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1 Preface

I intend to collect here the necessary background for understanding the fun-
damental papers: Deligne-Mumford (”Irreducibility of the Space of Curves
of Given Genus”), Edidin (”Notes on the Construction of the Moduli Space
of Curves”), Vistoli (”Intersection theory on Algebraic Stacks”), and Fulton-
Pandharipande (”Notes on Stable Maps and Quantum Cohomology”). To un-
derstand these notes, at this point, one certainly needs a copy of those papers
handy.

Since I intend these notes to be useful also to certain positive characteris-
tic studies of curves, I won’t just restrict my attention to C. Liu’s Algebraic
Geometry and Arithmetic Curves is particularly helpful here.

2 l.c.i. morphisms

We collect here some of the important properties that make dealing with semi-
stable curves, and in particular their dualizing sheaves, more tractable and
geometric. We only prove the results we use directly later for results on stable
curves. Otherwise the proofs are found in Sections 6.3.2 and 6.4 of [Liu].

2.1 Definition and first properties

Definition 2.1. Let Y be a locally Noetherian scheme and f : X → Y a
morphism of finite type. We say that f is a lcaol complete intersection at x if
there exists a nbh’d U of x s.t. f |U : U → Y factors as g ◦ i, where i is a regular
immersion and g is a smooth morphism. We say it’s an l.c.i. morphism if it’s
an l.c.i. at every point.

Proposition 2.2. The following are true:
(a) Regular immersions and smooth moprhisms are l.c.i.
(b) L.c.i.’s are stable under composition.
(c) Let f : X → Y be an l.ci. and Y ′ → Y a flat moprhism. Then X×Y Y ′ →

Y ′ is an l.c.i.
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Lemma 2.3. If f : X → Y is an immersion and an l.c.i., then f is a regular
immersion.

Corollary 2.4. Let f : X → Y be an l.c.i. which decomposes into an immersion
i : X → Z following by a smooth morphism g : Z → Y . Then i is a regular
immersion, and if f is a regular immersion, then we have an exact sequence of
locally free sheaves,

0→ CX/Y → CX/Z → i∗ΩZ/Y → 0.

Proposition 2.5. If Y ′ → Y in (c) above is faithfully flat and X ×Y Y ′ → Y ′

is an l.c.i., then so is f .

The main result we need directly for stable curves is the following:

Theorem 2.6. Let Y be a locally Noetherian scheme, and f : X → Y a flat
morphism of finite type. Then f is an l.c.i. iff fy : Xy → Spec k(y) is an l.c.i.
for every y ∈ Y .

Proof. Since the propery is local, we may assume that the morphism already
factors into an immersion i : X → Z = AnY followed by the projection Z → Y .
Fix y ∈ Y and x ∈ Xy. Suppose fy is an l.c.i., then by Cor. 2.4 above we
have Xy → Zy is a regular immersion, and thus by Lemma 6.3.15 in [Liu] we
have that X → Z is a regular immersion, which proves that f is an l.c.i. For
the converse, suppose i is a regular immersion defined by a regular sequence
b1, ..., bm ∈ OZ,x. Then we have dimOX,x = dimOZ,x −m. Since f is flat, we
have

dimOXy,x = dimOX,x − dimOY,y,dimOZy,x = dimOZ,x − dimOY,y.

Thus dimOXy,x = dimOZy,x −m. Thus the images of the bi in OZy,x form a
regular sequence, and thus Xy → Zy is a regular immersion.

2.2 The canonical sheaf

Definition 2.7. Let f : X → Y be a quasi-projective l.c.i. which factors
globally as a regular immersion i : X → Z, where Z is smooth over Y . Then the
canonical sheaf of f is the invertible sheaf ωX/Y := det(C∨X/Z ⊗ i

∗(det ΩZ/Y ).

By [Liu,6.4.5] this is independent of the factorization chosen. Clearly, ωX/Y |U =
ωU/Y , which allows us to define a similar invertible sheaf in the case of an l.c.i.
which is only locally an l.c.i. by patching together these guys.

To be more specific we have the following description in the affine case: let
A be a noetherian ring, B = A[X1, ..., Xn]/I, where I is an ideal generated by a
regular sequence f1, ..., fr. Then ωSpec B/Spec A is the free B module generated

by (f1 ∧ ...∧ fr)∨⊗ ((dX1 ∧ ...∧ dXn)⊗ 1B), where fi is the image of fi in I/I2.
We have the following result which says how the formation of these sheaves

behaves under morphisms:
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Proposition 2.8. Let f : X → Y, g : Y → Z be q.p. l.c.i.’s as above. Then:
(a) ωX/Z ∼= ωX/Y ⊗ f∗ωY/Z ;
(b) If Y ′ → Y is flat or f is, then X ×Y Y ′ → Y ′ is an l.c.i. and ωX′/Y ′ ∼=

π∗1ωX/Y .

Here is another fact which eases computation of the relative canonical sheaf:

Lemma 2.9. Let A be a Noetherian ring, B = A[X1, ..., Xn]/I, where I is
generated by a regular sequence f1, ..., fr. Then there exists a canonical homo-
morphism

c : Ωn−rB/A → ωB/A := H0(Spec B,ωSpec B/Spec A),

such that for any order subset {jr+1, ..., jn} of {1, ..., n}, we have

c(dxjr+1 ∧ ... ∧ dxjn) = ∆S · (f1 ∧ ... ∧ fr)∨ ⊗ ((dX1 ∧ ... ∧ dXn)⊗ 1B),

where xi is the image of Xi in B, and ∆S is the determinant of the Jacobian
(∂Fi/∂Xj)i,j, with the columns jr+1, ..., jn removed. If Spec B → Spec A is
smooth, then c is an isomorphism.

Proof. Let C = A[X1, ..., Xn], M = ΩC/A, and let N be the submodule of M
generated by the dfi. Then from the conormal exact sequence we get M/N ∼=
ΩB/A.

We have that the two maps
∧r

N ⊗
∧n−r

M →
∧r

M ⊗
∧n−r

M →
∧n

M
and

∧r
N ⊗

∧n−r
M →

∧r
N ⊗

∧n−r
(M/N) →

∧n
M agree. We can tensor

the map φ :
∧r

N ⊗
∧n−r

(M/N)→
∧n

M by B and compose it with the r-th
wedge of δ : I/I2 → N ⊗C B, we get the canonical homomorphism

r∧
(I/I2)⊗B

n−r∧
(ΩB/A)→

n∧
ΩC/A ⊗C B.

By tensoring with the dual of
∧r

(I/I2), we obtain the homomorphism

c :

n−r∧
(ΩB/A)→ ωB/A.

Since in the map
∧r

M ⊗
∧n−r

M →
∧n

M we have

(df1∧...∧dfr)⊗(dXjr+1∧...∧dXjn) 7→ df1∧...∧dfr∧dXjr+1∧...∧dXjn = ∆S ·(dX1∧...∧dXn),

which shows the claim on the morphism c. From the Jacobian criterion we get
that ∆S is invertible in every fibre of Spec B → Spec A if it’s smooth, and
thus this map is surjective. Since they are both invertible sheaves, it must be
an isomorphism. Clearly the construction of c is independent of the choice of
defining equations fi and variables Xi.

The scheme-theoretic version of this is:
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Corollary 2.10. Let Y be a locally Noetherian scheme, and f : X → Y be a q.p.
l.c.i. of constant relative dimension d. Then we have a canonical homomorphism
cX/Y : ΩdX/Y → ωX/Y . This morphism coincides with the identity on the smooth
locus of f .

