MATH 551 HOMEWORK 11

SOLUTIONS

(1) Hungerford, IV.5.2

(a) Define a map ¢ : A - A® Z/mZ by ¢(a) = a® 1. Now
p(ma) =ma®1l=a®@m=a®0=0,somA € ker ¢, and
so there is map ¢ : A/mA — A® Z/mZ. We also define a
map ¢ : AQZ/mZ — A/mAby (a®j) = ja (Check that
this map is well-defined!). Note that 1 (¢(a)) = a, while
d(Y(a®j)) =ja®1l=a®j,so ¢ and 1 are inverses, and
thus each is an isomorphism.

(b) By the first part, Z/mZ ® Z/nZ = (Z/mZ)/(nZ/mZ).
Let ¢ = (m,n), and let ¢ : Z/mZ — 7Z/cZ be the map
that takes x + mZ to x + c¢Z. This is well-defined, since
if v — a2’ € mZ, then x — 2’ € cZ, since ¢ divides m, and
is a homomorphism. The homomorphism ¢ is surjective,
and ¢(nx) = nx + ¢Z = 0, since ¢ divides n, so nZ/m7Z C
ker(¢). If x + mZ € ker(¢), then ¢ divides z. Since ¢ =
(m,n), there are r, s € Z with rm+sn = ¢, sox = r'm+s'n,
and thus © + mZ = s'n + mZ, so x € n(Z/mZ). Thus
ker(¢) = n(Z/mZ), and so Z/cZ = (Z/mZ)/(nZ/mZ) by
the isomorphism theorems.

(¢) By the classification of finitely generated abelian groups,
we know that A = Z* & &,Z/d;Z, where d; divides d; ;.
Similarly B = Zb @ ®,Z/e;Z, where e; divides e;1;. Then

A®B = (2*e@2/dz) e (2" e PL/e;)

J
= "o Pr/die P L/e;Z o P Z/(di e;).
[ i 2,]

(2) Hungerford, IV.5.4
(a) Let Z[i] be the group {a+0bi : a,b € Z}, with multiplication
(a+bi)(c+ di) = (ac — bd) + (ad + be)i. As a group Z[i
is a free abelian of rank two. Now Z[i] ®zj Z[i] = Z[i],
by Theorem 5.7, so is free abelian of rank two. However

Z[i] ®7 Z[i] is free abelian of rank four, with basis 1 ® 1,
1
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1®i,1®1, and i ® 1. Note that we can replace i here by
V/d for any non-perfect-square d.

Warning: Many people choose examples where one of their
groups did not have an R-module structure!

Let V' be a two-dimensional vector space over a field k,
with basis eq, es, and consider V ®; V. We show below
that this is a vector space over k with basis e; ® e; for
1< Z,] <2 Then a ® b = (a1e1 + agez) X (b1e1 + bgeg) =
a1b1e1 X e+ Cllbgel X eq + a2b1e2 ®Xe;+ a2b2e2 X es. Now
consider u = e; ®e;+ey®ey. If u=a®b, then a1b; =1,
and asby = 1, so none of ay,as, by, by are zero. But then
a1bs, asby # 0, so u should have some e; ® e; and e; ® e;
components. Thus we conclude that v # a ® b for any
a,beV.

In the previous question we showed that Z/3Z®7Z/5Z = 0,
s0l®1=2®2, but 1# 2.

(3) Hungerford, IV.5.7 By an earlier question we know that
Z]27 @ 7.)27 = ZJ27 # 0, and Z/27 @ 7.]AZ = 7./27 # 0.
To show that 1 ® « is the zero map, we only need to show that

1®

a(l®1) =0, since 1 ® 1 is the only nonzero element of

2)27 @ Z)27Z. Indeed, 1 @ a(1®1) =10 a(l) =1®2 =
2®1=0®1=0,s01® «is the zero map.
(4) Hungerford, IV.5.9

(a)

