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Abstract

We develop the theory of hod mice below ADR + “Θ is regular”. We use this
theory to show that HOD of the minimal model of ADR + “Θ is regular” satisfies
GCH. Moreover, we show that the Mouse Set Conjecture is true in the minimal
model of ADR + “Θ is regular”.
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Introduction

The interplay between Levy’s hierarchy and the canonical models of fragments
of ZFC has been known for many years. For instance, a real x is Δ1

2 definable
from a real y and a countable ordinal iff x ∈ L[y] (Solovay, [8]). Assuming, Δ˜ 1

2-

determinacy, a real x is Δ1
3 definable from a real y and a countable ordinal iff

x ∈ M#
1 (y) (Steel-Woodin, see [39])1. That this phenomenon is always true is the

conclusion of the Mouse Set Conjecture, the primary topic of this paper.

The Mouse Set Conjecture, MSC. Assume AD++V = L(P(R))2. Then
for all reals x and y, x is ordinal definable from y if and only if there is a mouse
M over y such that x ∈ M.

Below Mouse Capturing (MC) stands for the concluding statement of the
Mouse Set Conjecture. Notice that ordinal definability is the most robust form
of definability and hence, MSC can be viewed as the ultimate generalization of the
well-known phenomenon mentioned in the opening paragraph.

AD+ in the statement of MSC is an axiomatic system extending AD. It was
originally formulated by Woodin. See Definition A.8 for its statement. One of the
consequences of AD+ is that if in addition one assumes that V = L(P(R)) then
the universe has many of the properties that L(R) has under AD. For instance,
under AD+ + V = L(P(R)), it is the case that LΘ(P(R)) ≺Σ1

V (Θ here and
below is the least ordinal which is not a surjective image of the reals). More is also
true: the fragment of V coded by Suslin, co-Suslin sets is Σ1 elementary in V . See
Theorem A.10 for the fundamental consequences of AD+. We note that assuming
V = L(R), AD is equivalent to AD+. Whether the equivalence is always true is an
important open problem.

Finally, notice that one cannot hope to prove MC from ZFC as it can be easily
arranged by forcing that there are more than ω1 many ordinal definable reals while
ZFC + MC implies that there are ω1 many ordinal definable reals (this follows
from the comparison theorem for mice).

We will prove that MSC holds in the minimal model of ADR +“Θ is regular”.
Theorem 6.26 implies that ADR+“Θ is regular” is weaker than the existence of an
ω1+1-iterable mouse with a superstrong cardinal. The proof is based on the theory
of hod mice below the theory ADR + “Θ is measurable”. This theory is developed
in Chapter 3. Our main theorem can be summarized in the following.

Main Theorem. Each of the following statements implies that there is a proper
class model containing the reals and satisfying ADR + “Θ is regular”.

1M#
1 (y) is the minimal sound active y-mouse that has a Woodin cardinal.

2Often times MSC is stated under the additional hypothesis that “there is no ω1 +1-iterable
mouse with a superstrong cardinal”. This is because currently the general notion of mouse is not
well-developed. See Section 0.3 for some more comments on the hypothesis of MSC.

1
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2 INTRODUCTION

(1) AD+ + ¬MC.
(2) There are divergent models of AD+, i.e., there are Ai ⊆ R (i = 0, 1) such

that L(Ai,R) � AD+ and L(A0, A1,R) � ¬AD+.
(3) There is an ω1 + 1-iterable mouse with a Woodin limit of Woodins.

The following is a restatement of clause 1 of the Main Theorem in a somewhat
different language.

Corollary 0.1. MC holds in the minimal model of ADR + “Θ is regular”.

Woodin showed that V = L(P(R)) + ADR + “Θ is regular” implies AD+. We
say M is the minimal model of ADR + “Θ is regular” if M is a transitive model
of ADR + “Θ is regular” containing the ordinals and reals, and any other model of
ADR +“Θ is regular” containing the ordinals and reals also contains M . It follows
from clause 2 of the Main Theorem that if there is a model of ADR+“Θ is regular”
then there is a minimal one.

Prior to Corollary 0.1, Woodin, in unpublished work, showed that MSC holds
if there is no inner model of AD+ + θω1

< θ. Here, θω1
is the ω1th member of

the Solovay sequence (see Definition 0.9). Neeman and Steel found a technical
strengthening of Woodin’s result and Steel obtained equiconsistencies using this
work (see [42]). Both of these hypothesis are more stringent than the hypothesis
of Theorem 0.1.

Our proof of the Main Theorem heavily relies on the analysis of HOD. Part
of this analysis is to show that HOD is a hod premouse. The problem of analyz-
ing HOD is the oldest and the most important project of descriptive inner model
theory. In the next section we will explain its role and importance in the modern
descriptive inner model theory. For an account of descriptive inner model theory
aimed at non-experts see [27].

Acknowledgments. I would like to thank John Steel and Hugh Woodin whose
prior work was the main source of inspiration for the work presented in this paper.
Special thanks to John Steel for many wonderful conversations on inner model
theory and descriptive set theory. I also would like to thank Dominik Adolf, Paul
Larson, Farmer Schlutzenberg, John Steel, Nam Trang, Trevor Wilson and Yizheng
Zhu for reading earlier versions of this paper and for providing many corrections
and suggestions.

I am hugely indebted to the referee for a very long list of crucial improvements
and suggestions. The task assigned to the referee has been quite unreasonable yet
the suggested improvements have been invaluable.

I am very grateful to the National Science Foundation for supporting parts of
this work through Grant No DMS-0902628 and through DMS-1201348. Finally, I
would like to thank the Mathematisches Forschungsinstitut Oberwolfach for hosting
me as a Leibnitz Fellow for several weeks in the Spring of 2012. Several parts of
this book were written during this period.

0.1. Why analyze Hod

The study of HOD under AD and later under AD+ was initiated by the Cabal
group and early results on HOD can be found in Cabal Volumes ([15], [14], [9]
and [10]). Nowadays the study of HOD under AD+ lies in the crossroads of two
different subjects, pure descriptive set theory and inner model theory. It is by
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0.1. WHY ANALYZE HOD 3

far the most important project of descriptive inner model theory. Over the years,
number of deep results have been proved on the structure of HOD under AD and
we take the following list of theorems as our starting point.

Theorem 0.2. Assume AD. Then the following hold.

