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Abstract

We define algebras which correspond to graphs on n nodes. We then examine the algebra
corresponding to the graph P,, the n vertex path. We show it is a Koszul algebra, find a
basis, and discuss its Hilbert series.

1 Introduction and Construction

We begin by defining a class of algebras parameterized by the natural numbers. Let {1,2,3,...,n}
be denoted by [n].
The Algebras @, defined in [3] are given by generators u(A),() # A C [n] and relations

Y [w(CUi)uDUj)]= () uwEUiUj)) Y (u(FUi)—u(FUj))

C,DCA ECA FCA
for all A C [n],i,j € [n]\ A, # j.

Definition 1. A complex with n nodes is a family F of nonempty subsets A C [n] satisfying
AeF,BC A= BeF. The dimension of F is defined as dimF = mazacr(|A] —1)

Definition 2. Let F be a complex with n nodes. Define Q,(F) to be the quotient algebra of Qy,
by the ideal generated by the elements u(A) for all A ¢ F.

Notice that for any complex F, Q,(F) has a presentation as a quadratic algebra.
Ezample. If F = P([n]) — 0 then Q,(F) = Qp.

Ezample. It F = {A C F||A| = 1} then Qn(F) is isomorphic to the algebra of commutative
polynomials in n variables.

If 7/ C F is a subcomplex then Q,(F’) is naturally isomorphic to a quotient algebra of
Qu(P).

Let n1 < ng and let F be a complex with n; nodes. Then as [n;1] C [ng], F may be viewed as
a complex with ng nodes. We denote this complex by F'. Then Qp, (F) = Qn,(F') since every
generator u(A) of Qn, with A € [n4] is outside F'. Consequently every algebra Q,(F) occurs,
up to isomorphism, for a complex F containing every i, 1 <14 < n.

Consider the case where F is a complex of dimension one with n nodes. We can then also
look at F as a graph on n nodes. To do this define V, our set of vertices, to be the set of elements
of F with cardinality one. Our set of edges, F is the set of elements of F with cardinality two.
We adopt the convention of considering a graph to have no loops or multiple edges. Then there
is actually a one to one correspondence between graphs on n vertices and complexes with n
nodes and dimension one.



Theorem 1. [2] Let F be a complex with n nodes and dimension one. Then the algebra Qn(F)
is generated by the elements u(i) for i € [n] and u(i,j) for {i,j} € E with the following relations
(assume u(i,j) =0 if {i,j} ¢ E):

(0)[u(i), u(i)] = ulir ) (uli) — () i £, irj € [1]

(59)[u(i, k), ul, B [, ), w(i)]+[u(3), u(i, )] = w, ) (i, B) G, k) for distinct i, 5,k € [1]
(131)[u(i, 5), u(k,1)] = 0 for distinct i, j,k,l € [n]

If F is the complex of dimension 1 corresponding to a graph we will write Q,(G) = Qn(F).
We refer to the elements u(i) ¢ € [n] as nodes and u(i,j) {i,j} € E as edges. We also often
denote (7, j) as u(ij). Using this terminology the following proposition is immediate from (i)
and (iii).

Proposition 1.1. Nodes in G commute if they are not connected by an edge. Non-adjacent
lines in G commute.

It is harder to find a way to simplify relation (i7). To gain some insight first fix distinct i, 7, k
in [n]. Let V' = span{u(i), u(s), u(k),u(i, j),u(j, k), u(i, k)} and let v; ;1 = [u(i, k), u(j, k)] +
[u(i, k), u(5)] + [u(i), u(s, k)] — u(i,j)(u(i, k) — u(j,k)). Consider the natural action of S5 (the
permutation group on three letters) on T'(V') defined by setting ou(i) = u(o(i)) and ou(s, j) =
u(o(i),0(j)) and extending linearly.

Proposition 1.2. The orbit of v; jr under the action of Sz spans a space of dimension two in
(V).

Proof. Let p be the permutation given by ¢ — 7 — 4 and 7 be given by ¢+ — k — ¢. Since
these permutations generate S3 it will be enough to show the action of 7 and y sends the space
span{v; j i, Vg, } back to itself. Since this space is clearly fixed by 7 we need only worry about
p. A short computation shows that p sends v; j 5 to —v; jx and vy j; to vk j; — V4 j k- ]

We say G is triangle free if {i,5},{j,k} € E = {i,k} ¢ E for any {i,j} # {j,k}. In this
case relation (47) simplifies further.

