Midterm 1 Solutions
Math 250, Section B1

June 9, 2009
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1. (8 pts.) The matrix A = 9 0 —4 1 has reduced row echelon form

1 -3 =70

10 =20

01 30 . . . .

oo o1l Use this information to answer the following questions.

00 00

(a) Determine the rank and nullity of A.
Solution: The rank of A is 3, and the nullity of A is 1

(b) Is A invertible? Give a very brief explanation.
Solution: No, since nullityA > 0. (A square matrix is invertible if and only if
it has nullity equal to zero.)

(c) Are the columns of A linearly independent? Give a very brief explanation.
Solution: No, since nullityA > 0. (The columns of a matrix are linearly
independent if and only if its nullity is zero.)

(d) Does there exist a vector b in R* such that the system Ax = b is inconsistent?
Give a very brief explanation.
Solution: Yes, since rankA < 4. (Ax = b is consistent for all b if and only if
the rank of A is equal to its number of rows.)

2. (6 pts.) Determine whether the following system is consistent, and if so, find its
general solution:

I —2.%2 +3ZB3 = 9
—2.1'1 +43§'2 = —6
—I +23?2 +x3 = —1

Solution: We write down the augmented matrix for the system and use row oper-
ations to put it in reduced row echelon form:

1 -2 3 9 2r14ro—r2 1 -2 3 9
—2 40 6| "0 06 12
-1 21 -1 0 04 8
l’/‘g—vl‘g 1 _2 3 1= ?LT2_>7'1 - O 3
s 0 01 TS 1 2
0 0 4 8 0 0 0
We conclude that the system is consistent, and the general solution is

To free or
T3 = 2

1
0
0
ge
$1:3+2£C2
+ X2



3. (6 pts.) Let A = . Compute A~'. (Small hint: Remember that it’s

N =
W Ot W
— Ot N

easy to check your answer.)
Solution: We start with [A|/3] and use row operations to put the left half in reduced
row echelon form:

1 3 21 0 0] rp—2r—r |1 3 2 1 00
2550107210 -1 1/-210
1 3 1({0 01 0 0 —-1|-1 0 1
e | 103 201 0 0 10 5|-5 3 0
LIl -2 -1 0| MTEET 01 -1 2 -1 0
00 1]1 0 -1 00 1} 1 0 —1
r1—5r3—ry 1 O O —10 3 5
ST g 1 0| 3 -1 -1
00 1 1 0 -1
-10 3 5
We conclude that A=! = 3 —1 —1 | (and we can check by verifying that
1 0 —1
AAilzjg).

4. (6 pts.) Determine the values of r and s for which the system

201 —1xy =
dxy +rxs = s

has

(a) no solutions
Solution: We first form the augmented matrix and put it in row echelon form:

2 -1 3 ro—2r1—7r9 2 —1 3
—
4 r s 0 r+2 s—6

The system is inconsistent when r+2 = 0 and s — 6 # 0, that is, when r = —2
and s # 6.

(b) exactly one solution
Solution: The system has exactly one solution when it’s consistent and both
variables are basic. This occurs when r # —2.

(c) infinitely many solutions
Solution: The system has infinitely many solutions when it’s consistent and
there are free variables. This occurs when r = —2 and s = 6.



0 1 1

5. (6 pts.) Determine whether the vector | 2 | isin the spanof S = -14{,]1
6 0 2
0
If so, express | 2 | as a linear combination of vectors in S. If not, briefly explain
6
why.
0
Solution: The vector | 2 | is in the span of § if and only if the system
6
11 -1 1 0
-1 1 3 xy | = | 2
0 2 4 XT3 6

is consistent. We write the augmented matrix for this system and put it in row
echelon form:

11 -1 0 11 -1 0
-1 1 3 2|"™==" 02 22
0 2 46 0 2 46
11 -1 0
L0 20 2 02
00 24
Thus, system is consistent, and its solution is x1 = 3,290 = —1,x3 = 2. We conclude
0
that | 2 | is in the span of S, and
6
0 1 1 -1
21 =3 -1|—-111|+42



6. (16 pts.) Determine whether each of the following statements is TRUE or FALSE.
Justify each FALSE answer by giving the corresponding correct statement or by
providing a counterexample. (You don’t have to justify TRUE answers.)

(a)
(b)

(h)

Every column of a matrix is a linear combination of its pivot columns.
Solution: TRUE

If the reduced row echelon form of the augmented matrix of a consistent system
of m linear equations in n variables contains k nonzero rows, then its general
solution contains k free variables.

Solution: FALSE. If the reduced row echelon form of the augmented matrix
of a consistent system of m linear equations in n variables contains k nonzero
rows, then its general solution contains k basic variables n — k free variables.

A subset of R"™ containing fewer than n vectors must be linearly independent.

1 2
Solution: FALSE. For example, 0,0 is a linearly dependent set
0 0

of two vectors in R?2.

If A and B are m xn matrices and B can be obtained from A by an elementary
row operation, then there is an elementary m x m matrix F such that B = FA.
Solution: TRUE

If A is an m x n matrix, then Ax = 0 is consistent if and only if rankA = n.
Solution: FALSE. The system Ax = 0 is always consistent, no matter what
the of the rank of A (since x = 0 is always a solution).

There are NO 3 x 5 matrices with rank 2 and nullity 3.
Solution: FALSE. For example, the following 3 x 5 matrix has rank 2 and
nullity 3:
1 00 00
01000
00000
A set of two or more vectors in R" is linearly dependent if and only if one of

the vectors is a linear combination of the others.
Solution: TRUE

If A and B are invertible n x n matrices, then A + B is invertible.
Solution: FALSE. For example, let A = I, and B = —I5; then each of A, B is
invertible, but A 4+ B is the 2 X 2 zero matrix and thus not invertible.

7. (5 pts.) Prove that if {u, v} is linearly independent, then so is {u + v, 2v}.
Solution: Let {u, v} be linearly independent, and assume that

a(u+v)+b2v)=0

for some scalars a and b. Then, rearranging, we have

au+ (a + 2b)v = 0.

Since {u, v} is linearly independent, we must have @ = 0 and a+2b = 0,s0a = b = 0.
Therefore, {u + v,2v} is linearly independent.