(1) (Folklore) Suppose V = L(R). Then HOD � CH.
(2) (Solovay, [8]) ω1 is measurable in HOD.
(3) (Becker, [2]) ω1 is the least measurable cardinal of HOD.

The theorem suggests that under AD, HOD has a rich structure. Woodin’s De-
rived Model Theorem, Theorem A.11, opened many doors for further explorations,
and the following two theorems were proved soon after. Given a set X, we let
trc(X) be the ⊆-least transitive set containing X. A set X is called self-wellordered
if there is a well-ordering of trc(X) in Jω(trc(X)).3 Given a self-wellordered set X

we say M is a mouse over X if M has the form Jα[ �E][X] where �E is a coherent
extender sequence (see [43]). The distinction between “a mouse” and “a mouse
over X” is the same as the distinction between J and J [X]. Notice that every real
is self-wellordered.

Let Mω(y) be the least4 class size y-mouse with ω Woodin cardinals. Given a
real y, we say “Mω(y) exists” if Mω(y) exists as a class and it is κ-iterable for all
κ.

Theorem 0.3 (Woodin, [43]). Suppose Mω exists. Then AD holds in L(R).

Theorem 0.4 (Steel-Woodin, [43]). Suppose Mω exists. Then in L(R), x is
ordinal definable iff x is in some mouse. Moreover, the following statements are
equivalent where x, y ∈ R.

(1) L(R) � “x is ordinal definable from y”.
(2) x ∈ Mω(y).

Corollary 0.5. Assume Mω exists. Let H = HODL(R). Then

RH = RMω .

Notice that Theorem 0.4 is an instance of capturing definability via mice. Since
CH holds in every mouse, Corollary 0.5 gives another proof of 1 of Theorem 0.2.
In fact it gives a deeper structural characterization of the reals of HOD prompting
the question: is there such a characterization for the entire HOD? Below we collect
some questions motivated by the theorems stated so far.

Question 0.6. Assume AD+ + V = L(P(R)).

(1) Does HOD � CH?
(2) Does HOD � GCH?
(3) Is it true that the reals of HOD are the reals of some mouse?
(4) What kind of large cardinals does HOD have?
(5) What is the structure of HOD?

3We warn the reader that often, especially when discussing mice, we will use Jensen’s hi-
erarchy J rather then the customary constructible hierarchy L. However, the reader can easily
substitute L for J without losing much.

4Here “least” means that it is the hull of a club of indiscernibles.
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4 INTRODUCTION

The second question is an important open problem, and the third question is
just a different way of asking if MSC is true. Questions 4 and 5 are somewhat
vague and are part of ongoing research. Theorem 0.10 is a partial answer to the
fourth question. We refer the reader to [27] for more on these two questions. The
following surprising theorem of Woodin and the proof of Theorem 0.2 imply that
the answer to the first question is yes.

Theorem 0.7 (Woodin). Assume AD+ + V = L(P(R)). Then the set

A = {(x, y) ∈ R2 : x ∈ OD(y)}
is universal Σ2

1. Moreover, for some κ there is a tree T ∈ HOD on ω × κ such that
A = p[T ].

Corollary 0.8. Assume AD+ + V = L(P(R)). Then HOD � CH.

Proof. Let A = {x ∈ R : x ∈ OD}. For x ∈ A, let (φx, �αx) be the lexico-
graphically (≤lex) least such that x is definable from �αx via φx. Let then ≤∗ be the
OD wellordering of A given by y ≤∗ x iff (φy, αy) ≤lex (φx, αx). It is a consequence
of Theorem 0.7 that there is T ∈ HOD such that p[T ] =≤∗. But then by a result
of Mansfield and Solovay (see Theorem 14.7 of [8]), in HOD, for every x ∈ A, the
set {y ∈ A : y ≤∗ x} has the perfect set property. This then easily gives that
HOD � CH. �

Questions 2 and 3 above led the way towards analysis of HOD under AD++V =
L(P(R)). Section 3 of [27] gives a historical account of what was proved next. In
particular, we recommend that the interested reader consult Theorem 3.11 of [27].
In what follows we will give some modern motivations for analyzing HOD of models
of AD+ + V = L(P(R)).

The inner model problem: The project of analyzing HOD is embedded so
deeply in inner model theory that it is hard to isolate the most significant impact
that it will have when it is fully carried out. The following is one possible chain of
implications that lead to analysis of HOD.

Suppose we would like to attack the inner model problem for superstrong cardi-
nals5, i.e., we would like to construct an ω1 +1-iterable mouse that satisfies “there
is a superstrong cardinal”. It follows from the work of Mitchell and Steel (see [20])
that to solve the inner model problem for a superstrong cardinal it is enough to
solve some form of the iterability problem, one form of which says that countable
submodels of rank initial segments of V are ω1 + 1-iterable.

Next, to solve the iterability problem we need to describe a method of choosing
branches for iteration trees of length ω1. It is a well-known theorem that just in
ZFC there are ω1-trees with no ω1-branch. One natural idea for doing this is to
construct absolutely definable ω1-iteration strategies for countable submodels of
rank initial segments of V , since then we can use genericity to construct branches
for uncountable trees. A natural attempt is to guarantee that the resulting ω1-
strategy is universally Baire. To keep track of the complexity of arising iteration
strategies and to guarantee that the resulting strategies are universally Baire, we
need to study the descriptive set theoretic properties of these ω1-strategies, and
this is how descriptive set theory gets into the picture.

5We only mention superstrong cardinals as the general theory of mice for supercompact
cardinals at the moment isn’t well understood.
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0.1. WHY ANALYZE HOD 5

Thus, we have identified the problem we want to solve. Fix an ordinal γ and let
π : M → Vγ be a countable substructure of Vγ . We would like to construct an ω1-
iteration strategy for M in such a way that the set of reals coding it is universally
Baire.

One particularly strong intuition is that, assuming proper class of Woodin
cardinals, we should be able to construct an iteration strategy for M by analyzing
the kind of mice that exist in the determinacy model given by the universally Baire
sets, i.e., in the model L(ΓuB,R) where ΓuB is the collection of the universally Baire
sets of reals. This intuition is based on the idea that mice in L(ΓuB,R) can serve as
Q-structures for countable iteration trees that are based on M (see Definition 1.22
for the definition of a Q-structure). And this later idea is based on the fact that
the ω1 fragments of the iteration strategies of all iterable mice are in L(ΓuB,R).

