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The work of Krämer, Luna, Vust, Brion and others [Krä,LV,BLV,BP] estab-

lished the importance of a very distinguished class of homogeneous varieties G/H,

those which are now called spherical. Such varieties are homogeneous for a con-

nected reductive group G and are characterized by many equivalent properties, the

most important being (see [BLV]):

— Any Borel subgroup B of G has an open orbit in G/H.

— Every equivariant completion of G/H contains only finitely many orbits.

— For every irreducible G-module V and any character χ of H

dim {v ∈ V | hv = χ(h)v for all h ∈ H} ≤ 1.

Because of the last property spherical varieties are sometimes called “multiplicity

free”. This class of varieties includes some of the most important spaces, e. g.

— Tori, i. e. G is a torus and H is trivial;

— Symmetric varieties, i. e. H is the set of fixed points of an automorphism of G

of order two.

— Horospherical varieties, i. e. H contains a maximal unipotent subgroup of G (for

example flag varieties).

The theory of these spaces can be unified with the concept of spherical varieties. For

example, all three types of spaces have a nice compactification theory, respectively due

to Demazure [Dem], Kempf et al. [KKMS], Miyake-Oda [MO] . . . (toric varieties2),

Satake [Sat], De Concini-Procesi [CP] . . . (symmetric varieties) and Pauer [Pau1]

(horospherical varieties). The last case appeared already as an application of the

general theory of Luna and Vust on embeddings of arbitrary homogeneous varieties.

Unfortunately, in [LV] the classification of embeddings of spherical varieties is buried

in a large amount of theory, which makes the paper very hard to read. Therefore the

theory of Luna and Vust did not receive the attention which it deserves.

1 Supported by Schweizerischer Nationalfonds zur Förderung der wissenschaftlichen Forschung
2 On this topic see Tadao Oda’s article in this volume
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In this paper I present the classification of spherical embeddings along the lines of

[LV], by cutting down the theory to the absolute necessary. I think this is justified by

the importance of spherical varieties and the fact that the Luna-Vust theory becomes

much simpler in this case. Nevertheless most arguments apply also to the general

case. Therefore this paper can serve as an introduction to [LV].

We follow [LV] very freely. Some theorems don’t have an exact counterpart in

[LV] or look quite different. For example Corollary 1.7 corresponds to the theory of

“quasi-G-stable subspaces” ([LV] 7.3) and the first section of [LV] is replaced in the

proof of Theorem 3.1 by an ad-hoc argument.

The last sections contain an account of further developments since the appear-

ance of [LV] which is by no means complete. They are concerned with the structure

of the valuation cone, the automorphism group, the rank and dimension of an orbit

and an affinity criterion. The results are mainly due to Brion and Pauer.

There are several things to mention which are new: First of all the classification

is characteristic-free. It is remarkable that the final result is exactly the same in

positive characteristic. Also the proofs are not very much more complicated, once

one takes geometric reductivity for granted. For example, the characteristic of the

base field occurs explicitly only in the first section. Differences would occur only

in the finer points, e. g. the nature of singularities which are not considered in this

paper.

Another novelty is the observation that the quite complicated condition (d)

of [LV] 8.10 Thm. can be replaced by the much easier condition SCC. Also the

determination of the connected subgroups containing H and the affinity criterion for

spherical embeddings seem to be new.

Missing in this account are all classification results [Akh,Bri3,Bri7,Kac,Krä,

Mik,VK], cohomology computations [Bri5,Bri8,CP . . .], local structure theorems

[Bri8,Bri9,BL,BLV,Pau2], results on the B-orbit structure [Bri1,BL,Vin2] and

relations to symplectic geometry [Bri2,GS,HW,Kno1,Mik]. For a survey concerned

with some of these topics see [Bri6]. There is also an elementary introduction to

spherical embeddings by Pauer [Pau5] and an unpublished one by Luna [Lun].

Acknowledgments: I wish to thank Michel Brion, Hanspeter Kraft, Peter Littelmann, Franz

Pauer, Barbara Schmid and especially Thierry Vust for many useful remarks on earlier versions of

this paper. Finally, thanks are due to the University of Hyderabad for its hospitality during the

conference.

Preliminaries: Every variety is defined over an algebraically closed field k. Denote

its characteristic exponent by p, i. e. p = 1 for char k = 0 and p = char k otherwise.

The group of characters of any group S is denoted by X (S). By

V (S) = {v ∈ V | v 6= 0 and sv = χ(s)v for some character χ ∈ X (S)}

we denote the set of S-eigenvectors of an S-module V . For v ∈ V (S) let χv be the

corresponding character. The restriction of a function f to a subset Y is denoted by

f|Y .
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The group G is a connected reductive group and B ⊆ G is a Borel subgroup.

All G-modules will be rational. The homogeneous variety G/H is always spherical

with open B-orbit Bx0 unless otherwise stated. The corresponding orbit map is

π : G→ G/H, which we assume to be separable1. An embedding of G/H is a normal

G-variety X together with a G-equivariant open embedding G/H ↪→ X. We will

always regard G/H as a subset of X. The aim of this paper is to describe X in terms

of data involving only G/H.

Observe that there is a list of notations attached at the end of the paper.

Remark: In other papers the term “spherical” is usually not confined to homoge-

neous varieties, i. e. so is called any G-variety which is normal and has an open B-

orbit.

1. The basic tools

In this section I will gather all technical tools needed to perform the classification.

We start with a basic theorem on extension of B-eigenfunctions which is an easy

consequence of linear (resp. geometric) reductivity [Hab].

Theorem 1.1. ([Gro1] Thms. 1.3 and 2.1) Let X be an affine G-variety, Y ⊆ X

a closed and G-stable subset, and f ∈ k[Y ](B). Then there exists an N ∈ N and an

f ′ ∈ k[X](B) with f ′|Y = fpN

.

The best known example of spherical embeddings are torus embeddings. The

classification of those depends crucially on the following theorem of Sumihiro:

Theorem 1.2. Let G be a torus acting on a normal variety X. Then every point of

X is contained in a G-stable affine open subset.

The proper generalization of this theorem to arbitrary reductive groups is the

following

Theorem 1.3. Let G be a connected reductive group acting on a normal variety X

and let Y ⊆ X be an orbit. There exists a B-stable affine open subset X0 ⊆ X such

that

a) X0 ∩ Y 6= ∅.

b) For any f ∈ k[X0 ∩ Y ](B) there exist N ∈ N and f ′ ∈ k[X0]
(B) with f ′|X0∩Y =

fpN

.

Proof: a) By a theorem of Sumihiro ([Sum] Thm. 1 or [KKLV]) there is a G-stable

open neighborhood of Y which is G-isomorphic to a subvariety of a projective space

P(V ) for some finite dimensional G-module V . Thus we may assume X ⊆ P(V ). Let

X be its closure and Z ..= X \X its boundary. Furthermore, denote the affine cone

in V over X (resp. over the closure of Y , resp. over Z) by X ′ (resp. Y ′, resp. Z ′).

1 Only for convenience in some arguments. All results are valid for inseparable orbit maps as

well. The details are left to the reader.
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Choose a homogeneous B-eigenfunction f1 on Y ′ ∪ Z ′ which vanishes on Z ′ but not

on Y ′. By Theorem 1.1 we can extend a suitable power of f1 to a homogeneous

B-eigenfunction f0 on X ′. The set X0 = {x ∈ X | f0(x) 6= 0} has the required

properties.

b) Choose d > 0 with g ..= fd
0 f ∈ k[Y

′](B). By Theorem 1.1 there is g′ ∈ k[X ′](B)

which extends some pN -th power of g. Set f ′ ..= g′/fdpN

0 . 2

In this paper, a valuation of a normal variety X is a map

v : k(X)∗ = k(X) \ {0} −→ Q

with the properties

v(f1 + f2) ≥ min{v(f1), v(f2)} whenever f1, f2, f1 + f2 ∈ k(X)∗,

v(f1f2) = v(f1) + v(f2) for all f1, f2 ∈ k(X)∗ and

v(k∗) = 0.

This includes the valuation which is identically zero on k(X)∗. Any prime divisor

D ⊆ X induces a valuation vD. The center of a valuation v is a closed subvariety

Z = Zv such that we have for the local rings OX,Z ⊆ Ov and for their maximal ideals

mX,Z ⊆ mv. The center of a valuation is unique if it exists. If X is affine, then v has

a center if and only if v is not negative on k[X]. In this case Zv is defined by the

ideal k[X] ∩ mv.

A valuation v of a G-variety X is invariant if v(f g) = v(f) for all g ∈ G. The

set of invariant valuations is denoted by V(X). We will write V for V(G/H). If v is

invariant, then its center Zv is G-stable. Conversely, every G-stable closed subvariety

Z ⊆ X is the center of a v ∈ V(X): Consider the normalization of the blowing up of

X with center Z and let D be a component of the exceptional divisor. Then Z = ZvD
.

Whenever a group action on G is considered then G and B always act by left

and H by right translations. By V(G) we understand the G-invariant valuations of

k(G).

Lemma 1.4. ([Sum] Lemma 10 & 11, [LV] 3.2 Lemme) Let v be an arbitrary valu-

ation of k(G). Then there exists a unique v ∈ V(G) with

v(f) = v(fg)

for any f ∈ k(G) and all g in a nonempty open subset Uf of G.

Proof: It suffices to show that v(f g) is constant for g in a nonempty open subset of

G, because then we define v(f) to be this constant value and everything else follows.

We may assume f ∈ k[G]. The set V (q) ..= {h ∈ k[G] | v(h) ≥ q} is a linear subspace

of k[G] for any q ∈ Q. Then the orbit Gf spans a finite dimensional submodule M

of k[G] and therefore there exists a smallest q0 ∈ Q with M 6⊆ V (q0). Thus we can

take Uf = {g ∈ G | fg 6∈M ∩ V (q0)}. 2

Observe that any v ∈ V(G) induces a v′ ∈ V(G/H) by restriction to the subfield

k(G)H = k(G/H). Conversely,
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Corollary 1.5. Any v ∈ V(G/H) can be lifted to a v ∈ V(G).

Proof: It is well known that v can be lifted to a possibly non-invariant valuation v ′

of k(G). The lemma above shows how to make v′ invariant. 2

Now we are prepared to establish the main technical tool for the classification.

For a subspace M ⊆ k[G] let Mn be the subspace spanned by all n-fold products

f1 · · · fn with fi ∈M .

Theorem 1.6. Let v ∈ V, f ∈ k(G/H) and h ∈ k(G)(B×H). Assume that fh ∈ k[G]

and let M ⊆ k[G] be the submodule generated by fh. Then

a) Mnh−n ⊆ k(G/H) for all n ∈ N.

b) v(f) = min { 1
nv(f

′/hn) | n = pN , N ∈ N, f ′ ∈ (Mn)(B)}.

Proof: a) Because the G-action commutes with the H-action, all elements of Mn are

H-eigenvectors with character χhn . Thus Mnh−n ⊆ k(G)H = k(G/H).

b) By Corollary 1.5, we can lift v to v ∈ V(G). Let f1 = fh and q1 ..= v(f1).

Observe that V (q) ..= {f ∈ k[G] | v(f) ≥ q} with q ∈ Q, is a G-submodule of k[G].

This shows Mn ⊆ V (nq1) and therefore v(f) is less than or equal to the right hand

side of b).

To show the converse, consider the graded domain R ..=
⊕∞

n=0M
n. We denote

the n-th homogeneous component of r ∈ R by rn ∈ Mn. Consider the following

function v′ on R \ {0}:

v′(r) ..= min{v(rn)− q1n | n ∈ N, rn 6= 0}.

It is easily verified that v′ is a G-invariant valuation with v′(r) ≥ 0 for all r ∈ R.

Then p ..= {r ∈ R | v′(r) > 0} is a homogeneous prime ideal. Because v′(f1) = 0

we can choose 0 6= r ∈ (M/M ∩ p)(B). By Theorem 1.1, applied to SpecR and the

subvariety defined by p, there exists an n = pN such that rn lifts to an f ′ ∈ (Mn)(B)

satisfying

v(f ′/hn) = v(f ′)− nv(h) = v′(f ′) + q1n− nv(h) =

= 0 + v(f1)n− nv(h) = nv(f1/h) = nv(f).
2

This theorem implies an important existence statement for B-eigenfunctions.

We denote the set of all B-stable prime divisors in G/H by D = D(G/H). Because

G/H contains an open B-orbit Bx0, there are only finitely many of them.

Corollary 1.7. Let f ∈ k[Bx0] and v0 ∈ V. Then there exist n = pN and f ′ ∈

k(G/H)(B) such that

v0(f
′) = v0(f

n),

v(f ′) ≥ v(fn) for all v∈ V,

vD(f ′)≥ vD(fn) for all D∈ D.
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Proof: There is a finite cover G̃ of G such that k[G̃] is factorial (see for example

[KKLV] 4.6). Without loss of generality we may replace G by G̃. Then there exists

h ∈ k(G)(B×H) whose divisor (h) is precisely the B-stable part of (1/f ◦π). Applying

Theorem 1.6b to fh we get n = pN and f1 ∈ k[G](B) such that v0(f1/h
n) = v0(f

n)

and v(f1/h
n) ≥ v(fn) for all v ∈ V. Finally, for any D ∈ D and any component D′

of π−1(D) we have

vD(f1/h
n) = vD′(f1/h

n) ≥ vD′(h−n) = vD(fn).

Thus f ′ = f1/h
n has the required properties. 2

Let us take a closer look to the set k(G/H)(B). It is an abelian subgroup of the

multiplicative group of the field k(G/H) and the map f 7→ χf is a homomorphism

into the character group of B. Denote its image by Λ = ΛG/H . The kernel consists

precisely of the B-invariant rational functions. Since B has an open orbit in G/H,

these are all constant. Thus we get a short exact sequence

1 → k∗ → k(G/H)(B) → Λ → 0.

The group Λ ⊆ X (B) is a finitely generated free abelian group. Its rank is called the

rank of G/H.

Any valuation v induces a homomorphism k(G/H)(B) −→ Q by f 7→ v(f).

Because it is trivial on the constant functions it factorizes through Λ and induces an

element

%v ∈ Q = Q(G/H) ..= Hom(Λ,Q).

Corollary 1.8. ([LV] 7.4 Prop.) The map V → Q : v 7→ %v is injective.

Proof: Let v0, v1 ∈ V and f ∈ k[Bx0] with v0(f) < v1(f). By Corollary 1.7 there

exists f ′ ∈ k(G/H)(B) with v0(f
′) = v0(f

n) < v1(f
n) ≤ v1(f

′). 2

From now on we will identify V with its image in Q.
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2. Simple spherical embeddings and their characterization

Let X be an embedding of G/H and Y ⊆ X an orbit. By Theorem 1.3 there exists

an affine open B-stable subset of X which meets Y . We show that there is even a

canonical one. Denote the (finite) set of B-stable prime divisors of X by D(X). Let

DY (X) be the set of all D ∈ D(X) with Y ⊆ D and

X0 := X \
⋃

D∈D(X)\DY (X)

D.

Theorem 2.1. X0 has the following properties:

a) X0 is B-stable, affine and open.

b) Y is the only closed orbit of GX0.

c) X0 ∩ Y is a B-orbit.

Proof: Let X1 ⊆ X be affine, open and B-stable as in Theorem 1.3. Choose any

valuation v0 ∈ V = V(X) whose center is the closure of Y . Then there exists an

f0 ∈ k[X1] with v0(f0) = 0 and which vanishes on all B-stable divisors of X1 not

containing Y . By Corollary 1.7, we may assume f0 to be a B-eigenfunction. Thus

X0 = {x ∈ X1 | f0(x) 6= 0} is affine.

Let Z ⊆ X be an orbit which meets X1 and assume that Y is not in closure

of Z. By Corollary 1.7 we could have chosen f0 to vanish additionally on Z. Thus

Z ∩X0 = ∅ and b) follows.

For any f1 ∈ k[X0 ∩ Y ](B) there is an n ∈ N with fn
0 f1 ∈ k[X1 ∩ Y ]. By

Theorem 1.3 some power (fn
0 f1)

q can be extended to f ′ ∈ k[X1]
(B). Then f ′|X0

and

thus f1 are invertible. This implies c). 2

Corollary 2.2. ([VK], [LV] 7.5 Prop.) The number of G-orbits in X is finite and

each orbit is spherical.

Proof: There are only finitely many possibilities for X0 and b) implies that Y is

uniquely determined by X0. By c) all orbits are spherical. 2

Remark: For the converse of the first part see [Akh2]. Brion [Bri1] and Vinberg

[Vin2] have shown that even B has only finitely many orbits.

The embedding X is called simple if it contains exactly one closed G-orbit.

The corollary implies that any embedding X is covered by finitely many simple

open subembeddings, namely those of the form GX0. This divides the description

of all embeddings into two parts: The classification of simple embeddings and the

description of how to patch them together.

We want to describe the elements of D(X) purely in terms of G/H. Note that

any D ∈ D(X) either meets the open set G/H or is a component of the complement

and therefore G-stable. Thus each orbit Y ⊆ X determines two sets:

BY (X) ..= {vD ∈ V | D ∈ DY (X) is G-stable}

FY (X) ..= {D ∩G/H ∈ D | D ∈ DY (X) is not G-stable}
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If X is a simple embedding and Y its unique closed orbit, we will drop the

subscript Y . For any subset F of D, let {F be its complement.

Theorem 2.3. ([LV] 8.3 Prop.) A simple G/H-embedding X is uniquely determined

by the pair (B(X),F(X)).

Proof: Let X ′ be a second simple embedding with the same data and let X ′
0 ⊆ X ′

be analogous to X0. Let

X1 ..= G/H \
⋃

D∈{F(X)

D.

Then we have

k[X0] = {f ∈ k[X1] | v(f) ≥ 0 for all v ∈ B(X)} = k[X ′
0].

Therefore the canonical birational map X
∼

)X ′ induces an isomorphism X0
∼
→ X ′

0

and thus X = GX0
∼
→ GX ′

0 = X ′. 2

We want to describe all pairs (B(X),F(X)) arising in this way, but first we

organize the data slightly differently. For this we need some additional notation.

A subset C of Q is called a cone if it is closed under addition and multiplication

by Q+ ..= {q ∈ Q | q ≥ 0}. Its dual cone is

C∨ ..= {α ∈ Q∨ | α(v) ≥ 0 for all v ∈ C}.

The cone C is called strictly convex if it does not contain a nontrivial linear subspace

or equivalently if C ∩ (−C) = 0. It is finitely generated if there are finitely many

elements v1, . . . , vs ∈ Q with C = Q+v1 + · · ·+ Q+vs. A face of a cone C is a subset

of the form C ∩ {v ∈ Q | α(v) = 0} for some α ∈ C∨. The dimension of a cone is

the dimension of its linear span. A face of dimension one is called an extremal ray .

Finally the relative interior of C is C with all proper faces removed. It is denoted by

C◦. We will consider Λ as a subset of the dual space Q∨.

There is a natural map

% : D −→ Q : D 7→ %vD

which in general is not injective. Let C(X) = CY (X) ⊆ Q be the cone generated by

%(FY (X)) and BY (X).

Assume again that X is a simple embedding with closed orbit Y . The next

lemma shows that B(X) can be recovered from C(X) ..= CY (X) and F(X). Observe

that v ∈ B(X) is uniquely determined in its ray Q+v, by the fact that its group of

values is precisely Z ⊂ Q.
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Lemma 2.4. The sets Q+v with v ∈ B(X) are exactly the extremal rays of C(X)

which do not contain an element of %(F(X)).

Proof: Let D0 ⊆ X be the G-invariant divisor corresponding to v ∈ B(X). By

Corollary 1.7 there is an f ∈ k(G/H)(B) vanishing on all D ∈ D(X) except D0. This

implies the lemma. 2

The center of an invariant valuation can be determined by C(X):

Theorem 2.5. Let X be a simple embedding with closed orbit Y and v ∈ V.

a) k[X0]
(B) = {f ∈ k(G/H)(B) | χf ∈ CY (X)∨}.

b) The center of v exists if and only if v ∈ C(X).

c) The center of v is Y if and only if v ∈ C(X)◦.

Proof: a) follows from the definition of C(X). Because X = GX0, the center of

v exists iff v is not negative on k[X0]. Thus b) follows from Corollary 1.7 and a).

Finally, the center of v is Y if and only if any f ∈ k[X0]
(B) with v(f) = 0 is invertible.

This is equivalent to v ∈ C(X)◦. Thus c) holds. 2

We denote the pair (CY (X),FY (X)) by Cc
Y (X).

3. The classification of spherical embeddings

Definition: A colored cone is a pair (C,F) with C ⊆ Q and F ⊆ D having the

following properties:

CC1: C is a cone generated by %(F) and finitely many elements of V.

CC2: C◦ ∩ V 6= ∅.

A colored cone is called strictly convex if the following holds:

SCC: C is strictly convex and 0 6∈ %(F).

Theorem 3.1. ([LV] 8.10 Prop.) The map X 7→ Cc(X) is a bijection between

isomorphism classes of simple embeddings and strictly convex colored cones.

Proof: First we show that Cc(X) is a strictly convex colored cone. CC1 is clear by

construction and CC2 holds by Theorem 2.5. There exists an f ∈ k[X0]
(B) vanishing

on all B-stable divisors in X0. This shows SCC.

By Theorem 2.3 and Lemma 2.4 the map is injective. To show surjectivity let

(C,F) be a strictly convex colored cone. Choose g1, . . . , gs ∈ k(G/H)(B) such that the

corresponding characters χgi
generate C∨ ∩Λ as a monoid. This is possible by CC1.

Let D0 ..=
⋃

D∈{F D and choose f0 ∈ k[G](B×H) with {f0 = 0} = π−1(D0) ⊆ G

and fi ..= f0gi ∈ k[G]. Let V be the G-submodule of k[G] generated by f0, . . . , fs.

Because all elements of V are H-eigenvectors with the same character, we get a

morphism ϕ : G/H → P(V ∨). Let X be the closure of the image of ϕ, X ′
0 ..= {x ∈

X | f0(x) 6= 0} and X ′ ..= GX ′
0.

Let M ..= {f ∈ k(G/H)(B) | χf ∈ C
∨}. By construction we have M⊆ k[X ′

0]
(B).

Conversely, let f ∈ k[X ′
0]

(B) and choose v in an extremal ray of C. By CC1 it is either
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a multiple of a %(D) with D ∈ F or an element of V. In the first case, v(χf ) ≥ 0

holds by construction. Consider the second case. The algebra k[X ′
0] is generated by

f ′/f0 with f ′ ∈ V . Therefore Theorem 1.6b implies that v is not negative on k[X ′
0],

in particular v(f) ≥ 0. This shows k[X ′
0]

(B) = M.

For any D ∈ {F we have ϕ(D) ⊆ {f0 = 0}. By SCC, there is an h ∈ M

vanishing on all D ∈ F and therefore ϕ(D) ⊆ {h = 0}. Thus no D ∈ D maps

dominantly to X ′, which implies ϕ−1(ϕ(Bx0)) = Bx0. Therefore all fibers of ϕ are

affine.

Choose any complete embedding X ′′ of G/H and let X̃ be the closure of G/H

in X ′ ×X ′′, embedded diagonally. The projection X̃ → X ′ is proper. Assume there

is a G-subvariety Z ⊆ X̃ \ (G/H) mapping dominantly to X ′ and let v ∈ V have

Z as center. Then v vanishes on k(X ′) and in particular on M. SCC implies that

k(G/H)(B) is generated as a group by M. Therefore v vanishes on k(G/H)(B) in

contradiction to Corollary 1.8. Hence the fibers of ϕ are both affine and complete,

and therefore they are finite. Thus ϕ factors uniquely in an embedding G/H ↪→ X

and a finite morphism ψ : X → X ′. For X0 ..= ψ−1(X ′
0) we still have k[X0]

(B) = M.

By CC2 there exists a v0 ∈ C
◦ ∩V. In particular v0 is not negative on k[X0]

(B).

By Corollary 1.7, the same is true for k[X0]. Thus v0 has a center Y in X.

Let Z ⊆ X be a closed G-stable subvariety and choose a valuation v1 ∈ V whose

center is Z. Because v1 is not negative on k[X0], we have v1 ∈ C. Assume Y 6⊆ Z.

By Corollary 1.7, there exists an f ∈ k[X0]
(B) with v0(f) = 0 and v1(f) > 0. But

v0 ∈ C
◦ and v0(f) = 0 imply v(f) = 0 for all v ∈ C. Thus Y ⊆ Z and X is a simple

embedding with closed orbit Y .

The same argument shows that Y is contained in all B-stable divisors of X0.

This implies C∨ ∩ Λ = C(X)∨ ∩Λ and therefore C(X) = C. It also shows F ⊆ F(X).

Finally the opposite inclusion holds because ϕ(D) ⊆ {f0 = 0} for any D ∈ {F . 2

A pair (C0,F0) is called a face of the colored cone (C,F) if C0 is a face of C,

C◦0 ∩ V 6= ∅ and F0 = F ∩ %−1(C0).

Lemma 3.2. Let X be an embedding and Y ⊆ X an orbit. Then Z 7→ Cc
Z(X) is a

bijection between orbits whose closure contain Y and faces of Cc
Y (X).

