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Macdonald defined two-parameter Kostka functions K, (q,t) where A, p1 are par-
titions. The main purpose of this paper is to extend his definition to include
all compositions as indices. Following Macdonald, we conjecture that also these
more general Kostka functions are polynomials in ¢ and t'/? with non-negative
integers as coefficients. If ¢ = 0, then our Kostka functions are Kazhdan-Lusztig
polynomials of a special type. Therefore, our positivity conjecture combines Mac-
donald positivity and Kazhdan-Lusztig positivity and hints towards a connection

between Macdonald and Kazhdan-Lusztig theory.

1. Introduction

In [M1], Macdonald introduced a new class of symmetric functions J,,(z; ¢q,t), parameter-
ized by a partition p and depending on two parameters ¢ and ¢, which generalizes both
Hall-Littlewood and Jack polynomials. In the same paper, he introduced the two variable

Kostka functions

(11) K)\,u(qat) = <8>\7']M>HL

where sy is the Schur functions for the partition A\ and where (-, )y, denotes the scalar
product rendering the Hall-Littlewood polynomials orthogonal. Based on computational
evidence and some special cases, Macdonald conjectured that Ky,(q,t) is a polynomial in
q, t with non-negative integral coefficients. Even polynomiality was open for a while and
was almost simultaneously proved in [GR], [GT], [Ki], [Kn1], [Sa]. Haiman finally proved
positivity in [Hal.

To prove polynomiality, the author used in [Knl] a more general theory, that of non-
symmetric Macdonald polynomials which has been developed mainly by Cherednik. For
that reason, it is tempting to look for Kostka functions associated to non-symmetric Mac-
donald polynomials and prove their positivity first. In this paper, we introduce functions

K, (g,t) where X and i are now allowed to be compositions, i.e., finite unordered sequences
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of positive integers and which coincide with Macdonald’s when A and p are partitions. This
definition links two theories, Macdonald and Kazhdan-Lusztig, which, even though they
share the same background, namely affine Hecke algebras, have been unrelated so far.

The starting point of our theory was Lusztig’s observation, [Lul], [Lu2], that certain
Kazhdan-Lusztig basis elements can be identified with the Schur function. Therefore,
the idea is roughly to replace in (1.1) the symmetric Macdonald polynomial by a non-
symmetric one and the Schur function sy, by a Kazhdan-Lusztig basis element.

More precisely, we consider the standard parabolic module M of the (extended) affine
Hecke algebra of type A,,_1. This module can be identified with a polynomial ring and has
a basis consisting of the non-symmetric Macdonald polynomials £,,. On the other hand,
M has also the canonical, or Kazhdan-Lusztig basis M A. This basis is constructed from
the standard basis M* by forcing selfduality. Moreover, M carries the scalar product on
M for which the standard basis is orthonormal. Then we define K&Z) = (M E,).

So far, the construction works more or less for any root system but sample calculations
show that K /(\Z) does not have positive coefficients, even in type A,,_1. For this to happen,
we have to stabilize, i.e., let the number n tend to oco. If we equip Z[q,tl/z,t_l/Q] with
the t-adic topology, then we show that K, = lim, Kiz) exists and is an element of
Z[q,t'/? t=1/2]. This is the main (proven) result of this paper.

We conjecture that Ky,(q,t) has positive coefficients. This has been confirmed in a
great number of cases by direct computation. Further evidence is the fact that in case A
and g are partitions then our K, coincides with Macdonald’s (proved to be positive by
Haiman). This is a consequence of the aforementioned theorem of Lusztig.

Finally, we show that for ¢ = 0 the Macdonald polynomials specialize to the standard
basis of M (see (11.10) and also [Kn1] Cor. 5.7). This means that K,(0,?) is a Kazhdan-
Lusztig polynomial, hence positive.

At the end of the paper we present a conjecture which substantially refines Macdon-
ald’s positivity. More precisely, we define “marked” Kostka polynomials K, (t) which do
not depend on g anymore. Here p is a composition with some boxes of its Young diagram
are marked. The unmarked polynomials K, can be obtained in an easy and positive way
from the marked ones. Ample numerical evidence suggests that the K, (t) have positive

coefficients.
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Strasbourg in Spring 1996. It was finished during a stay at the University of Freiburg.
The author thanks both institutions for their hospitality.



2. The affine Hecke algebra for GL,,

Consider the lattice X := Z™ with standard basis eq,...,e,. Then the symmetric group

on n letters, Wy := S,,, acts on X by permuting the e;:

(21) 7T(T1,...,Tn> = (Tw—l(l),...,’rw—l(n)).

Let W := W} x X be the (extended) affine Weyl group. For 7 € X let t. be the corre-
sponding element in W.

Let XY := Hom(X,Z) = Z™ with basis €1, ...,&, (the basis dual to ej,...,e,). Let
Af C XV be the set of roots for W, i.e.,

(2.2) Af = {i—(si—ej)|1§i<j§n}

We regard a € Z as the constant function a on X. Then the set of affine roots A := A;+7Z

consists of affine linear functions on X. Let
(23) Qp:=€Ep, — €1+ 1,041 =&1—€2,...,0pn_1 = Ep_1 — En.

Then ¥f := {o,...,an_1} is the set of simple roots of Ay while ¥ := {ap,..., 1} is
the one for A. The corresponding simple reflections are denoted by s;. Thus, for 1 <i <n
we have s; = (ii+1) while so(71,...,7n) = (7n + 1,72, ..., Tn—1,71 — 1). The simple roots

generate the positive roots
(24) AFi={ei—¢g|1<i<j<n}CA;, AT:=ATU(A;+Zso) CA.

The dominant Weyl chamber is X, :={re X |1 > ... > 7, }.
Every element w € W acts on A by wa(7) = a(w™17). We define its length as

(2.5) l(w) = #{a € AT |wa € —AT}.
For w € Wy and 7 € X we have the useful formula

(2.6) Utrw) = Z |7'Z' —Tj | + Z ‘Ti —7;—1

1<i<j<n 1<i<j<n
w= @) <w=1() w= (i) >w—1(j)
This means, in particular, that
(2.7) Wi=1t_¢ Sp—1.--81 = Sp—1-..51t_¢,,

acting on X like

(2.8) W(T1y e oyTn) = (12,0« oy Tny11 — 1),



has length zero. In fact, w generates Q := {w € W | f(w) = 0} 2 Z. If W* C W is the
subgroup generated by s1,..., sy, then W¢ =5, x Q with Q := {7 € X |} , 7, =0} and
W = Q x We. The action of 2 on W is given by

(2.9) wsiw T =s_1, i=1,....n—1, wsow !=s,_1.

