΣ =

L2(ΣN ), we note that ψΣ1
need not agree with ψΣ2

on
configurations contained in Σ1∩Σ2, and even the reduced

density matrix for Σ1 ∩ Σ2 obtained from ψΣ1
need not

agree with that obtained from ψΣ2
,

trΣ1\Σ2
|ψΣ1

〉〈ψΣ1
| 6= trΣ2\Σ1

|ψΣ2
〉〈ψΣ2

| . (4)

See, e.g., Sec. 3.4 of [17].
We assume furthermore that:

(A2) The state vector ψΣ is also defined if Σ is a light-
like, rather than spacelike, hypersurface; that is, if
tangent vectors to Σ are lightlike or spacelike.

This is plausible because lightlike hypersurfaces can be
approximated by spacelike ones, so ψΣ can be obtained
as a limit of ψΣn

, where Σn is spacelike and Σn → Σ.
Whether this limit can be taken rigorously we leave to
future research.
We are now ready to formulate the relativistic law for

the matter density function: For any space-time point
x = xµ = (x, t), let PLC(x) denote the past light cone
of x. The law reads

m(x) =
〈

ψPLC(x)

∣

∣

∣
MPLC(x)(x)

∣

∣

∣
ψPLC(x)

〉

, (5)

where 〈·|·〉 is the inner product in HPLC(x), and
MPLC(x)(x) is the mass density operator at x in
HPLC(x) [18]. If desirable, this formula can be expressed
in terms of spacelike (rather than lightlike) hypersurfaces
Σn approaching PLC(x) as

m(x) = lim
n→∞

〈

ψΣn

∣

∣

∣
MΣn

(x)
∣

∣

∣
ψΣn

〉

(6)

with MΣn
(x) the mass density operator in HΣn

.
In this paper, we assume for simplicity that m(x) is a

scalar. It may be more appropriate to expect thatm(x) is
a 4-vector or tensor (viz., ifM(x) is a 4-vector or tensor),
but the difference is inessential to our discussion.
We can formulate Eq. (6) more explicitly for the case

HΣ = L2(ΣN ) in which state vectors are N -particle wave
functions. Then Eq. (6) amounts to

m(x) = lim
n→∞

N
∑

i=1

mi

∫

ΣN−1
n

(

∏

j 6=i

d3yj

)

×

×
∣

∣

∣
ψΣn

(

y1, . . . , yi−1, x, yi+1, . . . , yN
)

∣

∣

∣

2

, (7)

where d3yj refers to the volume in the sense of the 3-
metric on Σn. For a Dirac wave function, m(x) = mµ(x)
is a 4-vector, and |ψ(y1, . . . , yN )|2 should be taken to
mean

ψ[γµ1
⊗ · · · ⊗ γµN

]ψ nµ1(y1) · · ·nµN (yN ) (8)

with nµ(y) the future-pointing unit normal vector field on
Σn. To obtain a formula similar to (7) directly in terms of
ψPLC(x), we avoid the difficulty that the 3-volume mea-

sure d3y on Σn goes to zero as n → ∞ by noting that
the vector-valued measure nµ(y)d3y has a nontrivial limit
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dσµ while the unit normal vector nµ(y) on Σn diverges
as Σn approaches a lightlike surface. Thus,

mµ(x) =

N
∑

i=1

miδ
µi
µ

∫

PLC(x)N−1

(

∏

j 6=i

dσ
µj

j

)

×

× ψPLC(x)[γµ1
⊗ · · · ⊗ γµN

]ψPLC(x) , (9)

with ψ evaluated at (y1, . . . , yi−1, x, yi+1, . . . , yN).

