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Abstract. This paper is a survey on some rigidity problems in Cauchy-
Riemann Geometry. It includes the topics such as holomorphic mappings
between balls, the CR version of the Bonnet-Type theorem, super-rigidity and

CR transversality for holomorphic mappings between hyperquadrics, rigidity
problems for holomorphic maps with symmetry, rigidity problems for Segre
maps.

1. Introduction

This paper has two parts. We first survey some recent work on various rigidity
problems for CR mappings, CR submanifolds embedded into the spheres or hyper-
quadrics, and some rigidity problems for isolated complex singularities. We then
present the computation of the Segre-isomorphisms as a first step to extend the
investigation of rigidities for CR maps to Segre maps.

We start with a classical result in the conformal geometry. In this setting, we
consider open subsets U, V in Rn, equipped with the flat metric ω. We say a
smooth map f from U to V is a conformal map if f∗(ω) = euω. The following
result is classical:

Theorem 1.1. (Liouville) Assume the above and let n ≥ 3. Then f is confor-
mal if and only if f is a Mobius transformation: A composition of the following type
of transformations: (i) translations, (ii) rotations, (iii) scalings and inversions.

In CR geometry, the replacement of Rn is the sphere— the boundary of the unit
ball. The conformal transformations should be replaced by CR transformations
(or the conjugate of CR transformations), which, roughly speaking, are just the
boundary value of holomorphic mappings. (See [BER1] for most notations and
definitions). Hence the following result of Poincaré, proved about 100 years ago,
can be regarded as a complex version of the Liouville theorem:

Theorem 1.2. (Poincaré 1907 [Po] , Tanaka [Ta], Chern-Moser [CM]) Let f
be a non-constant holomorphic map from an open piece of the unit sphere ∂Bn into
the unit sphere (n ≥ 2). Then f is a linear fractional transformation and extends
to a biholomorphic self-map of the unit ball.
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One of our concerns here is to address the recent development along these lines
of research. Unfortunately, we have to skip many important results in the related
fields, where when a local map can be extended to a global object is studied. (See
[BER1-2] [KZ] and the references therein).

The second classical result whose CR version we like to pursue here is the
so-called Bonnet theorem. In this case, we consider two immersed surfaces M
and M ′ in R3. Suppose they are parameterized by U ⊂ R2 through f and g,
respectively. If M and M ′ are isometric to each other and if the second fundamental
form is identical at the corresponding points: lij(p) = 〈n(f(p)), fij(p)〉 = l̃ij(p) =
〈ñ(f(p)), gij(p)〉. Then M and M ′ are the rigid motion of each other. Namely,
there is a Euclidean transformation T such that T (M) = M ′ (See [Spv]).

In CR geometry, immersed submanifolds are replaced by Levi non-degenerate
CR submanifolds. The following result proved by S. Webster in 1977 can be re-
garded as a generalization of the complex variable version of the classical Bonnet
theorem:

Theorem 1.3. (Webster [We4]) Let (M1, p1) and (M2, p2) be two germs of
strongly pseudoconvex CR submanifolds of CR codimension 1 in ∂Bn with n ≥ 5. If
(M1, p) and (M2, p2) are CR diffeomorphic to each other, then they are the rigidity
motion of each other. Namely, there is a T ∈ Aut(∂Bn) such that T (p1) = p2 and
T ((M1, p1)) = (M2, p2).

Acknowledgement: The authors thank D. Zaitsev and N. Mir for many help-
ful comments and suggestions to this paper

2. Holomorphic Mappings between Balls

We now discuss recent results along the lines of Poincaré’s theorem. For sim-
plicity, we restrict ourselves to the global setting, though all results to be stated in
this section hold also in the local setting. By the Bochner theorem, any holomorphic
(CR) function defined over ∂Bn extends holomorphically to Bn. Hence, any non
constant holomorphic map from ∂Bn to ∂Bn extends to a proper holomorphic map
from Bn to Bn. We use the notation Prop(Bn,BN ) to denote the collection of all
proper holomorphic maps from Bn into BN . (N ≥ n > 1). Now, the aforementioned
theorem of Poincaré-Tanaka-Chern-Moser can be stated as follows:

Theorem 2.1. (Poincaré [Po]) Let f ∈ Prop(Bn,Bn), that extends holomor-
phically across ∂Bn. Then f ∈ Aut(Bn).

Proof. (Sketch) Need only to prove that f is a covering map. For that,
it suffices to show that f is a local biholomorphic map. Indeed, if not, then Ef :
= {z ∈ Bn : Jf (z) = 0} is a complex analytic variety of codimension 1. Since n > 1,
Ef cannot be compact and thus must cut the boundary. Now, an application of
the Hopf Lemma shows this is impossible. �

It had been wondered for years that if the boundary regularity assumption in
Poincaré’s theorem is necessary. That puzzle was answered by H. Alexander in
[Alx1-2].

Theorem 2.2. (Alexander [Alx1-2]) Let f ∈ Prop(Bn,Bn). Then f ∈ Aut(Bn).
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Notice that for an affine complex line L, L∩Bn is a complex geodesic in terms
of the hyperbolic Kobayashi metric of the ball and an automorphism of Bn maps
an affine line to an affine line. The result of Alexander hence tells that a proper
holomorphic self-map of Bn preserves the complex geodesics of Bn (n > 1). More
generally, one says that a map from Bn into BN is a linear map or a totally geodesic
embedding if it maps a complex geodesic in Bn to a complex geodesic in BN . Using
his result on the CR version of the Bonnet theorem (Theorem 1.2), Webster was the
first one to look at the geometric structure of proper holomorphic maps between
balls in complex spaces of different dimensions. He, in 1979, showed that a proper
holomorphic map from Bn into Bn+1 with n > 2, which is three times differentiable
up to the boundary, is a totally geodesic embedding. Subsequently, Cima-Suffridge
([CS1], 1983) reduced the boundary regularity in Webster’s theorem to the C2-
regularity. Motivated by a conjecture posed by Cima-Suffridge, Faran in 1986
showed [Fa2] that any proper holomorphic map from Bn into BN with N < 2n− 1,
that is analytic up to the boundary, is also a totally geodesic embedding. Forstneric
([Fr1-3]) proved that any proper holomorphic map from Bn into BN is rational, if
the map is CN−n+1-regular up to the boundary, which, in particular, reduces the
regularity assumption in Faran’s linearity theorem to the CN−n+1-smoothness. It
had been wondered for years if the super-rigidity holds for proper maps which is
Ct-smooth with t independent of the codimension.