Let ¢ be the group homomorphism ¢ : R/I®QrB — B+IB
given by setting ¢((r+1)®b) = rb+1B. (This really means
defining the map on the free group on R/I x B and noting
that the tensor relations are in the kernel, so we have a
map from R/I®p B.) To see that this map is well-defined,
not that if 7' + I = r + I, then b —rb = (r —1')b € IB,
since r — 1’ € I. Since R has 1g, ¢(1 ® b) = b+ IB,
so ¢ is surjective. Finally, if > ,(r; + I) ® b; € ker ¢, then
(AIg+1)® (>, mb) = (1r+1)®0 =0, so ¢ is injective
and thus an isomorphism.

By the first part we have R/I®@rR/J = (R/1)/J(R/I), so
we need to show that this latter module is isomorphic to
R/(I+J). Indeed, consider the map ¢ : R/J — R/(I+J)
given by ¢(r +J) = r+ 1+ J. Check that this is a well-
defined R-module homomorphism. Note that J(R/I) €
ker(¢). If r+1I € ker(¢), then r € I+.J, so we can write r =
i+jforiel,jeJ. Thenr+I=j+1,sor+I¢c J(R/I),
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so ker(¢) = J(R/I), and thus (R/I)/J(R/I) is isomorphic

as an R-module to R/(/+J) by the isomorphism theorems.
If A is the matriz of a linear map ¢ from an n-dimensional
vector space V' over a field k to itself, and B is the matrixz of a
linear map ¢ from an m-dimensional vector space W over k to
itself, what is the matriz of ¢ QY : V @ W -V @ W?

Let the basis of V' with respect to which A is the matrix be
{e1,...,e,}, and the basis of W for B be {fi,...,f,}. Then
a basis for V@, Wis {e,®f; : 1 <i <n,1 <j<m}. This
follows from the fact that tensor product commutes with direct
sum, and that k ®; k = k.

Then ¢@v(e; ®f;) = d(e;) @v(f;) = Y4, D00, awbijer®ey,
so the corresponding matrix has A ® By ¢i,j) = akibyj. Order
the basis so that e; ® f; comes before e, @ f; if i < k, or i =k
and j < [. Then matrix is:

&HB algB c CllnB
a21B a22B ce GQnB
amB | apeB | ... | anmB

Show that the map from the category of R-modules to itself that
takes an R module A to A ®@g B, where B is a fired R-module,
and takes a morphism f to f ® 1 is a functor.

Denote this pair of maps by 7. We need to show that T'(1¢) =
Lp(cy for all objects C' in the category, and that T(g o f) =
T(g) o T(f) for any two morphisms f, ¢ in the category whose
composition is defined.

For the first, if C' is an R-module, the function 1¢ ® 1 :
C®B — C x B takes c® b to 1l¢(c) ® 1(b) = ¢ ® b, so is the
identity map.

For the second, if f : C' — D and g : D — E are R-module
homomorphisms, then 7(f) : C ® B — D ® B is given by
T(f)(c®b)=f(c)®b,and T(g9) : D® B — E® B is given by
T(g)(d @) = g(d) @ b, 0 T(g) o T(f)(c @ b) = g(f(€)) &b, 0
T(g)oT(f) =T(go f), as required, so T is a covariant functor.
Compute the Jordan and rational canonical forms of the follow-
mg matriz:

|
O~
— =W
= w O
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The characteristic polynomial of the given matrix A is (r —
1)3, so the only eigenvalue is 1. The eigenspace corresponding
to 1 is one-dimensional, being the span of (3,0, 1). Note that at
this point we can already answer the question: there must be
only one Jordan block of size three, so the minimal polynomial
must also be (z—1)3, and thus the Jordan and rational canonical
forms of A are:

1 10 00 1
01 1 and 1 0 -3
0 01 0 1 3

To compute this directly, we compute the space E%, which is
two-dimensional, spanned by (3,0,1) and (0,1,0). Finally, £}
is the whole space. So a basis for F}/FE? is v = (1,0,0). We
then have (A — Iv = (0,—1,0), and (A — I)?v = (=3,0,—1).
So in the ordered basis {(—3,0,—1), (0, —1,0), (1,0,0)} the ma-
trix for A is in Jordan canonical form. The matrix for A with
respect to the ordered basis {(1,0,0),(1,—1,0),(-2,—-2,—1)}
is in rational canonical form.