These results allow us to really express the relative canonical sheaf explicitly.
Indeed suppose that f is a q.p. l.c.i. of locally Noetherian intgeral schemes
which is dominant and such that K(X)/K(Y ) is separable so that f is smooth
at the generic point ν of X. Then since ωX/Y is invertible and X is integral,
ωX/Y is canonically a subsheaf of the constant sheaf ωX/Y,η = det ΩK(X)/K(Y ).
Indeed, there is a canonical sheaf map ωX/Y → ωX/Y,η which over U sends a
section g ∈ ωX/Y (U) to its image in the stalk at η. The kernel of this map
would have to be a torsion sheaf, but this is impossible as ωX/Y is invertible
and X is integral. This gives the following explicit description:

Corollary 2.11. In the notation of Lemma 2.9, with S = r + 1, ..., n, suppose
∆S 6= 0 ∈ K(X). Then

(a) ωX/Y,η = (dxr+1 ∧ ... ∧ dxn)OX,η;
(b) As a subsheaf of ωX/Y,η, we have ωX/Y = ∆−1(dxr+1 ∧ ... ∧ dxn)OX .

Example 2.12. Let A be a Noetherian integral domain with field of fractions
K and X = Spec A[x, y]/(y2 + Q(x)y − P (x)), P,Q ∈ A[x]. We assume that
Q(x) 6= 0 if char(K) = 2. Then K(X) is separable over K and ωX/Spec A is
generated by dx/(2y +Q(x)).

2.3 Grothendieck duality

This is a relative version of Serre duality. The relative version of the dualizing
sheaf is given by the

Definition 2.13. For f : X → Y a proper morphism to a locally Noetherian
scheme Y with fibers of dimension ≤ r, we define the dualizing sheaf for f to
be a q.c. sheaf ωf on X endowed with a trace homomorphism

trf : Rrf∗ωf → OY

such that for any q.c. sheaf F on X, the natural bilinear map

f∗HomOX
(F , ωf )×Rrf∗F → Rrf∗ωf → OY ,

where the last map is the trace map, induces an isomorphism f∗HomOX
(F , ωf ) ∼=

HomOY
(Rrf∗F ,OY ). The natural bilinear map sends a sheaf map φ : F → G

to the induced map on the r-th cohomology.

In the case that Y = Spec A this clearly reduces to the duality discussed
in Hartshorne. Moreover, glueing together the results on the cohomology of
Projective space from there we get the following result:
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Proposition 2.14. Let Y be a locally Noetherian scheme, X = PdY , and f :
X → Y the projection. Then the dualizing sheaf ωf exists and is isomorphic to
ωX/Y ∼= OX(−n− 1).

For finite morphisms we have:

Proposition 2.15. Let f : X → Y be a finite morphism of locally Noetherian
schemes. Let F(resp. G) be a q.c. sheaf on X(resp. on Y ). Set f !G =
HomOX

(f∗OX ,G). Then
(a) the sheaf f !G is canonically endowed with the structure of a q.c. OX-

module and a trace homomorphism trG : f∗(f
!G) → G, given by evaluating a

homomorphism at 1;
(b) the canonical homomorphism f∗HomOX

(F , f !G)→ HomOY
(f∗F ,G) in-

duced by trG is an isomorphism;
(c) denoting by ωf = f !OY and trf = trOY

. Then (ωf , trf ) is the dualizing
sheaf for f .

Proof. This is the content of exercise III.6.10 in [Har]. In fact there we showed
more, that this provides the higher order duality.

Lemma 2.16. Let Y be a locally Noetherian scheme, and f : X → Y a projec-
tive morphism with fibers of dimension ≤ r. Let us suppose that f decomposes
into a finite morphism π : X → Z followed by a projective morphism g : Z → Y
with fibers of dimension ≤ r and that g admits a dualizing sheaf (ωg, trg). Then

(a) there exists a dualizing sheaf (ωf , trf ) for f with ωf = π!ωg;
(b) if π is flat or ωg is locally free then ωf = ωπ ⊗ π∗ωg.

Proof. We have a trace homomorphism trωg
: π∗π

!ωg → ωg. By taking Rrg∗
and composing with trg, we get a homomorphism trf : Rrf∗(π

!ωg) → OY .
Let F be a q.c. sheaf on X, then since π is finite Rrf∗F = Rrg∗(π∗F) (i.e.
cohomology is invariant under finite pushforwards). But then

f∗HomOX
(F , π!ωg) ∼= g∗HomOZ

(π∗F , ωg) ∼= HomOY
(Rrg∗(π∗F),OY ),

where the isomorphisms come form the trace maps. This proves part (a). Part
(b) follows since

π!ωg = HomOZ
(π∗OX , ωg) ∼= HomOZ

(π∗OX ,OZ)⊗ ωg ∼= ωπ ⊗ π∗ωg,

when we consider it as a sheaf on X I admit that I don’t fully understand
how the π∗ gets in there, as both of the sheaves in question are locally
free.

The important result for us, though we won’t show it right now, is the
following:

Theorem 2.17. Let Y be a locally Noetherian scheme, and f : X → Y a flat
projective l.c.i. of relative dimension r. Then the dualizing sheaf ωf ∼= ωX/Y .

We’ll also need
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Lemma 2.18. Let f : X → Y be a finite, projective, birational morphism of
locally Noetherian integral schemes. Then there is a canonical injective homo-
morphism ωf → OX .

Proof. We prove this in the affine case and then patch. Consider the homomor-
phism HomA(B,A)→ B, defined by φ 7→ φ(1), where Spec B → Spec A is the
restriction of f , and thus A→ B is an inclusion and B is a subring of the field
of fractions of A (in fact they have the same field of fractions), which is a finite
A module. This is injective since if φ(1) = 0, then φ(A) = 0. Moreover, since
we’re thinking of this as a B-module, we find that b · φ = 0 for every b ∈ B.
Thus φ = 0. By patching we’re actually done already. But we show that the
image is a special ideal of OX . Certainly the image is contained in the ideal
I = {a ∈ A|aB ⊂ A}. But if a ∈ I, then multiplication by a gives an element
of HomA(B,A) which maps to a via this homomorphism. So the image is the
conductor of B in A.

3 Stable and semi-stable curves

3.1 First properties

Definition 3.1. An algebraic curve C over an algebraically closed field k is
called semi-stable if it is reduced and its singular locus consists only of nodes.
It is called stable if it is

(1) connected, projective, and pa(C) ≥ 2;
(2) any smooth rational component must meet the other irreducible compo-

nents in at least 3 points.
A curve over non-algebraically closed k is called semi-stable (stable) if Ck

is semi-stable (stable). In this definition, a node is defined as a closed point
x with 1 = δx = length(ÕC,x/OC,x) and two points above x in the fiber of its
normalization.

We have the following proposition which describes the local behavior of semi-
stable curves:

Proposition 3.2 (Liu, 10.3.7). Let C be semi-stable curve over a field k, then:
(a) If C is regular, then it is smooth over k;
(b) Suppose Cis singular at x, and let π : C ′ → C be the normalization.