On the other hand, the discovery of inner functions had been used in the later
80’s to construct proper holomorphic maps from Bn into Bn+1, which cannot be
C2-smooth at any boundary point. (See Alexandroff, Harkim-Sibony [HS], Low,
Forstneic[Fr1], Dor [Dor], Stensones, etc)

In 1999 [Hu1] and, subsequently, 2003 [Hu2], we considered two natural ques-
tions arising from the above mentioned work. In 1999, it was proved in [Hu1] that
any proper holomorphic map which is only C2-regular up to the boundary must be
linear if N < 2n−1, by applying a different method from the above mentioned work.
It is not clear to us if this C2-regularity is optimal or not for the super-rigidity to
hold, the result in [Hu1] gives a first result in which the required regularity is inde-
pendent of the codimension. Moreover, the basic approaches developed there seem
to be quite useful for the study of many other related problems. For instance, it was
used in 2005 by Hamada [Ham] to show that all rational proper holomorphic maps
from Bn into B2n (n > 3) are just the D’Angelo family up to the automorphisms.

In [HJ1], it was shown that any proper holomorphic map from Bn into BN

with N = 2n− 1, n ≥ 3, which is C2-smooth up to the boundary, is either linear or
equivalent to the Whitney map W : z = (z1, · · · , zn) → (z1, · · · , zn−1, znz) ([Theo-
rem 1, Theorem 2.3; HJ1]). Since the Whitney map is not an immersion, together
with the aforementioned work of Faran [Fa1], this shows that any proper holomor-
phic embedding from Bn into BN with N = 2n − 1, which is twice continuously
differentiable up to the boundary, must be a linear map.

Theorem 2.3. (Huang [Hu1], 1999): Let f be a proper holomorphic embedding
from Bn into BN with n ≥ 3, N < 2n− 1. Assume that f is twice differentiable up
to the boundary. Then f is linear.

Theorem 2.4. (Huang-Ji [HJ1], 2001): Let f be a proper holomorphic embed-
ding from Bn into BN with N = 2n− 1 > 2. Assume that f is twice differentiable
up to the boundary. Then f is linear.
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The structure of the maps gets more complicated when N > 2n − 1. Recall
that two proper holomorphic maps f, g from Bn into BN are called equivalent if
there are σ ∈ Aut(Bn) and τ ∈ Aut(BN ) such that g = τ ◦ f ◦ σ. It is easy
to verify that a map is linear if and only if it is equivalent to the standard big
circle embedding L(z) : z → (z, 0). Faran in 1983 [Fa1] showed that there are
four different inequivalent maps from B2 into B3, which are C3-smooth up to the
boundary. D’Angelo wrote down a family of holomorphic embeddings from Bn into
B2n which are mutually inequivalent.

Example 2.5. (D’Angelo [DA5][DA2]): Let z = (z′, zn) and

Ft = (z′, cos(t)zn, sin(t)znz)

with t ∈ (0, π/2). Then Ft is a proper holomorphic embeddings from Bn into B2n.
Apparently, Ft cannot be linear; for it has degree two. Furthermore, Ft is equivalent
to Fs if and only if t = s.

When N ≥ 2n, the linearity breaks down even for embedding. However, by
looking at the example of D’Angleo, one sees that when F is restricted to zn =
const, it is still linear. That motivated the first author in a recent paper [Hu2] to
introduce the following definition:

Let F be a proper holomorphic map from Bn into BN . We say that F is κ-linear
if for any point p ∈ Bn, there is an affine complex subspace Sκ

p , that passes through
p and is of dimension κ, such that for any affine complex line L contained in Sκ

p ,
F (L ∩ Bn) is contained in an affine complex line in CN .

Theorem 2.6. (Huang [Hu2], 2003) Let F be a proper holomorphic map from
Bn into BN , which is C3-smooth up to the boundary. Write P (n, κ) = κ(2n−κ−1)

2 .
If 1 ≤ κ ≤ n− 1 and N − n < P (n, κ), then F is (n− κ+ 1)-linear.

The following example shows that in Theorem 2.6, when N − n ≥ P (n, κ), one
can not expect the (n− k + 1)-linearity for the map in general.

Example 2.7. Let Wn,k = (ψ1, · · · , ψk) where

ψ1 = (z2
1 ,
√

2z1z2, · · · ,
√

2z1zk−1, z1zk, · · · , z1zn),

ψ2 = (z2
2 ,
√

2z2z3, · · · ,
√

2z2zk−1, z2zk, · · · , z2zn),
· · ·
ψk−1 = (z2

k−1, zk−1zk, · · · , zk−1zn),
ψk = (zk, · · · , zn).

Then Wn,k is a proper polynomial map from Bn into BN with N = n + P (n, k).
Notice that Wn,k is not (n− k + 1)-linear.

When N < n(n+1)
2 , our result says that at each point in the ball, F has at

least two independent directions along which the map is linear. When N ≥ n(n+1)
2 ,

F usually has no partial linearity. To see this, we just need to notice that the
polynomial map H that sends (z1, · · · , zn) to

(z2
1 ,
√

2z1z2, · · · ,
√

2z1zn, z
2
2 ,
√

2z2z3, · · · ,
√

2z2zn, · · · , zn−1zn−1,
√

2zn−1zn, z
2
n)

is proper from Bn into BN with N = n + P (n, n − 1) = n(n+1)
2 . We mention the

interesting similarity between the minimal target dimensionN for which the rigidity
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breaks down in the case we are considering here and the minimal target dimension
in the classical Cartan-Janet theorem for which there is no more obstruction to
locally isometrically embed an analytic Riemannian manifold of dimension n into
RN .

The above mentioned partial linearity result has applications to some other
related problems. For instance, it can be used to prove the following:

Theorem 2.8. (Huang-Ji-Xu [HJX1], 2005) Let f be a proper holomorphic
map from Bn into BN with N ≤ n(n + 1)/2. Assume that f is three times differ-
entiable up to the boundary. Then f is a rational map.

The following has been a well-known open question.

Problem 2.9. Let f ∈ Prop(Bn,BN ). Is there a fixed constant t such that
whenever f is t-times differentiable up to the boundary, then f is rational.

In a more recent paper, the partial linearity in [Hu2], together with the ideas
used in [HJ1] and [Ha], has been used to get a new type of gap phenomenon for
holomorphic maps:

Theorem 2.10. (Huang-Ji-Xu [HJX2], 2005) Let F be a proper holomorphic
map from Bn into BN , that is three times differentiable up to the boundary. Suppose
that 4 ≤ n ≤ N ≤ 3n− 4. Then F is equivalent to

F ′θ := (Fθ(z, w), 0, · · · , 0) = (z, w cos θ, z1w sin θ, · · · , zn−1w sin θ, w2 sin θ, 0, · · · , 0)

for some θ with (0 ≤ θ ≤ π
2 ).