Let £ := Z[v,v™!]. We often use also the notation t := v2. The (extended) affine
Hecke algebra H is the L-algebra generated by elements Hy, ..., H,_1, w with relations

(2.10) H;H;=H;H; for 0<i<j<n—1withl<|i—jl<n—1
(211) Hsz—l—le = Hi—l—IHiHi—l—l for 7= 0, e, — 1 with Hn = HO
and
(212) wHw '=H;_y i=1,....,n—1, wHyw '=H,_
(2.13)  (H; +v)(H; —v 1) =0 i=0,...,n— 1.

k

If w=s;...5,w" € W is a reduced expression, then one puts H,, := H;, ... H; wk.

(28

These elements form an L-basis of H. Moreover
(2.14) H,H, = H,, whenever {(z)+{(y) = {(xy)
The subalgebra spanned by H,,, w € Wy is denoted by Hy.

3. The parabolic module
There is a unique L-linear homomorphism H; — £ with Hy,...,H,_1 — v~ More
generally, H,, — v W) ¢ Wy, . This way, £ becomes a ‘H s-module denoted by L£(v™1).
Consider the induced module

(3.1) M = H% Lv™h.

Every coset in W/Wj is represented by a unique element ¢,, 7 € X. This implies that the
elements H; ®1 € M, 7 € X form a L-basis of M. It is convenient to modify this basis
slightly. For 7 € X let m, be the unique shortest element of the coset t,W;. Using the
length formula (2.6) one can check that m, =t w_ 1 where w; is the shortest permutation

such that w,(7) € =X . A useful formula for w, is
(3.2) w(i)=#{j=1,...i| <n}+#j=i+1,....,n|7 <7}
The elements

(3.3)  M;:=m,1=0v")(t 1)



form the standard basis of M. The action of the generators of H in terms of the standard

basis is then given by (see [So] §3)

Msi(.r) + oM., if 7, > Tit1
(3.4) (H; +v)(M;) = (U+U_1)MT if 7 =741, 1=1,...,n—1
Msi(r) —|—U_1M7— if 7; < Tit+1

(3.5) w(M;) = M.
The Bruhat order on W induces an order relation on X by defining
(3.6) T <<= my < my,.
It has the properties
(3.7) Sa(T) > T <= a(r) >0 foralla € AT
B8)  7T<n<=w(r) <w()
(3.9) 7 < n <= min{7, s,(7)} < s4(n) for all « € ¥ with a(n) <0.

(3.10) 7<0<=71=0.

Observe that these properties allow to compute the Bruhat order algorithmically. In fact,
with (3.9) one can “move” 7 into the fundamental alcove. Then, using (3.8), one reduces
to n = 0. Then one concludes with (3.10).

In general it is not true that 7 < 7 implies w7 < wn but there is an important special

case when this holds:

3.1. Lemma. Let 7,n € X, w € Wy and assume that n — T € Za" for some a € A;f.

Assume moreover wa > 0. Then 7 < n if and only if wr < wn.
Proof: Let 7 :=n— ka" and N := a(n). Then 7 < n if and only if

0,...,N—1 for N >0

(3.11) k:{
N,...,0 for N <0

See, e.g., [Kn2] Lemma 4.1. The result follows since wa(wn) = «(n). O



4. The Bernstein presentation

For 7 € X let X7 := H,_. If 7,n € X, then (2.6) and (2.14) imply
(4.1) X"X"=X"""=X"X".

Hence we can extend the definition for X7 to all 7 € X by

(42)  X":=X"(X")"' where 7, 7" € X, with 7 =1 — 7.

1

Since te, = w™ " Sp—1...51 is a reduced expression this means concretely in our situation

X7 =X{'... X with
(43) X;=X“=H Y. H'w'H, .. H
This way we get a homomorphism

(4.4) d:L[X] =Lz, e s H oz - X

n

The relations between the X7 and the “finite” H; (i.e. ¢ > 0) have been determined by
Bernstein (see [Lu3] 0.3):

(4.5)  H;®(&) — ®(s; () H; = (v ! — v)fb(xz-g_—si(a) i=1,...,n—1.

Ti— Tiy1"
The homomorphism ¢ also identifies £[X] with M and we get:
(4.6)  U:LX]DSM:¢mdE) @1 =0(E)( M)

By transport of structure, we get an action of H on L[X]. Concretely, the generators
H....H, 1,X1,...,X, act as

(4.7)  Hi&) =v'si(§) + (v —v)ay
(4.8) X; (&) = x4, i=1,...,n.
The action of w and Hj is more complicated and is deduced from the relations
(49) wl=H .. . H, X,=XH'  H"'.

4.10 Hy=w'H, jw=wHw! =X, X 'HZY with (In) :=81...89-1...51.
n "7 (1n)

4.1. Lemma. For every w € Wy and 7 € X holds

(4.11)  Hy(z") € "W =2kgw(m) 4 Z Lx".
n<w(r)



where

(4.12)  k:=#{a€ A}' | wae < 0, (1) > 0}.

Proof: If w = 1, the statement is trivial. Otherwise write w = vs with s a simple reflection
and ¢(v) < £(w). This means vas > 0. Let z* be a monomial occurring in Hg(x") and z”
a monomial occurring in H,(z*). By the explicit formula (4.7) and (3.11) we get p < s(7)
and s(7) — pu € Za). Then Lemma 3.1 implies v(u) < w(7). By induction, we have

1

n < wv(p), hence n < w(7). Finally, the coefficient of x*7 in Hy(z™) is v~" or v according to

as(7) > 0 or as(7T) < 0, respectively. On the other hand, k = k,,(7) satisfies the recursion

1 ifag(r) >0

0 otherwise

(4.13)  ko(1) = ko(sT) + {

which implies the claim on the leading coefficient. O

5. The Kazhdan-Lusztig basis

The defining relations (2.10)—(2.13) of ‘H imply that it admits a unique ring automorphism
d with

(5.1) dv)=v"1, dw)=w, dH)=H"' i=1,...,n.

More generally we have d(H,,) = H;}l for any w € W. Now put Hyy 1= >y VZ[v|H,.
Then we have the following fundamental result of Kazhdan-Lusztig ([KL], see also [So]):

5.1. Theorem. For every w € W there is a unique H, € H with d(H,,) = H,, and

w

H, € H, + Hyy. This element is triangular with respect to the Bruhat order, i.e.,
H, e «,LH, Moreover, the collection of H,, we W forms an L-basis of H.

w’

A similar construction works for M. Since the homomorphism Hy — L defining

L(v™1) commutes with d we may define an involution of M, also denoted by d, by
(5.2)  d(E®a(v)) :=d(€)®@a(v™).
Again we form M, =) vZ[v]M, and obtain (see [So]):

5.2. Theorem. For every 7 € X there is a unique M. € M with d(M,.) = M and
M_ € M, + M4. This element is triangular with respect to the Bruhat order, i.e.,
M. € ZT}ST LM,,. Moreover, the collection of M., 7 € X forms an L-basis of M.
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Remark: Observe that the triangularity property of M_ implies easily that also d is
triangular, i.e., d(M.) € 32, LM,.

Using the bijection ¥ : £[X] = M the involution d may be transported to L£[X],
which we also denote by d. Explicitly we get ([Kn2] Lemma 3.4):

5.3. Theorem. Let p — p be the ring involution of L[X] with v = v~ and T; = x;. Let
wo € Wy be the longest element. Then for any p € L[X] holds

(5.3)  d(®(p) = Hup®(wop) Hyl
In particular,
(5.4)  d(p) = v H,, (wop)).

We are going to need only two properties of the Kazhdan-Lusztig basis.

5.4. Lemma. Let 7 € X and s € ¥ with s(1) < 1. Then Hy(M_) = v M

For a proof see, e.g., [So] Prop. 3.6. The Lemma implies in particular that U=1(M ) is

symmetric whenever 7 € —X . In fact, it can be computed explicitly:

5.5. Theorem. For A € X let sy be the corresponding Schur polynomial. Then

(5.5) M _, =U(sx(z7h, ...,z h)

rrn

This result is due to Lusztig, first proved for A,,_; in [Lul] and then for arbitrary root
systems in [Lu2]. For an alternate proof see [Kn2|. It is the key to our approach to Kostka

polynomials.

6. Macdonald polynomials

As mentioned, the action (4.9) of w on L[X] is quite complicated. Cherednik had the idea
(see e.g. [Ch]) to replace w by

(6.1) O(f) (@1, 2n) = f(qTn, 1, ., Tp—1)

where ¢ is an additional parameter. This formula is motivated by the affine linear action

(2.8) of w. Also the action of Hy becomes easy this way:

. 1-3
(6.2)  Hy:=oHo ' =v 5+ (v ! — vz, ——0
Tn —q "1
with

(6.3)  So(p) :=p(qgzn, 2, ..., Tn-1,4 "T1).
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One checks that Hy, Hy,..., H,_1,& satisfy the relations (2.10)~(2.13) and therefore gen-
erate another copy H of ‘H. In particular, H will contain a copy of L[X] which we choose

to be generated by the elements
6.4)  &=o'""H; .. H@o'HY O HTY i=1,....n

Note that this definition is “dual” to (4.3) and also has the factor v!=". The reason for
this is to get later the stability property (9.20). The main feature of H is that it acts
locally finitely on £,[X] where £, := L[q,q~']. More precisely,

6.1. Lemma. Fori=1,...,n and 7 € X holds
(6.5) Ei(xT) e g it @ gT 4 Z Lot
u<t

Proof: First, we show that the &; are triangular with respect to the Bruhat order. It
suffices to do this for Z; := &&y1...&, with ¢ = 1,...,n. Formula (6.4) implies Z; =

v~ NH,. 0" where w;(7) = (Tix1, -+, Tn, T15---,7i) and N = (n —i+1)(n — 1). Thus,

(66) EZ(I‘T) _ U—NHwia)i—n—l(mT) _ q—Ti—...—Tn,U—NHwixw;l('r) c Z quu

BT

by Lemma 4.1. The formula for the leading coefficient follows easily from (4.11), (4.12),
and (3.2). O

Since the Cherednik operators &1, . . . , &, commute and are triangular with distinct diagonal

terms they have a common eigenbasis, the non-symmetric Macdonald polynomials E .

6.2. Corollary. For every A € X there is €y € L4[X], unique up to a scalar, with
(67) 51(5/\) = q/\itl_w_k(i)gxM 1=1,...,n
Moreover, £ s triangular with respect to the Bruhat order:

(6.8)  Exe Y Lot
pn<—=X
Remark: Usually (see, e.g., [M3] (2.7.5)), the triangularity of £y is expressed with respect

to an order which is finer than the Bruhat order.

We are normalizing £, in the following way. As usual, we represent A by its diagram,
i.e., the set of pairs (i, ) € Z? (called bozes) with 1 < j < \;. To a box s = (i,j) € X we

associate its arm-length

(6.9) ax(s) ==X\ —j



and its leg-length
(6.10)  W(s)=#{k<i|j< N+ 1< NF+#{E>i]7< M\ <A
Now we demand that the coefficient of z=* in &, is
6.11) T (1 _ qak<s>+1tzx<s>+1> ‘
SEA

One can show, [Knl] Cor. 5.2, that with this normalization the coefficients of &) are

polynomials in ¢ and ¢.

7. The polynomial part of M

Subsequently, we are only interested in the “polynomial” part of M. The reason for this
is its stability properties as n — oco. Let us first introduce the polynomial part HP°' of
H, namely the subalgebra generated by H¢, and w (but not w™ ). Let A :=N" C X and
consider the submonoid WP°' := W; x (—A) of W. Then we have:

7.1. Theorem. The set {H,, | w € WP°'} is an L-basis of HP°'. Moreover, Z; := X; ' €
HPO for all i and

(T Lz, Z @Ky — HPOL: p(Z) @ u — p(2)u

pol

1s bijective. Furthermore, HP®" has the following presentations:

i) It is generated by the subalgebras Hy and L[Z1, ..., Zy,] with relations

p — (sip)

(7.2)  Hip— (sip)H; = (’“‘“_1)2”122-——2@-“

fori=1,...,n—1,p€ L[Z:,...,Z,].
it) It is generated by the subalgebra Hy and Zu,. .., Z, with relations

(73) HZZlHl = Zi—l—l for ¢ = 1, NN 1

(7.4) H;Z;=7Z;Hjfori=1,...,n,j=1,...,n—1,i—j #0,1

(75) ZZZJ = ZJZZ for Z,] = 1, e,

iii) It is generated by the subalgebra Hy and Z, with relations

(7.6) HzZ\ 0z, = Z.H1Z,1 Hy
(77) szl == ZlHl for 1 = 2, e,
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i) It is generated by the subalgebra Hy and w with relations

7.8 Hw=wH; i fori=1,...,n—2
J’_
(7.9) H,_1w? =w*H,

Proof: Formula (4.3) implies Z; € HP°l. Let wyg € Wy be the longest element. Then, for
AeANnXy

(7.10) H*'52*=(XN"'=H,'=d(H, ,)=HuH: , , Hy!

wq (X) 77 Wo

(by (5.3)). This implies H; , € HP° for all A\ € AN X,. Since Hy, = Hf'H, and
H,s=H,H ;tl for all simple reflections s we get H’ C HP°! where H’ is the £-submodule
spanned by all H,, € HP°', w € WP°l. Conversely, formula (2.14) implies wH’ C H’. Hence
HPOL CH'.

i) Let now H' be the algebra generated by L[Z] and H; subject to relation (7.2).

Then there are natural maps

LZ)@cHy 25 HO s ppo
(7.11) 1 es 1 va
L[Z,Z7 )@ Hy 22, H
Since 3 and @5 are injective, also ¢ is injective. Relation (7.2) implies that ¢ is also
surjective. Thus, @5 is injective. Now w = H,,_1 ... H1 Z; implies that ¢4 is also surjective.
This implies the bijectivity of (7.1).

ii) Relation (7.5) simply means that HP°! contains £[Z] as a subalgebra. Moreover
(7.3), (7.4) are equivalent to (7.2) for p = Z;. It is well known (see [Lu3] 3.6) that that
case implies (7.2) for any p. Thus, the presentation i) and i) are equivalent.

iii) Here, we are defining Zs, ..., Z, using formula (7.3). Then (7.6) is nothing else
than ZyZ; = Z1Z5. Thus, i) implies #i). Conversely, assume (7.6), (7.7) hold. Relations
(7.3) are true by definition. Relation (7.4) follows easily for ¢ < j. For i = j + 2 we have

(7.12) HjZ; = HjHj 1 HijZjHjHjy = Hj  HjHj Z;HjHjy =
| = Hj1 HjZjHj HjHjy1 = Hj1 HZjHjHj Hy = 2 Hj.

For i > j 4+ 2 we get (7.4) by induction from Z; = H; 1Z;_1H;_1. Finally, (7.5) follows
the same way by induction from (7.4) and (7.6).

i) First assume the relations in ). Define Z; := H; ' ... H, ' w. Then

713) HZ\H Z,=H;'.. H ' wH;'...H ' w=
2 n—1 2 n—1
(7.14) =Hy . oH N HS L CH L H ) H,, w?
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(7.15)  Z\H\ZH, = H{*...H ' \wHy'...H ' wH, =
(7.16) = | H HY . CH)WEH,
Both expressions are equal since the terms in parenthesis correspond to reduced expressions

of the same permutation namely (n,n —1,1,...,n — 2). Moreover, for i > 2 we have

Hi'Zy=Hy' o Hy(H7 HZ D H L H w =

(7.17) 1 =1 =171\ 71 —1 1

Assume now conversely that relations 4i) hold. We define w := H,,_1 ... H;Z;. Then
(718) wHH_l = Hn—l e Hi—|—1HiHi+1Hi—1 ce lel = Hiw

Finally, (7.9) can be deduced from the equality of (7.14) and (7.16). O

Remark: The proof shows that 4i)—iv) are also equivalent presentations of a “braid
monoid” with generators Hlil, ..., HF¥' and w. Of course, the braid relations among
the H; should also hold.

Now let MP°! be the L£-submodule of M spanned by all My with A € —A.

7.2. Theorem. The map

(7.19) H' @ L) — M
Hy

is injective with image MP°'. In particular, MP°' is an HP°'-module and

(7.20)  W:L[z,...,2,] = MPO!

1s an 1somorphism where z; 1= x;l.

Proof: Consider the following commutative diagram:
Lzl B M @y, Lo
(721) J, Y2 l ¥3
Llz,271] 8 M
Then @1, ¢4 are bijective by (7.1), (4.6), respectively, while s is obviously injective.
Hence, 3 is injective. Formulas (3.4), (3.5) show that MP°! is an HP°-module. Hence
Im @3 € MP°L. The converse inclusion follows from (3.3). O

Observe that the operators H;, i = 1,...,n — 1 and @ take the following form in the

coordinates z; = x; L

1— s
(722) Hy=v"'s;+(v— ’U_1>Z1:+1—SZ
Zi = Zit1

12



(7.23)  @(f)(z1,---,2n) :f(q_lzn,zl,...,zn_l)

Moreover, to simplify notation, we write from now on for A € A

(7.24) M>:=M_y, M =M ,, v :=w_j.

Observe that w? is the shortest permutation such that w?*()\) is a partition. We also

modify w:
(7.25)  w*(1) :== —w(—7) = (72,...,7n, 71 + 1) hence w(M)=M""®
Finally, the modified Bruhat order is

(7.26) A= p<—= —-A<—pu.

7.3. Lemma. Let A € X and p € A. Then A\ X p implies X € A.

Proof: Let A\, u be a counterexample with N := |u| = Y. y; minimal. Let w € Wy be
minimal with ¢ == wp € —X4, ie, pf < ... <. By (3.7), (3.9) there is w’ € Wy,
w' < w with X :=w'A < /. Clearly also ' ¢ A and u # 0. Hence p/, > 0 which implies
that p/ = (w*)" Y (W) = (1), — 1,4y, ..., pl, 1) € A while )’ := (w*)"}(N) € A. Since
N =<y and Y, p! = N — 1 we get a contradiction to the minimality of N. O

7.4. Corollary. The subset MP°! is stable under the involution d. Moreover, the Kazhdan-
Lusztig elements M> with A € A form an L-basis of MP°L,

Proof: This follows from Lemma 7.3 and the triangularity of the involution d and the

Kazhdan-Lusztig elements. O
7.5. Corollary. For A\ € A, the Macdonald polynomial €y is in MSOI = MPl @, L,

Proof: Follows immediately from Lemma 7.3 and the triangularity property (6.8). O

8. Recursion formulas for Macdonald polynomials

In this section, we describe the recursion formulas from [Kn1]! which produce exactly the

Ey with A € A. For m = 1,...,n we define the operators

(8.1) @y, i= Hyp...Hpy1 Z0,

1 For the convenience of the reader we include following conversion table between notations:

—/

[Knl] t H; H; [Al&|EN|® | An Am o’ Al A,

This paper | t = v? vH

1

vH; @ | & | EN| Zno |0 " d,, |0, SRR vl_mim vl_mém
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8.2) @, :=H, ' H 7,0

Recall that the length I(A) of A € A = N" is the maximal m > 0 with A,,, # 0 (so A = 0 if
and only if [(\) = 0).

8.1. Theorem. ([Knl] Thm. 5.1) For A € A let m :=l(\). Then
(83) 5}\ — q)\m—lvn—m <&)m _ q>\mv2a$m> (g)\*) whe,’,,e

(84) )\* = ()\m—1,)\1,...,)\m_1,0,...,0)

(8.5) a=1+#{i=1,....m| N <An}

Clearly, starting from &y = 1, this formula allows to compute &, for all A € A in a unique
way.
Following [Knl1], we are going to rewrite the recursion (8.3). Equations (4.3) and (6.4)

imply
(8.6)  Z,o=nv'""we

Inserting this into (8.1), (8.2) and observing that £, is an eigenvector for £, % (see (6.7))

we obtain
(87) f,'>\ _ ,Um+172a (q)m . qu,UQa,ém) (EA*)
with the new operators

(88) @, = Hyp...Hy qw=H

Cm

(89) @, =H' . H ' w=H"' =dH,)

where
(810) Cm —Sm—1--- Slt—el A ()\2, cey )\m, )\1 — 1, )\m—|—17 “eey )\n)

For the renormalized Macdonald polynomial
(8.11) &\ =v'®Ng,

we obtain the simple formula

(8.12) &y = (P — ¢t Dy (Exv).