Then for y ∈ π−1(x), k(x), k(y) are separable over k;
(c) Let x ∈ C be a singular point s.t. points of π−1(x) are rational over k;

then π−1(x) contains exactly two points y1, y2. Choose an affine open V whose
only singular point is x. Then

OC(V ) = {f ∈ OC′(π−1(V ))|f(y1) = f(y2)}, ÕC,x ∼= k[[u, v]]/(uv);

(d) The curve C is an l.c.i. over k.
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Proof. (a) Since the question is local we may suppose C = Spec A is affine,
regular, and integral. If we denote by ks the separable closure of k, then since
k → ks is certainly flat and the relative Käehler differential Ωks/k = 0, the
corresponding map of schemes is étale, and thus so is the base-change Cks → C.
From Cor. 4.3.24 in [Liu], Cks is regular, so we may suppose that k is already
separably closed and by hypothesis C is geometrically reduced. Let B be the
integral closure of A in K(C)⊗k k. Then for any b ∈ B there exists a power of
char(k), q ≥ 1 s.t. bq ∈ K(C). But then since bq is integral over A it’s in A.
If p is a prime ideal in A, then q =

√
pB is prime in B. Indeed if fg ∈ q, then

(fg)n ∈ pB for some n, so (fg)nq ∈ A for some q a power of the char. This is
also in p, so f or g is in p. The claim follows. Since k/k is purely inseperable,
Ck → C is a homeomorphism (Prop 3.2.7 in [Liu]), and thus by the above the
normalization of Ck is bijective. But then it’s an isomorphism since Ck is a

semi-stable curve. But since k → k is faithfully flat, it follows Ck being regular

implies that it’s smooth over k and thus C is smooth over k.
We won’t go into (b) or (c), but (d) we’ll cover. Let x ∈ C be a closed

point and suppose that k = k. From (c) it follows that dimk TC,x ≤ 2, and
that dimk(x) ΩC,x ⊗ k(x) ≤ 2 from ([Har], II.8.7). In the general case, since
differentials behave well under base-change ΩCk,x

= ΩC,x ⊗OC,x
OCk,x

, where x

is the point of Ck sitting above x. Thus dimk(x) ΩC,x ⊗OC,x
k(x) ≤ 2. It will

follow from the next lemma that C is locally a closed principal subscheme of a
smooth surface over k. Thus C is an l.c.i. over k.

Liu has a slicker proof to just show the fact at hand which is that since l.c.i.
morphisms are invariant under faithfully flat base change (that is if the base
change is an l.c.i. then so was the original morphism), it suffices to show that
when k is algebraically closed Spec ÕC,x is l.c.i (completion is faithfully flat as
is field extension). But this just follows from (c).

Lemma 3.3. Let X → S be a morphism of finite type over a locally Noetherian
scheme S. Fix s ∈ S, x ∈ Xs and let d = dimk(x) ΩXs/k(s),x ⊗OXs,x

k(x). Then
in a neighborhood of x, there exists a closed immersion X → Z into a scheme
Z that is smooth over S at x, and such that dimx Zs = d and that ΩZ/S,x is free
of rank d over OZ,x.

Proof. Since the question is clearly local on X and S, we may assume X and
S are affine. Then since the morphism is of finite type over S, we can write X
as a closed subscheme of Y = ArS for large enough r. Let I ⊂ OY be the ideal
sheaf of X in Y . We have the conormal exact sequence

Ix/I2
x → ΩY,x ⊗OY,x

OX,x → ΩX,x → 0.

We can tensor by ⊗OS,s
k(s) and then by ⊗OXs,x

k(x) to restrict this to the
conormal exact sequence on the fiber

Ix/I2
x → ΩYs,x ⊗OYs,x

k(x)→ ΩXs,x ⊗OXs,x
k(x)→ 0.

If dimx Ys = d then we are done, so assume that m = dimx Ys > d.
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Since Ys is smooth, we get from the above inequality of dimensions that
there exists an f ∈ Ix such that df in ΩYs,x ⊗ OXs,x can be completed to a
basis df1 = df, df2, ..., dfm of ΩYs,x ⊗ OXs,x. Restricting Y a little bit, we can
assume that f is globally defined. So define Z := V (f) a closed subscheme
which contains X as a closed subscheme. Now by Nakayama df1, ..., dfm is a
system of generators for ΩY,x. But since ΩY,x is free of rank m, this is in fact a
basis of ΩY,x. Thus

ΩZ,x = (ΩY,x/(df))⊗OY,x
OZ,x,

is free of rank m − 1. The base-change to the fibre is thus also free of rank
m− 1. By the Principal Ideal Theorem we get that the irreducible components
of Z passing through x are of dimension m − 1. Thus Zs is smooth at x. By
the usual hypersurface lemma from Milne’s Étale Cohomology, we get that Z is
smooth over S at x. The result follows from descending induction.

Remark 3.4. Since we are not only concerned with semi-stable curves over alg.
closed fields, we define a split node to be one whose preimages under normal-
ization are rational over k. From Prop 3.2 and the Nullstellensatz, it follows
that after a finite base-change every node becomes split.

3.2 The dualizing sheaf of a nodal curve

We have the following result above the dualizing sheaf of a semi-stable curve:

Lemma 3.5. Let C be semi-stable curve over k and π : C ′ → C the normal-
ization map. Then:

(a) 0 → π∗ωC′/k → ωC/k → F → 0, where F is the sum of skyscraper
sheaves on Sing(C) whose stalk at each node x is k(x);

(b) denote by D =
∑
y∈π−1(Sing(C))[y]. Then π∗ωC/k = ωC′/k(D).

Proof. Since both points of the lemma are moot away from the singular locus
and are of a local nature, we can suppose that C = Spec A,C ′ = Spec B, and
C has only one singular point x. From the results 2.17 and 2.18, we have

ωB/k = (ωA/k ⊗A B)⊗B I = ωA/k ⊗A I, (1)

where is the conductor ideal I = {a ∈ A|aB ⊂ A}. Then I ⊂ m (I need
to think about this one a bit more), the maximal ideal corresponding to
x. Choose a finite extension k′/k such that π−1(x) = y1, y2 ⊂ C ′(k′). But if
f ∈ B⊗ k′, then f(y1) = f(y2), so we see that mB⊗ k′ ⊂ A⊗k k′. This implies
that (m(B/A))⊗k k′ = 0. Since k′/k is flat we see that m(B/A) = 0, and thus
m = I from the previous inequality. Thus we get that

ωA/k/ωB/k ∼= ωA/k ⊗A A/I ∼= A/m = k(x),

which gives the exact sequence in (a). From all of this we see that mB ⊂ A
and thus mB = m, so B/I = B/m. It suffices then to show that B/m =
⊕y∈π−1(x)k(y), which is clear from passing to the algebraic closure. Thus m =
OC′(−D), so from equation (1) we get part (b).
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Here we find that the dualizing sheaf of a stable curve is ample and since
these invertible sheaves can be formed in families, they form a crucial part of
the study of moduli of curves.

Proposition 3.6. Let C be a stable curve over k. Then the dualizing sheaf
ωC/k is ample.

Proof. Since dualizing sheaves are stable under base change, and ampleness is
invariant under faithfully flat base change, we may suppose that k = k. If Γ is
an irreducible component of C and ρ : Γ′ → Γ the normalization morphism. By
using Lemma 3.5 we get ρ∗(ωC |Γ) = ωΓ′/k(E), where E =

∑
y∈π−1(Csing)∩Γ′ [y]

on Γ′. Thus

degωC |Γ = deg ρ∗(ωC |Γ) = 2pa(Γ′)−2+|π−1(Csing)∩Γ′| = 2pa(Γ)−2+|C\Γ∩Γ|.

If pa(Γ) = 0, then by hypothesis C\Γ ∩ Γ contains at least 3 points, and thus
the restriction has positive degree. If pa(Γ) = 1, then if Γ didn’t meet any
other components of C we’d have C = Γ and thus C would be of genus 1,
contrary to the definition of stable. Thus degωC |Γ > 0. For higher genus, the
degree is definitely positive. Thus degωC |Γ > 0 for each component Γ, and thus
the restriction to each component is ample. The result follows from [Har, Ex.
III.5.7].

Remark 3.7. The proof above in fact shows that ampleness is equivalent to
stability.

When the dualizing sheaf of a semi-stable curve is first introduced, it is often
introduced as follows: let π : C ′ → C be the normalization map, and let {xi}
be the set of nodes with preimages {yi, y′i}, where π(yi) = π(y′i) = xi. Then the
dualizing sheaf is the kernel of the map π∗(ωC′(

∑
yi + y′i)) → ⊕xi

kxi
, whose

xi-th component is the sum of the residues of a form at yi and y′i. It is not
necessarily clear from this definition that ωC is invertible, so we will show that
the definition above coming from the fact that C is an l.c.i. agrees with this
more common one. We’ve opted to present the l.c.i. one as the main definition
as this is how one defines the relative dualizing sheaf for families of semi-stable
curves.