Proposition 1.3. If G is a triangle free graph then (i1) is equivalent to

(73') w(i) commutes with u(j, k) whenever {j,k} € E,{i,j},{i,k} ¢ E and

(58") fu(i),u(6)]+u(i)u() = fu(k), u(ii)] + u(ik) uw(ii) = 0 whenever {i, j}, {4, K} € B, {i, k} ¢
E

for any distinct 1, j, k € [n].

Proof. We know from our last proposition that we can replace relation (44) with v; ;, and vy ;.
In the situation where {4, j},{i,k} ¢ E, v; jx becomes [u(i),u(j, k)] and vy j; becomes zero since
u(i,j) and u(i, k) are zero. This gives us the relation (7).
In situation (ii") u(i, k) = 0 s0 v; ;i = [u(i),u(jk)] + u(ij)u(jk) and vg;; = [u(k),u(ij)] +
u(jk)u(ij) so we are done. O

Now let us specialize to one particular case of triangle free graph, the n vertex path P, given
in hypergraph notation by the complex

({1512}, .. {n), {1,2),{2,3), ..., {n — 1,n}).

To make our notation simpler we will identify vertices and edges of the graph with the corre-
sponding generators for the algebra. Thus we refer to the elements of our algebra P, (which is
really Qn(Py)) by v; for u(i) and e;; for u(7,5). Applying everything we have shown about the
relations (), (4¢) and (7i7) we get the following proposition.



Proposition 1.4. The algebra P, generated by the complex(graph) P, is presented by generators
V1,V2y .., Up, €12,€23, - .-, €n_1,n and relations

[vi, ]—0f0rj>z+1zj€[]

[vi, Vit1] + €iit1(vigr —v;) =0 for i € [n — 1]

[€iit1,€54+1] =0 for j >i4+1, i,5 € [n—1]

[Visejjt1] =04fj>i+1orj<i—2, j€[n—1],i€ [n]

[’U €i+1, z+2] +eiit1€it1,42 =0, 1 € [n - 2]

['Uz+2a €; 7,+1] + €it1,i+264,i+1 = =0,:1€ [n - 2]

2 ch(P,) and pc-algebras

Let V' be the span of the generators of P,,. We define an increasing filtration of T'(V') as follows.
Set GO = F1 and G = span {u(A;)u(A2) ... u(Az)| Zle 3 — |A;| < i} for s > 1. This induces
a filtration of our algebra P, and hence we can consider the associated graded algebra gr(F,).
If we chop off the non-commutator terms in the relations given in the last proposition, those
relations will all hold true in gr(P, ). However, there is no reason at this time to think that these
are enough to present gr(P,). This does not stop us from considering the algebra given by these
chopped relations. We call it ch(P,).

Definition 3. The algebra ch(P,) is presented by generators vi,va,...,Vn,€12,€23,--,€n—1n
and relations

[vi,vj] =0 for j >i+1, i,j € [n]

[vi, vi+1] = 0 fori € [n — 1]

[ezz+1a6j,j+1] =0forj>i+1,4,5€ [n_ 1]

[visejji1] =0 if j>i+1orj<i—2, jen—1]i€ [n]
[Vi, €i41,i42] =0, @ € [n — 2]
[UZ—I—Qa €; H—l] =0, 1€ [n — 2]

Our intention is to use Bergman’s Diamond Lemma [1] to find a basis for ch(P,) and later
gr(Py,). The idea is to pick a set of generators, come up with an ordering on the set of monomials
in our algebra, and turn the set of relations for our algebra into a set of reductions. We can then
use these reductions to rewrite any monomial in an element of our algebra. For example, if our
ordering says the monomial v3v; is higher than vyv3 then we can rewrite the relation [v1,v3] = 0
as v3v; = v1vs and replace any occurrence of vsvy with viv3. It is easy to see that a basis with
no monomial containing the string vzv; must exist. We can then write up a list of ”bad” words
and try and find a basis amongst the monomials containing none of these words.

Problems might occur when one word can be reduced in more than one way. Sometimes two
different reductions can be applied to the same monomial to give us two different elements of our
algebra. We call these situations ambiguities. If we can continue through our set of reductions
to reduce both elements down to the same thing we say the ambiguities resolves. The diamond
lemma says that if all ambiguities resolve then we have found a basis for our algebra in the set
of monomials containing no bad words.

Right now we can only see that gr(£,) is a quotient of ch(F,). We will soon show that the
two are indeed equal. In order to show equality in such a situation it is enough to show that
these two algebras have the same Hilbert series. Before applying the diamond lemma to ch(P,)
we shall first prove some more general results about algebras whose relations are all commutators
of generators. Then we can see how these results will apply here. We start with the following
definition.



