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1. INTRODUCTION

I am interested in probabilistic and additive combinatorics. My primary interest is

probabilistic methods for investigating properties of random structures , focusing
on the models of random matrices, random graphs and hypergraphs. I am also
interested in some additive number theory problems, in particular ones involving
long arithmetic progression in sumset. Below , there is a brief introduction to topics
that I've been working on.

e Random matrices In a joint work with V. Vu and K. Wang, we proved
the semi-circular law for random d-regular graph model in the case d tends
to infinity as n does. Our result complements the McKay law [15], which
applied for the case d is an absolute constant. We also obtained a few upper
bounds on the infinity norm of eigenvectors of Erdos-Renyi random graph
G(n,p) where p = w(logn/n).

e Random hypergraph. Take n random boxes with axis-parallel edges
inside the unit cube [0,1]¢, the piercing number 74(n) is the minimum
number of points needed to pierce all boxes. Using hypergraph setting, 1
[16] was able to prove a near sharp estimation for 74(n): for any d > 2

Qa(v/n(logn)*?>71) = 74(n) = Oa(v/n(logn)>~" loglogn).

The proof was based on an existing result about perfect matching in de-
terministic hypergraph and a bounded martingale concentration inequality.
Further improvement is in progress.

e Additive number theory Given a set A of integers, Sa :={} ,cp: B C
A} be the set of all sums of distinct elements of A. In a joint work with
V. Vu and P. Matchett Wood [18], we proved a 20-year-old conjecture due
to N. Alon [1] about S4, using a strutural theorem of A. Sarkozy. I am
interested in further applications of this structural approach.

2. RANDOM MATRICES

I am currently interested in the universality of the global and local eigenvalue

statistics of several random n x n Hermitian matrix models. Typically the entries

of the considered matrix are complex random variables which have the same first

few moments but not necessarily are independent or have identical distribution.

Famous examples of these models are the Wigner random matrices (which include

the Gaussian Unitary Ensemble GUE) whose entries have mean zero and variance 1,
1
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and the adjacency matrix of Erdos-Renyi random graph G(n, p) or random regular
graph G,, 4. The eigenvalues A\; < --- < A, thus are real random variables.

2.1. Global properties. One famous example of global properties of the eigen-
values is the Wigner semi-circular law. Define the empirical spectral distribution
(ESD) of the matrix M as

FM(z) = %Hl <j<n:\(M)<z},

then if M, is Wigner random matrices

lim P (@) = [ )y,

in the sense of probability, where

_{ =Vi—2% |z| <2
Pse =0 |z > 2

The semi-circular law can be extended without difficulty for the adjacency matrix
of Erdés Renyi random graph G(n,p), except for the case np = O(1), using the
same moment method.

Theorem 2.2. For p = w(%), the empirical spectral distribution (ESD) of the

matrix ﬁAn converges in distribution to the semicircle distribution which has a
density py.(x) with support on [—2,2],

pse(x) L V4 — a2

T o

This method, however, does not apply for the adjacency matrix of regular random
graph G,, 4, since the entries of G,, 4 are not independent. About 30 years ago,
McKay [15] proved that if d is fixed, and n — oo, then the limiting density function
is

dy/4(d—1)—z2 .
ﬁ7 lf |$‘ SZ\/d*l,
fa(z) =

0 otherwise.

It is easy to verify that as d — oo, if we normalize the variable x by v/d — 1, then
the above density converges to the semicircle distribution on [—2,2]. It is thus
natural to conjecture that Theorem 2.2 holds for G,, 4 with d — co. Let A}, be the
adjacency matrix of Gy, 4, and set

M=t g,

-

Conjecture 2.3. If d — oo then the ESD of ﬁMﬁ converges to the standard
semicircle distribution.
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Recently, Dimitriu and Pal [6] showed that this conjecture is true for d tending to
infinity slowly, d = n°1). Their method does not extend to larger d. In a joint work
with V. Vu and K. Wang [17], I was able to prove the conjecture in full generality.

Theorem 2.4. If d tends to infinity with n, then the empirical spectral distribution
of ﬁM,’L converges in distribution to the semicircle distribution.