Indeed we have locally around a node xi that C is defined by one equation
f in a smooth surface S, and that ωC/k ∼= (I/I2)∨ ⊗ ωS , where I = (f) is the
ideal sheaf of C in S. Thus a local generator of ωC/k is f−1dx∧dy restricted to
C. Of course local analytically f = xy and S = A2. Then recall that we have a
map cC/k : ΩC/k → ωC/k. Now local analytically ΩC/K is generated by dx, dy

modulo the relation 0 = ydx+ xdy. The map cC/k satisfies cC/k(dx) = xdx∧dyxy

and cC/k(dy) = −y dx∧dyxy , so we can view ωC/k as generated by dx
x and dy

y subject

to the relation that dx
x + dy

y = 0. This agrees with the classical definition.

Theorem 3.8 (DM, Theorem 1.2). If g ≥ 2 and C is a stable curve of genus
g over an alg. closed field k, then H1(C,ωnC/k) = 0 if n ≥ 2, and ωnC/k is very
ample if n ≥ 3.
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Proof. For the first claim, we have by duality (take Y = Spec k in the definition
of duality in Section 2.3) H1(C,ωnC) is dual to H0(C,ω1−n). But we saw in
Prop. 3.6 that the degree of ωC restricted to each irreducible component E of
C has positive degree, and thus ω1−n

C |E has no sections for each E and n ≥ 2;
thus H0(C,ω1−n

C ) = 0 if n ≥ 2, and thus so is H1(C,ωnC).
To prove that an invertible sheaf L on a scheme C, proper over k, is very

ample, it suffices to show that sections separate points and tangent vectors, i.e.
that the map

H0(C,L)→ H0(C,L ⊗OC/mx ·my),

is surjective for any closed points x, y ∈ C. From the long exact sequence of
cohomology, this follows if we can show the vanishing of H1(C,mx · myL) = 0
for all closed points x, y ∈ C. For L = ωnC , n ≥ 3, we have by duality that we
must show

Hom(mx ·my, ω
−n
C ) = 0, if n ≥ 2.

The fundamental fact we will use now is that

Hom(mx,L) ∼= H0(C′, π∗L),Hom(m2
x,L) ∼= H0(C′, π∗L(x1 + x2), (2)

where π : C ′ → C is the normalization map, x1, x2 ∈ π−1(x) and L is an
invertible sheaf.

Proof of this Claim. Writing L ∼= (L ⊗ ω−1
C )⊗ ωC , we find that

Hom(mxmy,L) ∼= Hom(mxmy(L−1 ⊗ ωC), ωC) ∼= H1(C,mxmy(L−1 ⊗ ωC)∨,

by Serre duality, where x, y are two points. We assume they are nodes and that
π : C ′ → C is the partial normalization at these two nodes with smooth points
x1, x2 and y1, y2 lying over them, respectively. Then notice from Proposition
3.2(c) that

mxmy = π∗(OC′(−x1 − x2 − y1 − y2)),

since this last sheaf is certainly a subsheaf of OC according to that description
and consists precisely of those functions vanishing at x or y. From the projection
formula it then follows that for any line bundle N on C we have

mxmyN ∼= π∗(OC′(−x1−x2−y1−y2))⊗N ∼= π∗(OC′(−x1−x2−y1−y2)⊗π∗N ),

so applying this our case we have

mxmy(L−1 ⊗ ωC) ∼= π∗(OC′(−x1 − x2 − y1 − y2)⊗ π∗L−1 ⊗ π∗ωC).

Thus the H1 in question is actually

H1(C ′,OC′(−x1 − x2 − y1 − y2)⊗ π∗L−1 ⊗ π∗ωC)∨.

But then since π∗ωC = ωC′(x1 + x2 + y1 + y2), we get by Serre duality on C ′

that this is just H0(C ′, π∗L), since everything else cancels. The proof of the
other cases we use are almost identical to this.
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We have 4 cases to check:
Case 1 : If x, y are both non-singular points of C, not necessarily distinct,

then

Hom(mx·my, ω
−n
C ) ∼= Hom(OC(−x−y), ω−n

C ) ∼= Hom(OC, ω
−n
C (x+y)) ∼= H0(C, ω−n

C (x+y)),

which is zero for n ≥ 2 from the above degree considerations.
Case 2 : If x is a node and y is a non-singular point, then

Hom(mx ·my, ω
−n
C ) ∼= Hom(mx, ω

−n(y)) ∼= H0(C′, π∗ω−n(y)) = 0,

again from degree considerations for n ≥ 2. (Actually, I think n ≥ 1 would work
here).

Case 3 : If x = y is a node, then

Hom(m2
x, ω
−n
C ) ∼= H0(C′, π∗ω−n

C (x1 + x2)) = 0,

for n ≥ 2 from the same degree considerations.
Case 4 : If x, y are both nodes, π : C ′ → C is the partial normaliza-

tion morphism again. We’ll change technique here and prove directly that
H1(C,mxmyω

n
C) = 0. Recall that we’ve shown that this sheaf is just π∗(OC′(−x1−

x2−y1−y2)⊗π∗(ωnC)), so the cohomology group is just H1(C ′,OC′(−x1−x2−
y1−y2)⊗π∗(ωnC)). Denote by L this last invertible sheaf on C ′. Notice that for
any irreducible component E of C and its proper preimage E′ in C ′, we have

degE ω
n
C − degE′ L = degE ωC − degE′ ωC′ ,

so we have

degE′ L = degE′ ωC′−degE ωC+degE ω
n
C = ωC′+(n−1)(2pa(E)−2+|C − E∩E|).

If pa(E) ≥ 2 then this component of the multi-degree is certainly greater than
that of ωC′ . If pa(E) = 1, then since E must meet the rest of C in at least
one point we again get this multidegree is greater than that of ωC′ . Likewise,
if pa(E) = 0, then since E meets the rest of C in at least 3 points, we get the
same conclusion. Serre duality then implies this H1 vanishes.

Proposition 3.9. We have the following:
(a) degωnC = 2n(g − 1);
(b) h0(C,ωnC) = (2n− 1)(g − 1) for n ≥ 2.

Proof. One defines the degree of a line bundle L as χ(L)−χ(OC), which certainly
agrees with the definition for a Cartier divisor, as follows from the Riemann-
Roch theorem, which holds for singular curves as well in the form χ(O(D)) =
degD + χ(OX). Since the degree function is additive, it suffices to show the
case n = 1. But then from Serre duality, which again was the whole purpose of
constructing the dualizing sheaf, we have

h0(C,ωC) = h1(C,OC) = g, h1(C,ωC) = h0(C,OC) = 1,
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since C is connected. Thus indeed

degωC = (g − 1)− (1− g) = 2(g − 1).

For (b), we have by Theorem 3.8 that h1(C,ωnC) = 0, so RR gives

h0(C,ωnC) = 2n(g − 1) + 1− g = (2n− 1)(g − 1).

3.3 Some Deformation Theory for nodal curves

We won’t develop from the beginning the deformation theory we use here, but
instead will refer to specific theorems or statements in either Hartshorne’s new
book on deformation theory [HD] or Sernesi’s more comprehensive volue [Ser].
This same caveat will apply for the rest of the notes. Here we only develop the
”formal” or ”local” deformation theory of a single nodal curve.

The first important result here is

Proposition 3.10. The deformation theory of a nodal curve is unobstructed,
i.e.

Ext2(ΩC,OC) = 0.