Hungerford VII.4.5 See Jordan canonical form handout.
Hungerford VII.4.13 It suffices to show that a matrix in
Jordan canonical form is similar to its transpose, as then if
J = CAC™!, and J* = DJD7! then A = (C71JC)! =
ctjic-Yt = C¢'DJD Y (CY = C'DCAC'D Y (C1) =
(C'DC)A(C'DC)~!. To show the claim about a Jordan ma-

trix, it suffices to show it for a single Jordan block. But if

A1 ... 00

0O A ... 00

01 ... 00
J: . . . . )

00 ... A1

00 ... 0 A

then J! is the matrix for the same linear transformation with
the same basis listed in the opposite order.
Fall 2001 Suppose that V' is a real vector space of finite di-
mension n and T :'V — V' is a linear transformation with no
repeated eigenvalues. Show that there exists a vector v € V' such
that {v,Tv,T?v, ..., T" '} is a basis of V.

If T has no repeated eigenvalues, then the minimal polyno-
mial equals the characteristic polynomial, so the rational canon-
ical form consists of just one block, being the companion matrix
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of the minimal polynomial. For a companion matrix the basis

e, ..

., €, has the required form.

(11) Fall 2002 Suppose that A and B are n x n complezx nilpotent
matrices with the same rank and the same minimal polynomial.

()

SO OO O OO

If n =6, prove that A and B are similar.

Since A and B are nilpotent with the same minimal poly-
nomial, that polynomial is z* for some k, and all the eigen-
values are zero. Thus the Jordan canonical form consists
of a number of Jordan blocks with eigenvalue zero. There
is one zero columns for each Jordan block, and each other
column has exactly one one, which is the only one in its
row. Thus the rank of the matrices A and B is six minus
the number of Jordan blocks, while the & from the minimal
polynomial gives the size of the largest Jordan block. Since
A and B have the same rank and minimal polynomial, they
have the same number of Jordan blocks, and the same size
of the largest Jordan block. Jordan forms of 6 x 6 nilpotent
matrices correspond to partitions of 6, so the options are:
6,5+1,44+244+1+1,3+3,3+2+1,3+14+1+1,2+
24+2,2+24+14+1,24+1+1+1+1,1+1+1+1+1+1.
Each of these is determined by fixing the largest number
and the number of parts, so A and B must have the same
Jordan canonical form, and are thus similar.

If n =7, is this still true? FEither prove or give a coun-
terexample. This is not true if n = 7. An example is given
by the partitions 3+ 3+ 1 =3+ 2+ 2 of 7, corresponding
to the matrices:

S oo o O
(e Nievlev el el o)
OO OO O oo
OO O OO O
SO OO OO
OO O OO oo

oy

|
SO OO oo
SO oo OO
(e Nevlev el el e
OO OO O oo
OO O OO O
OO OO O oo
O—R OO o oo

both of which have rank four and minimal polynomial .

(12) Spring 2004 Let f(z) = (x—1)(x+1)? and g(z) = (z—1)(x+
D)(z +2) in Q[z]. find a 3 x 3 rational matriz A such that
g(A) = 0, and the characteristic polynomial of A is —f. Here
the characteristic polynomial is defined as det(A — xI).
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We know that the minimal polynomial must divide both f
and ¢, and that A must have eigenvalues 1 and —1, with the
dimension of the generalized eigenspace of —1 being two. Thus
the minimal polynomial must be (z — 1)(z + 1). This says that
the size of the largest Jordan block is one for both eigenvalues.
Thus the Jordan canonical form (which is an example of such
a matrix) must be:



