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1. OVERVIEW

My mathematical interests lie in the general area of discrete mathemat-
ics, particularly extremal combinatorics and graph theory, and probabilistic
methods. My current research deals with problems related to the asymp-
totic enumeration of combinatorial objects. I have obtained the following
results:

(1) A new proof for a theorem of P.Allen [All07] on the number of 2-
SAT functions of n variables. In the process, I have determined
the asymptotics for the number of odd-blue-triangle-free graphs, a
question naturally arising in the [BBLO03| approach to the 2-SAT
problem above. (with J. Kahn)

(2) Asymptotics for the number of 3-SAT functions of n variables, prov-
ing (in a strong form) a conjecture of Bollobas, Brightwell and Leader
[BBLO03]. (with J. Kahn)

(3) An upper bound for the number of matchings of size ¢ in a graph,
which represents the best progress to date on the Upper Matching
Conjecture of Friedland, Krop, Lundow and Markstrom [FKLMOS].
(with J. Kahn)

2. THE k-SAT PROBLEM

Let {x1,...,2,} be a collection of Boolean variables. Each variable x
is associated with a positive literal, x, and a negative literal, z. A k-SAT
formula is an expression of the form

G =CLV -V,

with ¢ a positive integer and each C; a k-clause; that is, an expression
y1 A Ay, with y1, ...,y literals corresponding to different variables. A
formula % defines a Boolean function of x1, ..., x, in the natural way; here
we usually think of this as the set F/(€)( C {0, 1}") of satisfying assignments
for €’; any such function is a k-SAT function.

We are interested in the number G (n) of k-SAT functions of n variables.
Of course, Gi(n) is at most exp,[2¥(})], the number of k-SAT formulas. On
the other hand, all formulas obtained by choosing y; € {x;,Z;} for each i and
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a set of clauses using precisely the literals y1, ..., y, give different functions,
hence!

n

Gr(n) > 2720 — n2(" )y 27+ (5), (1)

The problem of estimating G (n) was suggested by Bollobés et al. [BBLO03].
They showed that

n
log, Gi2(n) ~ <2> (2)
and, for k < n/2,

Gulon) < ey [Vt 1)1 )].

The natural conjecture is that (1) gives the asymptotic value of Gi(n):

Conjecture 2.1. For each fized k, Gx(n) = (1 + 0(1))27”(2).

Note that even the weaker

logy G(n) ~ (’;)

conjectured in [BBLO03], was until now open for k > 2.
2.1. The number of 2-SAT functions.

Theorem 2.2. .
Ga(n) = (1 + o(1))2"+(3),

This was proved in [All07], and we gave an alternate proof. An interesting
feature of our argument is that it follows the original colored graph approach
of [BBLO03], and is inspired by the wide literature on asymptotic enumera-
tion (for example [EKR76, KR75, PSS02]). Both [All07] and [BBLO03] men-
tion the seeming difficulty of proving Theorem 2.2 following this natural
approach, and their proofs are instead based on the Regularity Lemma of
Szemerédi [SzeT8|.

2.2. The number of OBTF graphs. We consider colored graphs, meaning
graphs with edges colored red (R) and blue (B). For such a graph G, a subset
of E(G) is odd-blue if it has an odd number of blue edges (and even-blue
otherwise), and (of course) G is odd-blue-triangle-free (OBTF) if it contains
no odd-blue triangle.

The argument of [BBLO03| reduces (2) to a question about the number,
say F'(n), of OBTF graphs. The main part of their argument is devoted to

proving
fog2 Pl ~ ().

from which (2) follows easily.

L#(n) ~ g(n) means f(n)/g(n) —1asn ; 0.
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Say a graph G(colored as above) is blue-bipartite if there exists a partition
UUW of V(QG) such that each blue edge has one endpoint in each of U, W,
while any red edge is contained in one of U, W. If B(n) is the number of
blue-bipartite graphs on n vertices, then it is easy to see that

B(n) = (1 — o(1))2mD+(2)

(the r.h.s. counts ways of choosing the unordered pair {U, W} and an un-
colored G, the coloring then being dictated by “blue-biparticity”).

One big step in our proof of Theorem 2.2 is showing the natural conjecture
that most OBTF graphs are blue-bipartite:

Theorem 2.3. .
F(n) = (14 o(1))200-D+(),

though in our case, unlike in [BBLO3], deriving Theorem 2.2 from this re-
quired a fairly difficult argument.

2.3. The number of 3-SAT functions. We have proved Conjecture 2.1
for k = 3, namely:

Theorem 2.4. .
Gs(n) = (1 + o(1))2"+(5),

The proof of Theorem 2.4 involves, among other things, the Hypergraph
Regularity Lemma (HRL) of Frankl and Ro6dl [FRO2], a pioneering exten-
sion of the (graph) Regularity Lemma [Sze78] mentioned above, and some
entropy considerations, including Shearer’s Lemma [CFGS86]. The proof is
quite a long story (currently about 40 pages) and does not lend itself to a
quick sketch, but I will mention one simple but crucial idea.