Our method is very different from that of [6]. Theorem 2.4 is a direct consequence
of the following stronger result, which shows convergence at small scales. For an
interval I let N7 be the number of eigenvalues of M}, in I.

Theorem 2.5. (Concentration for ESD of G, q4). Let § > 0 and consider the model
Gn,a- If d tends to 0o as n — oo then for any interval I C [—2,2] with length at
least 6—4/°q—1/10 logl/5 d, we have

|N} fn/psc(x)d:d < 6n/psc(az)dm
I I

with probability at least 1 — O(exp(—cny/dlogd)).

2.6. Local properties. My long-term project is investigating the universality phe-
nomenon for sparse Hermitian random matrix models. The universality conjecture,
which is supported by enormous numerical evidence, states that the local behaviour
of eigenvalues of random matrices does not depend on the distribution of the en-
tries, as long as the distribution satisfies some simple properties. It means that we
can obtain some common local properties for a large class of random matrices. The
universality conjecture has been a major topic in random matrices theory, and it
was proved for many special properties and matrix classes. Recently, Tao and Vu
proved a breakthrough result, the Four Moment Theorem, which states that for
Wigner random matrices (whose entries has mean zero and variance one) the first
four moments of the entries decide the local behaviours of the eigenvalues. I plan
to generalize this result for a wider class of sparse random matrices, namely the one
whose entries have variance tends to zero, in particular the matrices associated with
random graph models. The sparsity causes problem of controlling the magnitude of
normalized elements, which often exceed some upper bounds required in the proof
of the original Four moment theorem.The proof will contain a few key steps that
needed to be adjusted. In a joint work with V. Vu and K. Wang [17], we proved one
of those key steps: the delocalization of eigenvectors for the Erdds-Renyi random
graph.

Theorem 2.7. (Infinity norm of eigenvectors) Let p = w(logn/n) and let A,, be the

adjacency matriz of G(n,p). Then there exists an orthonormal basis of eigenvectors
of Apn, {u1,... ,un}, such that for every 1 < i <n, ||uilleo = 0(1) almost surely.

In the near future this project will be my main focus.
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3. RANDOM HYPERGRAPHS

3.1. Background. The model of random hypergraph is a natural extension of the
Erdos-Rényi model of random graph. In a k-uniform random graph G (n,p), the
vertex set has n vertices, and any subset of k vertices forms an edge independently
and randomly with probability p. Random hypergraph is ideal for modeling high
dimensional random discrete structures.

Let U, be the unit hypercube in R, where d is a constant: Uy := [0,1]¢. We gen-

erate a d-dimensional random box by taking the product of d independent random
sub-intervals of [0, 1], where each random interval is determined by two random
(end-) points, each chosen independently with respect to the uniform measure on
[0,1]. Consider a family of n (independently) random boxes. Our investigation is
motivated by the following basic questions:

What is the size of the largest sub-family of pairwise disjoint boxes (or packing
number, denoted by vqa(n))?

What is the minimum number of points one needs to pierce all the boxes (or pierc-
ing number, denoted by T4(n))?

These quantities are of fundamental interest and have been studied for a large
variety of hypergraphs, deterministic and random alike. It is useful to notice that
the piercing number is at least the matching number, by definition. There is a
conjecture, made by Beck and other about 20 years ago.

Conjecture 3.2. Let F be finite family of axis parallel bozes in RY. Then the
matching and piercing numbers of F are the same, up to a constant factor (which
may depend on the dimension).

The conjecture is proved directly for d = 1. However, for high dimensional cases,
it is better to estimate 74(n) and v4(n) separately.

3.3. Recent work and further directions. About ten years ago, Coffman, Lueker,
Spencer and Winkler studied v4(n) [5]. They showed

Theorem 3.4. For d =2, v3(n) = ©(y/n). Ford >3

Q(v/n) < va(n) < O(y/nlog® " n). (1)

In [16], I was able to prove a nearly sharp estimate for the piercing number
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Theorem 3.5. For any fixred d > 2, we have, almost surely, that

Q4(v/n(log )2 1) = 74(n) = Ou(v/n(log n)"/> " log log n). (2)

Our approach was trying to classify the boxes in to classes according to volume and
apply appropriate treatment for each class. The proof was based on a result on large
matching of hypergraph by V. Vu [19] and the bounded martingale concentration
inequality.