III. PROPERTIES OF THE LAW FOR m

The law for m, be it in the form (5), (6), or (7), is rela-
tivistic by construction. In particular, it does not invoke
any notion of simultaneity of spacelike separated points
(as Eq. (1) does, or Bohmian mechanics; see Sec. 3.3 of
[17] for a discussion). It is also clear that in the non-

relativistic limit, formally c → ∞, the law approaches
(1), as PLC(x) approaches a hyperplane of constant time
(viz., t = x0) in that limit. Next, note the following con-
trast. Whereas for any N space-time points (x1, . . . xN ),
ψΣ(x1, . . . , xN ) can have various values depending on the
hypersurface Σ, the value of m(x) does not depend on a
choice of hypersurface. In fact, if m(x) depended on Σ
then it could not meaningfully play the role of the den-
sity of matter at x. For the wave function (and even the
reduced density matrix, see (4)), though, hypersurface-
dependence is not a problem.
Moreover, a no-signalling theorem holds (viz., it is im-

possible to send signals faster than at the speed of light)
under suitable laws for ψ. In fact, an even stronger the-
orem holds which we call no-micro-signalling and which
asserts that even the microscopic variables in a space-
time region A contain no signature of variables that
a “sender” can control at spacelike separation from A.
More precisely: [19]

The joint probability distribution of m(x)
with x ∈ A does not depend on external fields
applied at spacelike separation from A.

(10)

We show this under the following assumption on the law
for ψ:

(A3) For any space-time point y, the joint distribution
of all ψΣ with Σ before y does not depend on the
external fields at y. [20]

Proof of (10): If A and y are spacelike separated then,
by (A3), the joint probability distribution of ψPLC(x) for
all x ∈ A does not depend on the external fields at y, and
by Eq. (5), that of m(x) does not either, q.e.d.

IV. QUANTUM MEASUREMENTS

To work out consequences of Eq. (5) in concrete cases,
we need two more assumptions on how ψ behaves:

(A4) For macroscopic systems in situations in which the
unitary Schrödinger evolution would lead to a su-
perposition ψΣ =

∑

α cαψ
(α) of macroscopically

different contributions ψ(α) (with ‖ψ(α)‖ = 1), the
law for ψ yields ψΣ ≈ ψ(α) with probability close
to |cα|2.

In particular, after a quantum measurement the wave
function of object and apparatus together has collapsed
to (approximately) the contribution ψ(α) corresponding
to a particular outcome α of the measurement with (ap-
proximately) the quantum mechanical probability. This
is a basic feature of spontaneous-collapse theories.

(A5) For any two hypersurfaces Σ,Σ′ after a local mea-
surement at a space-time point y, ψΣ and ψΣ′ select
the same outcome α of that measurement.

Put differently, the wave function is macroscopically
stable, as it would be according to the Schrödinger equa-
tion. It now follows that

In the future light cone of y, the m function is
one in which the apparatus pointer points to
α. That is, the m function and the ψ function
(on any Σ after y) agree about the outcome.

(11)

Proof: According to the law for m (5), the values m(x)
at points x in the future light cone of y representing the
pointer are determined by ψPLC(x). By (A4) and (A5),
ψPLC(x) is (approximately) collapsed to one outcome α.
By (A5), that α is independent of x. By (5), the m
function is near zero if x is a location at which the pointer
would indicate an outcome 6= α but substantial if x is a
location indicating α. Thus, the pointer (made out of the
m function) points to α. By (A5), ψΣ on any Σ after y
selects the same outcome α, q.e.d.
As a consequence of (11), the outcome (defined by the

m function!) can be read off from ψΣ on a hypersurface
Σ after y, notwithstanding our insistence that the pointer
consists of m, not of ψ. As a further consequence of (11)
and (A4), the probabilities of different pointer positions
agree (approximately) with the probabilities assigned to
the different outcomes by the quantum formalism. The
same is true of the joint probability distribution of several
pointers reporting the outcomes of several local measure-
ments at y1, . . . , yn, as follows by applying (11) to each
of the yi and to a hypersurface Σ after all of the yi.
Since any experiment ultimately consists of local mea-
surements, we obtain that

The empirical predictions that follow from our
law for m (5) and (A1)–(A5) agree (approxi-
mately) with those of the quantum formalism.