Here is then a plausible line of thought. Assume that M is not ω1 +1-iterable.
Attempt to iterate it via a strategy that is guided by canonical information, such
as Q-structures, that is coded into L(ΓuB,R). The failure to define such a strategy
should translate into the fact that L(ΓuB,R) has complicated descriptive set the-
oretic structure and hence, also complicated ω1-iteration strategies. In particular,
it has an ω1-iteration strategy for a mouse with a superstrong.

To complete this vague idea we need to have methods that translate descriptive
set theoretic strength into inner model theoretic strength, and this is where the
Mouse Set Conjecture makes its entrance. It essentially says that complicated
models of determinacy have complicated mice.

All known proofs of MSC, including the one given in this paper, are by induc-
tion. Assume AD++V = L(P(R)). We let Γ be the largest Wadge initial segment
of P(R) which satisfies MC, i.e., given any x, y ∈ R, x is OD(y) as witnessed by
a structure coded by a set of reals in Γ if and only if there is a sound y-mouse M
such that x ∈ M and M has an ω1-iteration strategy coded by a set in Γ. Clearly
we want to show that Γ = P(R). Towards a contradiction assume not.

Let then A be a set of reals of Wadge rank sup{w(B) : B ∈ Γ} where w(B) is
the Wadge ordinal of B. The idea now is to “capture” A inside some mouse. Here
“capture” is used in the same sense as when one captures a Σ1

2 set by a tree in L.
It is hard to work with A as it is just devoid of any meaningful structure. Instead,
we would like to produce a pair (P,Σ) such that P is some fine structural model,
in our case a hod mouse, Σ is an ω1-iteration strategy for P and if C ⊆ R is a set
coding Σ in some natural way then w(C) ≥ w(A). This step is what is called the
generations of pointclasses (see the discussion before Conjecture 0.14).

Next, as now C is a very meaningful set, we attempt to identify it in various
mice and eventually show that it is captured by a mouse. This step is called
capturing of hod pairs (see the discussion before Conjecture 0.15).

To produce the pair (P,Σ) we use the analysis of HOD of Γ (i.e., the initial
segment of HOD coded by sets of reals in Γ). We show that there is a pair (P,Σ)
as above with the property that the direct limit of all iterates of P converges to
HOD of Γ. It then easily follows that Σ 	∈ Γ as Σ gives a surjection f : R → ΘΓ

where ΘΓ is the least ordinal that is not a surjective image of the reals. The map
f is constructed by considering the various iteration embeddings arising from the
direct limit construction (for more details see the discussion after Theorem 0.23).
This step is done by proving Conjecture 0.13. Section 0.4 has some of the technical
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6 INTRODUCTION

details that arise while carrying out the arguments presented in this outline.

Core model induction: This is a method, originally due to Woodin, for
constructing determinacy models from various hypothesis such as PFA, ¬�κ for
singular κ, the unique branch hypothesis and etc. It is the most successful tool used
to calibrate the set theoretic strength of such statements. We refer the reader to
[24], [29], [31] and [41] for some applications of the core model induction.

While doing core model induction one encounters two steps that can be char-
acterized as internal and external. In the internal step of the induction, there is
a concrete model M and our goal is to show that M � AD+. M is usually a fine
structural model over R. In [41], it is just L(R) while in [24], it is the stack of all
countably iterable6 mice over R. While doing this step of the induction, at various
stages, we have to translate coarse sets of reals into iteration strategies. Just like
in the case of the inner model problem, we use MSC and some weaker form of
generation of pointclasses to do this. The details can be found in [31].

The external step of the core model induction amounts to building a new set
that is beyond the sets constructed thus far. LetM be the model of the determinacy
constructed thus far. The goal is to produce a set of reals A that is not in M and
such that L(A,R) � AD+. To do this, we attempt to construct A as a pair (P,Σ)
that has the same properties as (P,Σ) used above to generate Γ (in our current
case Γ = P(R)). This is exactly where the analysis of HOD is used in core model
induction applications. A reader interested in the technical details may consult
[24], [29] or [31].

Next, we give a crash course on hod mice to give some flavor of what to expect
in the next few chapters. We then use our exposition to outline the proof of MSC
(see Section 0.4).

0.2. A crash course on hod mice

Hod mice, which are specifically designed to compute HOD of models of AD+,
feature prominently in the proof of the Main Theorem. One of the motivations
behind their definition is Theorem 0.10. A hod mouse, besides having an extender
sequence, is also closed under the iteration strategies of its own initial segments.

Thus it is a model of the form P = J �E,Σ
α where α is an ordinal, �E is a fine extender

sequence and Σ is a strategy of the initial segments of P. These initial segments,
or rather the ordinals defining these initial segments, are called layers. Layers are
used to keep track of the stages where new strategies appear in the model. More
precisely, given a hod premouse P, η is called a layer of P if the strategy of P|η
appears in the model after stage η. Here P|η = J �E,Σ

η . There is one important
exception. All hod mice have a last layer for which no strategy is activated. All hod
mice satisfy ZFC − Replacement and they have exactly ω-more cardinals above
the last layer. See Figure 0.2.1 for a generic picture of a hod premouse.

Unlike ordinary mice, the hierarchy of hod mice grows according to the Solovay
hierarchy, which is a determinacy hierarchy. First we let

Θ = sup{α : there is a surjection f : R → α}.
It is not hard to show that the length of Wadge order is Θ. We can now define the
Solovay sequence as follows:

6This means that countable substructures are ω1 + 1-iterable.
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0.2. A CRASH COURSE ON HOD MICE 7
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Σ<λ is the strategy of P|δλ.

Figure 0.2.1. Hod premouse.

Definition 0.9 (Solovay sequence, AD). The Solovay sequence is a closed
increasing sequence of ordinals 〈θα : α ≤ Ω〉 defined as follows:

(1) θ0 = sup{α : there is an ordinal definable surjection from P(ω) onto α},
(2) if θβ < Θ then fixing A ⊆ R such that w(A) = θβ,

θβ+1 = sup{α : there is an ordinal definable from A surjection from R
onto α},

(3) if λ is a limit ordinal then θλ = supα<λ θα.