Proof. We use the local to global spectral sequence,

Hp(C,Extq(ΩC ,OC))→ Extp+q(ΩC,OC).

First we have that H2(C,Ext0(ΩC ,OC)) = 0 since C is 1-dimensional. Second,
we have that Ext1(ΩC ,OC) vanishes as the regular points of C, so this has
support only at the nodes, and thus H1 of this sheaf vanishes. Finally, by
Corollary 2.4 we have that expressing C as an l.c.i. can be done in projective
space and thus we have a short exact sequence,

0→ I/I2 → ΩPn |C → ΩC → 0,

which is a free resolution for ΩC . Since it vanishes in degree 2, we get Ext2(ΩC ,OC) =
0, which finishes the proof.

What this tells us is that there are no obstructions to lifting deformations
from being over the quotient of an Artin ring A to being a deformation over
A itself. This relates to the smoothness of the space of deformations. More-
over, first-order deformations (i.e. deformations over k[ε]/(ε2)) correspond to
elements of Ext1(ΩC,OC). (For all of this see Section 10 of [HD]). The next
important fact related to the deformation theory of a stable curve is the oft-
repeated addage that they have no ”infinitesimal automorphisms.” We will see
in a moment why this is important for deformation theory, but let’s prove this
first. To so we need the follow two lemmas:
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Lemma 3.11. Let C be a semi-stable curve and Z the singular locus with
the reduced induced scheme structure. Then the natural map from Section 2,
cC/k : ΩC → ωC fits into an exact sequence,

0→ OZ → ΩC → ωC → OZ → 0,

and we also have a short exact sequence

0→ ω∨C → TC → OZ → 0, (3)

where TC = Hom(ΩC ,OC).

Proof. Since we’ve already defined the map in the middle, we need only find its
kernel and cokernel. Moreover, we know cC/k is an isomorphism away from the
singular locus, so clearly both of these sheaves are supported just at the nodes.
We may look local analytically, and assume C ∼= {xy = 0} ⊂ A2. But then
ΩC , as we’ve seen, is generated by dx, dy subject to the relation ydx+xdy = 0.
We saw in the discussion preceeding Theorem 3.8 that cC/k(dx) = xdx∧dyxy and

cC/k(dy) = −y dx∧dyxy . Since the local generator of the invertible sheaf ωC is

precisely dx∧dy
xy , we see that the cokernel is indeed a skyscraper sheaf supported

at the node of dimension 1. The kernel will then by the torsion submodule
generated by xdy = −ydy, also of dimension 1 and supported at the node. This
gives the first exact sequence. Break this exact sequence up into two short exact
sequences,

0→ OZ → ΩC → K → 0, and

0→ K → ωC → OZ ,
and then dualize. Since Hom(OZ ,OC) = 0, as the first sheaf is a torsion
sheaf, we find from the two long exact sequences of Ext’s that ω∨C injects into
Hom(K,OX) ∼= TC . Thus we get

0→ ω∨C → TC → Ext1(OZ ,OC)→ Ext1(ωC ,OC),

and this last sheaf is zero by [Har, III.6.3 and III.6.7]. Of course Ext1(OZ ,OC) ∼=
OZ since C is Gorenstein (it suffices to check this on the stalks at the nodes,
where this is just the statement that for a Gorenstein local ring R of dimension
1 with residue field k, Ext1(k,R) = k).

We also need:

Lemma 3.12. If C is a reduced curve which is the union of two curves D and
E meeting transversally at a finite set S of nodes, then TC ∼= (IS,D ⊗ TD) ⊕
(IS,E ⊗ TE).

Proof. The question is again local around each node, so we may look local
analytically and assume C has the form {xy = 0} ⊂ A2, D = Spec k[x], E =
Spec k[y]. Since TC = Hom(ΩC ,OC) it is generated by two elements, a with
a(dx) = x, a(dy) = 0 and b with b(dx) = 0, b(dy) = y, and indeed it is the direct
sum of the two OC submodles generated by a and b, respectively. Restricting to
D and E, we find that a is x times the generator of TD which sends dx 7→ 1, and
likewise b is y times the generator of TE . Thus TC = xTD⊕yTE , as claimed.
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We can now prove the important fact about stable curves that makes them
have a moduli space:

Proposition 3.13. Let C be a semi-stable curve. Then the following are equiv-
alent:

(a) C is stable;
(b) H0(C, TC) = 0, i.e. C has no infinitesimal automorphisms.

Proof. We divide the proof into two cases:
Case 1 : Suppose C is irreducible, then we need only show that pa(C) ≥ 2

iff H0(TC) = 0.
If pa(C) = 0, then C ∼= P1 and thus h0(TC) = 3.
If pa(C) = 1, then C is either an elliptic curve or a rational curve with one

node. In the first case TC ∼= OC so h0(TC) = 1. In the second case, we have the
exact sequence of the first lemma,

0→ ω∨C → TC → k → 0.

But h0(ωC) = h1(OC) = pa(C) = 1 and this invertible sheaf has degree 0, so it
must be trivial. Thus h0(TC) ≥ 1.

Convsersely, suppose pa(C) ≥ 2, then we get from the exact sequence

0→ ωC → TC → OZ → 0,

that TC has degree 2− 2g + z, where z is the number of nodes. Since of course
z ≤ g, we see that the degree of TC is ≤ 2 − g with equality only in the case
of a rational curve with g nodes. In the case of strict inequality, the degree is
negative and thus TC cannot have global sections. Indeed, if it did, we’d have a
short exact sequence

0→ OC → TC → OM → 0

for some 0-dimensional subscheme M . But then the degree of TC would equal
that ofOM which is positive, a contradiction. In the case of equality, deg TC = 0,
so if it has a section by the same argument as above, we’d get TC ∼= OC , another
impossibility. Thus h0(TC) = 0.

Case 2 : Suppose C is reducible. Then from the second lemma above, we
have h0(TC) 6= 0 iff for some irreducible component E we have h0(IS ⊗TE) 6= 0
where S = E ∩ C − E. If pa(E) ≥ 2, then this cannot happen by Case 1
since h0(E, IS ⊗ TE) ≤ h0(E, TE) = 0. If pa(E) = 1, then h0(E, E) ≥ 1 (it’s
in fact precisely 1), but since pa(C) ≥ 2 we must have that E meets another
component. From the usual exact sequence we’ve been using it follows that any
such section must be nonvanishing along the smooth locus of E (which includes
the intersection points with the other components) and thus this section cannot
be in IS ⊗ TE . Finally, if pa(E) = 0, then E ∼= P1 and h0(IS ⊗ TP1) 6= 0 iff S
consists of at most two points.

In order to understand the significance of all of the above, we first introduce
the notion of pro-representability a functor.
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Definition 3.14. Let k be a fixed algebraically closed field and C the category of
local artinian k-algebras with residue field k. Let F : C → (Sets) be a covariant
functor. F is called pro-representable if it is isomorphic to hR = Homk(R,A)
for some complete local k-algebra R.

Just so we set our definitions straight we have

Definition 3.15. A deformation of a scheme X0 over a local Artin ring A with
residue field k is a pair (i,X), where X is a scheme flat over A and i : X0 → X
is a closed immersion such that the induced map i ⊗ k : X0 → X ⊗A k is an
isomorphism. (Infinitesimal deformations are those over the dual numbers). We
define the local deformation function of X0, F : C → (Sets) by defining F (A)
to be the set of deformations over A up to equivalence (i.e. a map between X1

and X2 compatible with the rest of the data).

The main result we have here is:

Theorem 3.16 (HD, 3.18.3). Let X0/k be a projective scheme with H0(X0, TX0
) =

0. Then the functor of deformations of X0 is pro-representable.

From all of the above theory we have the following important result for stable
curves:

Theorem 3.17. Let C be a stable curve. Then the functor of local deformations
of C is pro-representable by a complete regular local ring R of dimension 3g−3.