(12)

It is known that the empirical predictions of spontaneous
collapse theories deviate from those of standard quantum
theory, but only so slightly that experimental tests dis-
tinguishing them from standard quantum theory are not
possible to date, though possible in principle; see, e.g.,
[8] and references therein.
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It follows from (12) by virtue of Bell’s theorem [4] that
spontaneous collapse theories with our law for m (5),
although relativistic, are non-local, i.e., there is faster-
than-light action-at-a-distance.

V. EXAMPLE

Consider a system consisting of (what is usually called)
a single particle and a detector with initial wave function
given by, in some Lorentz frame,

ψ0 =
1√
2

(

|y〉+ |z〉
)

|ready〉 , (13)

where |y〉 and |z〉 are well-localized wave packets cen-
tered at (distant) space points y and z, respectively, and
|ready〉 is the ready state of the detector. Suppose that,
in that Lorentz frame, the detector is located at y, and
the interaction between the particle and the detector is
turned on at time τ > 0. Then ψΣ has collapsed to either
≈ |y〉|fired〉 or ≈ |z〉|not fired〉 for every hypersurface
Σ after the space-time point (y, τ). Consider the latter
possibility. Let us determine the contribution m1(x) to
the m(x) function from the single particle according to
Eq. (5). With a suitable constant m0, we find that

m1(y, t) =

{

m0/2 0 ≤ t < τ

0 t > τ ;
(14)

m1(z, t) =

{

m0/2 0 ≤ t < τ + |y − z|/c
m0 t > τ + |y − z|/c (15)

(Fig. 1 left).

τ

t

y x

t

y z x z

τ

FIG. 1. Space-time diagram of m(x) in the example. Semi-
circles represent detectors, dashed lines a light cone, thick
lines the region where m1(x) = m0 (black) or m1(x) = m0/2
(grey). LEFT: with one detector, RIGHT: with two detectors.

That is, the change in m at z is delayed at the speed
of light. As a consequence, there is no conservation law
for

∫

Σ
m(x) d3x—this quantity depends on Σ, and that

is not a problem. Readers might worry, however, that
because of the delay another detector at (z, τ + ε) might
have a probability of only 1/2 (instead of 1) to be trig-
gered. This is not so, as is obvious from (12). More
directly from (A4), for any hypersurface Σ after both
(y, τ) and (z, τ + ε), ψΣ has collapsed corresponding to
exactly one detector having fired. The function m1(x)
changes accordingly at each detection (Fig. 1 right).

VI. EPR-TYPE EXPERIMENTS

In these experiments, used for proving non-locality [4],
one prepares two particles in an entangled spin state,
moves them to distant locations, and performs a Stern–
Gerlach experiment on each particle, one in region A and
one in B, with A and B spacelike separated; see Fig. 2.
Let Σ1 be a spacelike hypersurface after A and B, as in
Fig. 2, and ψ the wave function of the two EPR particles
together with all relevant apparatuses.

1
A B

t

x

Σ

FIG. 2. Space-time diagram of EPR experiment together with
some hypersurfaces; thick lines indicate where the two EPR
particles move.

To recapitulate: By (A4), ψΣ1
has so collapsed that

it corresponds to definite outcomes OA, OB ∈ {−1,+1}
of the two Stern–Gerlach experiments. By (11), the two
outcomes shown by the two pointers made of the m func-
tion agree with those selected by ψΣ1

. By (A4), they have
a joint probability distribution in (approximate) agree-
ment with that given by the quantum formalism.
Let us now focus on the contribution tom from the two

EPR particles themselves. To this end, consider a hyper-
surface Σ2 that passes through A before detection, but
after the particle has passed the Stern–Gerlach magnet;
and likewise with Σ3 in B; see Fig. 3.