It follows that θΩ = Θ. The Solovay hierarchy is a hierarchy of axioms that
stipulate that the Solovay sequence is long. One way to determine if the iteration
strategy of hod mouse is complicated or not is to compute the pointclass that it
generates in the sense described in the paragraph before Conjecture 0.14. For more
information on the Solovay hierarchy see Section 2.2 of [27].

The following is a beautiful theorem of Woodin on the Solovay sequence.

Theorem 0.10 (Woodin, [16]). Assume ZF+DC+AD and θα+1 exists. Then
θα+1 is Woodin in HOD.

Iterability for hod mice is a stronger notion than for ordinary mice. Essentially,
we need to require that the external iteration strategy of a hod mouse is consistent
with the internal one. First, suppose M is a some transitive structure and Σ is
its iteration strategy. Let N be a Σ-iterate of N . We let ΣN be the strategy of
N that it inherits from Σ. Notice that it may well be the case that ΣN depends
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8 INTRODUCTION

on the particular iteration producing N , but in this introduction, we ignore this
possibility.

Definition 0.11. Suppose P is a hod premouse. Then Σ is an (ω1, ω1)-
iteration strategy for P if Σ is a wining strategy for II in G(P, ω1, ω1) and whenever
Q is a Σ-iterate of P, ΣQ = ΣQ � Q. If P is a hod mouse and Σ is its (ω1, ω1)-
strategy then (P,Σ) is called a hod pair.

Hod mice have a certain peculiar pattern. All hod mice have Woodin cardinals.
The layers of a hod mouse are its Woodin cardinals and their limits. Suppose now
P is a hod premouse. We let 〈δPα : α ≤ λP〉 be the enumeration of its layers in
increasing order. Thus, 〈δPα : α ≤ λP〉 is the sequence of Woodin cardinals and
their limits. The strategies of hod premice are activated in a very careful manner.
At stage α the strategy that is being activated is the strategy of certain P(α) � P.
P(α) is itself a hod premouse and it is not the same as P|δPα .

0.3. The mouse set conjecture

In many applications, MC is too weak and we need to prove a more general
version of it known as the Strong Mouse Capturing.

Strong Mouse Capturing, SMC: If (P,Σ) is a hod pair such that Σ has
branch condensation and is fullness preserving, x ∈ R codes P, and y is OD(Σ, x)
then there is a Σ-mouse M over x such that y ∈ M.

Clearly SMC implies MC, just take (P,Σ) be the empty pair.

Strong Mouse Set Conjecture, SMSC: Assume ZF+AD++V = L(P(R))+
“there is no iteration strategy for a mouse with a superstrong”. Then SMC holds.

In this paper, we will prove the following theorem (see Theorem 6.19).

Theorem 0.12 (ZF +AD++V = L(P(R))). Suppose there is no inner model
containing the reals and ordinals and satisfying ZF +ADR +“Θ is regular”. Then
SMC holds.

0.4. The proof of MSC

In this subsection, we outline the proof of Theorem 0.12. Below it is stated
again in an equivalent form. Assume AD+ + V = L(P(R)). The proof of The-
orem 0.12 is via proving three conjectures that collectively imply MC. These are
the HOD Conjecture (HOC), the Generation of Closed Pointclasses, (GCP) and
the Capturing of Hod Pairs, (CHP). As was mentioned before the notion of a hod
mouse isn’t well-developed much beyond ADR+“Θ is regular”. Because of this the
statements of the conjectures are somewhat informal, and part of the problem is
in extending the theory of hod mice to capture stronger theories from the Solovay
hierarchy in a way that the conjectures still hold for such hod mice.

Given a hybrid premouse Q, we say Q is a shortening of a hod premouse if
either

(1) there is a hod premouse P such that letting κ be the largest layer of P,
Q = P|κ or
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0.4. THE PROOF OF MSC 9

(2) for some limit ordinal ξ, there is a sequence of hod premice 〈Pα : α < ξ〉
such that Pα �hod Pβ and Q = ∪α<ξPα.

Conjecture 0.13 (The Hod Conjecture). Assume AD++V = L(P(R))+MC.
Then V HOD

Θ is a shortening of a hod mouse. Moreover, suppose Γ � P(R) is such

that Γ = P(R) ∩ L(Γ,R). Then (HΘ+ω )HODL(Γ,R)

is an iterate of some countable
hod mouse7.

The HOD Conjecture is used to show that the V HOD
Θ of the initial segment of

the Wadge hierarchy that satisfies MC is a shortening of a hod premouse. If MC
fails then letting Γ be the largest initial segment of the Wadge hierarchy where MC
holds, HOD Conjecture gives a way of characterizing a set of reals just beyond Γ

in terms of the iteration strategy of a hod mouse iterating to (VΘ)
HODL(Γ,R)

. That
such a characterization is possible is the content of GCP. Given a pointclass Γ, let
w(Γ) = sup{w(A) : A ∈ Γ}. We say Γ is a closed pointclass if P(R) ∩ L(Γ,R) ⊆ Γ.

Conjecture 0.14 (The Generation of Closed Pointclasses). Assume AD+ +
V = L(P(R)). Suppose Γ � P(R) is a closed pointclass such that there is a Suslin
cardinal κ > w(Γ). Suppose L(Γ,R) � MC. Then for some hod pair (P,Σ),

w(Γ) ≤ w(Code(Σ)).

Suppose now that MC fails. It can be shown that there is Γ ⊂ P(R) such
that L(Γ,R) � MC, Γ = P(R) ∩ L(Γ,R) and if A is such that w(A) = w(Γ)
then L(A,R) � ¬MC. Let x be a real which is OD but not in a mouse. It then
follows from GCP that there is a hod pair (P,Σ) such that w(Γ) ≤ w(Code(Σ)).
A consequence of this is that x is in some Σ-mouse. To derive a contradiction, it is
shown that Σ can be captured by mice. That such a capturing is always possible
is the content of CHP.

Conjecture 0.15 (The Capturing of Hod Pairs). Suppose δ is a Woodin car-
dinal and Vδ is δ + 1-iterable for trees that are in Lω(Vδ). Suppose further that
there is no mouse with a superstrong cardinal and that (P,Σ) is a hod pair such

that P ∈ Vδ and Σ is a δ+-iteration strategy. Let N ∗ = (L[ �E])Vδ , the output of
the full background construction of Vδ, and let N = L[N ∗]. Thus, N ∗ � N . There
is then a Σ-iterate Q of P such that if Λ is the strategy of Q induced by Σ then
Q ∈ N|δ and Λ � (Vδ)

N ∈ N .