Call a (k-SAT) formula € irredundant if any proper subformula produces
a different function than F'(%) (thus, for each clause C' € %, there is some
w € {0,1}"™ — a witness of C' — that satisfies C' but no other clause in ).
Of course, the number I (n) of irredundant formulas (IFs) is at least Gi(n),
since each k-SAT function is given by at least one IF, and it is easy to
see that there are functions that are given by many IFs. Nonetheless, a key
insight in the proof of Theorem 2.4 was the guess that I3(n) is asymptotically
the same as G3(n) (which, once shown, says that in fact most functions are
given by exactly one IF). Thus what we actually end up proving is the IF
version of Theorem 2.4:

Theorem 2.5. .
Is(n) = (1+ o(1))2"(5).

Of course, one thing I would like to do in the future is to prove Conjecture
2.1 — or at least the weaker logy Gi(n) ~ (})— for general k. It is a little
surprising that the proof of Theorem 2.4 does not completely extend to
settle this, since experience in many analogous situations suggests that the
big jump in difficulty should be that from k = 2 to £ = 3. In fact, much

3



Liviu ILINCA RESEARCH STATEMENT

of the current argument does extend (using [Gow07] or [RS04] in place of
[FRO2]), but there are several ad hoc bits at the beginning of the proof whose
growth as k increases we have so far been unable to control. (For example,
I am pretty sure we could do k = 4 if that were the goal, but at this point
the interest is really in general k).

3. THE NUMBER OF MATCHINGS OF A GIVEN SIZE

Given G = (V, E) a graph with |V| = N vertices and ¢ an integer with
0 < £ < N/2,let ®y(G) be the number of matchings? of size ¢ of G. Friedland
et al. [FKLMOS8| proposed the following Upper Matching Conjecture:

Conjecture 3.1. If G is a d-regular graph on N vertices with 2d|N and ¢
is an integer satisfying 0 < £ < N/2 then

Qy(G) < ®(DKNg),

where DKy g is the union of év—d disjoint copies of the complete bipartite
graph Kgq 4.

A special case of this is when N is even and £ = N/2, thus ®y/(G) is
the number of perfect matchings of G. In the bipartite case, this is a well-
known result of Brégman [Bre73], that was extended to general graphs in

[KL04, Ego07, Fri08, AF0S).

Friedland, Krop and Markstrom [FKMO08] proved Conjecture 3.1 in the
case £ = 2 and Carroll, Galvin and Tetali [CGT09] provided asymptotic
evidence for general ¢, showing that®, with a = 2¢/N,

logy 4(G) < [arlogy d + H(a)] (3)

This contrasts with the obvious lower bound (which Conjecture 3.1 would
say is the truth), given by

N log, d
log, (DK n,q) > 5 alog, d+ 2H (a) + alogy (%) +Q <0g2>] . (4)

d
Note that the main interest here is in the discrepancy, % [H (o) +alogy (2)],
between the terms of order N in the upper bound (3) and the lower bound
(4). We closed this gap:

Theorem 3.2. Let G be a d-regular graph on N vertices. Let £ be an integer
satisfying 0 < £ < N/2. Set « = 2¢/N. Then

N
log, ®4(G) < o> alog, d + 2H () + alog, (%) 4 O(d_2/3)} .

2A matching is a set of edges without common vertices.
3H(z) = —xlogyx — (1 — ) logy(1 — z), for z € (0,1), is the usual binary entropy
function.
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Actually, we proved a more general result (whose statement is omitted,
for the sake of brevity), namely a similar looking upper bound for ®,(G)
given the degree sequence {d, },ev(g). Moreover, if G is bipartite with vertex
set X UY, all we need for this are the degrees {d,},ex.

The proofs of these results are mostly based on entropy considerations, in
the spirit of Radhakrishnan’s proof of Brégman’s Theorem [Rad97], and, for
example, the more recent [CK09]. Here, as for some related problems, most
of the work is devoted to the bipartite case. The passage to general graphs
is then accomplished by way of an easy correspondence between ordered
pairs of /-matchings of G and a subset of the 2¢-matchings of the bipartite
double cover of G. (This correspondence, which goes back at least to Gibson
[Gib70], was recently rediscovered by Alon and Friedland [AF08].)

I am still trying to prove Conjecture 3.1 in full, though this does not seem
easy. On the other hand, I am hoping that the methods used in proving
Theorem 3.2 can be applied in other contexts, for example for the following

Conjecture 3.3. For fired A and T an n-vertices tree of mazximum degree
at most A, the number ¢(T) of copies of T in an (n/2)-regular graph G on
n wvertices can not be significantly larger than what we expect to see in the
random graph G(n,1/2). For example, if Ty is the complete binary tree on
n = 2F — 1 vertices, then

logy ¢(Th) < n [logQ (g) - % + 0(1)] .
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