The big advantage of (8.7) and (8.12) over (8.3) is that the parameter ¢ is not involved in
the operators ®,, and ®,,.

The first application of the recursion formulas is the following integrality result from
[Kn1]:

8.2. Theorem. For every A € A holds €y € Z[t, q|[z1, ..., zn].

14



Proof: The definitions (8.1),(8.2) and formula (7.22) show that the operators v~ "®,, and
v"~"Md,, preserve the ring Zlt,q,q Y[21,- .., za]). Thus, formula (8.3) implies that &, is in
this ring. On the other hand, (8.7) implies clearly the non-occurrence of negative powers
of q. O

When we express £y in terms of the standard basis then we get

8.3. Corollary. V(&) € S Z[v?, qlo= ") MH,
REA

Proof: [Kn2] Lemma 4.2 implies that the transition matrix between monomials z™ and the

elements v~ W) W= (M*) is unitriangular with coefficients in Z[t]. O

According to this Corollary, the coefficients of ¥(E€y) might contain arbitrary large negative

powers of v. Computational evidence leads to:
8.4. Conjecture. ¥(&,) € > pen Llv, g] M.

Another consequence of the recursion formula is that &£ is almost selfdual. More
precisely, using the isomorphism ¥ : £[Z;] = MP°! we can transport the involution d to
L[Z;] (Theorem 5.3). Then we extend it to £,[Z;] by defining d(q) := ¢ .

8.5. Theorem. For every A € A holds
(813)  d(&) = (-)MNg A Bey,  d(€y) = (-1)PMg AT PN E,

where

(8.14) A=) (A; 1)

i>1
(8.15) B:= Zz)\j with AT = w*(\) € X,.
i>1

Proof: The formula for £, follows immediately from that for £, and the definition (8.11).
Write A(A) and B(\) for A and B, respectively. We proceed by induction on |A|. The
assertion is obvious for A = 0. Now assume it holds for A*. Clearly, we have d®,, = ®,,d.

Hence _ ) ) )
d(g)\) — U_m_1+2a((1)m _ q—AmU—Za(bm)((_l)M \q—A()\ )U—ZB()\ )f,’)\*) _

(816) _ (_1)|/\*|+1qu()\*)f/\mvaB()\*)fmfl(_q)\mUQa@m + (I)m>(g>\*) _
— (_1)|/\* |+1q—A()\*)—)\mU—2B()\*)—2(m+1—a)5/\

Thus we have to show
(8.17) |\ = A"+ 1,

15



(8.18) AN = AN + A,
(8.19)  B(\) =B(\)+ (m+1-a).

Equation (8.17) is obvious, (8.18) is easy, and it remains to prove (8.19). Let A} be the
rightmost entry of AT which equals \,,. Then

(820) k=#{i=1,...m| N> A }=m—(a—1)=m+1—a.

On the other hand (A\*)* differs from A" only in its k-th entry which is A, — 1. Hence
B(X) = B(X\*) 4+ k which proves (8.19). O

9. Stabilization

Now we want to study Macdonald and Kazhdan-Lusztig polynomials as n — oo. The
Hecke algebra studied so far will be denoted by H,,. Its parabolic module is M,, with its

polynomial subset MP°!. The element w of H,, will be denoted w,,.

9.1. Theorem. Let m, : ME' — MP°'| be the projection with

MN if A\n =0 and where X := (A1, ..., \n_1)

6-1) W(MA):{O if An >0

Then the following commutation relations hold:
(92) WnHi:Hiﬂ—n 221,,77,—2

(9.3)  mpwn =0

(9.4) TnHp_ 1wy, = WnH;_llwn = Wp_1T
Zityp fori=1,....,.n—1
(9.5) Tnli = { J ,
0 fori=n

Proof: Equation (9.2) follows immediately from (3.4). For A € A let \* = w}(\) =
(A2, .+, An, A1+ 1). Then (9.3) follows from w,(M?*) = M*". Moreover

= 1, M) =, (M) if A, =0

9.6 TonHyp—1wn (M) = 7 Hyy o M { . )
5-:6) M) € Lo, Ms»—1) 4 Lo MY =0 if\, >0

This proves the first part of (9.4). The second part follows using (9.3). Finally, we get
(9.5) by using the above and the explicit expression (4.3) for Z; = X, *. O
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Let 7, : L]z1,...,2n—1,2n] — L[21,...,2n-1] be the obvious projection. Then equation

(9.5) implies:

9.2. Corollary. The following diagram commutes
v,

Llz1y.. y2n-1,2n] — ./\/lﬁol
(9.7) } 7 o L
ﬁ[Zl,...,anl] n—;l Mgo_ll

Both L[z1,...,2n_1,%n] and MP° carry a natural grading, the first by degree, the
second by defining deg M* := |A\| = >, \;. Moreover, VU,, is degree-preserving. This
follows from the definition (4.3) of Z; = X

degree 0 and 1, respectively (see (3.4), (3.5)).

Corollary 9.2 implies that if we consider the projective limits

1 and the fact that H;, w is homogeneous of

(9.8) MPO = lim MP? P, i=lim L[z, ..., 2]

— —
in the category of graded abelian groups, then we get an isomorphism
(9.9) U:Py S MPo!

More precisely, let A := N(>) be the set of all sequences of natural numbers almost all of
which are zero. Then MPE°! P_ is the set of all possibly infinite sums \axM AN \a A2,

respectively where A runs through a subset of A in which |A| remains bounded.

A further consequence of Theorem 9.1 is
9.3. Corollary. The space MBS carries an action of the operators H;, Z;, ®;, ®; (i > 1).
Next we need a property of the Bruhat order:

9.4. Lemma. Fiz an i with 1 <i<n+1. For A € Z"*! let N € Z™ be obtained from \
by omitting the i-th entry. Let X\, u € Z™ with \; = p;. Then X < u if and only if N < p.

Proof: First, by applying w® we may assume i = n. Let N := \,, = u,,. Then, by applying
Wt DN we may assume N = 0. Suppose now that \,u is a counterexample. Then, by
applying affine reflections in the first n — 1 coordinates only and by using (3.9) we may

assume that p is in the fundamental alcove, i.e.,

(9.10) p=(zx+1,...,241, z,...,2,0) with0<a<n.

N ~~ e
a times n—a times
We necessarily have d := |A\| = |u| = zn + a. We proceed by induction on |d|, the case

d = 0 being trivial. Assume first that £ > 0. Then there is j < n with A\; > 0. After
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applying the affine reflection s, where

€1 —€j ifj<aora=0

(9.11) o ::{

—e1+¢€;+1 otherwise

to A and p we may assume A\; > 0. That way, we have
(9.12) A<pewl) <wu) e s,wN) < snw(u)gw()\') <w()e N <y

where (x) is the induction hypothesis.

For x < 0 we proceed similarly. In that case, there is j < n with A\; < 0. Then we use

the affine reflection s, with

—€j+ep,+1 ifj<a
9.13 =
(9.13) o { Ej —En otherwise

to obtain \,, < 0. Finally, we have

(9.14) A<pes,(\) <sp(p) & w s, (\) < w_lsn(,u)ggw_l()\') <w ) e N <y

O

9.5. Corollary. There is a unique order relation on A whose restriction to each A, is the
Bruhat order.

9.6. Proposition. Let A\, u € A with A < p. Then l(X) > I(p).

Proof: Let A\, i be a counterexample. By Lemma 9.4 we may assume A\, = 0 and pu,, >
0. Then (w*)" ) = (n — 1,1,y pin—1) € A and (w*)"1(A\) = (w*)7!(u). Hence
(w*)7Y(\) € A by Lemma 7.3, i.e., A, > 0. O

9.7. Corollary. For every N\ € A there are only finitely many p € A with A < p. In
particular, the Bruhat order on A satisfies the ascending chain condition.
Proof: Indeed, A\ < p implies that length and degree of u is bounded. O

9.8. Corollary. For the Kazhdan-Lusztig involution holds d,,_17, = 7,d,,. In particular,

there is an involution d of MBS which is compatible with all d,,.
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Proof: Proposition 9.6 implies that d,, preserves the kernel of m,. Hence it induces a
unique involution d of /\/l,pLO_I1 with CZﬂ'n = m,d,. To show d = d,—1 it suffices to show
J(MO) = My, dH; = Hi_lci fori=1,...,n—2and dw,_1 = wn_1d. The first statement is

clear, the second follows from (9.2):
(9.15) dH;m, = dr,H; = npd,H; = WnHi_ldn = Hi_lwndn = Hi_ldwn,

and the third from (9.4):

(9.16) dw,, 170y = drp Hy 1w = TpdpHy 1w, = T, ;}1wndn = Wy 1Tndy = Wy_1d7,,.

U
Let ./\/llioj_ be the set of possibly infinite linear combinations Y-,y axM* with ay € vZ[v].

9.9. Theorem. For every A\ € A there is a unique M* € MB" with d(M™*) = M and
M e M + M. This element is triangular with respect to the Bruhat order. Moreover,
MA = lim,, MAS“ .

Proof: For any n > 2 we have

M < if )\, =0

©017)  mre) = { |
0 otherwise

For \g = 0, this follows from Corollary 9.8, otherwise it is implied by Proposition 9.6. This
shows the existence of M* and its triangularity (Corollary 9.5). For uniqueness, suppose
there are two solutions M, and M,. Write m := M, — M, = >, ., axM? and let p
be maximal with a, # 0 (see Corollary 9.7). Then d(a,) = a, and a, € vZ[v] which is

impossible. O
An analogous statement holds for Macdonald polynomials:

9.10. Theorem. Let A € A. Then for any n > 2 we have

Ex if \p = 0;
9.18 T (Ex " :{ <n ’
( ) ( = ) 0 otherwise.
In particular, £\ = lim,, .o Ex_, exists. Moreover, the recursion formula (8.7) is still

valid.

Proof: Apply 7, to both sides of (8.7). If \,, > 0, then m = n and ®,, = ®,, = w. Thus
(9.18) follows from (9.3). Otherwise, we apply (9.4). O
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For the Cherednik operators we have:

9.11. Proposition. Let 52-(”) be the Cherednik operator (6.4) in n variables. Then the

following commutation rules hold:

(9.19) T Hy 10p =0 ' Op_17mp

(9.20)  mp ™ =¢" Y, fori=1,...,n—1

In particular, the limit operator &; = lim,,_, g@ exists and

(9.21)  &(&) = Mt gy,

Moreover, the £ are, up to a scalar, the only joint eigenvectors in Puo.

Proof: By Corollary 9.2 we may think of 7, as projection L[z1,...,2n41] — L[21,.. ., 2n].
Then (7.22) shows 7, H,,_1 = v 'm,8,_1. A direct calculation using (7.23) shows (9.19).
This and the definition (6.4) shows (9.20). Equation (9.21) follows readily from (6.7).
Finally assume & is another eigenvector. Let z* be a monomial occurring in £ for which
A is maximal with respect to the Bruhat order. The triangularity of &; shows that &
corresponds to the same eigenvalue as £,. For suitable a, the z*-term of £ = £ — a&)

cancels out. If £ # 0 we could replace £ by £ and obtain a contradiction. O

10. The almost symmetric submodule

The elements M» cannot form a basis of MPO! since that space is far too big. To pin
down the span we introduce for any A € A the notation A<, 1= (A1,...,A\p) and As,, ==
(Ama1, A2, - ..). For fixed m > 0 we define M(m) C MBS P(m) C P as the space of

m-symmetric elements, i.e., elements & with

(10.1)  Hy(&) =v ¢ foralli > m.

For £ =", axM* € MB2' this condition simply means
(10.2) ay= vg(wA)_e(wu)a“

whenever A\<,, = p<n, and A, is a permutation of p1~,,. For { € Py it means even

simpler that £ is symmetric in the variables 2,41, Zm+2,. ... This follows from

(10.3) Hy—o =2 27U gy,

Zq T Zi+1
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A basis of M(m) can be constructed as follows. Let A(m) be the set of A € A such
that As,, is a partition. Then, for A € A(m) we define

(10.4) M7 =37 ) ppen,
)\/

where A\’ runs through all permutations of A, and where A<,, A" denotes the concatenation
(A1, ey Ay AL AL

Clearly we have M(0) € M(1) C ... and P(0) C P(1) C .... Their unions are
denoted by M? and P?°, respectively, and their elements are called “almost symmetric”.

We still have an isomorphism
(10.5) W : P> 5 M,

Also M?® possesses a nice basis. For A € A we define its partition length pl(\) as the

minimal number m > 0 such that A~ ,, is a partition. For example,

(10.6) A=1(1,2,1,0,2,1,0,0,...) has pl=4.

Moreover, pl(A) = 0 if and only if X itself is a partition. Now we simply define
(10.7) M = MR,

For example

(10.8) MOl = pp©2) 4 4 pr(0.02) 4 y2pp(0.0.02) o

10.1. Theorem. The elements M*, X € A, form an L-basis of M?. Moreover, the M?
with pl(\) < m span M(m).

Proof: First we show that the M*l span M?S. Clearly, the M*™ with u € A(m) form a
basis of M(m). Since M? is the union of the M(m) it suffices to show that M*™ is in
the span of the M. If m = pl(u), then there is nothing to show. Thus assume m > pl(yu),
ie., p == p>m € A0). For each part a of p’ let u! be obtained from p” by putting a in
front and omitting one occurrence of a. E.g. if u” = (4,3,3,0,...), then

(10.9)  pl =4/ = (4,3,3,0,...), 1 =(3,4,3,0,...), ul = (0,4,3,3,0,...).

Assume a occurs in p” for the first time in position i,. Put p' := pi<;m—1 and pq = p'pl).

Then we have the formula

(10.10)  MHIm=t =N gytamt ppualm — ppulm g N " gyte =t el

aFfim
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which proves the claim by induction.
As for the linear independence, assume ), axM A= 0. Let A be maximal with respect
to the lexicographic order with ay # 0. Then M* occurs only in M*, which yields the

contradiction ay = 0. O
The main reason for introducing M?® is the following

10.2. Theorem. The elements M, X\ € A, form an L-basis of M. Moreover, the M*
with pl(\) < m span M(m).

Proof: Lemma 5.4 implies M € M(m) C M? for m > pl(A). Now fix d > 0 and m > 0.
Let A € A(m) with |A| = d. Then in the expansion M* = > a, M*! only those y occur
with |u| =d, p € A(m) and pr <= X. Moreover, ayy = 1. Thus the transition matrix (ax,)

is unitriangular and finite, hence invertible. This implies that every M*! is in the span of
the M. O

For the Macdonald polynomials we have

10.3. Lemma. The operators ®,,, and ®,, act on P**(n) for any n > m. In particular,
Ex € Py(n) C Py for any n > I(N).

Proof: This follows from the fact that ®,,, and ®,,, commute with H,, for any n > m. O
Note however that the £\ do not span Pg®. For example we have
10.4. Lemma. Let P’ C P3* be the Ly-span of the Ex, A € A. Then Py(0) NP = L,.

Proof: Let £ = ), cx€x be a finite linear combination which is not constant. Choose
A € A with ¢y such that m := [(\) is maximal. Then m > 1. It is well known (see, e.g.,
[Knl] Thm. 4.2 or Lemma 11.5 below) that H,,(Ex) = a&s,, (x) + bEx with a # 0. Thus, £

cannot be symmetric. O

11. The scalar product and composition Kostka functions

Recall the following notation from Macdonald’s book [M2] II1.2: for any integer m > 0
put ¢, (t) == [, (1 — ¢*). For a partition A\ € A(0) and an integer a > 0 let mq(A) =
#{i > 1|\ =a} and

(111)  oat) =[] emaov @)

a>1

11.1. Theorem. We equip Q(v) with the v-adic topology. Then, there is a unique L-linear
continuous scalar product M?> x M? — Q(v) such that the M*, A € A, are orthonormal.
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It has the property that

5
11.2) (M pgeimy = A
(11.2) N0}

Moreover, the operators H,,, w € Sy, are selfadjoint.

for allm >0 and A\, u € A(m).

Proof: Uniqueness is clear since the M?* are dense in M?*. In view of Theorem 10.1,
for existence it suffices to show (11.2). If A # p, then A<,,\" # p<mp’ where X, p/ are
permutations of As,,, fi~m, respectively. This shows (MA™ M#™) =0 for X\ # p and it

remains to compute (M*™ M>™). For this, we may clearly assume m = 0. Then
(11.3)  As = (MO MA0) = 57 2™,
N ESao A
For n > I(\) we let A,, be the subsum with A" € S, A\. Let S be the isotropy group of A
in S,,. For a finite Coxeter group H let py(t) be the function Y, t“*). Then

ps, (t)
ps, (t) .

(11.4) A, =
We have

(11.5) pSn(t):(1+t)(1—|—t—|—t2)...(1—|—t+_“+tn—1):w.

(L=t)"
Put m, 1= mg(A). From S\ = Sp,, X Spp, X ... with mg +mq + ... =n we get
[T (1 =) [T (1 =) TT2 (1 —t) [T (1 —¢9)

11.6 t) = == L L L= = b(t

(L6) v = =T 1 —pm (1—pm i 0
Hence ,

T‘L— 1=t n— 00 1
(11.7) A, = iz ) s Y
ba(t) ba(t)
Finally, formula (3.4) shows that the matrix of H; with respect to the basis M* is

symmetric. This implies that all operators H,,, w € S, are selfadjoint. O

At last, we link Kazhdan-Lusztig polynomials and Macdonald polynomials in the

following

Definition: For A\, u € A we define the composition Kostka function as

(11.8) Km(q,t) = <M)\5\P(8~H>>'

In [M1], Macdonald constructed a two-parameter function K, (q,t) where A and y are

partitions and conjectured that they are polynomials in ¢ and ¢ with non-negative integers
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as coefficients. The fact, that K, (g,t) is a polynomial was proved almost simultaneously
in [GR], [GT], [Ki], [Knl], and [Sa]. The remaining positivity conjecture was finally settled
affirmatively by Haiman [Ha]. We are going to show (Theorem 11.8) that our K, coincide
with Macdonald’s in case A, p are partitions. The main “result” of this paper is the

following
11.2. Conjecture. For all \,;x € A holds Ky, (q,t) € N[v, q].

As for the evidence, we have

e The conjecture is true for ¢ = 0. In fact,
11.3. Lemma. K,(0,t) is a Kazhdan-Lusztig polynomial.

Proof: Given p € A, the expansion of the recursion formula (8.12) for ¢ = 0 gives

(11.9)  ¥(E,)|g=0 = H. H,,, H., (M)

cmd . e Cm2 cml

with uniquely determined numbers mg > ... > mgo > mq > 1. It is easy to see that

CmyCmy_1 - - - Cm, 18 a reduced decomposition of m_,. This implies
(11.10)  W(E,)|q=0 = M*
and therefore

(11.11) M = Ky, (0,t)M*,
2 O

Remark: After the first release of this paper in the arxiv the specialization statement
(11.10) has been generalized to arbitrary root systems by Ion, [Ion]. This led him to
speculations about Macdonald positivity for arbitrary root systems. As explained in the
introduction, such a thing does not even exist for the root system A,,_; where n is fixed.
More precisely, any generalization of Macdonald positivity to arbitrary root systems would

require completely new ideas if it exists at all.
e We can almost prove polynomiality. This is our “real” main result.
11.4. Theorem. For all \,u € A holds Ky,(q,t) € Z[v,v™!,q].

Proof: For m > 0 and A € A(m) define MA™ :=by_ (v2)MMN™_ Tf [(11) < m, then we can

expand

(1112) Eu= > curM™™
TEA(M)
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It has been shown in [Knl] Thm. 5.4 that the coefficients c,, are in Z[g,v,v™!]. If X has
pl(A) < m, then M  has an expansion in terms of the M7I™ with polynomial coefficients
(Theorem 10.1). The claim follows from (11.2). O

Remark: The non-appearance of negative powers of v is equivalent to Conjecture 8.4. In
any case, by tracing through all definitions, it would be possible to give an explicit upper

bound for the pole order of K,(q,t) at v =0 depending only on .

e Using a computer, we tested the conjecture in thousands of cases.
e Finally, as mentioned, the conjecture holds for A, u € A(0) since Macdonald’s Kostka

functions are special cases of ours. We start with a lemma.