An interesting feature of this result, which is somewhat surprising to us, is that
there is no new map added when N runs from 2n to 3n − 4. When N = 3n − 3,
the generalized Whitney map Wn,2 defined in [Example 2.6] properly sends Bn into
B3n−4. Notice that Wn,2 is not equivalent to F ′θ, for Wn,2 has geometric rank 2
(n ≥ 3). Indeed, [HJX2] contains more results which we discuss as follows.

Denote by Propk(Bn,BN ) the collection of all proper holomorphic mappings
from Bn into BN that are Ck smooth up to the boundary (k ≥ 2). By the work
in [Hu2], each map F ∈ Prop2(Bn,BN ) can be associated with an invariant integer
κ0 ∈ {0, 1, · · · , n − 1}, called its geometric rank (see [Definition 2.2, Hu2] for the
precise definition of κ0). An early result of the first author ([Hu1, Theorem 4.2])
states that F has geometric rank κ0 = 0 if and only if F is equivalent to a linear
fractional map. When κ0 ≤ n − 2, a map F ∈ Prop3(Bn,BN ) (n ≥ 3) has a very
special geometric structure. Indeed, by the results of [Hu2] and [HJX1], such a
map must be rational and (n− κ0)-linear. At this point, we mention a theorem of
Forstneric [Fr2] which states that PropN−n+1(Bn,BN ) = Rat(Bn,BN ) for N ≥ n >
1 (See also a very interesting paper of Mir [Mir] later on a more general situation).

At this point, we would like to give a discussion on a theorem of Forstneric
in terms of a formulation of Ebenfelt and Zaitsev [EZ], then present a combining
effort with results obtained in [HJX1]. ( See already Corollary 2.1 and its proof
in [Hu3] when N = 2n − 1.) Without loss of generality, we need only consider
the rationality problem for a CR map F from an open subset of the origin in the
Heisenberg hypersurface Hn := {(z, w) ∈ Cn−1×C : Im(w) = ‖z‖2} into HN ⊂ CN .
(N ≥ n ≥ 2). Let Lj = ∂

∂zj
+ 2izj

∂
∂w . For α = (α1, · · · , αn−1), we define Lα in a

standard way. Write F = (f̃ , g) and define Ek(p) = spanC{Lαf̃(p)}‖α‖≤k. Define
rk(p) = rankEk(p). Then a result of Forstneric [Fr2] states that if F is Cm-smooth
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near 0 in Hn and rm(p) = N − 1 for a certain p ≈ 0, then F is rational. Ebenfelt
and Zaitsev [EZ] noticed that the same proof in [Fr2] can also be used to give the
fact that if rm−1(p) ≡ rm(p) for any p in a certain open subset of Hn, then F is
rational. Now, by the work of [HJX1] mentioned above, if the geometric rank of F
is not n − 1 in a neighborhood of 0 in M , then F is rational. On the other hand,
by the work in [Hu2], if the geometric rank of F is n − 1 at some point p close to
the origin, then r2(p) = n(n−1)

2 + (n − 1). Hence, as a combination of the work
mentioned above, one sees the following rationality result, which should be credited
to Ebenfelt, Forstneric, Huang, Ji, Xu and Zaitsev:

Corollary 2.11. Let F be a Cm-smooth (m ≥ 3) CR map from an open piece
of the unit sphere in Cn into the unit sphere in CN . If n(n+1)

2 + (m− 2) ≥ N , then
F is rational.

In [HJX2], the following general normalization result has been obtained for
maps without full rank:

Theorem 2.12. Let F be a non-linear proper holomorphic map from Bn into
BN with N ≥ n ≥ 3. Assume that F is C3-smooth up to the boundary and has
geometric rank κ0 ≤ n − 2. Then F is equivalent to a proper holomorphic map of
the form

H := (z1, · · · , zk0 ,H1, · · · ,HN−k0),

where k0 = n−κ0 and Hj =
∑n

l=k0+1 zlHj,l with Hj,l holomorphic over Bn. More-
over, when κ0 = 1, (H1, · · · ,HN−n+1) = zn ·h with h a rational proper holomorphic
map from Bn into BN−n+1. Both H and h are affine linear maps along each hy-
perplane defined by zn = constant.

Theorem 2.12 has several immediate applications, which we discuss as follows:

Corollary 2.13. Let F ∈ Rat(Bn,BN ) have geometric rank 1. Assume that
n ≥ 3. Then the degree of F is bounded by N−1

n−1 .

The degree estimate in Corollary 2.13 is optimal. Indeed, the Whitney map
has degree 2. By letting h in Theorem 2.12 be the Whitney map, we get a proper
polynomial map from Bn into BN with N = 3n−2, which is of geometric rank 1 and
has degree 3. Inductively, we can construct a proper polynomial map from Bn into
BN with N = kn− (k−1), which has degree k and geometric rank 1. At this point,
we mention a conjecture of D’Angelo which states that the degree of a rational
proper map from Bn into BN with n ≥ 3 is bounded by N−1

n−1 . Hence, Corollary
2.13 partially provides an affirmative solution to the aforementioned conjecture of
D’Angelo.

Corollary 2.14. Let F ∈ Prop3(Bn,BN ). Suppose 3 ≤ n ≤ N = 3n− 3 and
F has geometric rank 1. Then F is equivalent to

F ′θ := (Fθ(z, w), 0, · · · , 0) = (z, w cos θ, z1w sin θ, · · · , zn−1w sin θ, w2 sin θ, 0, · · · , 0)

for some θ with (0 ≤ θ ≤ π
2 ).

Notice that by [Lemma 3.1, Hu2], any non-linear map from Bn into BN with
N ≤ 3n − 4 has geometric rank one. Hence, Theorem 2.10 is a special case of
Corollary 2.14.
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3. The CR version of the Bonnet-Type Theorem

Now, we let M be a submanifold of Cn. For any p ∈M , we can define T (1,0)
p M

and T
(0,1)
p M . If the complex dimension CRM (p) of T (1,0)

p M is independent of p,
we call M a CR submanifold. When the real dimension of M is 2CRM (p) + 1, we
call M a CR submanifold of hypersurface type. For two CR submanifolds M1 and
M2 with pj ∈Mj , we say (M1, p1) is CR equivalent to (M2, p) if there is a smooth
dffeomorphism F from (M1, p1) to (M2, p2) such that F∗(T (1,0)M1) = T (1,0)M2.
Assume that M ⊂ ∂Bn be a CR submanifold of hypersurface type. We say that M
has CR codimension l if l = n − 1 − CRM . Webster’s theorem gives the rigidity
result for CR codimension 1.

For higher codimension, we have the following:

Theorem 3.1. (Ebenfelt-Huang-Zaitsev [EHZ1]) Let (Mj , pj) be CR subman-
ifold of ∂Bn of CR codimension k. If k < (n− 1)/2 and (M1, p1) is CR equivalent
to (M2, p2), then there is

T ∈ Aut(∂Bn)
such that T (p1) = p2 and T ((M1, p1)) = (M2, p2).

CR submanifolds of the sphere of hypersurface type come naturally as the link
of isolated complex singularity.

Let (V, 0) ⊂ Cn be a germ of complex analytic variety of codimension k with
isolated singularity at 0. Let 0 < ε << 1. Then Mε = V ∩ ∂Bn

ε is called the link
of V with radius ε. Mε is a CR submanifold of ∂Bn

ε of hypersurface type of CR
codimension k. As an application of the above theorem, one has the following:

Theorem 3.2. (Ebenfelt-Huang-Zaitsev [EHZ1]) Let (Vj , 0) be germs of com-
plex analytic variety with isolated singularity at 0 of codimension k < (n − 1)/2.
Let Mj,ε = Vj ∩ ∂Bn

ε be the corresponding link. If (M1,ε, p1) is CR equivalent to
(M2,ε, p2) for certain pj ∈ Mj,ε. Then there is unitary transformation T such that
T (V1) = V2.

Corollary 3.3. Let (V, 0) be the germ of a complex analytic variety with
isolated singularity at 0 of codimension k < (n − 1)/2. Let Mε = V ∩ ∂Bn

ε be the
ε-link. If (Mε1 , p1) is CR equivalent to (Mε, p2) for certain pj ∈ Mεj

. Then there
is unitary transformation T such that T (V ) = ε2

ε1
V .

It is not clear to us if k < (n − 1)/2 in the above theorem is necessary or
not. We certainly belive that k cannot be too big with respect to n as in the
situation discussed in the previous section. However, we were not able to provide
a counter-example for k = (n− 1)/2.

4. Super-rigidity and CR transversality for holomorphic mappings
between hyperquadrics

In this section, we discuss rigidity for holomorphic mappings from a piece of
real hyperquadric with positive signature into a hyperquadric in a complex space of
larger dimension. Different from the situation for Heisenberg hypersurfaces (hyper-
quadrics with 0-signature, that is holomorphically equivalent to the unit sphere),
the maps always possess strong super-rigidity property no matter what the codi-
mension is. This phenomenon has analogy in holomorphic maps between irreducible
bounded symmetric domains of rank at least two, as studied by many authors: Mok,
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Tsai, Tu, etc... (See the book of Mok [Mok] for results and extended references on
the matter.) To state recent results that the first author jointly obtained with S.
Baouendi, to we define, for any 0 < ` < n − 1, the generalized Siegel upper half
space Sn

` as follows:

Sn
` := {(z, w) = (z1, · · · , zn−1, w) ∈ Cn : w = u+ iv, v > −

∑̀
j=1

|zj |2 +
n−1∑

j=`+1

|zj |2}.

Its boundary is the standard hyperquadric

Hn
` := {(z, w) = (z1, · · · , zn−1, w) ∈ Cn : w = u+ iv, v = −

∑̀
j=1

|zj |2 +
n−1∑

j=`+1

|zj |2},

where ` is called the signature of Hn
` . For 0 < ` < n − 1, it is well known that

any CR function defined over a connected piece M of Hn
` extends to a holomorphic

function in a neighborhood of M in Cn. The main technical result in [BH] is the
following Theorem 4.1, which has two parts. The first part is on the super-rigidity
property for holomorphic maps and the second part is on the CR transversality for
CR mappings along the lines of studies as in Baouendi-Rothschild [BR], etc.

Theorem 4.1. (Theorem 1.6 of Baouendi-Huang [BH]) Let M be a small neigh-
borhood of 0 in Hn

` with 0 < ` < n − 1. Suppose that F = (f1, · · · , fN−1, g) is a
holomorphic map from a neighborhood U of M in Cn into CN with F (M) ⊂ HN

` ,
N ≥ n, and F (0) = 0. Suppose either ` ≤ (n − 1)/2 or F preserves sides in the
sense that F (U ∩ Sn

` ) ⊂ SN
` . Then the following hold:

(I). If
∂g

∂w
(0) 6= 0, then F is linear fractional. Moreover, there exits τ ∈ Aut0(HN

` )
such that either

τ ◦ F (z1, · · · , zn−1, w) = (z1, · · · , zn−1, 0, · · · , 0, w), or

τ ◦ F (z1, · · · , zn−1, w) = (z`+1, · · · , zn−1, z1, · · · , z`, 0, · · · , 0,−w),
and the latter can only happen when ` = (n− 1)/2.

(II). If
∂g

∂w
(0) = 0, then F (U) ⊂ HN

` . More precisely, there is a constant `× (N −
`− 1) complex matrix V , with V V t = Id`, such that

(4.1) g ≡ 0, (f1, · · · , f`) · V ≡ (f`+1, · · · , fN−1).

We remark that Hn
` is linearly equivalent to Hn

n−1−`. Also, when ` > n−1
2 , the

side preserving assumption in Theorem 4.1 is crucial for results to hold. Indeed, let
F = (z3, z3

2 , z1, z2, z
3
2 ,−w). Then F embeds H4

2 into H6
2 with gw(0) 6= 0. But F is

not linear fractional.
When N < 2n − 1, Theorem 4.1 (I) already follows from a recent work of

Ebenfelt-Huang-Zaitsev [EHZ2].
The above theorem has applications to the study of super-rigidity problems

for proper holomorphic mappings between certain classical domains in complex
projective space of different dimensions. Write

Bn
` := {[z0, · · · , zn] ∈ CPn : |z0|2 + · · ·+ |z`|2 > |z`+1|2 + · · ·+ |zn|2}.

Its automorphism group is a non-compact semi-simple Lie-group of rank (`+ 1):

Aut(Bn
` ) = {σ :∈ Hol(CPn,CPn) : σ([z0, · · · , zn]) = [z0, · · · , zn] ·A,

A ∈ GL(n+ 1,C), AE`+1,n+1A
t = E`+1,n+1.}
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where Ek,m denotes a diagonal matrix with its first k diagonal elements −1 and
the rest +1. As a corollary of Theorem 4.1 (I), one has the following:

Theorem 4.2. (Theorem 1.1 of [BH]) Let p be a boundary point of Bn
` and

let Up be a small neigborhood of p in CPn with Up ∩ Bn
` connected. Assume that

F is a holomorphic map from Up ∩ Bn
` into BN

` for N ≥ n and 0 < ` < n − 1.
If for any sequence {Zj} ⊂ Up ∩ Bn

` with limj→∞ Zj ∈ ∂Bn
` , {F (Zj)} only has

limit points in ∂BN
` . Then F extends to a totally geodesic embedding from Bn

` into
BN

` in the sense that there is a certain σ ∈ Aut(Bn
` ) and τ ∈ Aut(BN

` ) such that
τ ◦ F ◦ σ([z0, · · · , zn]) = [z0, · · · , zn, 0, · · · , 0].

