THE TORIC HILBERT SCHEME OF A RANK TWO LATTICE IS
SMOOTH AND IRREDUCIBLE

DIANE MACLAGAN AND REKHA R. THOMAS

Abstract. The toric Hilbert scheme of a lattice L [ZT' is the multigraded Hilbert
scheme parameterizing all ideals in K[xq,..., Xn] with Hilbert function value one for
every g in the grading monoid G* = N"/L. In this paper we show that if L is two-
dimensional, then the toric Hilbert scheme of L is smooth and irreducible. This result
is false for lattices of dimension three and higher as the toric Hilbert scheme of a rank
three lattice can be reducible.

1. Introduction
The main result of this paper is the following structure theorem.

Theorem 1.1. Let L be a two-dimensional lattice contained in Z". Then the toric
Hilbert scheme H, is smooth and irreducible.

Consider a sublattice L [—Z® of dimension (rank) r and the abelian group G = Z"/L.
Let S := K[Xy,...,Xn] be the polynomial ring in n variables over an arbitrary infinite
field k. We grade S by setting deg(xj) =ej+L fori=1,... ,nwhereey,...,e, are the
unit vectors of Z". The set of possible degrees under this grading is G* := N"/L.

Definition 1.2. A homogeneous ideal I [Slis L-graded if the value of its Hilbert
function dimy((S/1)) =1 for all g CG™.

The notion of L-graded ideals extends the notion of A-graded ideals, first introduced
in [1] and further developed in [17] and [18, Chapter 10]. In the A-graded situation,
L = kerz(A) := {u [Z' : Au = 0} where A is an integer matrix, and an ideal 1 [SI
is A-graded if and only if it is kerz(A)-graded in the sense of Definition 1.2. The toric
Hilbert scheme Ha [15], [17] parameterizes all A-graded ideals for a given A. Haiman
and Sturmfels [7] have introduced multi-graded Hilbert schemes which provide a uniform
setting for many known Hilbert schemes, including Ha. The multi-graded Hilbert scheme
is a quasi-projective scheme which parameterizes all ideals in a polynomial ring that are
homogeneous with respect to grading by a fixed abelian group and have a fixed Hilbert
function. In the special case where the Hilbert function takes value one for all elements in
the grading group, Haiman and Sturmfels call the resulting multi-graded Hilbert scheme
a toric Hilbert scheme [7, Section 5].

Definition 1.3. The toric Hilbert scheme of the lattice L, denoted by H_, is the
multi-graded Hilbert scheme that parameterizes all L-graded ideals in S.
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In the special case where the two-dimensional lattice L equals kerz(A) (A an integer
matrix of corank two), Theorem 1.1 was proved by Gasharov, Peeva, and Stillman [6],
[15]. Another special case already in the literature is where L is a two-dimensional
lattice in Z2. Then G is a finite abelian group, and the lattice gives an embedding of
G into GL(2). In this case the toric Hilbert scheme is Nakamura’s G-Hilbert scheme.
This can be seen by comparing Reid’s functorial description [4, Section 4.1] with that
of the toric Hilbert scheme given in [7]. The fact that the G-Hilbert scheme is smooth
and irreducible for abelian subgroups of GL(2) is due to Kidoh [9].

Thus Theorem 1.1 can be viewed as providing a common generalization of both of
these results, as well as a more combinatorial proof of the Gasharov-Peeva-Stillman
result. Although the G-Hilbert scheme is smooth and irreducible for abelian subgroups
of SL(3) [3], [4] there is no hope for a further common generalization, as [18, Theorem
10.4] shows that the toric Hilbert scheme of a rank three lattice can be reducible.

For an r-dimensional lattice L [—ZT and a vector u L1 we write u = u* —u~ where
u*,u” [CN" are defined by setting (u™); = u; if u; > wd (u™); = 0 otherwise, and
u™ = (—u)*. If u CN" we write x" for the monomial L, x;". The lattice ideal of L is
the (n — r)-dimensional binomial ideal

+ —

L =X' —xY :u=u"—u [OCLCS]

If L = kerz(A) for some A [CA%" of corank n —d = r, then L is saturated and
I_ is the toric ideal of A, denoted by 1. The ideal I, is a distinguished point on the
toric Hilbert scheme H,_. It lies on an irreducible component of H, called the coherent
component [7, page 30]. The algebraic torus (k9" acts on L-graded ideals by scaling
variables. This action translates into an action on H_, and the coherent component
of H_ is the closure of the (kH"-orbit of 1. An ideal J [H, lies on the coherent
component, and is thus called coherent, if there is some weight vector w 4" and a
A C®&H" such that J = A - iny (1), where in,,(1.) is the initial ideal of I, with respect
to w. Note that I_. = ing(l_) and hence is coherent. For an arbitrary lattice L, H_
could have other components. Theorem 1.1 asserts that when L is two-dimensional, the
coherent component is the unique component of H_ and that it is smooth.

In Section 2 we establish some general results about L-graded ideals for lattices L
of arbitrary dimension, while Sections 3 and 4 focus on two-dimensional lattices. Our
proof of Theorem 1.1 is in two parts. In Section 3 we show that all the monomial
ideals on H_ are coherent (Theorem 3.1). Hence all the fixed points of H,_ under the
action of (kH" lie on the coherent component. Grobner basis theory implies that every
irreducible component of H__ contains a monomial ideal. Thus Theorem 3.1 implies that
every irreducible component of H intersects the coherent component at a monomial
ideal and so H,_ is connected. In Section 4 we show that the ideals parameterized by the
torus fixed curves between two monomial ideals in H,_ are also coherent (Theorem 4.4)
which lets us prove that the Zariski tangent space at each monomial L-graded ideal is
two-dimensional (Lemma 4.5). As the coherent component is itself two-dimensional, it
is therefore smooth. Since H, is both connected and smooth, it is irreducible.
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Figure 1. The configuration B from Example 2.4

2. General Lattice Lemmas

Before we restrict to the case where dim(L), the dimension of L, equals two, we
establish some basic results for monomial L-graded ideals when dim(L) =r < n.

Definition 2.1. A binomial x¥ —x¥ [I] is a Graver binomial if there is no other
binomial x'"'— x¥" [TJ such that xU" divides x" and x"" divides x¥. The set of Graver
binomials of I is called the Graver basis of I, and is denoted by Gr, .