Definition 4. Suppose an algebra A has a presentation by generators {ai,as,...,a,} and some
relation set R where each relation in R is of the form [a;,a;] = 0 for some i,j € [n]. We then
call A a pre-generator-commuting algebra (or a PGC-algebra for short).

These algebras, also called free partially commuting algebras, have been studied before in
[DK].

Notice that if A is a PGC-algebra on n generators then for some ideal I in A, A/I = S,, the
free commutative algebra on n generators. The structure of a PGC-algebra is based entirely on
which pairs of generators commute. We can then describe such an algebra using a graph with a
node to represent each generator and edges between two nodes if the generators commute.

Definition 5. Let A be a PGC-algebra on generators {ay,az,...,a,}. The commuting graph
Gc(A) of A is the graph with nodes labeled {a1,az,...,an} and edges given by the rule eq, q; is

an edge if and only if [a;, a;] = 0. We often also consider the complement of this graph, G.(A).
We call this the non-commuting graph of A since an edge exists between two gemerators only
when they do not commute.

Ezample. A simple example of a PGC-algebra is the algebra presented by generators {a, b, c}
and relations ab — ba = bc — ¢b = 0. The graphs G.(A) and G.(A) are shown here:

The diamond lemma gives a method for determining a basis for such an algebra. If, as in the
example above, we choose a monomial ordering given first by length and then lexicographically

with ¢ > b > a we get the following reductions:

chb =bc

ba = ab

This gives us one ambiguity, namely cba, that we must resolve.

c(ba) = cab and (cb)a = bac which gives us the new reduction cab = bac and one new

ambiguity to resolve, caba.
ca(ba) = caab and (cab)a = baca which gives us the new reduction caab = baca and the new
ambiguity caaba.
We can inductively show that by adjoining the reductions caa...ab = baca . ..a we can re-
solve all ambiguities and we end up with the following complicated list of bad words: cb, ba, cab, caab, caa . . . ab.
A basis for the algebra consists of the set of all monomials not containing one of these strings.

Ezample. Now let us look at the same algebra but apply the diamond lemma with a different
monomial ordering. First we order monomials by length and then lexicographically with b >
a > c. This gives us the reductions:

ba = ab

bc = cb

This gives us no ambiguities and a basis for our algebra consisting of all monomials not
containing the strings ba or be. This is much simpler to use especially if we want to find the
Hilbert series of this algebra.

We are interested in these instances where all ambiguities of degree three resolve (that is
all ambiguities involving a monomial of length three resolve) not only because is it easier to
compute the Hilbert series of such algebras. Once we have shown that there exists an ordering
under the diamond lemma which causes ambiguities of degree three to resolve, we can use a
theorem from [PP] to show our algebra is Koszul. We will need one definition and the following
propositions, which are equivalent.

Definition 6. If G is a graph with n nodes then a vertex ordering of G is a surjective map from
the vertices of G onto [n].



Proposition 2.1. Let A be a PGC-algebra with commuting graph G.(A). Suppose there exists a
vertezx ordering of G.(A) so for any three vertices a,b and c if {a,c} ¢ E,{a,b},{b,c} € E then
neither a < b < ¢ nor ¢ < b < a. Then there exists a monomial ordering so that all ambiguities
of degree three are resolvable with the diamond lemma.

Proposition 2.2. Let A be a PGC-algebra with non-commuting graph G.(A). Suppose there
exists a vertex ordering of G.(A) so for any three vertices a,b and ¢ if {a,c} € E,{a,b},{b,c} ¢ E
then neither a < b < ¢ nor ¢ < b < a. Then there exists a monomial ordering so that all

ambiguities of degree three are resolvable with the diamond lemma.

Proof. Since the two statements are equivalent, we will prove only the first. Order monomials
first by length and then by lexicographically extending the vertex ordering. It is enough to show
that given any three distinct vertices a,b and c that all ambiguities involving those generators
resolve.

First notice that if none of our generators a,b and ¢ commute with each other, then there
can be no ambiguity. The same holds if there is only one commuting pair.

If all three commute with each other, then we get one ambiguity which is resolvable since
everything commutes.

Finally, consider the case where {a,c} ¢ E,{a,b},{b,c} € E. The only ambiguities that
could arise would come from the monomials abc or cba. However, since b is not in between c
and a in the ordering it is not possible for both cb and ba to be reductions (and similarly ab
and bc). Hence there is no ambiguity to resolve here and we are done. O

Ezample. For ch(P,) we have the non-commuting graph as shown.
With this vertex ordering we have shown the algebra’s ambiguities resolve. This also tells
us (by the result in [PP]) that ch(F,) is Koszul.