Corollary 4.3. (Corollary 1.2 of Baouendi-Huang [BH]) Any proper holo-
morphic mapping F from Bn

` into BN
` for N ≥ n and 0 < ` < n−1 is a totally geo-

desic embedding, in the sense that there is a certain σ ∈ Aut(Bn
` ) and τ ∈ Aut(BN

` )
such that τ ◦ F ◦ σ([z0, · · · , zn]) = [z0, · · · , zn, 0, · · · , 0].

There is no proper holomorphic map from Bn
` into BN

`′ for `′ < `. One cannot
expect, in general, that Corollary 4.3 holds for any `′ > `. For instance, one has
the following:

Example 4.4. Let F = [z2
0 ,
√

2z0z1, z2
1 , z

2
2 ,
√

2z3z2, z2
1 ]. Then F maps properly

B3
1 into B5

2. Notice that F is not a linear map.

However, one has the following: ( In light of the above example, the target
dimension n + k can not be improved. Also, we will use 0j to denote a zero
component at the jth-position in a vector)

Theorem 4.5. (Theorem 1.8 of Baouendi-Huang [BH]) Let M be a small neigh-
borhood of 0 in Hn

` with 0 < ` < n− 1. For k ≥ 0, let F = (f1, · · · , fn+k−1, g) be a
holomorphic map from a neighborhood U of M in Cn into Cn+k with F (M) ⊂ Hn+k

`+k ,

and F (0) = 0. Suppose that F preserves sides in the sense that F (U ∩ Sn
` ) ⊂ Sn+k

`+k .
Then the following hold:

(I). If
∂g

∂w
(0) 6= 0, then F is linear fractional. Moreover, there exits τ ∈ Aut0(Hn+k

`+k )
such that either
(4.2)
τ ◦ F (z1, · · · , zn−1, w) = (z1, · · · , z`, 0`+1, · · · , 0k+`, z`+1, · · · , zn−1, 0, · · · , 0, w).

(II). If
∂g

∂w
(0) = 0, then F (U) ⊂ Hn+k

`+k . More precisely, when ` + k ≥ n − ` − 1,

there is an (n− `− 1)× (`+ k) constant complex matrix V , with V V t = Idn−`−1,
such that

(4.3) g ≡ 0, (f1, · · · , f`+k) ≡ (f`+k+1, · · · , fn+k−1)V.

When `+ k ≤ n− `− 1, there is an (`+ k)× (n− `− 1) constant complex matrix
V , with V V t = Id`+k, such that

(4.3)′ g ≡ 0, (f1, · · · , f`+k)V ≡ (f`+k+1, · · · , fn+k−1).

Corollary 4.6. (Theorem 4.1 of [BH]) Any proper holomorphic mapping F
from Bn

` into Bn+k
`+k for N = n + k ≥ n and 0 < ` < n − 1 is a totally geodesic

embedding, in the sense that there is a certain σ ∈ Aut(Bn
` ) and τ ∈ Aut(BN

` ) such
that

(4.4) τ ◦ F ◦ σ([z0, · · · , zn]) = [z0, · · · , z`, 0`+1, · · · , 0`+k, z`+k+1, · · · , zn, 0, · · · , 0].



10 XIAOJUN HUANG AND SHANYU JI

The proof of Theorem 4.1 (II) and Theorem 4.5 (II) is based on the following,
which is very useful in some other applicationst (For the definition of HN

`,`′,n see
(2.2) of [BH]):

Theorem 4.7. (Lemma 4.1 of Baouendi-Huang [BH]) Let F = (f, φ, g) be a
holomorphic map from a neighborhood M of 0 in Hn

` into HN
`,`′,n, `′ ≥ ` > 0, N ≥

n > 1, with F (0) = 0. Assume that either `′ < n − 1 or N − `′ − 1 < n − 1. For
each p ∈M , let Fp = (f̃p, gp) be defined as in [(3.1), BH]. If (gp)w(0) = 0 for all p
sufficiently close to the origin, then g ≡ 0 and F (U) ∈ HN

`,`′,n, where U is a small
neighborhood of 0 in Cn. More precisely, when `′ ≥ (N − `′ − 1), there exists a
constant (N − `′ − 1)× `′ complex matrix V with V V t = IdN−`′−1 such that
(4.5)
g ≡ 0, (f1, · · · , f`, fn, · · · , fn+`′−`−1) ≡ (f`+1, · · · , fn−1, fn+`′−`, · · · , fN−1)V ;

when `′ < (N − `′ − 1), there exists a constant `′ × (N − `′ − 1) complex matrix V
with V · V t = Id`′ such that
(4.5)′

g ≡ 0, (f1, · · · , f`, fn, · · · , fn+`′−`−1) · V ≡ (f`+1, · · · , fn−1, fn+`′−`, · · · , fN−1).

The last sentence of [Theorem 1.6 (ii), BH] is to give an equivalent expression
of the mathematical content of [Theorem 1.6(ii), BH]). In that sentence, there
is a typo which the authors of [BH] would like to correct by making use of this
opportunity: Namely, (f1, · · · , f`) ≡ (f`+1, · · · , fN−1)V should be correcetd to
(f1, · · · , f`)V ≡ (f`+1, · · · , fN−1). (Therefore, the size of the matrix V should be
corrected as `× (N − `− 1)). Similar corections are needed in the last formula of
[Theorem 1.8(ii), BH] in the case of ` + k < n − ` − 1, and in the formula [(4.1),
Lemma 4.1, BH] in the case of `′ < N − `′ − 1. ([Theorem 1.6 (ii), BH], [Theorem
1.8 (ii), BH] and [Lemma 1.6, BH] (with these typos corrected) are copied here as
Theorem 4.1(ii), Theorem 4.5 (ii) and Theorem 4.7, respectively.)

One can also study the rigidity for CR submanifolds embedded into Hn
` . How-

ever, since Hn
` contains complex subspaces, we have to exclude those CR sub-

manifolds embedded in the complex varieties in Hn
` . For this, we say M is a CR

transversal submanifold of Hn
` of hypersurface type if the complex normal direction

of M is also along the complex normal direction of the hyperquadric. Then we have
the following:

Theorem 4.8. (Ebenfelt-Huang-Zaitsev [EHZ2]) Let Mj be two CR transveral
CR submanifolds of hypersurface type. Assume they are Levi non-degenerate with
signature `, and of CR codimension k. If 2k < n − 1 and they are CR equivalent,
then they are rigid motion of each other.

It is an open question if the codiemnsion restriction in the above result can be
dropped or not.