Example 2.2. For the two-dimensional lattice L [Z% generated by (2,0, —2, —2) and
(0,1,1,0), we have Gri. = {XoX3 — 1, X3X% — X%, X2X3 — X3, X2X, — X3X5}. Note that the
first two binomials come from the two generators of the lattice.

The Graver basis of I_ is finite and [7, Proposition 5.2] shows that it gives rise to a finite
set of determinantal equations that cut out H_. For u CZI', let supp(u) = {i : u; 8 0}
be the support of u and for a monomial x", we define its support supp(x") := supp(u).
If x"—xY [Qr, then x" and x¥ have disjoint supports. We repeatedly use the following
lemma from [12] and [15].

Lemma 2.3. [12, Lemma 2.4] [15, Lemma 2.2] If | is an L-graded ideal with x" — cx"
(c K, possibly zero) in some reduced Grobner basis for I, then x" — x" is a Graver
binomial. If ¢ = 0, then we here assume that x¥ is a monomial not in | of the same
L-degree as x".

Although in [12] it is assumed that L = kerz(A) and L n N" = {0}, the proof there is
valid for general lattices. The same is true for other results quoted later from [12].

Fix a matrix B [4"*" whose columns form a Z-basis for L. This implies that
L={Bz : z [CZ'} and the map

D @:Z" - L givenby z 3 Bz

is bijective. Let b; denote the ith row of B. The vector configuration B = {by,... ,b,} [1
R" is called the Gale diagram of L. For a subset t [[d] := {1,...,n} let B; be the
submatrix of B whose rows are indexed by T and By := {b; : 1 [Il}. Write pos(B,)
for the cone {xB; : x = 0,x R} CRI. If pos(B) = R", B is cyclic and otherwise
acyclic. If r =2 and B is cyclic, we set b+ := b;.

Example 2.4. Let L be the lattice from Example 2.2. Then the Gale diagram of L is
B ={(2,0),(0,1),(—2,1),(—2,0)}. This is illustrated in Figure 1.



4 DIANE MACLAGAN AND REKHA R. THOMAS

Remark 2.5. We may assume that no b; = 0, and that for i § j, bi & mb; for any
m [A.. If some b; = 0 then |; = 0 for all | [ and x; would not appear in any
generator of any L-graded ideal. This means that there would be a bijection between
the set of L-graded ideals in S and the set of L graded ideals in K[Xy,...,%i,...,Xn],
where L"is the projection of L which removes the ith coordinate. Similarly if b; = mb;
for m [Z1,, the map which takes every occurrence of x; to X{"x; would give a bijection
between L=graded ideals and L-graded ideals. These bijections would give rise to an
isomorphism between H;_ and H, 5 and so it su [ced to prove Theorem 1.1 for the smaller
lattice L~

We say that pos(B), or T, is a g-simplex if [t| = g and pos(B;) is g-dimensional. A
triangulation T of B is a collection of r-simplices such that (i) for 1, T" [Tl pos(B,:0) =
pos(B:) n pos(B:o), and (ii) pos(B) = Ld-pos(B;). To be completely accurate, we
must complete T to a simplicial complex on [n] by adding to T all subsets of T [TI.
Depending on the context, a simplex T [T1 will be either the set T [[d] or the cone
pos(B:) [pds(B).

Recall that all monomial prime ideals in S are of the form P, := [} : j [Lal for a set
o []nl. The following lemma is a mild extension of a special case of [18, Theorem 10.10].

Lemma 2.6. Let | be a monomial L-graded ideal, for a lattice L with dim(L) =r <n.
Let rad(l) be its radical and rad(l) = ngau)Ps be the unique prime decomposition of
rad(1). Fix A = [ay,...,as] CZ"7*" such that AB = 0 and rank(A) = n—r, and
let A={as,...,an}. Then A(l) is a triangulation of A.

Proof. We first note that since I is (n — r)-dimensional, the same is true for I, so if
o CA(l) we have |o] = n—r. We will show that A(l) is a triangulation of A, by
showing firstly that the interiors of any two simplices in A(l) do not intersect in this
embedding, and secondly that each point in pos(A) is covered by one of these simplices.
This will also show that |[o] = n —r for all o CA(I).

Suppose that o and T are two simplices contained in simplices in A(l) such that
their relatjve intepiersjntersect. This means that there is some vector ¢ Lpbs(A) with
C=  iNidi = j=Hjdj, Wwhere we may take Aj and ; to be positive integers. Then
A — U [Kkerz(A), and so there is some multiple tA — ) CO. Let t(A— ) = u—v,
where supp(u) n supp(v) = LThen since supp(u) Calwe know that x" [T Similarly,
supp(v) CT]lso xV [T But this means there are two standard monomials of | of the
same L-degree, contradicting the fact that | is an L-graded ideal. This shows that c
does not exist, and so the relative interiors of di [erknt simplices in A(l) do not intersect.
Note that we made no assumption on the dimension of ¢ and T, so in particular they
need not be r-dimensional. "

We now show that each point ¢ [{ui:u =, nja, nj 2.} is covered by pos(As)
for some o CA(1). Grade the polynomial ring S by setting deg(x;) = a;. The L-grading
of S refines this grading. It su [ced to show that there is some monomial x" of A-degree
tc for some t > 0 with x" Trad(l). This will imply that supp(u) CA(l), and so the
point ¢ will be contained in a simplex of A(l).

Consider the k-algebra U = [=dSt, Where S is the coarsely-graded part of S of
degree tc. We claim that U is a finitely generated algebra, generated by a finite number
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Figure 2. The triangulations of A corresponding to L-graded ideals.

of monomials. To see this consider the sequence of ideals Py = XM : Au = tc[L1By [11,
Theorem 1.1] only a finite number of the P, are not contained in other ideals of this
form. Let x"1,...,x"s be the monomial generators of these inclusion-maximal P¢. If x"
is any other monomial of degree tc for some t > 0, then x" is divisible by one of the
x4, Since xY7! also has degree a multiple of ¢, we see that in fact we can write x" as
a product of some (possibly repeated) of the x“i, and so x",...,x"s generate U as an
algebra. Let J = [=dl. If all of the x" lay in the radical of I, then there would be
an N for which xNYi [Tfor all i and hence xNY [l for all i. But this would mean
that U/J was a finite-dimensional algebra, which contradicts the fact that for all t > 0
there is a standard monomial for 1 of degree tc. Indeed, since the L-grading refines the
A-grading, there may well be more than one standard monomial of each degree tc. From
this contradiction we can conclude that there is a generator x“i of U with x" [Trad(l),

which in turn implies that the simplices of A(l) cover pos(A). O
Example 2.7. For the lattice of Example 2.2, we have
L1 1
2 0 1
_ D 1 . _ 1 -110
B=F—= 1 & we can take A = 0 -1 1 —1
-2 0

Note that kerz(A) is the saturation of L; the lattice generated by the vectors (1,0, —1, —1)
and (0,1,1,0). With this choice of A we have A = {(1,0), (—1,-1),(1,1),(0,—1)}.

There are four monomial L-graded ideals. We list them in the table below, each with
its radical and the prime decomposition of the radical.

Monomial L -graded ideal radical prime decomposition of radical
XhbX3, X5 (] XbX3, X1 [ X, Xo o Xy, X3 1

XbX3, X2Xz, X5X3 (] XhXo, XoX3, XsXa LI X4, X3 Ch X, X3 [ X, X4 1

XbX3, X2X3, X3X3 [] XhXo, XoX3, XsXa LI X4, X3 0 X, X3 [ X, X4 1
XbX3, X5 [ XbX3, X4 ] Xb, X4 L X, X, [

Note that the second and third ideals have the same radical. The three radicals
correspond to the triangulations of pos(A) shown in Figure 2 in order from left to right.

Remark 2.8. The proof of Lemma 2.6 shows that each ¢ [_ZA(1) has cardinality n—r.
Since the ideals Py, 0 [_A(l) are precisely the minimal primes of I, this shows that |
is an equidimensional ideal of dimension n —r. This is also true if r = n, as then | is a
zero-dimensional ideal.
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Let P, be a minimal prime of I, so |[6] = n—r. We can localize | at P, to get an
ideal 15. We identify 15 with the projection ms(l) where 1, is the map:

Mg:S - ?i;l:k[xi:i[ﬂﬁj
) Xj If_l [al
X B 1 i
The ideal 1, is also the image under m, of the Pg-primary component of I from an
irredundant primary decomposition of I. Similarly, let fi; be the map that projects

u [ZI" to the |a]-vector obtained by restricting u to its coordinates indexed by @, where
o =[n]\o.

Definition 2.9. A homogeneous ideal J [CSTs weakly L-graded if its Hilbert function
dimi((S/J)y) <1 forall g CQ".

We recall ([12, Lemma 2.6]) that a monomial ideal 1 is weakly L-graded if and only
if for each x¥ —x" [Q@r,, at least one of x" or x¥ lies in I.

Lemma 2.10. Let P, be a minimal prime of a monomial L-graded ideal 1.
1. For each | [CIdthen there is some i [Calfor which I; & 0.
2. The localized ideal 1, S} is weakly Ly-graded, where Ly = fig(L) [ZI°l. This
implies that 1, is an artinian monomial ideal.
3. If I =iny(l_), where w; =0 for i [Cal then Iy = ins;w)(l,). In particular, I, is
coherent.

Proof. 1. Since Py is a minimal prime of I, if x4 [P, then x" I If | L, then
x'" and x' have the same L-degree, so at most one of them can be a standard
monomial of 1. This means that at least one of X" and x'" must lie in Py, and so
there is some i Calwith I; 8 0.

2. Let xY and x¥ be two monomials in Sy with u —v [,. Then there exist ufv”
with supp(u9, supp(vH Calnd (u+uY— (v+vH L1 But this means that either
XU+HU= [Tor x¥*V~ 1] and thus one of x¥ or x¥ must lie in 1,. This shows that I,
has at most one standard monomial of each Ls-degree.

3. By the previous part we know that I, is a weakly Ls-graded ideal, so it su [ced to
show that it is contained in the L-graded ideal ins ) (lL,). Let X" be a generator
of I5. Then there is a u® CN" with supp(uj [aland xU*Y" I Let x" be the
standard monomial of I in the same degree as x“*4". Then w - (u + u”=v) >0, so
fis(W) - (u—Tig(v)) >0, and so x" [Cifg, w)(1L,)-

[

Remark 2.11. A stronger result than part two of Lemma 2.10 is true, as I is in fact
Ls-graded. The proof is longer, however, so we prove it in the next section only in the
case where L is two-dimensional.

3. Monomial ldeals

In the rest of this paper we assume that dim(L) = 2. In this section we show that all
monomial ideals in the toric Hilbert scheme H, are coherent.
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Theorem 3.1. Let | be a monomial L-graded ideal where L is a two-dimensional sub-
lattice of Z". Then I =in,,(l_) for some w [ZI".

The proof of Theorem 3.1 is established in several steps. We first show that the
localization of a monomial L-graded ideal | at a minimal prime Py is coherent in the
sense that it is an initial ideal of 1_,. One of these coherent localizations is special in
the sense that there is no other monomial L-graded ideal with the same localization.
This localization determines I. The coherence of this special localization implies that it
is the localization of a monomial initial ideal of I_. Thus I is this initial ideal.

We first recall the result of Lee [10] that all triangulations of n vectors in R"~2 are
regular. Recall [18, Chapter 8] that a triangulation A of {p4,...,pn} CRY? is regular if
there exists a cost-vector w [RI" such that o [\ if and only if there exists an x [ZI'"2
for which p; - x = w; for i @] and p; - X < w; for i IIal If such a w exists we denote A
as A. Applying this definition to triangulations of A , we get that A = A, if and only
if 0 CA exactly when wB = (w — xA)B [pbs(Bs). (Recall that AB = 0.) Thus for a
w [ZT" such that wB [pbs(B), the maximal simplices of the regular triangulation A,,
of A are the (n — 2)-simplices ¢ [n] such that wB [pbs(Bs). This means that there
is a bijection between the regular triangulations of A and the chambers of B.

Definition 3.2. Given a collection P of vectors in R", the chamber complex Z(P)
of P is the polyhedral fan obtained by intersecting all the simplices in P. If n = 2,
then the chamber complex is the collection of cones formed by taking the positive hull of
adjacent vectors in P. We identify chambers in the chamber complex with the collection
of maximal simplices (of P) which contain them. If L is a lattice with generating matrix
B, we denote by 2 (L) the chamber complex =(B).

Example 3.3. For B = {(2,0),(0,1),(—2,1),(—2,0)}, the chamber complex is the col-
lection of three cones shown in Figure 1.

By Lee’s result and Lemma 2.6, when L is two-dimensional, Lemma 2.6 reduces to:

Lemma 3.4. Let | be a monomial L-graded ideal where dim(L) = 2. Then the collection
{o:0 CA(N} ={0: Py is a minimal prime of 1} is a chamber of B.