Proof: We may assume X to be simple with closed orbit Y . Let (C,F) be a face of

Cc(X). By definition there is a v0 ∈ C◦ ∩ V, and by Theorem 2.5b v0 has a center

Z in X with open orbit Z. Let D ∈ DY (X). By Corollary 1.7, we have Z 6⊆ D if

and only if there is an f ∈ k[X0]
(B) with v0(f) = 0 and vD(f) > 0. This implies

Cc
Z(X) = (C,F).

Conversely, let Z ⊆ X be an orbit. By Corollary 1.7, there is an f ∈ k[X0]
(B)

with f|Z 6= 0 which vanishes on all D ∈ DY (X) with Z 6⊆ D. This implies that

Cc
Z(X) is the face defined by χf . 2

Definition: A colored fan is a nonempty finite set F of colored cones with the

following properties:

10



CF1: Every face of Cc ∈ F belongs to F.

CF2: For every v ∈ V there is at most one (C,F) ∈ F with v ∈ C◦.

A colored fan F is called strictly convex if (0,∅) ∈ F, or equivalently, if all elements

of F are strictly convex.

For an embedding X denote

F(X) ..= {Cc
Y (X) | Y ⊆ X is a G-orbit}.

Inclusion of closures gives an order relation on the set of orbits. Theorem 3.1

and Lemma 3.2 imply that Y 7→ Cc
Y (X) is an order-reversing bijection between the

set of orbits of X and F(X). The open orbit corresponds to the cone (0,∅). The

main theorem of this paper is:

Theorem 3.3. The map X 7→ F(X) induces a bijection between isomorphism classes

of embeddings and strictly convex colored fans.

Proof: Let X be an embedding. Then CF1 holds by Lemma 3.2. Let Y1, Y2 ⊆ X

be orbits and v0 ∈ CY1
(X)◦ ∩ CY2

(X)◦ ∩ V. Then Y1 and Y2 are both centers for v0
(Theorem 2.5c) and therefore equal. This implies CF2.

The injectivity of the map follows from Theorem 3.1. Given a strictly convex

colored fan F, for any Cc ∈ F there is a simple embedding X(Cc) which we paste along

maximal isomorphic open subsets. We thus obtain a prevariety X. Let Cc
1, C

c
2 ∈ F

with embeddings X1, X2, and let X3 be the normalization of the closure of G/H,

embedded diagonally in X1 × X2. The condition for X to be separated is precisely

that ϕ1 : X3 → X1 and ϕ2 : X3 → X2 are open embeddings. Let Y3 ⊂ X3 be an

orbit, Y1 = ϕ1(Y3), Y2 = ϕ2(Y3) and v0 ∈ V, with center Y3. We may assume that

Y1 and Y2 are the only closed orbits. Then we have v0 ∈ CY1
(X)◦ ∩ CY2

(X)◦ ∩ V and

CF2 implies X1 = X2 = X3. 2

4. Morphisms between spherical embeddings

Let G/H ′ be a second spherical variety and ϕ : G/H → G/H ′ be a dominant G-

equivariant morphism. This induces an injection ϕ∗ : ΛG/H′ ↪→ ΛG/H and thus

ϕ∗ : Q(G/H) →→ Q(G/H ′).

It follows easily from Corollary 1.5 that

ϕ∗(V(G/H)) = V(G/H ′).

On the other hand, let Fϕ be the set of those D ∈ D(G/H) for which D maps

dominantly to G/H ′. Thus we get a map

ϕ∗ : {Fϕ → D(G/H ′).

11



Definition: a) Let (C,F), (C ′,F ′) be colored cones for G/H, G/H ′ respectively.

Then we say that (C,F) maps to (C ′,F ′) if the following conditions hold:

CM1: ϕ∗(C) ⊆ C′.

CM2: ϕ∗(F \ Fϕ) ⊆ F ′.

b) Let F, F′ be colored fans for G/H, G/H ′ respectively. Then we say that F maps

to F′ if every element of F maps to some element of F′.

Theorem 4.1. Let X, X ′ be embeddings of G/H, G/H ′ respectively. Then ϕ extends

to a morphism X → X ′ if and only if F(X) maps to F(X ′).

Proof: We may assume that X and X ′ are both simple, with closed orbits Y and

Y ′. Let X0, resp. X ′
0, be their canonical B-stable subsets. Assume X → X ′ exists.

Then D ∈ F implies Y ′ ⊆ ϕ(D), hence CM2 holds. Let f ∈ k[X ′
0]

(B). Then

f ◦ ϕ ∈ k[X0]
(B), which implies CM1.

Conversely, assume that Cc(X) maps to Cc(X ′). Let X1 (resp. X ′
1) be the inter-

section of X0 (resp. X ′
0) with the open G-orbit. Then CM2 implies ϕ(X1) ⊆ X ′

1. It

follows from CC1 that

ϕ∗(k[X ′
0]

(B)) ⊆ k[X0]
(B).

This inclusion together with Corollary 1.7 imply k[X ′
0]

ϕ
↪→k[X0]. Thus X = GX0 →

GX ′
0 = X ′ exists. 2

For any colored fan F define the support of F by:

Supp F ..= V(G/H) ∩
⋃
{C | (C,F) ∈ F}.

Theorem 4.2. Let ϕ : X → X ′ be a dominant G-morphism between a G/H- and a

G/H ′-embedding. Then ϕ is proper if and only if

Supp F(X) = ϕ−1
∗ (Supp F(X ′)).

In particular, X is complete if and only if Supp F(X) = V(G/H).

Proof: Supp F(X) consists precisely of those valuations whose center exists in X.

Thus the necessity follows from the valuative criterion of properness.

On the other hand, let ϕ(v) ∈ Supp F(X ′) but v 6∈ Supp F(X). Then F∗ ..=

F(X) ∪ {(Q+v,∅)} is again a colored fan mapping to F(X ′). Let X∗ be the cor-

responding embedding. Because ϕ factors through X ↪→ X∗ it cannot be proper.

2

One can reformulate the results of this section without reference to a second

spherical variety G/H ′. A colored subspace is a colored cone (C,F) such that C ⊆ Q

is a subspace. Observe that condition CC2 is automatically fulfilled because 0 ∈ C =

C◦. Let

Cϕ ..= {v ∈ Q | v(χf ) = 0 for all f ∈ k(G/H ′)(B)}.

12



Definition: An integral submersion of G/H is a normal G-variety X together with

a dominant G-morphism ϕ : G/H → X such that all fibers of ϕ are reduced and

irreducible.

Lemma 4.3. Let ϕ : G/H → G/H ′ be integral and let X1 = G/H \
⋃

D∈{Fϕ
D.

a) k[Bϕ(x0)] = {f ∈ k[X1] | v(f) ≥ 0 for all v ∈ Cϕ ∩ V}

b) (Cϕ,Fϕ) is a colored subspace.

Proof: a) Choose an embedding G/H ↪→ X such that ϕ extends to a proper morphism

ϕ : X → G/H ′. LetX ′
0 ..= Bϕ(x0) ⊆ G/H ′ andX0 = ϕ−1(X ′

0). Because ϕ is integral

and proper, we have k[X ′
0] = k[X0]. By definition X1 = G/H ∩ X0 and the closure

of X0 \ (G/H) is G-stable. Thus f ∈ k[X0] if and only if f ∈ k[X1] and v(f) ≥ 0 for

all v ∈ V whose center meets X0. But these are exactly the v ∈ Cϕ ∩ V.

b) Let f ∈ k(G/H)(B) such that χf is not negative on Cϕ ∩ V and %(Fϕ). Then

a) implies f ∈ k(G/H ′)(B). Thus χf vanishes on Cϕ. This shows CC1. 2

With this lemma one proves as in Theorem 2.3 and Theorem 3.1:

Theorem 4.4. The map ϕ 7→ (Cϕ,Fϕ) is a bijection between surjective integral

submersions and colored subspaces. In this case

0 −→ Cϕ −→ Q(G/H)
ϕ∗

−→ Q(G/H ′) −→ 0

is exact. Furthermore, V(G/H ′) = ϕ∗(V(G/H)) and D(G/H ′) = {Fϕ.

Let ϕ : G/H → X be an arbitrary integral submersion and let Y ⊆ X be an

orbit. We define

CY (X)c = (CY (X),FY (X)) =
(
ϕ−1
∗ (C′Y (X)), ϕ−1

∗ (F ′
Y (X)) ∪ Fϕ

)

where the prime ′ denotes the data with respect to G/H ′. Finally, let F(X) be the

set of all Cc
Y (X), where Y runs through all orbits of X. Combining all the results we

obtain

Theorem 4.5. The functor X 7→ F(X) is an equivalence between the category of

integral submersions and the category of colored fans.

Theorem 4.4 has also the following interpretation:

Corollary 4.6. Let H ⊆ G be connected. Then there is a order-preserving bijection

between intermediate connected subgroups and colored subspaces.

Let for example X = G/B. Then Q = V = 0 and the elements of F correspond

to Schubert varieties of codimension one and therefore to simple roots. Thus a

colored subspace is simply a set of simple roots, in agreement with the classification

of parabolic subgroups containing B.

13



5. The set of invariant valuations

In this section we consider the structure of V inside Q. For this, let g1, . . . , gs ∈

k(G/H)(B), h ∈ k[G](B×H) with fi = hgi ∈ k[G] and let Mi be the G-module

generated by fi. As in the first part of Theorem 1.6 one proves: For any f ′ ∈

(M1 · · ·Ms)
(B) holds f ′/hs ∈ k(G/H)(B) and

v(f ′/hs) ≥
∑

i

v(gi)

in case v ∈ V. Let

δ = δ(g1, . . . , gs, h, f
′) ..=

∑

i

χgi
− χf ′/hs ∈ Λ.

Then the above inequality is equivalent to v(δ) ≤ 0. Let ∆ be the set of all δ’s where

g1, . . . , gs, h, f
′ run through all possible choices.

Lemma 5.1. ([Pau4] 2.1 Prop.) V = {v ∈ Q | v(δ) ≤ 0 for all δ ∈ ∆}.

Proof: We have already seen “⊆”. For the converse we repeat the construction from

the proof of Theorem 3.1 for C = Q+v and F = ∅. Thus let f0, gi, fi, X
′, X ′

0 and

M as in that proof. Then M⊆ k[X ′
0]

(B) and we want to prove the converse. Let Mi

be the module spanned by fi. Any function g′ ∈ k[X ′
0]

(B) is of the form f ′/fN
0 with

f ′ ∈ (Mn0

0 · · ·Mns
s )(B)

and ni ∈ N; N =
∑

i ni. By the definition of ∆ we have

δ =
∑

i

niχgi
− χg′ ∈ ∆,

which implies v(χg′) ≥
∑

i niv(χgi
) ≥ 0. Thus M = k[X ′

0]
(B).

The same reasoning as in Theorem 3.1 implies that G/H → X ′ has finite fibers.

Thus we can constructX,X0 with k[X0]
(B) = k[X ′

0]
(B). From k[X0]

(B) 6= k(G/H)(B)

and D∩X0 = ∅ for all D ∈ D we get X 6= G/H. Thus there is a closed orbit Y $ X.

Let v′ ∈ V have Y as center. Then v′ is not negative on M and therefore v ∈ Q+v′.

2

Definition: An embedding X is called toroidal if no D ∈ D contains a G-orbit in

its closure, or equivalently if FY (X) = ∅ for all G-orbits Y .

Lemma 5.2. ([BP] 3.1) There exists a complete toroidal embedding of G/H.

Proof: Choose f0 ∈ k[G](B×H) vanishing on any divisor π−1(D) with D ∈ D and let

V ⊆ k[G] be the G-module generated by f0. This induces a G-morphism ψ : G/H →

P(V ∨). Let X ′ be the closure of the image. We may regard f0 as a linear function

on V ∨. Let L be its set of zeros in P(V ∨). Then the fact that V is generated by f0

14



translates to
⋂

g∈GL
g = ∅ or equivalently to: L contains no G-orbit. By construction

ψ(D) ⊆ L for any D ∈ D. Now choose any complete embedding X ′′. Then embed

G/H in X ′ × X ′′ diagonally, close it up, normalize it and the result is a complete

toroidal embedding. 2

Let Q0 ..= Hom(X (B),Q) and

C ..= {v ∈ Q0 | v(α) ≤ 0 for all positive roots α}

be the antidominant Weyl chamber. Then Λ ⊆ X (B) yields Q0 →→ Q. We denote

the image of C by CG/H .

Corollary 5.3. ([BP] 3.2) The set of valuations V is a finitely generated cone con-

taining CG/H .

Proof: The definition of ∆ implies that any δ ∈ ∆ is the sum of positive roots. Thus

it follows from Lemma 5.1 that V is a cone containing CG/H . By Lemma 5.2, CC1

and Theorem 4.2 it is finitely generated. 2

This corollary implies in particular that V spans Q as a vector space. In case

G is a torus there are no roots and therefore V = Q. This shows that V need not

be strictly convex. Toroidal embeddings are classified by ordinary fans in Q whose

support is in V. For char k = 0 it follows from the local structure theorem [BLV]

that toroidal embeddings are also toroidal in the sense of [KKMS] Chap. II §1.

In characteristic zero a much more precise description of V, due to Brion [Bri4],

is available. Let T ⊆ B be a maximal torus, W = NG(T )/CG(T ) the Weyl group,

N(Λ) ⊆ W the stabilizer of Λ ⊆ X (B) = X (T ) and W (Λ) the group of automor-

phisms of Λ induced by N(Λ). Then W (Λ) acts on Q as well.

Theorem 5.4. (char k = 0)1 There is a subgroup WG/H ⊆ W (Λ) generated by

reflections such that V is a fundamental domain for the action of WG/H on Q.

This theorem implies in particular that V is a cosimplicial cone, i. e. there exist

linear independent forms χ1, . . . , χs ∈ Q
∨ such that V = {v ∈ Q | χi(v) ≥ 0 for all i}.

The proof in [Bri4] is rather involved and rests ultimately on a case-by-case consider-

ation. For a conceptual but equally involved proof see [Kno3], where the embedding

theory of G/H is linked to the geometry of the moment map on the cotangent bundle

T ∗G/H . This theory gives also some clue how to calculate WG/H . Let g, h be the Lie

algebras of G, H respectively.

Theorem 5.5. ([Kno1] Kor. 7.2; char k = 0) There is a canonical degree-preserving

isomorphism

S(g/h)H = S(Q)WG/H ⊗Q k.

1 I conjecture that this theorem is true in arbitrary characteristic.
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Consider for example the case of a symmetric variety. Let ϑ ∈ AutG with

ϑ2 = idG and H = Gϑ be the set of fixed points. Choose a ϑ-stable maximal torus T

of G such that T ∩H has minimal dimension. For any Borel subgroup B containing

T , BH ⊆ G is open [CP]. In particular Λ may be identified with X (A), where

A = T/(T ∩H). It is well known (see [Vin1]) that S(g/h)H may be identified with

S(LieA)W (Λ). Thus the above theorem implies WG/H = W (Λ) =“the little Weyl

group of G/H”; in particular V = CG/H . This result has been obtained by Vust

[Vus] in a different way.

6. Further properties

In this section we derive some properties of a spherical embedding which can be read

off from its colored fan.

Theorem 6.1. ([BP] 5.2) The G-automorphism group A = NG(H)/H of G/H is an

extension of a diagonalizable group by a finite p-group. In particular, the connected

component of the identity A0 is a central torus. Furthermore1, dimA = dimV∩(−V).

Proof: Let L ⊆ A be a connected, H ′ its preimage in NG(H) ⊆ G and ϕ : G/H →

G/H ′. Then H ′ corresponds to the colored subspace (Cϕ,Fϕ). Because any au-

tomorphism leaves the open B-orbit stable we have Bx0 = ϕ−1(Bϕ(x0)). This

implies F = ∅ and therefore 0 6= Cϕ ⊆ V ∩ (−V). For L = A0, this implies

dimA ≤ dimV ∩ (−V).

Choose L one dimensional and any f ∈ k(G/H)(B) such that χf does not vanish

on Cϕ, i. e. f 6∈ k(G/H ′)(B). Then f is a nonconstant invertible function on L =

ϕ−1(ϕ(x0)) ⊆ Bx0. This implies that L and therefore A0, is a torus. From A ⊆

AutB Bx0 we get that A is a subquotient of B. This implies the assertion on A.

Assume 0 6= v ∈ V ∩ (−V) and let H ′ ⊇ H be the subgroup corresponding

to the colored subspace (Qv,∅). By choosing a function f as above we obtain an

invertible function on H ′ via H ′ → H ′x0 ⊆ Bx0. This function is a character χ times

a constant (see for example [KKV] 1.2). The kernel of χ corresponds to a proper

subspace of Qv and therefore coincides with H. This shows that H ′ normalizes H.

Because a connected group of automorphisms of H ′ acts trivially on X (H ′), it follows

NG(H ′)0 ⊆ NG(H)0. By induction we get

dimV ∩ (−V) = 1 + dimNG(H ′)/H ′ ≤ dimNG(H)/H ≤ dimV ∩ (−V). 2

This theorem shows that G/H has a simple completion if and only if its au-

tomorphism group is finite. In that case there is even a canonical one, namely the

completion X with Cc(X) = (V,∅). It is maximal in the sense that it dominates any

other simple completion. There is a conjecture of Brion [Bri4] which states:

If char k = 0 and AutGG/H = 1, then X is smooth.

1 This is the only result in this paper for which the separability of the orbit map π is essential.
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The fact that V is cosimplicial is already equivalent to the fact that X has at worst

abelian quotient singularities ([BLV], char k = 0).

For symmetric varieties, the simple completions have been constructed by Satake

[Sat]. Brion’s conjecture is true in that case by the results of De Concini and Procesi

[CP].

There is also the following corollary due to Pauer [Pau4] which describes the

other extreme.

Corollary 6.2. The spherical variety G/H is horospherical, i. e. H contains a max-

imal unipotent subgroup U of G, if and only if V = Q.

Proof: The normalizer of U is B. Therefore Theorem 6.1 implies V(G/U) = Q(G/U).

We may assume H to be connected. For H ⊇ U the assertion follows from Theo-

rem 4.4.

Assume now V = Q and let P be the subgroup corresponding to (V,∅). Then

H is normal in P with a torus as quotient and rkG/P = 0. Thus P is parabolic and

H horospherical. 2

Now we determine some properties of the orbits. We may assume X to be simple

with closed orbit Y .

Theorem 6.3. ([Bri9] 1.2) rkY = rkX − dim C(X).

Proof: Let L ⊆ Λ be the set of characters vanishing on C(X). Then restriction of B-

eigenfunctions gives L ↪→ ΛY . By Theorem 1.3b, this inclusion surjective up to p-

torsion. 2

Next we calculate the dimension of Y . One case is easy: If F(X) = ∅ and

dim C(X) = 1 then either Y is a divisor or X = Y is the quotient of G/H by a one

dimensional torus. In both cases dimY = dimG/H − 1. This can be generalized to:

Lemma 6.4. Let (C,F) be a colored cone, (C ′,F ′) a face with F ′ = F and let

X, X ′ be the corresponding varieties with closed orbits Y , Y ′ respectively. Then

dimY = dimY ′ − (dim C − dim C′).