Continuing with the above set up, we look for M such that P ∈ M , Σ � M ∈ M
and for some δ, (M, δ,P,Σ � M) satisfies the hypothesis of Conjecture 0.15 (it plays
the role of V ). That there is always such an M is a theorem due to Woodin. It
then follows from Conjecture 0.15 that some tail of Σ is in a mouse implying that
in fact x is in some mouse as well. The details of this rough sketched are worked
out in great detail in the rest of this book.

What we will prove is that the three conjectures together imply MSC and all
three conjectures are true under an additional assumption that there is no proper
class inner model containing the reals and satisfying ADR + “Θ is regular”.

Theorem 0.16 (Theorem 4.24, Theorem 6.1 and Theorem 6.5). Assume AD++
V = L(P(R)) and that HOC, GCP and CHP are true. Then MC holds.

7Recall that Hκ is the set of all sets of hereditarily size < κ.
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10 INTRODUCTION

Theorem 0.17 (Theorem 6.19). Assume AD+ + V = L(P(R)) and suppose
there is no proper class inner model containing the reals and satisfying ADR + “Θ
is regular”. Then HOC, GCP and CHP are all true and hence, MC is true as well.

0.5. The comparison theory of hod mice

While we will encounter uncountable hod premice, all hod mice of this paper
are countable. Notice that comparison may not hold for arbitrary two hod pairs.
For instance, if (P,Σ) and (Q,Λ) are two hod pairs such that λP , λQ ≥ 1 then it
is possible that in the comparison of P(0) and Q(0), P(0) iterates into a proper
initial segment of an iterate of Q(0). This means that further comparison of P
and Q is meaningless8. In general, we do not know how to compare arbitrary hod
pairs. Our comparison theorem works for hod pairs (P,Σ) such that Σ has branch
condensation and is fullness preserving. Both are technical properties that we will
define at the end of this subsection. It is possible to continue with the paper without
a solid understanding of what these notions are.

Here is what comparison means for hod pairs. Given two hod premice P and
Q, we write P �hod Q if there is α ≤ λQ such that P = Q(α). Given a hod pair
(P,Σ) we let

I(P,Σ) = {Q : Q is an Σ-iterate of P}.
Comparison for hod pairs: Suppose (P,Σ) and (Q,Λ) are two hod pairs.

Then comparison holds for (P,Σ) and (Q,Λ) if there are M ∈ I(P,Σ) and N ∈
I(Q,Λ) such that one of the following holds:

(1) M �hod N and (ΛN )M = ΣM.
(2) N �hod M and (ΣM)N = ΛN .

The following is the comparison theorem proved in Section 2.5.

Theorem 0.18 (Comparison, Theorem 2.28). Assume AD+ + V = L(P(R)).
Suppose (P,Σ) and (Q,Λ) are two hod pairs such that both Σ and Λ have branch
condensation and are fullness preserving. Then comparison holds for (P,Σ) and
(Q,Λ).

Branch condensation of a strategy essentially says that if any iteration is real-
ized into an iteration via the strategy then it is also an iteration according to the
strategy. Below is the definition of branch condensation for iteration trees. What is
really needed for the comparison theory is a stronger notion for iterations produced
via the runs of G(ω1, ω1) but we won’t need this version in our current exposition.

Definition 0.19 (Branch condensation, Definition 2.14). Suppose M is a tran-
sitive model of some fragment of ZFC and Σ is an iteration strategy for M . Then
Σ has branch condensation (see Figure 0.5.1) if for any two iteration trees T and
U on M and any branch c of U if

(1) T and U are according to Σ,
(2) lh(U) is limit and lh(T ) = γ + 1,
(3) for some π : MU

c →Σ1
MT

γ ,

πT
0,γ = π ◦ πU

c

8To see this let S and R be this iterates. We are assuming that S(0)�R(0). But then on the
S side we have the strategy of S(0) while on the R side we only have extenders.
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0.6. HOD IS A HOD PREMOUSE 11
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c

π

��

Figure 0.5.1. Branch condensation

then c = Σ(�U).

Fullness preservation refers to the degree of correctness of the models. It es-
sentially says that the iterates of the hod mouse contain all the mice present in the
universe. Given a (hod) mouse M and η, we say η is a strong cutpoint of M if
there is no κ ≤ η which is η-strong as witnessed by the extenders on the sequence
of M.

Definition 0.20 (Fullness Preservation, Definition 2.27). Suppose (P,Σ) is a
hod pair. Σ is fullness preserving if whenever Q ∈ I(P,Σ), α+1 ≤ λQ and η > δα
is a strong cutpoint of Q(α+ 1), then

Q|(η+)Q(α+1) = LpΣQ(α)(Q|η).
and

Q|(δ+α )Q = Lp⊕β<αΣQ(β+1)(Q(α)).

One important consequence of branch condensation and fullness preservation
is that they imply that Σ is positional and commuting. This is important for direct
limit constructions. Given a hod pair (P,Σ), we say Σ is positional if whenever Q ∈
I(P,Σ) andR ∈ I(Q,ΣQ) then the iteration embedding fromQ-toR is independent
from the particular run of the iteration game producing R. If Σ is positional then
we let πΣ

Q,R : Q → R be the unique iteration embedding given by Σ. It certainly

depends on Σ. We say Σ is commuting if whenever Q ∈ I(P,Σ), R ∈ I(Q,ΣQ)
and S ∈ I(R,ΣR) then

πΣ
Q,S = πΣ

R,S ◦ πΣ
Q,R.

Theorem 0.21 (Theorem 2.42). Assume AD+ + V = L(P(R)) and suppose
(P,Σ) is a hod pair such that Σ has branch condensation and is fullness preserving.
Then Σ is both positional and commuting.

Equipped with our comparison theorem we can now explain how the analysis
of HOD is done.

0.6. Hod is a hod premouse

Hod mice were introduced in order to generalize the computation of HOD of
L(R) to larger models of AD+. Specifically, they are used to prove theorems like
the following.