Definition 3.5. If the monomial L-graded ideal I maps to the chamber pos(b;, bj) then
the (n—2)-simplex 0 = [n]\{i, j } is called the special simplex of I, and the localization
I [Sd = K[xi, Xj], the special localization of I. If n =2 we set I, = 1.

Note that the special simplex determines the corresponding triangulation of A [5,
Corollary 5.9]. This is because since b; and b; are adjacent in the Gale diagram B,
pos(bi, bj) does not contain any other chamber of B.

Example 3.6. Let | be the L-graded ideal [XhbXs, XX, X3x2[from Example 2.2. We
saw in Example 2.7 that 1 corresponds to the chamber pos(b,, bs), so the special sim-
plex is 0 = {1,4}. Note that the corresponding triangulation in Figure 2 is the only
triangulation of A containing the simplex pos(as, as).

From now on, we fix a monomial L-graded ideal I and let 0 = [n] \ {i, J} always be
its special simplex. We now show that I, is coherent by showing that it is an initial
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ideal of 1_,. To prove this it su [ced to show that there exists some W [ZF such that
W - fig(u—v) > 0 for all x* —x¥ [CQ@r_ such that ns(x") I} and my(x¥) MI. This
follows from Lemma 2.3 because Gr, , [{d;(x" —x") : x* —x" [QGr_}.

Proposition 3.7. 1. There exists a cost-vector w [A" such that w- (u—v) > 0
whenever x" — x¥ [C@r_ with ng(x") MI}. We can choose w so that w; = 0 for
i Cal This implies that 15 = ing,w)(l,) and is therefore coherent.
2. The special simplex ¢ of 1 is also the special simplex of the initial ideal in,,(1_) of
I, and (inw (1)) = lo.

Proof. (1) Let x¢ and x}’ be minimal generators of I, which exist by Lemma 2.10 (2),
and let w [CNI" be the cost-vector with w; = b, w; = a, and w, = 0 for k & i, j. Suppose
x4 —x¥ [Q@r,, with iz(x¥) II}. Since x“ and X" have disjoint support, if vi 8 0, we
must have u; = 0. But then we must have u; = b, since mg(x") [CIJ. Since my(x") 14,
we must have v; < a. But now w - (u—v) = —w;v; +w;u; = —bv; +au; > —ba+ab = 0.
Similarly, if v; 8 0 we must have vj < b and u; > a, sow - (u—v) > 0. Finally, if
vi =Vv; =0, then w - (u—vVv) = bu; +au;. If u; = u; = 0 then that would mean that
u—v =1 [Dand I; = I = 0 which contradicts Lemma 2.10 (1). So we conclude that
w - (u—v) >0 as required.

(2) It su Lced to show that o is the special simplex for in,(l_), as then Lemma 2.10
(3) and part (1) of this proposition together imply that (inw (1)) = iNsw)(I,) = lo.
Let x¥ be a monomial with vi = v; = 0. Then for all x" such that x" — x¥ [J, either
ui >0 or u; > 0 by Lemma 2.10 (1). This implies that in,(x" — x") = x" and hence
xV [y, (1.). This shows that in,, (1) [P}. Since iny(l.) is (n — 2)-dimensional, Py
must be a minimal prime of in,, (1) and hence ¢ appears in A(iny(1_)). However this
implies that A(1) = A(iny (1)) since o appears in only one triangulation of A. Hence
o is the special simplex of iny(I.). H

Notice that the proof of Proposition 3.7 (1) works for any localization I; of I at
a minimal prime P; and hence all these localizations of |1 are coherent. Proposition
3.7 proves that Theorem 3.1 holds when L [—ZF since in this case, B = {bs,b,} and
I =1l

Example 3.8. Continuing Example 3.6, 1, = X, x5, 50 from the proof of Proposition
3.7 we see that w = (0, 2, 1, 0) satisfies w - (u —v) > 0 whenever x" — x¥ [Qr,_ with
n(x¥) MI. Every Graver binomial satisfies this condition on 1(x"), and it is easy to
check that they all also satisfy the condition on w - (u — v).

In the rest of this section we fix w to be the vector constructed in the proof of
Proposition 3.7 for the special localization I,. The final step in the proof of Theorem 3.1
is to show that I = iny,(I.). This requires understanding the Grobner fan of 1, [2], [13].
This is a fan in R™ whose cells (which are open polyhedral cones) are in bijection with
the initial ideals of I_. The open cone indexing an initial ideal J of I, is the set of all
p CZI' such that J = iny(l_). The closure of this cone is called the Grobner cone of J.
Full dimensional Grobner cones index the monomial initial ideals of 1.

The Gribner fan of 1, can be drawn in R? as follows. By Lemma 2.3, the normal vector
to a facet (wall) of a full dimensional Grobner cone is an | CIsuch that X" —x'" [CGr,.
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Using the injective map ¢ from (1) we can represent | by ¢~%(I) CRF and the wall with
normal | by the ray in R? with normal @~%(1). We will always mean this two-dimensional
fan when we refer to the Grobner fan of 1. If a wall of the fan (ray in R?) is pos(g) for
some g [CRP, then we always mean the primitive clockwise normal vector g ~tb g by the
normal to this wall. We now recall that the Grobner fan of I, is a refinement of Z(L).
Let ZB be the lattice in Z? generated by the elements of B. Recall that ZB = Z2 if and
only if L is saturated or equivalently, if I_ is a toric ideal.

Definition 3.9. Let K be a two-dimensional pointed rational polyhedral cone in R? and
H be its Hilbert basis (i.e., H is a minimal generating set for the semigroup K n ZB).
We call the fan obtained by subdividing K by drawing in the rays R>q-h for each h [CH
the Hilbert refinement of K.

By Lemma 3.3.3 in [16], the Grobner fan of I is supported on pos(B). Also, for any
{r,s} CJnl and t = [n]\{r, s} such that By s; is non-singular, the Grébner fan of I__ is
supported on pos(by, bs), and Example 3.3.4 in [16] shows that the Grobner fan of I, is
the Hilbert refinement of pos(b,, bs). Theorem 3.3.8 in [16] implies the following.

Lemma 3.10. [16] The Grobner fan of I_ is the fan obtained by taking the Hilbert
refinement of each full dimensional cone (chamber) in the chamber complex Z(L).

A two-dimensional rational cone K is unimodular if the primitive integer generators
of the two extreme rays of the cone form a basis for the lattice ZB.