Now the propositions we have developed in this section only hold for PGC-algebras. However,
now that we have an ordering of generators which worked for ch(P,), we can try to use the same
ordering for P, and we will see that with this ordering all ambiguities still resolve. This will
show P, is Koszul, describe a basis for P,, and show that P, has the same Hilbert series as
ch(P,) implying that ch(P,) = gr(F,).

Theorem 2. P, is Koszul.

Proof. We show all ambiguities of degree three resolve. Our ordering is lexicographic with a
generator ordering of v, > e,_1, > vp—1 > ... > €23 > v2 > e12 > v1. Our reductions are

VpUk—1 = Vg—1Vk — €k k—1Vk—1 + €k k—1Vk

VRV = VU ifj<k—1

VE€k—1,k—2 = €k—1,k—2Vk — €k k—1€k—1,k—2

VE€ji—1 = ej, g —logif g <k—1

€kk—1Vk—2 = Vg—2€k k—1 + €k—1k—2€k k-1

€k ,k—1Vj = Vjek k—1 ifj<k—2

€k k—1€j,j-1 = €jj—1€kk—1 if j <k —1

Which gives us ambiguities of one these forms

VUKV

€j,j+1VkVI

Vj 1€k k4101

VjVE€1—1,

€455 +1VE€1—-1,]



for each of the four cases j = k+1=1+2, > k+1=14+2,j=k+1>1+2,7 > k+1 > 142
and
€4,5+1€k,k+10] forj—1>k=Il+1landj—-1>k>[1+1
viep g€ 41 for g —2=k>l+landj—-2>k>1+1
€5,i+1€k k+1€L1+1 forj—1>k>1+1.
This gives us 25 cases which need to be checked for P,. The first n for which all 25
ambiguities actually appear is n = 7 and by symmetry it is enough for P, to resolve the
following ambiguities in L7: v5v3v1, 040301, V40201, U3V2V1, V4U3€] 2, U5U3E] 2, U5U4E] 2, V6V4E] 2,
V4€3,2V1, U5€3,4V1, U562, 3V1, U6€3,4V1, €3 4V2V1, €4 5V2V1, €4 5U3V1, €5,6VU3V1, €4,5V3€1 2, €5 6U3€1,2, €56V4€1,2, €6,7V4€1 2
€4,5€23V1, €5 6€34V1, U5€3 4€1.2,V6€3,4€12, €56€3,4€1,2. Each of these is easily checked. J

3 Duals and Hilbert Series

Now suppose A is any PGC-algebra with generators ai, as, ..., a,. The relations will be a;a; —
aja; for all {a;,a;} € G.(A). Let b; be the linear functional sending b;(a;) = 1,b;(a;) = 0 if
j # 4. Then the dual algebra A* is given by generators by, bs, ..., b, and relations

b;b; + b;b; for all i # j, {a;, aj} € G.(A),

bb; = 0 for all i # j,{a;,a;} ¢ G.(A)

b = 0 for all i

Notice that A* is a quotient of the exterior algebra on by, b, ..., b,. A word in T'(span{by,...,b,})
is zero in A* iff it contains two letters b; and bj so {a;,a;} ¢ G.(A) (and hence b;b;=0 in A*).

We can use this to compute the Hilbert series of F,,. Since we have already shown that
ch(P,) has the same Hilbert series as P, we can work solely with ch(P,) and use the fact that
it is a PGC-algebra. In fact, since ch(P,) is Koszul, our strategy will be to compute the Hilbert
series H(x) of ch(P,)* and get ﬁ for the Hilbert series of P,.

Remember that in ch(P,) our generators were {vi,...,vy,€12,...€p—1,}. Call the span of
these generators V. The relations were simply that all the v;s commute with each other and e; ;.1
commutes with everything except for e;_1 ;, €;41,i+2, v;,andv; 1. Let w;(i € [n]) be the functional
V — C so that w;(v;) = 1,w;(v;) = 0 for i # j, and w;(ejj41) = 0. Let di;q1,1 € [n — 1]
be the functional so d;;11(e;iv1) = 1,diiv1(ej41) = 0 if § # i, and d;;1(v;) = 0. Then, by
the reasoning we developed for general PGC-algebras, we get that A* is the algebra given by
generators {wi,...,wp,d12,...dp_1,} and relations

diit1v; = vid; ;01 =0

d;iiv1vi41 = vit1diz1 =0

dig1diy1i42 = diy1ir2diir1 =0

together with that all generators anti-commute. We will sometimes refer to the w;s as nodes
and d; ;115 as edges, considering their origins.