Proof. From the above theorem the functor is pro-representable since stable
curves have no infinitesimal automorphisms. The complete local ring represent-
ing it is regular from [HD, Ex. 3.15.6, and HD, 1.4.7 (the infinitesimal lifting
property)] and the fact that as we’ve seen its deformations are unobstructed
(Ext2 = 0). To calculate the dimension of R, we only need to calculate the
dimension of its tangent space Def(C/k) ∼= Ext1(ΩC,OC) since it’s regular.
From [HD, Ex. 1.5.7 or Ser, Theorem 2.4.1 (iv)], we can have the deformation
theory exact sequence,

0→ H1(C, TC)→ Def(C/k)→ H0(C,Ext1(ΩC ,OC)→ H2(C, TC),

where of course the last term is 0 since C has dimension 1. But Ext1(ΩC ,OC) is
easily seen to be a skyscraper sheaf with stalk k at each of the δ nodes from just
looking at stalks. From the s.e.s. (3) we see that since H0(TC) = 0, H0(ω∨C) = 0
and we get an exact sequence

0→ H0(OZ)→ H1(ω∨C → H1(TC)→ 0.

But from RR we get that H0(ω∨C) = 0 implies H1(ω∨C) = 3g−3. Since h0(OZ) =
δ, we see that h1(TC) = 3g−3−δ. Thus indeed dimDef(C/k) = 3g−3−δ+δ =
3g − 3 as claimed.
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3.4 Families of Semi-stable curves

Since our objective is the study of families of curves, we must first define what
a family of stable curve is:

Definition 3.18. Let f : X → S be a morphism of finite type over a scheme S.
We say X is a semi-stable curve over S if f is flat and if for any s ∈ S, the fiber
Xs is semi-stable over k(s). We say X is stable of genus g ≥ 2, if f is proper,
flat, with stable fibers of arithmetic genus g.

Proposition 3.19. Let f : X → S be a semi-stable (stable) curve over S, then:
(a) if S′ → S is a moprhism, then X ×S S′ → S′ is a semistable (stable)

curve over S′;
(b) if S is locally Noetherian, then X → S is an l.c.i morphism.

Proof. Part (a) is clear from the stability of flatness and properness under base-
change and the definition of stable curve. (b) is consequence of the fact that
semi-stable curves are l.c.i.’s and Prop 2.6.

Using the results above, we can now begin to construct the moduli space of
stable curves. To do so we must construct a subscheme of a Hilbert scheme and
then take the stack quotient as in Edidin or the GIT quotient as Mumford does.
The first step in the construction is the following result about families of stable
curves:

Proposition 3.20. Let π : C → S be a family of stable curves of genus g ≥ 2.
Then ωnC/S is relatively very ample for n ≥ 3, and π∗(ω

n
C/S) is a locally free

sheaf of rank (2n − 1)(g − 1). In particular, we get an embedding of C into
P(π∗(ω

n
C/S)) as an S-scheme.

Proof. Since we have that H1(Cs, ω
n
C/S |Cs

) = 0 by Theorem 3.8, it follows

from the theorem on ”Cohomology and Base-Change,” [Har, III.12.11], that
π∗(ω

n
C/S) is locally free. The rank follows from Proposition 3.9 and the fact

that π∗(ω
n
C/S) ⊗ k(s) ∼= H0(Cs, ω

n
C/S |Cs

). In case this wasn’t clear, we have
that these restrictions to the fibers are the dualizing sheaf of the fiber since π
is flat (see Proposition 2.8 above) and thus we may use our cohomology results
above individual stable curves.

The embedding into the projective bundle follows because of the very am-
pleness on fibers.

4 An important lemma from [FP]

We give a complete proof here of an important lemma in [FP] which is vital
to constructing all of the important subschemes of the various Hilbert schemes
used in the construction of the moduli space of curves, Knudsen’s pointed gen-
eralization, or Konstevich’s moduli space of stable maps.
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Let me first show that indeed π∗(OC) ∼= OS , for a family of semi-stable
curves π : C → S, since this doesn’t follow obviously from the cohomology and
base-change theorem as FP refers to it without some comment:

Lemma 4.1. π∗(OC) ∼= OS

Proof. Since the morphism π is projective, we may apply the theorem on Formal
functions, [Har, III.11.1]. This tells us that the completion of π∗(OC)s along
ms, for any point s ∈ S, is isomorphic to Γ(X̂,OX̂) (see also Remark 11.1.2
there. But by Ex. 9.1 there this is just k(s). Thus we see in particular that
π∗(OC)s ⊗ k(s) = k(s). Indeed it couldn’t be zero by Nakayama’s lemma since
then the completion would be zero and since it must be at most k(s) we’re
done. Now clearly the map π∗(OC)s ⊗ k(s) → H0(Cs,OCs) is clearly nonzero,
it must be surjective since the latter is also k(s) since the fibers are projective,
connected, and reduced. Thus, from the theorem on cohomology and base-
change [Har, III.12.11] we see that π∗(OC) is a locally free sheaf of rank 1.
Since we have a compatible natural map OS → π∗(OC) (which is in fact the
one that gives π∗(OC) it’s OS-module structure) which we’ve just shown is
surjective, we see that it must be an isomorphism since a surjective morphism
of invertible sheaves is an isomorphism.

We adapt the proof of the Theorem of the Cube (II) from Mumford’s Abelian
Varieties to our case for the sake of completeness:

Proposition 4.2 (Proposition 1 in (FP) ). Let L,M be line bundles on C such
that the multidegrees of Ls and Ms coincide on each geometric fiber Cs. Then
there is a unique closed subscheme T → S satisfying the following properties:

(a) There is a line bundle N on T such that LT ⊗M−1
T
∼= π∗(N ).

(b) If (R → S,N ) is a pair of a morphism from R to S and line bundle on
R s.t. LR ⊗M−1

R
∼= π∗(N ), then R→ S factors through T .

Proof. Uniqueness is clear since if two subschemes satisfy the conditions then
their inclusions into S factor through each other, which forces them to be equal.

For the existence, notice that as π∗(OC) ∼= OS , we have that if π∗(N ) ∼=
LT ⊗M−1

T , then by the projection formula we get

π∗(π
∗(N )) = π∗(π

∗(N )⊗OC) ∼= N ⊗ π∗(OC) ∼= N ⊗OS ∼= N ,

so N ∼= π∗(LT ⊗M−1
T ). Morever, by the discussion preceding the proposition

in [FP] we see moreover the existence of N is not only equivalent to the push-
forward being invertible but also that the map π∗π∗(LT ⊗M−1

T )→ LT ⊗M−1
T

be an isomorphism. Thus it suffices to work with the latter condition.
As usual, the uniqueness makes the construction easier to build-up, since now

we are reduced to proving the result on an affine cover {Vi} of S. Indeed if we
have done this, then we obtain a subscheme Wi → Vi satisfying the conditions
(a) and (b) (with S replaced by Vi of course) and the restrictions Wi ∩ (Vi ∩Vj)
and Wj ∩ (Vj ∩ Vi) are two subschemes which satisfy (a) and (b) on Vi ∩ Vj and
are thus equal. We can thus glue these closed subschemes to obtain a closed
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subscheme T of S such that T ∩ Vi = Wi. Moreover, by patching together the
invertible sheaf on the Wi we get that (a) is satisfied. (b) also follows from the
patching of morphisms.