The next two results rely on the geometry of the Hilbert basis of a two dimensional
rational polyhedral cone K. It is known that the Hilbert basis elements of K are precisely
the lattice points that lie on the bounded faces of the polyhedron K= {z Kl n ZB :
z 8 0}. See[14, Proposition 1.19] for instance. For Corollaries 3.11 and 3.13, assume that
the Hilbert basis elements of a chamber pos(b, bs) in Z(L) are go = by, 01,...,0t,bs =
Oe+1 iN the order they occur on the boundary of K consisting of its bounded faces.

Corollary 3.11. Each full dimensional Grobner cone of I, is unimodular.

Proof. If gk and gk are adjacent Hilbert basis elements, then there is no element of the
lattice ZB in the convex hull of 0, gk, and gk+1 other than the three vertices. Indeed, if
a lattice point g existed, then the fact that the g; are vertices of a convex polyhedron
means that g cannot be written as an integral combination of any of the g;, which
would mean that the Hilbert basis was not complete. Now consider the triangle with
vertices gk, Ok+1 and gk + gk+1. If there was a lattice point v in the interior of this
triangle, then v = Agx + M0k+1 Where 0 < A,p < 1 and A+ > 1. This implies that
Ok + Ok+1 — V = Ok(1 — A) + gk+1(1 — ) lies in the interior of the convex hull of 0, gy,
and gx+1 since 1—A,1—p > 0and theirsum1—A+1—p=2—(A+p) < 1. Since this
contradicts the earlier observation, we can conclude that there are no lattice points in
the interior of the parallelogram spanned by gx and gx+1 which is hence a fundamental
domain of ZB. Therefore, pos(gk, gk+1) iS unimodular. O

Example 3.12. The Grobner fan for the lattice of Example 2.2 is shown in Figure 3.
Note that of the three cones in the chamber complex, only the middle one contains an
extra Hilbert basis element, so we get four Grobner cones.
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Figure 3. The Grobner fan for the lattice of Example 2.2.

Corollary 3.13. Let pos(b,,bs) be a chamber of B and go = by, 01,02,... ,0t, bs = Qe+1
be the elements in the Hilbert basis of pos(by, bs) in clockwise order. Then bs-g,"< bs-g,57
forallk=1,...,t—1. Similarly, b, - g2 b, -gL7'forallk=1,... ,t—1.

Proof. Since rotating the cone does not aledt the statement, for the first assertion, we
may assume without loss of generality that b, = (0,y), y [Zl and bs = (p,q) [ZF with
p > 0. Let mg, my, ..., m be the slopes of the line segments [go, 91], [01, 92, - - - , [Ot, Fe+1]-
Since the g; are vertices of a polyhedron, it now follows that mp = m; < ... < m¢ < g/p.
Let g« = (a,b) and gk+1 = (c,d). Then g-—=%= (b,—a) and g7 = (d,—c). Since
my = (b —d)/(a—c) < g/p, we get that pb — pd < ga — qc which implies that bs - g =

pb—ga < pd — qc = bs - g51* The assertion for b, is proved similarly. O
We now begin the arguments to prove that I = in,(l_). Recall that o = [n]\ {i,]J}

is the special simplex of I. Let int(C) denote the interior of a cone C.

Lemma 3.14. 1. If —h, Cidt(pos(bi, b)), then k CTifor all T CA().
2. 1f b - ¢ 1(1) =0 for | [, I, = 0.

Proof. (1) Recall that k I @1 L[_A(l) if and only if there exists some g such that
pos(by, b) [Cpds(bi, bj). However, if this was the case, then —by Cidt(pos(bi, b;)) would
mean —by, [Cifdt(pos(bk, by)) which is not possible.

(2) Let z = @ *(I). Recall that z - b; = |; for all i, and so if z - by = 0 then I, = 0. O

Let C™%= pos(g1,g2) be the Grobner cone of iny, (1) and @)= 11, 9(g) =1, (1O
Then C s also the Grbner cone of (inw(1))s = inrw)(IL,) and hence lies in pos(bi, bj)
which is the support of the Grobner fan of I, ;. We focus on the cones pos(b;, b;) and
C ™= pos(g1, g2) in the rest of this section. Assume they are as in Figure 3 (a), where it
could be that b; = g; or b; = g,.

Lemma 3.15. Suppose g [pbs(gs,d,) such that g = Agy + pg, 2% with A, p A,
and (g9 =1 CI1 Then x'1 divides X' and x'2 divides x'".

Proof. We refer to Figure 3 (b) for this proof. If there is some index k for which (I1)x
and (l,)x have opposite signs, then there must be some vector | [ n int(pos(ly, I,))
with I, = 0. By Lemma 3.14 (2), (1) - by = 0 which implies that +b, Cidt(CY’ Since
by [int(C YH'for any k, this can only happen if —b, Cidt(CH!

Let U [0l be the set of indices k for which —b, [Cidt(CY! where U may be empty.
Then 1, 14,1, are sign compatible in all slots except those indexed by U. If k then
g—(—hs) > 0, and so (I})x < 0. This means that supp(l;) n U = [Similarly for
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Figure 4. The cones pos(bj, b;) and C™%= pos(g, g2).

k O, gfY(—bx) <0, so (I.)x > 0, and thus supp(l;) n U = [Therefore, looking at
" =17 = A7 = 1))+ —15) = AI] +ply) — (A7 + ply), we see that I < I+ and
I O

2

Definition 3.16. Let M [Slbe a weakly L-graded monomial ideal. The forced ideal
of M is the ideal generated by all monomials x" for which x" — xV [CQr_ and x" II'M.

Remark 3.17. If M is a weakly L-graded monomial ideal, then note that the forced
ideal of M is contained in M as well as in all L-graded monomial ideals contained in M.
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In particular, if the forced ideal of M is L-graded then it is the unique L-graded ideal
contained in M since one monomial L-graded ideal cannot be contained in another.

In Proposition 3.19 we will prove that I is the forced ideal of I;. We now collect
together some facts needed for this proof.

Lemma 3.18. 1. The special localization I [K[x;, X;] [—SI of the monomial L-
graded ideal I, is weakly L-graded when considered as an ideal in S.

