MATH 551 HOMEWORK 2

SOLUTIONS

(1) The symmetric group

(a)

Show that the adjacent transpositions {(ii + 1) :
1 < ¢ < n—1} generate S, (that is, every ele-
ment of S, can be written as a product of finitely
many adjacent transpositions). Since every element of
S, can be written as the product of cycles, we just need
to show that every cycle can be written as the product
of adjacent transpositions. We first note that the cycle
(a1az...a) = (a1ag)(arax-1) - .. (a1a3)(araz), so every cy-
cle can be written as the product of transpositions. Finally,
we note that if i < j, then (ij) = (it +1)(i+1i+2)...(j —
2i -G -1 —2—1)... (it +1).

If 0 € S, can be written 0 = 717373, where the 7;
are adjacent transpositions, we say this expression
for 0 has length three. The length of ¢ € 5, is
the length of the shortest expression for ¢. Which
element(s) of S, has/have the longest length?

The element with the longest length is the permutation o
that switches 1 and n, 2 and n — 1, 3 and n — 2, and so
on. This has length (Z) To see this, define the inversion
number of a permutation 7 to be the number of pairs ¢ < j
with (i) > 7(j). The inversion number of ¢ is (}), and is
less than this for all other permuations. We claim that the
inversion number is the length of the permutation. Indeed,
if 7 is a permutation with 7(i) > 7(j) for some ¢ < j,
then there is i < k < k+ 1 < [ with n(k) > n(k + 1).
Then 7" = 7(kk + 1) has exactly one fewer inversion (as
if m > k+ 1 with 7(k) > 7(m), then 7'(k + 1) > 7'(m),
and similarly for m < k). Since the only permutation with
no inversions is the identity, and the inverse of an adjacent
transposition is an adjacent transposition, this shows that
the number of inversions is an upper bound on the length

of any permutation. Since multiplying by (kk+1) can only
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remove at most one inversion from a permutation, we see
that it is also a lower bound, so we have equality.

A trivial way to get different expressions for the
same element of S, is to add 77 to an expression.
For example, (12) = (13)(13)(12). If we require that
there are no adjacent repeated adjacent transpo-
sitions in an expression for o, is the expression
unique?

Show that the transposition (12) and the n-cycle
(123...n—1n) generate S,,. From the first part, it suffices
to show that we can generate all adjacent transpositions.
Writing o = (123...n — 1n), the result now follows from
the fact that for 2 < i < n—1, we have 0(12)0~" = (ii+1)
(which can be proved, for example, by induction).

(2) Hungerford 1.2.15.

(a)

(b)

(c)

Function composition is associative, and the identity auto-
morphism 1g: G — G defined by 1¢(g) = g for all g € G
is an identity element. Inverses exist by Theorem 2.3.

If f is an automorphism of Z, it takes 1 to n € Z, and thus
f(m) = nm. Since there exists m with f(m) = 1, we have
1 = nm for some m, so n = +1. Since the function defined
by f(1) = —1 is an automorphism, we have Aut(Z) =
Z/27Z, via the map that sends the identity to 0, and f to
1.

For a cyclic group Z/nZ, if f is an automorphism, then
the order of f(1) must be n, so f(1) is coprime to n.
Since any a with (a,n) = 1 generates Z/nZ, any choice
of such a determines an automorphism. Thus there are
two automorphism of Z/6Z, corresponding to ¢ = 1 and
a =5, 80 Aut(Z/67) = Z/2Z. For n = 8, the choices are
fi(1) =1, f3(1) =3, f5(1) =5, and f7(1) = 7. Since the
squares of each of these is fi, and f3 o f; = f7, we have
Aut(Z/87) = Z.)27 @ Z/27. For Z/pZ, there are p — 1
choices for a, so | Aut(Z/pZ)| = p — 1. We defer the proof
that it is cyclic until we discuss fields.

As above, there is an automorphism f, given by f,(1) = a
for all a coprime to n. Now f, o f, = fup, so the homomor-
phism f, — a is an isomorphism from Aut(Z/nZ) to the
group of invertible elements of Z/nZ under multiplication.

(3) bf Hungerford 1.2.19.

(a)

Let H be a subgroup of G that is contained in H; for all
1t € 1. Then H C NerH;, so NierH; is the unique greatest



(4)
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lower bound of the H;. By definition the subgroup (U;cr H;)
is the smallest subgroup containing all of the H;, so if H is
a subgroup of G that contains all of the H;, (U;erH;) C H,
so (UserH;) is the unique lowest upper bound. Thus the
partially ordered set of subsets of G, ordered by inclusion,
is a lattice.
(b) I've been having trouble with the pictures. Ask me if you'd
like to see a copy.
Hungerford 1.3.3. Consider the element ab € G. Suppose
(ab)” = a"b" = e, with r Z 0 mod p, or r Z 0 mod ¢q. Then
there are 7,7 not both zero with 0 <1 < p, 0 < j < g with
a't’ = e, so a® = b7, However the order of a’ must divide p,
while the order of b9~/ must divide g, so since (p,q) = 1 they are
coprime and thus ¢ = 0 = 7, and so if (ab)" = e, we must have
r=0 modpandr =0 mod ¢, sor =0 mod (pg). Thus the
order of ab is pq, so ab generates G.
Hungerford 1.1.7 If 0 < a < p, then (a,p) = 1, so there are
r,s € Z with ar — sp = 1. We may assume that s < a,r < p.
Thus ar = 1 mod p, so every nonzero element of Z/pZ has a
multiplicative inverse. The element 1 is clearly a multiplicative
identity, and multiplication is associative because multiplication
in Z is, so the p — 1 nonzero elements of Z/pZ form a group
under multiplication. If p is not prime, some elements will fail
to have an inverse. For example, if p = 6, the element 1 is still
the only candidate for a multiplicative identity. However there
is no a with 2a =1 mod 6.

Hungerford 1.4.4 By the previous part we know that the
nonzero elements of Z/pZ form a group under multiplication of
order p — 1. Thus the order of any element 0 < a < p divides
p—1,50 a’"' =1 mod p. Multiplying both sides by a, we get
a? = a mod p.

Hungerford 1.5.10. Let H be the subgroup generated by o2
and 7, so H = {1,0%,7,0%7}. Note that H = Z/27Z & 7./2Z.
Since H is index two it is normal. Let K be the subgroup
{1,7} of H. Since K is a subgroup of the abelian group H, it is
normal in H. However 70! = 0?7 € K, so K is not a normal
subgroup of G.

Hungerford 1.5.15. Since NV K = G, and N and K are
normal in G, we have G = NV K = NK, by Theorem 5.3,
so G/N = NK/N = K/(N N K) by the second isomorphism
theorem. Since NN K =e, K/(NNK) = K as required.
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(8) Show that if H and K are subgroups of a group G,
then every element of H V K can be written in the
form hikihsks ... h.k,. for some h; € H k; € K. Let P =
{hlkl--~hrkr T e N,hz € H,kl S K} Then H,K - P,
and e = ee € P. If a = hiky...hk, € P, then a ! =
ek *ht.. . k;*hi'e € P. The multiplication of elements of
P lies in P, so we see that P is a subgroup of GG containing H
and K. Thus HV K C P, so each element of H V K can be
written in the desired form. (Actually HV K = P !)