5. Rigidity Problems for Holomorphic Maps with Symmetry

Here, we mention a well-known super-rigidity problem in differential geome-
try: Let G1 and G2 be two non-compact semi-simple Lie groups with dim(G2) ≥
dim(G1). Suppose Γj ⊂ Gj are lattices (with certain density or co-compactness
properties) and there is a injective homomorphism φ : Γ1 → Γ2. Can one then
extend φ to a global homomorphism from G1 into G2? This question has been
quite well understood when the real ranks of the groups are at least 2 by the work
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of Mostow, Margulis and Mok-Siu-Yeung, etc. In the rank one case, there are es-
sentially four cases to be considered: The automorphism groups of real, complex
and quaternionic hyperbolic spaces, together with that of the hyperbolic Cayley
plane. After the work of many people, an important remaining open case is when
G1 = Aut(Bn) and G2 = Aut(BN ) with 1 < n < N , Γ1 co-compact in G1 and φ(Γ1)
convex-cocompact. (Notice that when n = 1, certain kind of counter-examples have
been constructed by Mostow). This problem, after applying the harmonic mapping
theory of Siu, is reduced to the following :

Problem 5.1. (Siu, Mok, etc) Let Bn ⊂ Cn and BN ⊂ CN be the unit balls,
and let f be a proper holomorphic embedding from Bn into BN (n,N > 1). Suppose
that there is a discrete subgroup Γ ⊂ Aut(BN ) such that Γ fixes M = f(Bn) and
acts co-compactly over M (without fixed point). Is f then a linear embedding?

This question has been answered in the affirmative by Cao-Mok [CaoM] in
case(N ≤ 2n− 1).

Theorem 5.2. (Cao-Mok [CM], 1990) Let Γ be a lattice of Aut(BN ) without
fixed point. Let F be a proper holomorphic embedding from Bn into BN with N ≤
2n − 1 such that Γ stablize and act co-compactly on the image of F (Bn). Then F
is linear.

Lastly, we mention two results on the bounded symmetric domains:

Theorem 5.3. (Tsai [Ts], 1993) Let Ω1 and Ω2 be two bounded symmetric
domains with the same rank at least 2. then any proper holomorphic map from Ω1

into Ω2 is a totally geodesic embedding with respect to their Bergman metric.

Theorem 5.4. (Tu [Tu], 2002) Let DI
p,p−1 and DI

p,p be the standard bounded
symmetric domains of the first type with p− 1 ≥ 2. Then any proper holomorphic
map from DI

p,p−1 into DI
p,p is a totally geodesic embedding with respect to their

Bergman metric.

6. Segre family of real analytic hypersurfaces and rigidity problems for
Segre maps

Real analytic CR maps between real analytic CR manifolds in complex spaces
naturally induce what we call the Segre maps. However, not all Segre maps are
coming from CR maps. That motivated us to consider the more general rigidity
problems for Segre maps. This study seems still at a very early stage and we
compute in this part of this paper the Segre isomorphisms of the complexification
of the Heisenberg hypersurface. We start with some basic notations.

Let M be a real analytic hypersurface in D ⊂ Cn with real analytic defining
function r ∈ Cω(D). Apparently, for any other local defining function r∗ of M ,
r∗ = s∗r with s∗|M 6= 0. Hence we can well define its complexification as the
complex submanifold: M = {(z, ξ) ∈ D×Conj(D) : r(z, ξ) = 0}. M is a complex
submanifold of complex codimension 1 in Cn×Cn near M×conj(M). Here for a set
E ⊂ Cn, Conj(E) := {z | z ∈ E}. For each ξ ∼ Conj(M), we can define complex
analytic varieties Qξ := {z ∈ Cn : r(z, ξ) = 0} and Q̂z := {ξ ∈ Cn : r(z, ξ) = 0}.
We call Qξ and Q̂z the Segre variety of M with respect to ξ and z, respectively.
Notice that M is holomorphically foliated by {Qξ × {ξ}} and also by {{z} × Q̂z}.
Due to this reason, M is called the Segre family associated with M . A fundamental
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fact for Segre family is its invariant property for holomorphic maps. More precisely,
if f is a local holomorphic map from (M,p) to (M̃, p̃), then f(Qξ) ⊂ Q̃f(ξ) and

f(Q̂z) ⊂
ˆ̃
Qf(z). Here, for instance, Q̃f(ξ) is the Segre variety of M̃ with respect to

f(ξ). In particular, when f is a holomorphic map from (M,p) to (M̃, p̃), f induces
a holomorphic map F := (f(z), f(ξ)) from (M, (p, p)) to (M̃, (p̃, p̃)).

Next, let (M̃, p̃) be another real analytic hypersurface near p̃ ∈ CN . If there
is a holomorphic map f from (M,p) to (M̃, p̃), then we have a holomorphic map
(f(z), f(ξ)) from (M, (p, p)) to (M̃, (p̃, p̃)). We say that Φ is a Segre map from
(M, A) into (M̃, Ã) if Φ is a holomorphic map from (M, A) into (M̃, Ã) such that
Φ sends each Qξ × {ξ} of M near A into a certain Qξ̃ × {ξ̃} of M̃ near Ã and

sends each {z} × Q̂z into a certain {z̃} × ˜̂
Qz̃. A Segre map Φ is called a Segre

isomorphism if it is also a local biholomorphism. If this is the case, we say (M, A)
is Segre-equivalent to (M̃, Ã). In what follows, we only consider the case when Φ
is a holmorphic embedding. It can be seen that Φ can be made to take the form:
Φ(z, ξ) = (Φ1(z),Φ2(ξ))|M. (See Lemma 6.1 below). Apparently, when (M,p) is
equivalent to (M̃, p̃), then (M, A) is Segre-equivalent to (M̃, Ã) with A = (p, p)
and Ã = (p̃, p̃). We mention that even if M, M̃ are strongly pseudoconvex, Faran
has constructed examples showing that the converse of this statement fails (See
[Fa3]).

For simplicity, assume that p = 0 ∈M and that M is defined by an equation of
the form r = 2Im(zn) +O(|z′|+ |Re(zn)|). On M, there are (2n− 1) independent
holomorphic one forms
(6.1)
θα = dzα|M, θα = dξα|M, 1 ≤ α < n− 1, θ = idzr|M = irαdz

α|M + irndz
n|M.

{θ, θα, θα} is a co-frame for M. In what follows, α, β have range from 1 to (n− 1)
and the summation convention will be applied. Then {θ, θα} and {θ, θα} are two
complete systems, whose corresponding foliations are precisely {Qξ × {ξ}} and
{{z} × Q̂z}, respectively.

Also, let (M̃, p̃) be another real analytic hypersurface near p̃ = 0 in CN with
a defining function r̃ = 2Im(z̃N ) +O(|z̃′|+Re(zN )). Define similarly the co-frame
{θ̃, θ̃α, θ̃α} on M̃ near (p̃, p̃).