2. The monomials x™ (1), xm(2) are minimal generators of 1, [K[x;,x;] and the
monomials xme(1) xme(2) are not in I, K, xj]. Hence X7, x!2 lie in the forced
ideal of 1, [S1

3. If g Cnt(pos(bi, b)) and (g5 =1 CGry then xi|x'™ and x;|x'". If g Ipbs(b;, b;)
and pos(b;, b;) lies on the same side of Rg as g5-then x™ (™) = 1 which implies
that x'" [ CSI

Proof. 1. If there exists x4, x¥ of the same L-degree such that x",x" I T} then
x4, x¥ [ [Igl [CS1 This cannot happen as | is L-graded.

2. Recall that C s the Grobner cone of ing, (11, with the binomials x7o(1) —xfo(t:)
and x(2) —xM(2) defining the facets pos(g;) and pos(g,) of C = Further, the initial
terms in both binomials are the positive terms x%e (1) and x™ {2 which are minimal
generators of ing,wy(lL,). It is known that ing, (I.,) = X)) — xTe0) 3 P
xP is a minimal generator of ina, ) (1L,), X* 8 x™ () [IHence if x™ (1) s also in
iNg,w) (1L, ), then we will get that ing, (I,) ik, w)(lL,) which is impossible as an
initial ideal of an ideal cannot be contained in another initial ideal of the same ideal.
Therefore, x™ (1) and similarly, x®(2) are not in 1, = ina, @y (1L,) CKX;, X;]. This
implies that x'1,x'2 are not in I, [CSland hence x'1, x"2 lie in the forced ideal of
I, CS]

3. Since I; = b;-g== 0 if and only if g and b; are dependent, it follows that I; changes
sign as g is rotated from one side of b; to the other. Similarly I; changes sign as g is
rotated from one side of b; to the other. In particular, if g ITpbs(b;, b;), then I; and
l; must have the same sign, while if g [Cidt(pos(bi, b;)), then I; and I; must have
opposite signs. Further, if g lies on the clockwise side of pos(b;, bj) as in the claim,
then n,(x'") lies in all initial ideals corresponding to Grobner cones in pos(bj, bj)
which shows that I, ;" > 0, as ms(x' ) = 1 which does not lie in any initial ideal.
Finally, in the case that g [pbs(b;, bj), the fact that ms(x'") lies in all initial ideals
of 1, corresponding to Grobner cones that lie between g and b; while ms(x') lies
in all initial ideals of I corresponding to Grobner cones that lie between g and b;
means that I; <0 and |; > 0.

]

Proposition 3.19. The monomial L-graded ideal I is the forced ideal of 1, [S1

Proof. Let J be the forced ideal of I,. Then J [0 [1J. To show that J = I, it
su [ced to show that J is weakly L-graded. This is true if for every x" —x¥ [Q@r_ either
xY [Jor x¥ [LJ1 By the definition of J, if one of x" or XV does not lie in 1, then the
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other is in J, so we may assume that x4, xV [I}. Let g~ ¢ *(u—v) and g [
be the primitive vector such that g™~} the clockwise normal to the ray pos(g). Since
x4, x¥ 14, Lemma 3.18 (3) lets us assume g [pbs(b;, b;) (where we use v — u instead
of u — v if necessary).

Since C %= pos(g:, g») is unimodular (Corollary 3.11), we can write u —v = Al; + pl
for A, 4 If A =0, then since x" —x" [Qr_ eitheru—v =1, oru—v =1, In
either case, x" and x¥ do not both belong to I, by Lemma 3.18 (2) which contradicts
our assumption. So A 8 0. The proof now breaks into two cases, depending on the
sign of Ap.

Case 1. Ap > 0: From our assumption that g [pbs(b;,b;) it follows that A, > 0.
Then g Cpbs(gy, g2) and hence by Lemma 3.15, x'1 [x and x"2 [x¥ which implies that
x4, x¥ [LJlby Lemma 3.18 (2).

Case 2. Ay < 0: Then g Cidt(pos(bi,b;)) \ C= We may assume that Clies on the
same side of Rg as g ~(see Figure 3 (c) and (d)) and consider two subcases.

Subcase 2.1: Suppose g is in the Hilbert basis of pos(b;,b;). Then by Lemma 3.18
(3), vi = —(bi - g5H*=> 0. Also, (I;)i = —(b; - g2)-' Then Corollary 3.13 implies that
bi - g == b; - giWhich implies that v; < (I;);. Hence x™M = x¥' [T} since xi('z)i is a
minimal generator of 5. This means x¥ 1§ which is a contradiction.

Subcase 2.2: Suppose g is not in the Hilbert basis of pos(b;,b;). Since g lies in
int(pos(bi, b;))\C it lies in the interior of some Grobner cone of 1, contained in pos(bj, bj)
di Lerent from C ! Suppose this Grobner cone is pos(gs, g4) with ¢(g5) = 1; [CQ@r,_ and
o) =1, CQ@r asin Figure 3 (d). By Lemma 3.15, x'7 |xU. Since gs lies in the Hilbert
basis of pos(bi,bj), the arguments in the previous subcase show that x': [T} which
implies that x'= [-Iland hence x¥ 11 O

Example 3.20. In Example 3.6 we saw that for 1 = [Xhbxs, XX, X5x5[We have 0 =
{1,4}, and 1, = X, x3[1Then in the notation of the preceding proofs, b; = bz, bj = by,
g: = (—1,1), and g, = b,. We now check that the forced ideal of 1, is weakly L-graded,
by checking that each binomial in the Graver basis has one of its monomials lying in
;. The Graver binomial x,x3 — 1 is covered by part 3 of Lemma 3.18, as 1 [[T}. The
binomial x3x2 — x2 comes from @(bl);! while x2x, — x3x2 comes from @(g\);'so they
are both dealt with by part 2 of Lemma 3.18. Note that x? and X3x3 do not lie in I,.
Finally, x2x3 — x2 comes from @(b1);'so is covered by subcase 2.1. of Proposition 3.19.
Note that x3 [TTJ.

The intersection of the minimal primary components of a monomial ideal M s called
Top(M) in [16]. Theorem 3.3.6 in [16] and Theorem 4.4 in [8] then follow from the
following corollary of Proposition 3.19.

Corollary 3.21. If dim(L) = 2 and I and I”are two distinct monomial L-graded ideals,
then Top(l) £ Top(1Y.

Proof. If I & 15 then Proposition 3.19 implies that 1, & 1} where o and o"are the
special simplices of the two ideals. Since the minimal primary components are uniquely
determined from Top(l), this implies that Top(l) £ Top(15. O
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Propositions 3.7 and 3.19 combine to prove Theorem 3.1.