A Σ3

Σ

Σ2

1

4

B

Σ

FIG. 3. Detail of Fig. 2 with further hypersurfaces Σi; semi-
circles represent detectors; thick lines split when passing the
Stern–Gerlach magnets.

The m function of the EPR pair restricted to
Σ1 agrees (approximately) with what would
have been obtained by a naive application of
Eq. (1) in a frame in which Σ1 is a constant-
time hypersurface.

(16)
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However:

The statements analogous to (16) for Σ2 and
Σ3 are generally not true.

(17)

Proof: Claim (16) is shown in much the same way as
(11), as follows. Let ψ be again the wave function of
the EPR pair together with all apparatus, and let us
suppose for the sake of concreteness that OA = +1 (the
proof works in the same way for OA = −1). Then both
ψΣ1

and ψPLC(x) for x ∈ A ∩ Σ1 have so collapsed that
the EPR particle on the A side has (say) wave function
|right〉. (The word “approximately” in (16) refers to the
fact that the collapsed-away contribution is not exactly
zero, just tiny.) Thus, m(x) = 0 in the left channel and
m(x) = m0 in the right channel, in agreement with what
would have been obtained from Eq. (1) on Σ1. The same
argument applies to B, which proves (16). To prove (17)
for (say) Σ2, consider a hypersurface Σ4 passing through
both A and B just before the detection as in Fig. 3 and
a wave function

ψΣ4
=

1√
2

(

|left〉|right〉 − |right〉|left〉
)

|ready〉 (18)

(as would arise from the spin singlet state by choosing
the same orientation for both magnets). For x ∈ A ∩
Σ2, m(x) is determined by the uncollapsed wave function
ψPLC(x) and thus is m0/2 in the left channel and m0/2
in the right. However, since ψΣ2

is collapsed thanks to
the detection in B, it is (approximately) |right〉|left〉, so
Eq. (1) on Σ2 would yield a matter density on the A side
that is 0 in the left channel and m0 in the right, q.e.d.

VII. REMARKS

The law (5) for m breaks fundamental time reversal
symmetry. However, in every known spontaneous col-
lapse theories the law for ψ breaks time reversal sym-
metry as well, so (5) does not make these theories less
symmetric.
We also note that Maudlin [12], when he wrote that

spontaneous collapse theories using the matter density
function m as the PO are not Lorentz invariant, took
for granted that m was governed by Eq. (1) in some co-
ordinate system and did not consider a law of the form
(5).
As an alternative version of the law for m (5), one

might use the future light cone FLC(x) instead of the

past light cone in (5). The resulting theory would
still be relativistic and empirically adequate, and would
still satisfy a no-signalling theorem. However, no-micro-
signalling (10) would be violated, and m(x) would de-
pend in counter-intuitive ways on events on FLC(x). For
example, consider again the two-particle wave function
(18) (at time 0 in some Lorentz frame), with the two par-
ticles separated by a distance d. Suppose that detection
takes place only on particle B, and only at time t > d/c.
Then, according to the law for m (5) with PLC replaced
by FLC, the m function of particle A is initially 1/2 in
the left channel and 1/2 in the right; it changes at time
t − d/c because of the later detection on the other side.
This is what we meant by counter-intuitive dependence.

Considering the same example with the law form given
by (5) (i.e., with the past light cone), we note that the
m function of particle A also changes suddenly without
any action on particle A; however, this happens at time
t + d/c, i.e., it happens with a delay corresponding to
the speed of light after the detection of particle B—in
agreement with intuition.

As another alternative law for m, one might take

m(x) =
1

2
〈ψPLC(x)|MPLC(x)(x)|ψPLC(x)〉+

+
1

2
〈ψFLC(x)|MFLC(x)(x)|ψFLC(x)〉 , (19)

which would have the same disadvantages as using only
FLC.

Finally, we note that our law form (5), when applied to
the discrete collapse process of [16], is empirically equiv-
alent to the version of the theory with the PO consisting
of “flashes.”
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