Lemma 6.1. Suppose Φ is a Segre embedding from (M, 0) to (M̃, 0). Then

(6.2)


Φ∗(θ̃) = uθ,

Φ∗(θ̃α) = uαθ +
∑

β u
α
βθ

β ,

Φ∗(θ̃α) = uαθ +
∑

β v
β
αθβ .(6.2)

where u, uα, uα
β , v

β
α are holomorphic near 0 and the holomorphic 1-forms are defined

as in (6.1). Moreover Φ = (Φ1(z),Φ2(ξ))|M.

Proof. Suppose that Φ is a Segre embedding. Then

{Φ∗(θ̃),Φ∗(θ̃α)} and {Φ∗(θ̃),Φ∗(θ̃α)}
are complete differential systems over M. Since Φ preserves the Segre varieties,
the restriction of {Φ∗(θ̃),Φ∗(θ̃α)} (respectively, {Φ∗(θ̃),Φ∗(θ̃α)}) to the leaves of
{θ, θα} (respectively, {θ, θα}) must be zero. We conclude the last two formulas in
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(6.2). The first formula is also obvious because the restriction of Φ∗(θ̃) to leaves of
both foliations through the Segre varieties is zero.

Write Φ = (Φ1,Φ2). Parametrize M by (zα, ξ). Then Φ2 now can be regarded
as a holomorphic function in (zα, ξ). Since for each fixed ξ, Φ maps {Qξ×{ξ}} into
{Q̃ξ̃ × {ξ̃}} for a certain ξ̃, Φ2(za, ξ) must be constant as za varies. That shows
that Φ2 can be expressed as the restriction of a holomorphic function in ξ to M.
Similarly, one can verify that Φ1 can also be regarded as just a holomorphic map
in z. �

Now, assume that M is defined near 0 by a real analytic function of the form:
r = zn − ρ(zα, ξα, ξn) with ρ = O(|zα| + |ξα| + |ξn|). Assume that M is Levi
non-degenerate near 0. Then 

zα = zα

zn = zn

ρα = ρα(zα, ξα, ξn)

can be used to uniquely solve for (zα, ξα, zn) by the data (zα, ρα, z
n). (See [Ch],

[CJ1], etc). Hence, we can use (zα, zn, ρα) for the coordinates of M near 0. In the
(zα, zn, ρβ) coordinates, we define the holomorphic frame {θα, θα, θ} as follows:

(6.3)


θ = i(dzn − ραdz

α),
θα = dzα,

θα = dρα − ραβdz
β , dθ = iθα ∧ θα.

Here ρα = ∂ρ
∂zα

, ραβ = ∂ρ
∂zα∂zβ

are holomorphic functions in (z, ρα). Then {θ, θα}(
{θ, θα}) also generates the foliation {Qξ × {ξ}} ({{z} × Q̂z}, respectively).

Next, let (M̃, 0) be the complexification of another real analytic hypersurface
(M̃, 0). We also choose the same type of the co-frame (θ̃, θ̃α, θ̃α) on (M̃, 0) as in
(6.3). Suppose that Φ is a Segre isomorphism from (M, 0) to (M̃, 0). Then by
Lemma 6.1, we have 

Φ∗(θ̃) = uθ,

Φ∗(θ̃α) = uα
βθ

β + uαθ,

Φ∗(θ̃α) = vβ
αθβ + vαθ.

with u, uα
β , v

α
β , u

α, vβ holomorphic near the origin.
Since dθ̃ = iθ̃α ∧ θ̃α, we get du∧ θ+ udθ = i(uα

βθ
β + uαθ)∧ (vβ

αθβ + vαθ), from
which we get the following{

δl
ku = uα

l v
k
α,

du = iuα
βvαθ

β − iuαvβ
αθβ + tθ.

Next, we consider the C∗ := C−{0} fiber bundle E0 = M×C∗ over M, which can
be identified with the C∗-fiber bundle over M, whose fiber π−1(P ) over P ∈ M is
precisely {uθ|P } with u ∈ C∗. Then ω = uθ is a tautological global holomorphic
1-form on E0. Notice that

dω = udθ + du ∧ θ = iuθα ∧ θα + ω ∧ (−du
u

).
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Define {
ωα = uαθ + uα

βθ
β ,

ωα = vαθ + vβ
αθβ ,

where uγ
βv

β
κ = δγ

κu. Then

dω = iωα ∧ ωα + ω ∧
(
− du

u
− i

uα

u
vβ

αθβ + iuα
β

vα

u
θβ

)
.

Let φ = −du
u − iuα

u v
β
αθβ + iuα

β
vα

u θ
β + tω. Then, the above motivates us to consider

the following set of 1-forms:

(6.4)



ω = uθ,

ωα = uαθ + uα
βθ

β ,

ωα = vαθ + vβ
αθβ ,

φ = −du
u − iuα

u v
β
αθβ + iuα

β
vα

u θ
β + tθ

δl
ku = ul

αv
α
k .

A basic property for the above set of 1-forms is the relation:

(6.5) dω = iωα ∧ ωα + ω ∧ φ.

Choose a special co-frame: 
ω0 = uθ,

ω0α = uθα,

ω0
α = θα,

φ0 = −du
u .

Then, we have 
ω = ω0,

ωα = uα

u ω
0 + uα

β

u ω
0β

ωα = vα

u ω
0 + vβ

αω
0
α,

φ = φ0 − iuα

u v
β
αω

0
β + iuα

β
vα

u2 ω
0α + tω0.

Hence the space of the set of 1-forms in (6.4) forms a G1-structure bundle Y over
E0, where G1 consists of matrices of the following form:

1 0 0 0
uα

u

uα
β

u 0 0
vα

u 0 vβ
α 0

t ivα

u2 u
β
α −iuα

u v
α
β 1


with ul

αv
α
k = δl

ku. Or 
1 0 0 0
uα uα

β 0 0
vα 0 vβ

α 0
t ivαuβ

α −iuαv
α
β 1


with ul

αv
α
k = δl

k.
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Now, the Segre family (M, 0) and (M̃, 0) are equivalent if and only if there is a
holomorphic map F from (E0, P0) to (Ẽ0, P̃0) with P0 ∈ π−1(0), P̃0 ∈ π̃−1(0), such
that

F ∗


ω̃0

ω̃0α

ω̃0
α

φ̃0

 (P ) = γF (P )


ω0

ω0α

ω0
α

φ0

 (P )

where γF (P ) is a holomorphic map from a neighborhood of P0 into G1.
We consider the G1-structure bundle Y over E0 and lift the above to globally

defined holomorphic tautological 1-forms over Y. A fundamental theorem of Chern-
Moser and Chern ([CM], [Ch]) states that these forms can be indeed uniquely
completed to make the G1-equivalence problem into an e-equivalence problem over
Y. Also, F is uniquely determined by γF (P0) and P̃0. (See [Hu4], [Ga]).