Since 7(n) > v(n), Theorem 3.5 improved (the general case of) Theorem 3.4.

Corollary 3.6. Ford >3

Qa(vn) = va(n) = Oa(v/n(logn)** " loglog n). (3)

The extra factor loglogn in (2) looks redundant and I believe it can be removed.
On the other hand, if Conjecture 3.2 is true, then we should be able to improve the
lower bound for v4(n). The way that the lower bound in (1) was proved is to show
that a set of random boxes are disjoint because (piecewise) they are contained
in a set of disjoint deterministic boxes. I am trying to find a way to guarantee
the disjointness by probabilistic construction, maybe by using independent set in
random hypergraph. All in all, the following conjecture looks plausible.

Conjecture 3.7. For any fixed d > 2, almost surely,

va(n) = ra(n) = ©a(vn(logn)*1).

4. ADDITIVE NUMBER THEORY: ON ALON’S CONJECTURE

4.1. Background. For n a large positive integer and m an integer between n and
n?, we define f(n,m) to be the maximum cardinality of a set A C {1,2,... ,n}
such that no subset B C A satisfies the condition ), -5 b = m. In 1986, Erdés and

Graham [7] observed that f(n,m) > (3 + o(1)) =2

logn*

For s a positive integer not dividing m, it is clear that f(n,m) > |2], since any

sum of elements of the set {s, 2s,3s,4s, ..., L%Js} cannot divide (and hence cannot
equal) m. Letting snd(m) denote the smallest positive integer that does not divide
m, we thus have
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By the prime number theorem, we know that snd(m) < (2 + o(1))logn, and so
Inequality (4) matches the lower bound observed by Erdés and Graham [7]. Alon
later made the following conjecture, which essentially states that the lower bound
is asymptotically sharp.

Conjecture 4.2. [1] If nt't <m < n'?, then

f(n,m) = (140(1))

snd(m)

as n — oQ.

4.3. Recent work and further directions. The previous best results towards
Conjecture 4.2 were due to Alon and Freiman [2], who proved the conjecture for

3nd/3te <« m < ﬁ and also due to Lipkin [14] proved for ecnlog®n < m <
n3/2 n3/2
g

Tog¥ " Therefore the gap 75 <m < 3n5/3%¢ is still open to be filled.

In [18], Van H. Vu, Phillip Matchett Wood and I proved the Conjecture 4.2 in full
using elementary methods along with a theorem of Sarkozy on arithmetic progres-
sions in iterated sumsets (see [20]). Our main result is the following, which implies
both Alon and Freiman’s result and Lipkin’s result:

Theorem 4.4. For any constants ¢ > 0 and € > 0, if n is a sufficiently large
positive integer and if m and n satisfy

1+ n?
cn(logn) ¢ <m < ,
(logn) - 910g2n
then we have
n
) = (1+ (1))

In fact, the methods we used also suffice to prove the “inverse result” below (The-
orem 4.5), which shows that if [A] < f(n,m) (but is not too much smaller than
f(n,m)) and if m cannot be represented as a sum of distinct elements of A, then
A must contain primarily integers congruent to 0 mod d, where d is an integer that
does not divide m. This essentially says that the example giving the lower bound
in Inequality (4) is the only way for a reasonably large subset of {1,2,3,... ,n} to
avoid containing a set of distinct elements that sum to m.

Theorem 4.5. Let c, §, €1, and €3 be positive constants such that 0 < €1 < €3, and
let m and n be integers satisfing
§2n?
8(logn)2t2e’
where we assume that n is sufficiently large. If

on
(logn)t+e
and if no subset B C A satisfies ),z b= m, then A contains at least (1+0(1)) |A]

elements that are congruent to 0 mod d, where d is an integer that does not divide
m.

en(logn)'te <m <

<Al < f(n,m)
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The result of Sarkozy on arithmetic progression in iterated sumsets is closely re-
lated to recent results of Szemerédi and Vu and I am interested in inverstigating
how these structural results can be applied to other problems.
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