Computing the Hilbert series of ch(P,)* requires counting the number of subsets S of
{wl, cee g Wy, d1,2, ey dn—l,n} so that for each di,i-l-l € S we know di—l,i, dz'_|_1,z'+2, Viy Vi41 ¢ S

Suppose S contains a total of j d’s. Notice that since no two adjacent edges can be in S the
number of ways we can have j d’s is the number of matchings M(n,j) of the graph P, of size j.
Also, each edge rules out the possibility of exactly two vertices. Hence if |S| = ¢ then we have

("Z:?.j ) ways we can pick the vertices for S. This gives us a total of M(n,j)("i:?j ) valid subsets
containing j d’s. The total number of valid subsets S, with [S| = is then } ., M(n, j) (”Z:?J)

This tells us that if we write the Hilbert series Hy () of ch(P,)* as H,(z) = H +H}z+H2x>+. ..

then we have HY = 270 M(naj)(n;?]) We set H’ = 0 in the cases where n < 0 or i < 0.



H} is not the easiest thing to compute, so we will now find some rules to make finding the
coefficients of H,(x) easier.

Proposition 3.1. H,(z) is always a symmetric polynomial.

Proof. We want to show H! = H"* or that > o M(n, )(”Zj]) =20 M(n,j)(nﬁ_]{?j]) But

since ("Z:ij) = (n_gj_fi . j) = (n"__f_]k) we are done. O

If we write out a few H,(z) in a pyramid we notice that each term is the sum of the three

terms in the triangle above it.
7? + 37+ 1
2 + 522 + 52 4+ 1
ot + 723 + 1322 + 7o + 1
2 + 92" + 2527 + 2527 4+ 9z + 1

If we set H to be the coefficient of ¥ in H,(z) we then get the following proposition.

Proposition 3.2. For alln>2k>1, H* = H* | + 1+ gh-l.

Proof. We want

) M(n—2,j)<n_2_2‘,j>

Notice the side we want to set to zero equals

Lo (25) -womn(52) (23 -2 (1)

which by Pascal’s identity is

5o () - 1.0 ~%) -2 (4 %)

which is just



Notice also that a recurrence for the number of matchings of on the line P, is given by
M(n,j) = M(n—1,j) + M(n — 2,j — 1). Using this on our first term gives us }_; (M (n —
2,7—1)) (73@_—?) —M(n—2,7) (72__21__?) which collapses to zero and we are done. O

By adding another variable we get the following result explaining the coefficients of H,(x).

Proposition 3.3. Y . t"Hy(2) = 2

Proof. We want to show
Y (-t —at—at*)t"Hy(z) =1
n>0

Since H,(z) = Y 5o HFz* we have

> (1 —t—at — ot*)t" Hy (x)
n>0

=3 ) (1 —t—at—at’)Hit"a*

n>0k>0

= Y H} —tHF — otH} — ot H} "2

n,k>0
— Z Hﬁtnxk— Z Hﬁt""'lmk— Z Hq];:tn-‘rlmk-l—l_ Z Hﬁtn+2(1}k+1
n,k>0 n,k>0 n,k>0 n,k>0
= Z Hﬁt”mk — Z Hﬁ_lt"ﬂ“ — Z Hﬁjt”mk — Z Hﬁ:;t”xk
n,k>0 n,k>0 n,k>0 n,k>0

= Y (Hy—Hy = Hy7) = Hy))akt"
n,k>0
We wish to show that this sum is equal to one. By our last proposition we know that
(Hf — HF | — H! — H 1) = 0 when n > 2 and k& > 1. We break the sum into the three
unknown cases of k =0; n =0,k > 1;and n =1,k > 1 to get

S HY - HY )+ Hiak + ) (HF — HE — HE )t
n>0 k>1 k>1

For this to equal one we need to show:

i) H) =1,

i) HY =0 for k> 1,

iit) HF — HY — HE™' =0 for k> 1, and

iv)H) — H? | = 0 when n > 0.

First HY = 30,50 M(0,5)(* o) = M(0,0)(g) = 1

For ii) notice H§ = 32,4 M(0,5) (%) = M(0,0)(}) = 0 because k > 1.

By ii), statement iii) now reduces to showing H} — H) = 0 and Hf =0 for k > 2.

Notice Hf = > im0 M(l,j)(lk_fjj) = M(I,O)(}c). Thus HY = 0 for k > 2 and H] = 1. Since
H{ is one by i), this case is done.

Finally, for iv) notice HS = 32,50 M (n,j)("_¥) = M(n,0)(;) = 1 and thus H} — HY_; =

when n > 0. ]
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