Theorem 0.22 (The HOD Theorem). Assume AD++V = L(P(R)). Suppose
that for every Γ � P(R), L(Γ,R) � ¬“ADR + Θ is regular”. Then V HOD

Θ is a
shortening of a hod premouse.
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12 INTRODUCTION

In this subsection, we will outline the proof of Theorem 0.22. The proof is via
induction, and the following is the inductive step. Its proof is based on Woodin’s
computation of HOD of the minimal model of AD+ + Θ = θ0 (see for instance
[42]).

Lemma 0.23 (The Inductive Step). Suppose α is such that θα < Θ. There is
then a hod pair (P,Σ) such that Σ has branch condensation, is fullness preserving
and V HOD

θα
is a shortening of the direct limit of all Σ-iterates of P or, using the

notation developed below,

M∞(P,Σ)|θα = V HOD
θα

.

Proof. We sketch the proof. A more detailed argument will be given later on
in the paper. Fix an ordinal α as in the hypothesis. First we show that there is
a hod pair (P,Σ) such that Σ has branch condensation and is fullness preserving
and for any set of reals A,

w(A) < θα ↔ A ≤w Code(Σ).

This is an instance of the generation of pointclasses. Let

F(P,Σ) = I(P,Σ)

and define ≤Σ on F(P,Σ) by letting

Q ≤Σ R iff R ∈ I(Q,ΣQ).

It follows from the comparison theorem that ≤Σ is directed. Also, it follows from
Theorem 0.21 that Σ is commuting. Using this, we can form a direct limit. We let

M∞(P,Σ)

be the direct limit of (F(P,Σ),≤Σ) under the iteration maps πΣ
Q,R. One then shows

that

M∞(P,Σ)|θα = V HOD
θα

(∗).

The forward inclusion of (∗) namely that M∞(P,Σ) ⊆ HOD might seem less
plausible as the definition ofM∞(P,Σ) seems to require (P,Σ). However, it follows
from comparison, Theorem 2.28, that M∞(P,Σ) is in fact independent of (P,Σ).
The full proof of (∗) can be found in Section 4.4. �

The next step is to prove a version of Lemma 0.23 for α such that θα = Θ.
This will indeed finish the proof of Theorem 0.22. However, it turns out that in
this case we cannot get a pair (P,Σ) as in Lemma 0.23. The reason is that such a
Σ can be used to define a surjection from R onto Θ = θα. First for Q ∈ F(P,Σ),
let

πΣ
Q,∞ : Q → M∞(P,Σ)

be the direct limit embedding. Next let A ⊆ R be the set of reals coding the set

{(Q, β) : Q ∈ F(P,Σ) and β ∈ Q}.
Then define f : A → Ord by

f(Q, β) = πΣ
Q,∞(β),
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0.6. HOD IS A HOD PREMOUSE 13

Then clearly θα ⊆ rng(f).
Nevertheless, one can still define a certain directed system whose direct limit

is V HOD
Θ . The proof splits into two different cases. The first case is when Θ = θα

for some limit α. First, it follows from comparison and (∗) that whenever (P,Σ) is
a hod pair such that Σ has branch condensation and is fullness preserving then for
some β we have that

M∞(P,Σ)|θβ = V HOD
θβ

(∗∗)
and w(Code(Σ)) = θβ . We then let β(P,Σ) =def β.

Suppose now α is a limit and Θ = θα. In this case, using (∗∗) we get that

V HOD
Θ = ∪{M∞(P,Σ)|θβ(P,Σ) : (P,Σ) is a hod pair such that Σ has branch

condensation and is fullness preserving}.
The second case, namely that Θ = θα+1, is much harder. We do not have the

space to outline it in any great detail. The main difficulty is, as mentioned above,
that we cannot have a pair (P,Σ) such that M∞(P,Σ)|Θ = V HOD

Θ . The idea,
which is originally due to Woodin, is to pretend that there is such a pair (P,Σ)
and approximate pieces of Σ in M . We refer the interested reader to [45] for more
details on this case. Finally, Trang, in [45], building on an earlier work of Woodin
and the author, gave a full description of HOD. However, describing this work is
beyond the scope of this paper.
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CHAPTER 1

Hod mice

Hod mice were introduced in order to analyze HOD of models of AD+. At
the levels of Wadge hierarchy where the theory of hod mice is developed, it can
be shown that HOD is an iterate of a hod mouse. In this chapter, our goal is to
introduce the language used to discuss hod mice. In the subsequent chapters we will
introduce our primary way of constructing hod mice, namely hod pair constructions,
and use it to establish a comparison theorem. Hod mice are a brand of hybrid mice
which have an extender sequence and another predicate coding initial segments of
the strategy of the hod mouse. It is then important to make the notion of hybrid
mice more precise. We will introduce them as a special case of hybrid J -structures.

1.1. Hybrid J -structures

In what follows, given a transitive set M (or a structure) we set o(M) be the
ordinals of M . Also, given a set X, we let trc(X) be the transitive closure of X.
We also let trcX = (trc(X ∪ {X}), X,∈).

Definition 1.1. Given a function f , we say f is amenable if the domain of f
consists of transitive structures and for some formula φ and for all a = (M,A,∈
) ∈ dom(f)

(1) f(a) ⊆ o(a) and 0 ∈ f(a),
(2) letting β = sup f(a), β < o(a) is the unique ordinal γ such that a � φ[γ],1

(3) whenever η < sup f(a), f(a) ∩ η ∈ M .

We let φf be the formula φ above.

We say f is a shift of an amenable function or a shifted amenable function if
for all a = (M,A,∈) ∈ dom(f), f(a) ⊆ [min(f(a)),min(f(a)) + o(a)) and there is
an amenable function g such that (i) dom(f) = dom(g) and (ii) for all a ∈ dom(f)
and γ < o(a), f(a) = {min(f(a)) + γ : γ ∈ g(a)}. Notice that if f is a shift of an
amenable function then it uniquely determines g. We say that g is the amenable
component of f .

Jumping ahead, we remark that iteration strategies and mouse operators pro-

vide an ample source of amenable functions. For instance, let M = M#
1 and let

Σ be its canonical iteration strategy. We define f as follows. Let first dom(f) be
the set of structures of the form Jω(T ) where T is a normal iteration tree on M
of limit length and is according to Σ. Next, define f(Jω(T )) = b where b = Σ(T ).
Then f is amenable. We will refer to such an f as an amenable function given
by an iteration strategy. The reason we define the domain of f to be the set of

1We seem to need this condition in order to develop fine structure of models of the form

J �E,f where f is a shifted amenable function.