Proof of Theorem 3.1. Proposition 3.19 says that | is generated by monomials x" for
which there is some xV I T} with x" — x¥ [CQ@r,_. Proposition 3.7 says that there is a
cost-vector w for which w- (u—v) > 0 for all such Graver binomials x"—x". This implies
that I [Cinl,(1.). Since we cannot have a proper inclusion of monomial L-graded ideals,
we conclude that I = in,,(I.). O

4. The General Case

In this section we finish proving Theorem 1.1. We first recall from [12] the notion of
a flip.

Definition 4.1. Let M; be a monomial L-graded ideal with minimal generator x". Let
X" be the standard monomial for M; of the same degree as x“. The wall ideal W
associated to M; and x" is the ideal obtained by replacing the generator x" of M; by
the binomial x" — x". We say the binomial x" — x" is flippable if in -(MV) = M, for any
term order with x¥ [x34. If there is some other term order [Ewith x" [EX¥ then we
set M, to be the L-graded monomial ideal in=W). We say that M, and M, di[er by
a flip over the true flip x" — x". If there is no such term order [Ewle say that x" — XV is
a fake flip.

Remark 4.2. 1. In[12] the assumption that ker(A) nN" = {0} (the positively-graded
assumption) avoided the possibility of fake flips.
2. For a true flip, we recall Definition 2.7 and Lemma 2.9 of [12] which says that
M, = X* [M; : a 8 uand [xP ITM; with x* — x? [@Qr [F X'[]

Example 4.3. Let L be the lattice of Example 2.2. For the L-graded ideal XpX3, x5 []
the binomial x,x3—1 is a fake flip, and the binomial x3 —x3x2 is a true flip. Flipping over
the true flip, we get the other initial ideal of [XE —x3x3, Xox3 [, which is XbX3, X3X, X3%3 [
This has two true flips: x2—x3x3 and x2x,—Xsx3. Flipping over the second true flip gives
the ideal XhXs, X3x3, Xax4 [ which again has two true flips: x2x, — X3x3 and x2x3 — xa.
Flipping over x2x2 —x2 we get the last L-graded ideal XpXs, x2[JFor this ideal x3x3—x2
is a true flip, and x,x3 — 1 is a fake flip.

We first prove thateyery wall ideal is coherent. If X* is a monomial, we write XSUPP(@)
for the monomial ;o) Xi-

Lemma 4.4. Let L be a two-dimensional lattice contained in Z", and let I and J be
two monomial initials ideals of I, which di[edby a flip. Then the wall ideal W of I and
J is coherent.

Proof. Let the flip be over the binomial x" — x¥, with x* [1I\ J, and x" \ .
Choose cost-vectors wy and w; for which in,, (1) = I, and in,,(I.) = J. Let w"be
the composite cost-vector (wp - (U — v))w; — (wWy - (U — Vv))Wp. This is chosen so that
w (u—v) = 0. Pick a monomial generator x* of W. If the standard monomial of the
same degree as x“ is the same monomial x°¢ for both I and J, then w; - (a —¢) > 0 for
i =0,1. This means that w™ (o —c¢) > 0, and so x* [Cin,, (1. ). If this is the case for all
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such minimal monomial generators x%, then W [Cinl,(1.). As we cannot have a proper
inclusion of L-graded ideals, we conclude that in this case we have W = in,,«(1.).

Suppose on the contrary that there is some minimal generator x® of W for which the
standard monomials for I and J are di [erknt monomials x¢ and x9 respectively. The rest
of the proof deals with this case. Let x® — xT be a Graver binomial with x® dividing x°
and xT dividing x¢. Then we must have x¢ [LINI and xT [CINJ. The second observation
in Remark 4.2 now implies that e = v and ¥ = u. So we can write ¢ = kv + vy, and
d =ku+y, where y =y, +y, + y“with supp(y,) [Csupp(u), supp(y,) [supp(v), and
supp(y5 n (supp(u) Csdpp(v)) = [JAlso note that by Lemma 2.3 x* — x° and x* — x4
are both Graver basis elements, so supp(a) n supp(c) = supp(a) n supp(d) = [

We next claim that x"*V*Y [ rhd(W). If x¥*V*Y [rhd(W), there is some | [N
for which x'*V*Y) [TW. We may assume that | = k. Choose a monomial x¢ with
supp(g) [Csdpp(u) so that x¥u*9 = xPY for some integer p. Since x" — x¥ [W, and
XIHv)*Hg 9 | it follows that x'(@+PVv+vw+vY W | and thus x'(@+Pv+vv+vY 1] Note
that supp(I((2 + p)v + yy +y7) = supp(v) Cstpp(y?.

Let x* be a monomial not lying in rad(l). Since x* [\, and thus x* [I] we cannot
have supp(a) [sdpp(s). Similarly we cannot have supp(u) [stpp(s) or supp(v) [
supp(y) [smipp(s). Since these three sets are pairwise disjoint, we conclude that
| supp(s)| < n—3. But since s was arbitrary this contradicts the observation of Remark
2.8 that I is a (n — 2)-dimensional ideal. From this we conclude that x“*V*Y Irad(W).

Since a—c and a—d are not linearly dependent, they must be a basis for the real span
of L, so every vector | [Llcan be written as a (possibly non-integral) linear combination
ofa—cand a—d.

Let w be the cost-vector with w; = 1 if i [stipp(a), and w; = 0 otherwise. We will
show that W = iny(l_). Let F be the generating set for in,,(l_) obtained from the
corresponding reduced Grobner basis for I_. If £ [H then T is either a binomial or a
monomial. If  is a binomial, then f comes from a lattice vector | = A(a —c¢) + p(a—d)
with w - | = 0. This means that A = —p, and so | = ku — kv. Since f must be a
Graver binomial, we know that k = 1, and thus f = x" — x¥ [CW. Now consider
the case that f is a monomial x®, and let x? be a standard monomial of in,(I.) with
xB —x® [CQr.. Since p —& [, it equals A(a — ¢) + p(a — d) for some constants A
and 4, so B —8 = (A + p)a — kAv — kpu — (A + p)y. Because xP is the leading term
of xP — x® with respect to the cost-vector w, we know that A + p > 0. It follows that
supp(d) [Csdpp(u) Csdpp(v) Csdpp(y), so x? MW . But this means that there is some
constant p for which xP — px® W, and so xNP — pNxN® for all N [CN. We can
choose N su [ciehtly large so that N(A + ) > 1, so x® divides x?. But x® was chosen
to be in W, so if p 8 0 this implies that xN° [CW, and so x® [rad(W). From this
contradiction we conclude that p = 0, and so x® [CW. This shows that every minimal
generator of the L-graded ideal in,,(1.) lies in W, and so since W s itself L-graded, we
must have W = in,,(I.). O

Corollary 4.5. Let L be a two-dimensional lattice. Then every monomial L-graded
ideal has exactly two flips.
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Proof. Let I be a monomial L-graded ideal. By Theorem 3.1 we know that I is an
initial ideal of I, and thus corresponds to a cone in the Grobner fan of 1,.. Now Lemma
4.4 says that any true flip of I connects I to an initial ideal J that corresponds to an
adjacent Grobner cone. There are thus exactly two true flips of I, unless I corresponds
to a cone which is adjacent to the boundary of the Grobner fan of I, in which case |
has only one true flip.