Thus we may assume S = Spec A and let’s denote by F the invertible sheaf
L⊗M−1. Again by the argument above it suffices to find an open neighborhood
of each point of S on which the claim is true, so by shrinking S if necessary, we
may assume we have a complex

0→ Ar0 → Ar1 → ...,

of free A-modules which give the direct images of F universally as in Prop. 12.2
and Cor. 12.3 of [Har]. Since push-forward is left exact, we get by Prop 12.4
there the existence of a finitely generated A-module M s.t H0(C,F ⊗A N) =
HomA(M,N) for every A-module N . When N = B is an A-algebra, then this
is just π1∗(π

∗
2(F)) where f : R = Spec B → A and πi is projection onto the i-th

factor of R×S C.
Now let F be the set of points s ∈ S s.t. Fs is trivial. Then F is closed.

Indeed since this is equivalent to h0(Cs,Fs) = 1 (as they mention this follows
from the multidegree condition), it follows from the semi-continuity theorem
[Har, III.12.8] that both {s ∈ S|h0(s,F) ≥ 1} and {s ∈ S|h0(s,F−1) ≥ 1}
are closed and thus F , their intersection, is as well. Then on S − F the empty
subscheme satisfies the requirements (a) and (b), so we only need to check locally
around points in F . But for s ∈ F , we have

1 = h0(s,F) = dimHomA(M,A/ms) = dimCM/msM,

so by Nakayama’s lemma there is an element of M which generates M in an
open neighborhood of s. Thus we get in a neighborhood of s that there is a
short exact sequence,

0→ I → A→M → 0,

so we may treat M as A/I. Let S′ be the closed subscheme defined by I, and
note that s ∈ S′ since otherwise dimkM/msM = 0. Then by the above we have
that on S′, π1∗(π

∗
2(F)) is the sheaf associated to

HomA(M,A/I) ∼= HomA(A/I,A/I) ∼= HomA/I(A/I,A/I) ∼= A/I,

which is a free sheaf of rank 1.
Now consider the natural homomorphism

λ : π∗1π1∗(π
∗
2F)→ π∗2F .

Now both sides are locally free sheavs on S′×S C of the same rank, so this map
is an isomorphism iff the induced map on stalks is isomorphic iff the induced
map on residue fields is surjective. Of course for any point of Cs, Fs is trivial so
the corresponding map on residue fields is surjective. On the other hand, since
these are invertible sheafs, the locus Z ⊂ S′ ×S C where this homomorphism is
not an isomorphism is closed, being Supp(kerλ) ∪ Supp(cokerλ), and Z doesn’t
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contain the whole fiber Cs. Since π1 is also a projective morphism, π1(Z) is
thus a closed subset of S′ not containing s. So restricting our attention by
restricting S affine neighborhood of s away from the image of Z, then we get
a closed subscheme S′ (here we’re intersected with out new S) of this affine
neighborhood of s satisfying (a).

We claim furthermore that any f : R → S as in part (b) factors through
S′. Since this is really a local question on R, we may restrict to showing it for
R = Spec B, where this is also a trivialization of N . Then we may suppose
N ∼= OR, and thus

π∗2F ∼= π∗1N ∼= OR×SC , so π1∗(π
∗
2(F)) ∼= π1∗(OR×SC) ∼= OR,

since the pull-back family is again a family of semi-stable curves. On the other
hand we had from above that π1∗(π

∗
2(F)) = HomA(A/I,B) in this case, so we

have that B ∼= HomA(A/I,B). Since the right-hand-side is annihilated by I, we
find that so is B. So the map A→ B in fact factors through A/I. Equivalently,
R→ S factors through S′ as claimed.

5 The ”Hilbert Scheme” of n-canonically em-
bedded stable curves

In this section we construct the subscheme Hg,n of the Hilbert Scheme HN =
Hilb(PN , P (t) = (2nt − 1)(g − 1)), N = (2n − 1)(g − 1) − 1, of n-canonically
embedded stable curves of genus g with open subscheme Hg,n parametrizing
n-canonically embedded nonsingular curves of genus g. The exposition is our
own, but we follow closely the ideas found in both [GIT] and [ACG].

The point is that we’ve seen above that any individual stable curve of genus
g can be embedded via ωnC , n ≥ 3, into PN . Moreover, we’ve seen that a family
of such curves π : C → S such that the projective bundle P(π∗(ω

n
C/S)) ∼= PN×S

yields a unique morphism S → HN . But clearly not every curve represented
by a point of HN will be an n-canonically embedded stable curve. So we must
construct the subscheme of these guys. The first step is the following:

Proposition 5.1. Let π : UN → HN be the universal flat family of schemes in
PN with Hilbert polynomial P . Then the set of all x ∈ HN such that π−1(x) is
not a connected nodal curve is Zariski-closed in HN .

To prove this we first need a result about the openness of the locus of l.c.i.
subschemes of PN :

Proposition 5.2. Let π : X → S be a flat morphism of schemes and Y ⊂ X
a subscheme flat and proper over S. Suppose that the inclusion Ys0 → Xs0 is a
regular embedding for some s0 ∈ S. Then the inclusion Ys → Xs is a regular
embedding for all s in a suitable Zariski neighborhood of s0.

Proof. Let x ∈ Ys0 be a point. Then by the assumption, there is an affine
neighborhood of x in Xs0 over which the ideal IYs0

is generated by a regular
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sequence f1, ..., fn. By standard commutative algebra facts, this means that the
fi extend to generators of F1, ..., Fn of the ideal IY in an affine open of x in
X and these generators also form a regular sequence (for specific commutative
algebra results see (5.1) and (5.23) of [ACG]. We must show that the images of
these generators form a regular sequence in nearby fibers. This is the following
algebraic result:

Lemma 5.3. Let φ : A → B be a homomorphism of noetherian rings, J an
ideal in B and P a prime ideal in B containing J . Set Q = φ−1(P ). Suppose
that B and B/J are flat over A and that J is generated by a regular sequence
F1, ..., Fn. Then the images of F1, ..., Fn in BP ⊗AQ

AQ/mAQ
.

Proof. Let Jh = (F1, ..., Fh) for 1 ≤ h ≤ n and denote by gi the image of Fi
in BP /mAQ

BP . We know from the definition of a regular sequence that the
sequence

0→ B/Jh−1 → B/Jh−1 → B/Jh → 0,

is exact where the first map is multiplication by Fh. Thus localizing preserves
this exactness and we find that upon tensoring the localized exact sequence by
AQ/mAQ

the first map just becomes multiplication by gh on

(BP /mAQ
BP )/(g1, ..., gh−1),

so to prove that this is injective, it suffices to show that B/Jh)P is flat over AQ
for every h. We do so by descending induction. We start with h = n, where we
have this flatness by assumption on J . Then in general we have

0→ (B/Jh)P → (B/Jh)P → (B/Jh+1)P → 0,

gives the long exact sequence of Tor’s,

Tor
AQ

2 ((B/Jh+1)P , N)→ Tor
AQ

1 ((B/Jh)P , N)

→ Tor
AQ

1 ((B/Jh)P , N)→ Tor
AQ

1 ((B/Jh+1)P , N),

for any AQ-module N . But the outer modules are zero by the induction assump-

tion, so multiplication by Fh+1 gives an isomorphism on Tor
AQ

1 ((B/Jh)P , N).
By Nakayama’s lemma it follows that for finitely generated N , we must have

Tor
AQ

1 ((B/Jh)P , N) = 0 which is enough to conclude that (B/Jh)P is flat over
AQ.

This concludes the proof of the proposition.