Proof: By induction we may assume dim C − dim C ′ = 1. Since we have a natural

inclusion X ′ ↪→ X, we can form the normalization Ỹ ′ of the closure of Y ′ in X. Let

Ỹ be the preimage of Y in Ỹ ′. This gives the following diagram:

Ỹ ↪→ Ỹ ′

↓ ↓

Y ↪→ Y ′ ↪→ X

Then Ỹ ′ is a simple spherical embedding with closed orbit Ỹ . Let D̃ ∈ F(Ỹ ′). It

follows easily from Theorem 1.3 that the image of D̃ in X is contained in a D ∈ D(X)

with Ỹ ′ 6⊆ D. Therefore F = F ′ implies F(Ỹ ′) = ∅. From Theorem 6.3 follows

rk Ỹ = rk Ỹ ′ − 1 and therefore dim C(Ỹ ′) = 1. 2
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For any D ∈ D, let PD be the stabilizer of D. Since B ⊆ PD, this is a parabolic

subgroup of G. For any subset F ⊆ D, let PF =
⋂

D∈F PD.

Lemma 6.5. Assume dim C(X) = rkX. Then any isotropy group of Y is conjugate

to the opposite parabolic of P{F(X).

Proof: Because of its dimension, C(X) is never a proper face of some other cone. This

implies that Y is complete and thus that the isotropy groups are parabolic. Let By0

be the open orbit in Y and P its stabilizer. This is the parabolic opposite to Gy0
.

Then Theorem 2.1c implies P{F(X) ⊆ P .

Let D ∈ {F(X). The natural map P ×B D → X is proper, and hence PD is

closed in X. On the other hand y0 6∈ PD, which implies PD = D. This shows

P ⊆ P{F(X). 2

Combining all these results we obtain:

Theorem 6.6. ([Bri9] 1.2) The dimension of Y is given by

rkG/H − dim CY (X) + dimG/P{F(X).

Proof: Observe that any colored cone is the face of a cone of maximal dimension

having the same set of colors F . 2

Finally I give a criterion for a spherical embedding to be affine:

Theorem 6.7. A spherical embedding X is affine if and only if X is simple and

there exists a χ ∈ Λ with

χ|V ≤ 0; χ|C(X) = 0; χ|%({F(X)) > 0.

Proof: Let C0 be the cone spanned by C(X)∪%(D). First, let X be affine. Then all G-

invariants are constant which implies that there is only one closed orbit Y , i. e. X is

simple. For any v ∈ V \ C(X) there exists by Corollary 1.7 an f ∈ k[X](B) vanishing

on all D ∈ D(X) with v(f) < 0. This shows C0 ∩ V = C(X) ∩ V =.. C1. Let L be the

subspace spanned by C1 and α the projection Q →→ Q/L. The convexity of C1 implies

that α(C0) and α(V) are cones intersecting only in the origin. Also by Corollary 1.7

there is an f ∈ k[X](B) vanishing on all D ∈ {F(X) but not on Y . This shows that

α ◦ %({F(X)) does not intersect α(C(X)). All that implies the existence of χ.

Conversely, let X and χ satisfy the above conditions and let A = k[X] be the

algebra of global functions on X. Then f ∈ k(G/H)(B) is in A if and only if χf ∈ C
∨
0 .

This shows that AU is finitely generated where U is the unipotent radical of B. As

in [Gro2] Thm. 4 this implies that A is finitely generated as well. Let X ′ ..= SpecA.

Because X maps to X ′ we have C(X) ⊆ C(X ′) and F(X) ⊆ F(X ′). Furthermore

k[X](B) = k[X ′](B) implies that also C(X ′)∪%(D) spans C0. In particular C(X ′) ⊆ C0.

It follows from the assumptions on χ that C(X) is the maximal face of C0 having
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property CC2. Thus C(X ′) ⊆ C(X). These assumptions also imply that F(X) is the

set of all D ∈ D with %(D) ∈ C(X). Thus F(X ′) ⊆ F(X), and X = X ′ is affine. 2

This theorem implies in particular that X is affine if F(X) = D, because in this

case one can choose χ = 0. On the other hand, we get that G/H is affine if and only

if V and %(D) can be separated by a hyperplane. Finally, G/H is quasiaffine if and

only if %(D) does not contain 0 and spans a strictly convex cone.
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(1986), 191–198

[Bri2] Brion, M.: Sur l’image de l’application moment. In: Séminaire d’Algèbre Paul Dubreil et
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208), 1987
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[Dem] Demazure, M.: Sous-groupes algébriques de rang maximum du groupe de Cremona. Ann.
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8. Notations

k Algebraically closed field

p Characteristic exponent of k

k[X] Algebra of regular functions on a variety X

k(X) Field of rational functions

G Connected reductive group

B Borel subgroup of G

G/H Homogeneous variety such that B has an open orbit in G/H

Bx0 Open B-orbit in G/H

π Orbit map G→ G/H

X Normal G-variety together with an open embedding G/H ↪→ X

X (S) Group of characters of a group S

V (S) Set of common eigenvectors of S in an S-module V

χv Character of S corresponding to v ∈ V (S)

Λ = ΛG/H {χf ∈ X (B) | f ∈ k(G/H)(B)}

rkX rkΛG/H the rank of X

Q = Q(G/H) Hom(ΛG/H ,Q)

V = V(G/H) Set of G-invariant, Q-valued valuations of k(G/H). By Corollary 1.8

this set is regarded as a subset of Q(G/H).

D(X) Set of B-invariant prime divisors in X

D D(G/H)

{F D \ F

DY (X) Set of B-invariant prime divisors in X containing the orbit Y

BY (X) 1 {vD ∈ V(G/H) | D ∈ DY (X) is G-stable}

FY (X) 1 {D ∩G/H ∈ D(G/H) | D ∈ DY (X) is not G-stable}

%v Evaluation map [f 7→ v(f)] ∈ Q(G/H) with f ∈ k(G/H)(B)

% Map D(G/H) → Q(G/H) : D 7→ %vD

C∨ Dual cone: {α ∈ Q∨ | α|C ≥ 0}

C◦ Relative interior: {v ∈ C | α ∈ C∨, α(v) = 0 ⇒ α|C = 0}

CY (X) 1 Cone in Q(G/H) generated by BY (X) and %(FY (X))

Cc
Y (X) 1 Pair (CY (X),FY (X))

F(X) {Cc
Y (X) | Y ⊆ X is an orbit}

CG/H Image of the antidominant Weyl chamber in Q(G/H)

PF Common stabilizer of all divisors in F ⊆ D(G/H)

1 If X is a simple embedding with Y as unique closed orbit we drop the subscript Y .
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