It thus su [ced to show that I has no fake flips unless it corresponds to a cone adjacent
to the boundary of the Grobner fan, in which case | has exactly one fake flip.

We first recall that if x" — x" is a flip of I then x" —xY [Qr_. This means that x"
and x¥ have disjoint supports, and so if supp(v) 8 [there is some term order [Cwith
xY [X™. Thus the only way for x" — x¥ to be a fake flip is to have x¥ = 1.

Suppose xY — 1 is a fake flip for 1. If X were another minimal generator of 1 with
supp(u) n supp(uy & [ then the S-pair S(x“ — 1,x") would divide x", contradicting
the flippability of x4 — 1. On the other hand, if x4"is a minimal generator of I with
supp(u) n supp(uy = L then S(x“ —1,x4) = x4" [0 So we see that a necessary and
su Lcieht condition for a minimal generator x“ of I of the same L-degree as 1 to give
risS to a fake flip x — 1 is for supp(u) n supp(u = CIbr all other minimal generators
x“ of I.

We note that for any vector xY — 1 [T (such as a fake flip) there is a vector v [ZP
for which u = @(v), and b; - v =0 for all i. Note that we can have b; - v = 0 for at most
two values of i, and if b; - v =b; - v =0, then b; is a negative multiple of b;.

Let the Grobner cone of I, pos(gs1, g2), be contained in the secondary cone pos(bj, bj).
Let g/ He the clockwise normal to g for k = 1,2, and let I, = @(g))'[. We assume
that g; and g, are in clockwise order.

We first consider the case where | is a monomial L-graded ideal with two true flips.
Then x'7,x> [ Note that (I,); = g/~ > 0, and (I,); = g/ b < 0. Hence
I, J [Istpp(u). This means that if x“—1 is a fake flip with u = @(v), then v-b; = v-b; = 0.
Since pos(b;, bj) is a pointed cone this is not possible for v & 0, so we conclude that I
has no fake flips.

We now consider the case where I is a monomial L-graded ideal with at most one
true flip, so I corresponds to a cone on the boundary of the Grobner fan of I,. Without
loss of generality we may assume that this boundary is the counter-clockwise outer wall
bi. We first note that the fact that the Grobner fan has a boundary implies that it is
pointed. If the fan is not pointed, then for every vector x [ZP there is some b, with
X-bx <0, and so L nN" = {0}. This means that the ideal I is positively graded, which
in turn means that the Grobner region of the ideal is all of R", so the fan does not have
a boundary. The fact that the Grobner fan is pointed means that b=—b; = 0 for all i,
and so if u = @(bD;'then u = 0, and we will show that x" — 1 is a fake flip.

We know that the Grobner cone for I is pos(bi,g,) for some vector g,, and x> 1]
Note that |; = ae; for some a [CNl. We now show that this x¢ is the only generator of
I divisible by x;. Let I L, and write 1= @(g 5 for a vector g = ZF. Write g for the
primitive vector in Z? whose clockwise normal is g =By Corollary 3.11 we know that
pos(bi, g2) is a unimodular cone, so g = Ab; + pg, with A, u CZ4 Since @(bDi'= 0, we
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know that 1°= pe(g.D7'= —pa. Since |ua| > a for |u| £ 1, we see that X'~ is in I but
not a minimal generator, so I”does not give rise to a minimal generator of I unless I"= I,
or l,. So the two generators of I are x'1 = x¥ and x"2 = x2. Since u; = b/=b; = 0, it
follows from the above characterization of fake flips that x" — 1 is a fake flip. The only
other possible flip come from x¢. If I has any true flips, this must come from x%, giving
I a total of two flips. Otherwise I is the only monomial L-graded ideal, and g, must be
the other boundary of the Grdbner fan, so x2 gives rise to a second fake flip. O

We recall the following theorem which is Corollary 5.2 of [15].

Theorem 4.6. Let | be a monomial L-graded ideal. Then the number of flips of I is
equal to dimg(Homs(1,S/1)),.

We note that in [15] the assumption was made that L was saturated and positively
graded. The proof goes through word for word in the case of general lattices.
We also recall the following theorem which is Proposition 1.6 of [7] applied to H, ..

Theorem 4.7. The Zariski tangent space to the toric Hilbert scheme H_ at an ideal |
is canonically isomorphic to (Homg(l, S/1))o.

We now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. There is an action of the torus (k5" on H,_ given by scaling the
variables occurring in an ideal 1. Since the singular locus of H_ must be fixed under
this torus action, and the monomial L-graded ideals are the torus-fixed points, to show
that the scheme is smooth we need only show that it is smooth at each monomial ideal.
Now Corollary 4.5 and Theorem 4.6 imply that for a monomial L-graded ideal we have
dim, Hom(l, S/1) = 2, which Theorem 4.7 says is the dimension of the tangent space of
H_atl.

Pick any two linearly independent vectors bi,b; [CB. Let A(a,b) [C_(kH" have
A@b) =1for | Ei,j, M@ b)i = a, and (A(a,b)); = b. There exist I,1” [0
with I; =0,1; E 0and IE 0, IJ-D= 0, so considering the action of A(a, b) on the binomials

X" —x'" and X' —x!" we see that the map of (k5 to the underlying reduced scheme
of H_ given by (a,b) B A(a,b)l_ is injective, so the coherent component of H_ is at
least two-dimensional. Since we showed above that the dimension of the tangent space
to H_ at each monomial ideal is two, this shows that H_ is smooth at every mono-
mial ideal, and thus everywhere. Every irreducible component must contain a monomial
ideal, so Theorem 3.1 says that every irreducible component must intersect the coher-
ent component. Since we just showed that H, is smooth, we conclude that it is also
irreducible. ]
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