15
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16 1. HOD MICE

Jω(T ) instead of just the set of trcT is that the later may not satisfy clause 2 of
Definition 1.1.

Recall that a transitive structure M = (M,A) is called amenable if for every
X ∈ M , A ∩ X ∈ M . Following [50], we say M is a J -structure over X if M =
(JA

α (X), B) = (
∣∣J A

α (X)
∣∣ , A,B) is an amenable structure. Keeping the notation,

we also say M is an acceptable J -structure if for all β < α and for all τ < ωβ, if
P(τ ) ∩ J A

β+1 	⊆ J A
β then there is a surjection f : τ → ωβ in J A

β+1. Finally, we say

X is self-well-ordered if there is a wellordering of X in J1(X). We are now in a
position to introduce the hybrid J -structures.

Definition 1.2 (Hybrid J -structures). We say M = (J A,f
α (X), B) is a hy-

brid J -structure over self-well-ordered set X with indexing scheme φ if M is an
acceptable J -structure such that in M, f is a shift of an amenable function with
amenable component g such that

(1) for all a ∈ M, a ∈ dom(f) if and only if in M, there is β such that a is

the unique transitive structure b = (M,A,∈) ∈ J A,f
β (X) such that

J A,f
β � “ZFC-Replacement+ φ[b]”

and if γ is such that b � φg[γ] then β + γ ≤ α, and
(2) for all a ∈ M, if a ∈ dom(f) then min(f(a)) is the least ordinal β

satisfying clause 1 above.

Remark. Notice that it follows from clause 1 of Definition 1.2 that the function
a → min(f(a)) is injective on dom(f).

Hod mice are a special blend of layered hybrid J -structures introduced be-
low. Before introducing them we establish some notation. Suppose that M =
(JA,f

α (X), B) is a hybrid J -structure over X and ξ ≤ α. Then we let M||ξ be M
cutoff at ξ, i.e., we keep the predicate indexed at ξ. We let M|ξ be M||ξ without

the last predicate. Also, recall that if β < α then we write JM
β instead of J A,f

β

and, we say N is an (a proper) initial segment of M and write N�M (N�M) if
there is β ≤ α (β < α) such that N = JM

β .

Definition 1.3 (Layered hybrid J -structure). We say M = (JA,f
α (X), B)

is a layered hybrid J -structure over X with indexing scheme φ(x, y) if M is an
acceptable J -structure over X such that in M, f is a function with domain Y M ⊆ α
such that for all γ ∈ Y M, f(γ) is a shift of an amenable function with amenable
component gγ such that

(1) for all a ∈ M, a ∈ dom(f(γ)) if and only if in M, there is β such that a

is the unique transitive structure b = (M,A,∈) ∈ J A,f
β (X) such that

J A,f
β � “ZFC-Replacement+ φ[M|γ, b]”

and if ξ is such that b � φgγ [ξ] then β + ξ ≤ α, and
(2) for all a ∈ M, if a ∈ dom(f(γ)) then min(f(γ)(a)) is the least ordinal β

satisfying clause 1 above.

We will often omit φ when discussing a particular layered hybrid J -structure.
IfM is a layered hybrid J -structure then we let fM and Y M be as in Definition 1.3.
We again have that for each γ ∈ Y M, the function a → min(fM(γ)(a)) is injective
on dom(f(γ)).
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1.2. SOME FINE STRUCTURE 17

Notice that hybrid J -structures can be viewed as a special case of layered
hybrid J -structures. Because of this, in the sequel we will only establish terminol-
ogy for layered hybrid J -structures though we might use the same terminology for
hybrid J -structures.

Typically, when discussing hybrid J -structures, X will be an iterable structure
and f will be the predicate coding its strategy. As mentioned above, hod mice are
a special type of layered hybrid J -structures: the f predicate of a hod mouse codes
a strategy for its layers. When the A predicate of a layered hybrid J -structure is a
coherent sequence of extenders then the resulting model is called a potential hybrid
layered premouse. Just like with premice, a hybrid layered premouse is a potential
premouse all of whose levels are sound. This is stated in Definition 1.8.

Definition 1.4 (Potential layered hybrid premouse). Suppose M = J �E,f (X)
is a layered hybrid J -structure over X. M is a called a potential layered hybrid

premouse (potential lhp) if �E is a fine extender sequence as in Definition 2.4 of
[43].

1.2. Some fine structure

In this section, we mostly follow [43]. First, recall that if Q is any structure
and X ⊆ |Q| then HQ

1 is the transitive collapse of the substructure of Q whose

universe consists of all y ∈ |Q| such that {y} is ΣQ
1 -definable from parameters in

X. Given a potential lhp M, we let C0(M) be its amenable Σ0 code (see Definition
2.11 of [43]). When fine structure isn’t an issue, we will take C0(M) = M. The
following definition combines Definition 2.12, Definition 2.14 and Definition 2.13 of
[43]. Recall that a parameter is just a finite sequence of decreasing ordinals.

Definition 1.5. Suppose M is a potential lhp.

(1) The Σ1-projectum of M, or ρ1(M), is the least ordinal α such that for

some Σ˜C0(M)
1 set A ⊆ α, A 	∈ C0(M).

(2) The first standard parameter of M, or p1(M), is the lexicographically

least parameter p such that there is a Σ
C0(M)
1 ({p}) set A such that (A ∩

ρ1(M)) 	∈ C0(M).

(3) The first core of M, or C1(M), is defined to be C1(M) = HC0(M)
1 (ρ1(M)∪

{p1(M)}).
Continuing our review of fine structural notions, we can follow [43] to introduce

solidity, universality, the nth projectum and the nth core of a potential lhp. The
following definition combines Definitions 2.15 and Definition 2.16 of [43].

Definition 1.6. Suppose M is a potential lhp.

(1) We say p1(M) is 1-universal iff whenever A ⊆ ρ1(A) and A ∈ C0(M)
then A ∈ C1(M).

(2) Let p1(M) = (α0, ..., αn). Then p1(M) is 1-solid iff whenever i ≤ n and

A is Σ
C0(M)
1 ({α0, ..., αi−1}), then A ∩ αi ∈ C0(M).

(3) M is said to be 1-solid if p1(M) is 1-solid and 1-universal.
(4) M is 1-sound iff M is 1-solid and C1(M) = C0(M).