Proof of the proposition. First of all, notice by the semi-continuity theorem
[Har, III.12.8] the set {x ∈ HN |dimH0((UN )x,O(UN )x) ≥ 2} is closed. But
since the fibers of π are projective schemes, dimH0((UN )x,O(UN )x) = 1 if the
fibers are connected and reduced. If they fibers are not at least connected then
this will certainly be larger. So we may restrict to this locus V1 (which is open
in HN ) and assume that H0 of the fibers is 1 and the fibers are all connected.
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To finish the proof it suffices to prove that the locus of points of UN which
are neither smooth or a node in their fiber is closed in UN . Indeed, since π is
projective then it’s image in HN would be closed as required. Now if we look at
one of these fibers (UN )x which is a semi-stable curve, then since it’s an l.ci. in
PN , we find that there is a Zariski open neighborhood of x in which all fibers are
l.c.i.’s. So we may further restrict ourselves to this open subset V2 and assume all
fibers are l.c.i.’s. Since regular sequences force the dimension to drop properly,
we see that a nodal fibre of π is locally (in the fiber) the intersection of N − 2
hypersurfaces meeting transversally intersected by an addition hypersurface.
Since this property is also an open one, we may restrict ourselves further to this
locus V3 and assume that PN × V3 is covered by a finite number of affine open
subsets Wi isomorphic to an affine open of AN×V3 such that UN ∩Wi is defined
by the equations F, F3, ..., FN and {F3 = ... = FN = 0} ∩ (PN × {s}) is smooth
for any s. We may further shrink our open affines to assume that F3, ..., FN
provide a local system of coordinates. So let the remaining two coordinates be
y1, y2 and let yi = Fi for i > 2. But then from the Jacobian criterion we get
that the locus of points where UN ∩Wi is not smooth is given by the vanishing
of both partial derivates ∂F/∂yi, i = 1, 2. The locus where a point is not a node
is then given by further requiring that the Hessian(

∂2F
∂y21

∂2F
∂y1∂y2

∂2F
∂y1∂y2

∂2F
∂y21

)
,

have vanishing determinant. The intersection of these two closed sets will then
be the closed locus of points which are neither smooth nor a node in their fiber.
This proves the proposition.

Remark 5.4. It also follows from the proof above that the locus in HN of con-
nected, smooth curves in PN with the given Hilbert polynomial is open.

We are now able to construct the subscheme we want. By the above propo-
sition, there is an open subscheme V of HN parametrizing semi-stable curves,
i.e. reduced, connected, curves with at worst nodal singularities, and let VN be
the the restriction of the universal family to V . Consider the invertible sheaf
F = ωnVN/V

⊗ OVN
(1)−1. Then on each fibre this invertible sheaf has degree

0 on each component by construction. By Proposition 4.2, we find that there
is a unique closed subscheme Hg,n over which the restriction of F has triv-
ial fiber restrictions. Moreover, by the universal property in that proposition,
any morphism X → HN with geometric fibers which are genus g stable curves
embedded by their n-canonical invertible sheaf must factor through Hg,n. It
follows from the remark above that Hg,n parametrizing benus g n-canonically
embedded smooth curves sits as an open subscheme of Hg,n.

The crucial fact regarding the smoothness of the stackMg follows from the

Theorem 5.5. Hg,n is smooth over Z of dimension 3g − 3 + (N + 1)2 − 1.

Proof. From the fact that Hg,n is represents the functor of genus g n-canonically
embedded stable curves, we get that its tangent space at point [C], which is
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simply Hom(k([C])[ε]/(ε2), Hg,n), is isomorphic to the space of maps first-order
deformations of C which remain a family of genus g n-canonically embedded
stable curves over D = k([C])[ε]/(ε2). Since the tangent space of any subscheme
naturally sits inside the tangent space of the ambient scheme, we may first apply
the well-developed theory for the usual Hilbert scheme HN . But then we know
that applying Hom(−,OC) to the usual conormal exact sequence (left exact in
the case of an l.c.i.), we get the long exact sequence

0→ Hom(ΩC ,OC)→ Hom(ΩPN ,OC)→ H0(NC/PN )→ Ext1(ΩC ,OC),

where H0(NC/PN ) = TC(HN ) is the tangent space of the Hilbert scheme HN at

the point [C] [HD, 1.1.1], and Ext1(ΩC ,OC) is the space of abstract first-order
deformations (see the discussion and references in Section 3.3). We also have
the restriction of the Euler short exact sequence,

0→ OC → OC(1)N+1 → Hom(ΩPN ,OC)→ 0,

which gives the long exact sequence on cohomology,

0→ H0(OC)→ H0(OC(1))N+1 → Hom(ΩPN ,OC)→ H1(OC)→ 0,

where this last map is surjective from the fact that C is n-canonically embed-
ded and the n-canonical bundle has vanishing H1y. Now Hom(ΩPN ,OC) =
H0(TPN |C) corresponds to infinitesimal deformations of PN which act trivially
on C(consider the first exact sequence), and thus the map to H1(OC) asso-
ciates to any such infinitesimal deformation j : C × Spec D → PN × Spec D
the correspond deformation infinitesimal deformation of line bundles given by
j∗(OPN (1) ⊗ OD)(OC(1) ⊗ OD)−1 (See [HD, 1.2.6]). This follows from the re-
sults of the first chapter of [HD] (maybe come back to this and provide
a specific reference). Furthermore, we know from Proposition (3.13) that
Hom(ΩC ,OC) = H0(TC)) = 0. Finally, H0(OC(1))N+1/H0(OC) is just the
tangent space at the identity of PGL(N + 1).

Now pick an element v ∈ TC(HN ) which is tangent to Hg,n. Suppose that it
comes from an element α of Hom(ΩPN ,OC) = H0(TPN |C), then this corresponds
to a trivial infinitesimal deformation of PN which induces the trivial deformation
of C. This clearly has image 0 in H1(OC) because it doesn’t do anything. Thus
α in fact comes from the PGL(N +1)-action. Conversely, any automorphism of
PN which fixes C must preserve the canonical bundle of C, since it’s intrinsically
defined, and thus it must preserve it’s n-th power, which is precisely OC(1).
Thus this induces a deformation in TC(HN ) which lies in TC(Hg,n).

All of this shows that we have an exact sequence,

0→ T1(PGL(N + 1))→ TC(Hg,n)→ Ext1(ΩC ,OC)→ 0, (4)

where surjectivity follows from the fact that in the restriction of the Euler exact
sequence H1(OC(1)) = 0 and H2(OC) = 0. Thus dimTC(Hg,n) = 3g−3+(N+
1)2 − 1. So this is an upper bound for the dimension of Hg,n. If we can show
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that it is also a lower bound then we’re done. We saw in Theorem 3.17 that
the local deformation functor of C was pro-representable by a complete regular
local ring R of dimension 3g − 3. From the definition of pro-representable it
follows that there is a ”formal” universal genus g stable curve ψ : Z → Spec R
over R with unique closed fiber Zr0 isomorphic to C. Consider the principal
PGL(N + 1)-bundle associated to the projective bundle P(ψ∗(ω

n
Z/R)),

B = {(r, F )|r ∈ Spec R,F is a basis for H0(Zr, ω
n
Zr

) up to scaling}.

Let F0 be the given basis corresponding to the embedding of C ⊂ PN . On the
pull-back family, X = B×RZ the n-canonical projective bundle becomes trivial
and thus yield a closed embedding X → PN ×B of B-schemes and thus a unique
morphism ξ : B → Hg,n such that X is the pull-back of the universal family.
We thus a short exact sequence,

0→ T1(PGL(N + 1))→ T(r0,F0)(B)→ Tr0(Spec R)→ 0,

which maps to the short exact sequence (4), making a commutative diagram,
with the map between the first terms being the identity, the second map is dξ,
and the last map is ”Kodaira-Spencer” map (see [HD, Section 3.15] where this is
the natural map between the spaces tR and tF ), which is an isomorphism since
R pro-represents the local deformation functor. Since the Kodaira-Spencer map
is an isomorphism, so is dξ, and thus these two spaces have the same dimension.
Since the principal PGL(N + 1)-bundle B is smooth, it must have dimension
dimR+ dimPGL(N + 1) = 3g − 3 + (N + 1)2 − 1, as required.
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