We discuss how to determine the Segre isomorphisms through their jets at 0.
Without loss of generality, we can assume that M,M̃ are defined by the normalized
equations as in Chern-Moser [CM]. Then r = zn − ξn = 2πz′ · ξ′ + O(4). Write
F = (f(z), g(z), φ(ξ), ψ(ξ)) for a Segre isomorphism from (M, 0) to (M̃, 0). Hence,
we have g(z) − ψ(ξ) = 2πif(z) · ψ(ξ) + O(4). Here z = (z′, zn), ξ = (ξ′, ξn).
Write F ∗(θ̃) = k(z, ξ)θ, P0 = (0, 1) ∈ π−1(0). Then the lifting of F to F , a
holomorphic map from (E0, P0) to (Ẽ0, P̃0), takes the form: F = (F, u/k). Notice
that k(0) = g′zn

(0). Hence, if k(0) is fixed, then P̃0 = F(P0) is fixed too. Next, in
the matrix γF (P0), uα, uα

β , v
α
β , vα are determined by the first jets of f, φ at 0. It is

also clear that t is determined by ∂2k
∂z2

n
(0), which, through a direct computation, can

be seen to be determined by g
′′

znzn
(0) and f ′zn

(0), φ′ξn
(0). Therefore, we see that F

is completely determined by the first jet of f, φ at 0, and g′zn
(0), g

′′

znzn
(0).

Write Hn := {(z′, w, ξ′, η) ∈ Cn−1 ×C1 ×Cn−1 ×C1 : w − η = 2iz′ · ξ} for the
complexification of the Heisenberg hypersurface Hn. A natural question one would
like to ask is the following:

Problem 6.2. Let Φ be a Segre embedding from (Hn, 0) into (HN , 0) with
N ≥ n ≥ 2. What type of rigidity can we get for Φ?

We say Ψ ∈ Aut(Hn) if Ψ is a bimeromorphic map from Hn to itself, preserving
the Segre varieties (both Q and Q̂). For any A0 = (z′0, w0, ξ

′
0, η0) ∈ Hn, define σ0

A0

by sending (z′, w, ξ′, η) ∈ Cn−1×C1×Cn−1×C1 to (z′+ z′0, w+w0 + 2iz′ · ξ′0, ξ′+
ξ′0, η+η0−2iξ′ ·z′0). Then σ0

A0
∈ Aut(Hn) with σ0

A0
(0) = A0. Hence, to understand

Aut(Hn), it suffices to compute Aut0(Hn), the set of local self-Segre isomorphisms
of (Hn, 0).

Write z′ = (z1, · · · , zn−1), ξ′ = (ξ1, · · · , ξn−1), w, η ∈ C, and z = (z′, w)
ξ = (ξ′, η) as before. Write I0 for the group generated by the following type of
linear fraction maps: F (z, ξ) = (S(z), T (ξ)) := (S1(z), · · · , Sn−1(z), Sn(z), T1(ξ),
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· · · , Tn−1(ξ), Tn(ξ)) = (S̃(z), Sn(z), T̃ (ξ), Tn(ξ)) defined by

S̃(z) =
λ(z′ + ~aw)U

1− 2i〈z′, ~e〉+ enw
, Sn(z) =

λw

1− 2i〈z′, ~e〉+ enw
,(6.6)

T̃ (ξ) =
(ξ′ + ~eη)V

1 + 2i〈ξ′,~a〉+ (en + 2i〈~e,~a〉)η
,(6.7)

Tn(ξ) =
λη

1 + 2i〈ξ′,~a〉+ (en + 2i〈~e,~a〉)η
;(6.8)

where U, V are non-singular (n − 1) × (n − 1) matrices of complex numbers with
U · V t = Id, ~a = (a1, ..., an−1), ~e = (e1, ..., en−1) ∈ Cn−1, λ ∈ C∗, en ∈ C,
〈~x, ~y〉 = ~x · ~yt for any ~x, ~y ∈ Cn−1. Also, F is uniquely determined by the data
λ,~a,~e, en, A.

A direct computation shows that I0 is a subgroup of Aut0(Hn) under the action
of compositions. From the above arguments, we have the following

Theorem 6.3. Let Φ is a local Segre self-isomorphism of (Hn, 0). Then Φ is
the restriction of a certain element in I0. In particular, Aut0(Hn) = I0.

Proof. Let F = (f, g, φ, ψ) ∈ Aut0(Hn). Assume that g′w(0) = σ, f ′z′ = A,
φ′ξ′ = B. Then it is easy to see that σ = A ·Bt. After composing F from the left by
a map as in (6.6) (6.7) and (6.8) with U = (λA)−1

, V = B−1, λ = σ−1,~a,~e, en = 0,
we can assume that A = B = Id, σ = 1. Composing F from the left with a map
in (6.6)(6.7) and (6.8) with λ = 1, U, V = id, en = 0,~a = −f ′w(0), ~e = −φ′w(0), we
can further assume that fw = φη = 0. Finally, composing F from the left with
U = V = Id, λ = 1,~a,~e,= 0, en = 1

2g
′′

ww(0), we can also make g
′′

ww(0) = 0. Now, by
the previous arguments on the unique determination of F , we conclude that F is
inside the group I0. �

Remark 6.4. Let 0 < ` < n − 1. The Segre family Hn
` of Hn

` is apparently
isomorphic to the Segre family of the Heisenberg group through the map

(z′, w, ξ′, η) → (iz1, · · · , iz`, z`+1, · · · , w, iξ1, · · · , iξ`, ξ`+1, · · · , η).

Hence, we can use Theorem 6.3 to write down the Segre self-isomorphisms of Hn
` .

Namely, Aut0(Hn
` ) consists of the elements of the following form:

S̃(z) =
λ(z′ + ~aw)U

1− 2i〈z′, ~e〉` + enw
, Sn(z) =

λw

1− 2i〈z′, ~e〉` + enw
,

T̃ (ξ) =
(ξ′ + ~eη)V t

1 + 2i〈ξ′,~a〉` + (en + 2i〈~e,~a〉`)η
,

Tn(ξ) =
λη

1 + 2i〈ξ′,~a〉` + (en + 2i〈~e,~a〉`)η
;

where U, V are non-singular (n − 1) × (n − 1) matrices of complex numbers with
U · E` · V t = E` (E` is the diagonal matrix whose first ` diagonal elements are −1
and the other diagonal elements are 1,) ~a = (a1, ..., an−1), ~e = (e1, ..., en−1) ∈ Cn−1,
λ ∈ C∗, en ∈ C. Also, 〈~x, ~y〉` = −

∑`
j=1 xjyj +

∑n−1
j=1+` xjyj for ~x, ~y ∈ Cn−1.
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