11.5. Lemma. Fori > 1, p € A with s;(u) # u let

AL13) f, = gt =) 4 oo =V
1—fu

Then

(11.14)  (H; —v () = Au(Esiqu) — En)-

Proof: From [Knl] Theorem 4.2 one deduces the formula

(11.15)  (H; — v ) Eq = v "B, — vll;vf“Esi(u)

— fu
under the provision p; > p;41. Here E, is the Macdonald polynomial with the z#-coef-
ficient normalized to 1. Now fy () = f, 1. Thus replacing u by s;(u) in (11.15) results
in
(11.16) (H;—v ")E, =v "Ey, () — AL E,.
Let ¢y be the normalization factor (6.11). Then formula (11.14) amounts to v~ "¢, /cs, (u) =
A,. This is readily verified using the fact that ¢, and ¢, (,,) differ in only one factor namely
the contribution of the box (i + 1, u; + 1) and (i, pu; + 1), respectively. This proves (11.14)
in the case p; < piy1. The other case can be easily deduced from that using the Hecke
relation (2.13). O

11.6. Corollary. Let \,p € A, i > 1 with \; > X\jy1 and p; > piv1. Then
(11.17) KASZ,(“) = ’UK)\M.

Proof: Let & := H;—v~!. Then E(M"*) = 0 (Lemma 5.4) and Z(£,,) = v A4, (&, () —vE,.)

(Lemma 11.5). Moreover, = is selfadjoint. Hence
(11.18) 0= (EAL), W(E,)) = v AL W(Es ) — vE0) = v Au(Kn s,y — v
]
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This result reduces the computation of Ky, to the case where p; > p;11 whenever \; >

Ai+1. In particular, if A is a partition, one may assume that p is a partition, as well.
Now we introduce the symmetric (i.e., original) Macdonald functions. Let A € A(0)

be a partition. The subspace of L4[z1,...,2,] spanned by the £,, p € S, A<, contains a

unique symmetric polynomial Jx_, whose 2 -coefficient is
(11.19) T (1 - qak(%“@“) .
SEA
(note the small difference to (6.11)). It follows from (9.18) that the J)_, are compatible
and therefore have a limit Jy € P,(0), the symmetric Macdonald function.

11.7. Lemma. For \, i € A(0) holds (M, ¥(7,)) = Ky,

Proof: We work first with a finite number of n variables. Let A\, u € A,, be partitions. It
was shown in the proof of [Knl] Thm. 6.1 that

(11.20) Ty =c, > o' H, ' (€,~) where
weWy
(1—t)"

(11.21) p= :==wo(p), and ¢, := — pg————
[Tz, (X —gratn=mt) [Ty (1 —t%)

with m = I(p).

Thus,
(M*W(T)) = e Yy o HG MY W(E,-)) =
(11.22) weWy
= d (M*, W(E,-)) = du (M, W(E,))

where the second equality is Lemma 5.4 and the last is Corollary 11.6. The coefficient is

Hn (1 o ta) m 1— tn—m—l—i

_ L(w) _ a=1 _
(11.23) dy=c, » ¢ =G g _H v
weWy =1
The assertion follows from lim d, = 1. O

n—oo

11.8. Theorem. Assume that both A\ and p are partitions. Then K, coincides with
Macdonald’s q,t-Kostka function.

Proof: On one hand, J,,|,=0 equals M*!° ([Kn1] Thm. 6.2). On the other hand, it is also
the Hall-Littlewood polynomial @, ([M2] VI (8.4)ii). Let (-,-)ur, be the scalar product of
[M2] I11.4 on symmetric functions making the Hall-Littlewood functions orthogonal. Then

the comparison of (11.2) with the scalar product of Hall-Littlewood functions shows

(11.24)  (¥(f),¥(g)) = (f, g)nL
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for any two symmetric functions f,g € P(0). Since A € A(0) we have M* = W(sy)
(Theorem 5.5). Thus we have

(11.25) Ky, = (M, %(J,)) = (sx, Tu)ur-

The last expression is just Macdonald’s definition of K. O

12. A refinement

The recursive formula (8.12) can be expanded to give a closed formula for the polynomials

Ex. For this we define the column-length of s € \ as
(121)  ex(s) im Ak <i ]G < Mo+ 1)+ {6 >[5 < M}

If A is a partition, then ¢y (s) is the length of the column containing s. Now we enumerate
the boxes of A from the top to the bottom starting with the rightmost column and working
to the left. For example A\ = (3,0,1,2,0,...) gives

4
12.2 -
122) |
613]
For i =1,...,|\| we put ¢; := cx(s;). In the example above we get the sequence

(12.3) 1,2,3,3,4,4
For m > 1 we define the operators
(124) xW.=o,, x.=_3,.

A marked diagram X is diagram \ together with a subset S C X of boxes. Let ¢; = 1 if
s; € S and €; = 0 otherwise. Then for a marked diagram S C A (with n := |\|) we define
the partial Macdonald polynomial as

(12.5)  Ex:=XE) . XxEV(1).

For example, the marked diagram of the shape (12.2)

(12.6)
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gives

(12.7)  Ex=XUxPxOxPxPxO(1) = —0,8,83835,®,(1).
12.1. Theorem. The Macdonald polynomial £\ can be expressed as
(12.8) & =) g™ &y

s
where S runs through all markings of X and where
(129)  Ax:=) (ar(s)+1), Lxa:=> (Ix(s) +1).

seS seS

Proof: For a non-empty diagram p we define the following operation: take the last row,

remove its leftmost box and put the remainder of the row on top, e.g.,

3
4121
(12.10) = = 1]

6]3] 5]

The result is A*. Moreover, it is easily verified that the number, the arm-length, the leg-

length, and the column-length of the surviving boxes don’t change. Let s € A\ be the
bottom left box. Then cy(s) = I(\) = m, ax(s) +1 = A, and [x(s) + 1 = a (defined in
(8.5)). Thus, (12.8) is an expansion of (8.12). O

Accordingly, if we define the marked composition Kostka function as
(12.11) Ky (t) = the (MY, 9 (E,L),),
then we have

(12.12) Kau(g.t) =Y g™ Kau(t).
S

The same proof as for K, shows K, € Z[v, v~1]. Indeed, the following seems to be true:
12.2. Conjecture. For all A € A and all marked diagrams p holds K,, € N[v].

Observe that this conjecture is indeed stronger than Conjecture 11.2 since there are plenty
of marked diagram with the same exponent A,,. One of the simplest examples is A = (3,1)
and p = (2,2). Here

(12.13) K, =t+tq+tiq
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and all summands come from different marked diagrams namely

(12.14) FH Ei

Another example is A = (3,1,1), u = (2,2,1). Here

(12.15) Ky, =t+ (2 +t3)g+ (t+t*)q + t°¢

where the summands come from

Nk
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