Continuing in this manner, given a potential lhp M we can define the nth

projectum ρn(M), the nth standard parameter of M and the nth core Cn(M). The
definitions of these notions carry over word by word from Section 2 of [20] and to
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18 1. HOD MICE

avoid the technical details, we refer the reader to that paper for a complete definition
of all these notions. It is worth mentioning, however, that the fine structural notions
at the n + 1st level are defined from the prospective of the nth level. Finally, we
carry over Definition 2.17 of [43].

Definition 1.7. Let M be a potential lhp. Then M is ω-solid iff M is n-solid
for all n. M is ω-sound iff M is n-sound for all n < ω. If M is ω-solid, then we
let ρ(M) be the eventual value of ρn(M) and C(M) be the eventual value of Cn(M)
as n → ω.

Having the notion of soundness available, we can now introduce layered hybrid
premice.

Definition 1.8 (Layered hybrid premouse, lhp). A potential lhp M is called
a layered hybrid premouse (lhp) if all of its proper initial segments are sound.

Next, we review some of the most common forms of embeddings between lhps.
The following definitions combine Definition 2.20, Definition 4.1 and Remark 4.3 of
[43].

Definition 1.9. Suppose M and N are two lhps and π : M → N is an
embedding.

(1) π is called an n-embedding iff M and N are n-sound, π is rΣn+1-elementary2,
π(pi(M)) = pi(N ) for all i ≤ n, π(ρi(M)) = ρi(N ) for all i < n, and
supπ[ρn(M)] = ρn(N ).

(2) π is a weak n-embedding iff M and N are n-sound, π is rΣn-elementary,
π is rΣn+1-elementary on parameters from some set X cofinal in ρn(M),
π(pi(M)) = pi(N ) for all i ≤ n, π(ρi(M)) = ρi(N ) for all i < n, and
supπ[ρn(M)] ≤ ρn(N ).

(3) π is a near n-embedding if it is a weak n-embedding which is fully rΣn+1-
elementary.

Lemma 1.10. Suppose M and N are J -structures and π : M → N is a near
1-embedding. Then M is an lhp iff N is an lhp.

Next we review some basic facts about extenders. Suppose first M and N are
transitive models of fragments of ZFC and j : M → N is a nontrivial embedding.
Suppose crit(j) = κ and λ ≤ o(N). Then the set E = {(a,A) : a ∈ λ<ω ∧A ∈ M ∧
a ∈ j(A)} is called the (κ, λ)-extender derived from j. Letting Ea = {A : A ∈ Ea}
it is not hard to see that Ea is an ultrafilter on ξa where ξa is the least ordinal γ
such that j(γ) > max(a). As is well know, we can form the ultrapower of M by
E and get πE : M → Ult(M,E) where πE is the ultrapower embedding given by
jE(x) = [κ, cx]E where cx is the constant function with value x.

Extenders can be defined abstractly without an underlying embedding (see
for instance [8]): however, if E is a (κ, λ) extender over M such that Ult(M,E) is
wellfounded then the (κ, λ)-extender derived from πE is just E. It is then convenient
to think of extenders as being derived from embeddings. Finally, if E is the extender
derived from j then there is a canonical embedding σ : Ult(M,E) → N given by
σ([a, f ]E) = j(f)(a) and with the property that j = σ ◦ πE .

Keeping the above notations, recall that ν(E) is the natural length of E. More
precisely, if E is a (κ, λ)-extender an ξ < λ then we let E � ξ = {(a,A) ∈ E :

2See [20].

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



1.3. ITERATION TREES AND ITERATION STRATEGIES 19

a ∈ ξ<ω}. ξ is called a generator of E if ξ = crit(σ) where σ : Ult(M,E � ξ) →
Ult(M,E) is the canonical factor map given by σ([a, f ]E�ξ) = [a, f ]E . Then letting
κ = crit(E), νM (E) = sup((κ+)M ∪{ξ+1 : ξ is a generator of E}). νM (E) is called
the support of E. When M is clear from context we drop it from our notation. The
following definition will be used throughout this paper.

Definition 1.11 (Cutpoints). Suppose M is an lhp. We say ξ < o(M) is a
cutpoint of M if there is no extender E on M such that ξ ∈ (crit(E), lh(E)]. We
say ξ is a strong cutpoint if there is no E on M such that ξ ∈ [crit(E), lh(E)]. We
say η < o(M) is overlapped in M if η isn’t a cutpoint of M.

In a fine structural setting, one takes fine structural ultrapowers. More precisely,
suppose M is an lhp and E is an extender on the sequence of M. Suppose n is
such that crit(E) < ρn(M). Consider the ultrapower of M by E where only the
functions which are rΣn-definable with parameters in M are used. We denote
this ultrapower by Ultn(M, E). It is then possible to prove Loś’s theorem for rΣn

formulae. Ultn(M, E) is called the Σn ultrapower of M (see Section 2 of [20]).
The following is a restatement of Lemma 2.21 of [43].

Lemma 1.12. For every n ≤ ω, the canonical embedding associated to a Σn-
ultrapower is an n-embedding.

1.3. Iteration trees and iteration strategies

If M is a k-sound lhp, then a (k, θ)-iteration strategy for M is a winning
strategy for player II in the iteration game Gk(M, θ), and a k-normal iteration tree
on M is a play of this game in which II has not yet lost. (That is, all models
are wellfounded.) (k-normal trees are called “k-maximal” in [43], but we shall use
“maximal” for a very different property of trees.) We shall drop the reference to
the fine-structural parameter k whenever it seems safe to do so, and speak simply
of normal trees.

We say M is θ-iterable if II has a winning strategy in Gk(M, θ). We say M is
countably θ-iterable if any countable substructure of M is θ-iterable. It follows from
the copying construction that a θ-iterable mouse is countably θ-iterable (consult
Section 4.1 of [43] for the details of the copying construction). We say M is
countably iterable if all of its countable substructures are ω1 + 1-iterable.

If T is a normal iteration tree, then T has the form

T = (T, deg,D, (Eα,Mα+1|α+ 1 < η)).

Recall that D is the set of dropping points. This is a natural point to make the
meaning of D and k more precise. Recall that Mα+1 = Ultn(M∗

α+1, Eα) where

(1) letting β = predTα, M∗
α+1 is the largest initial segment M of Mβ such

that Eα is an extender over M and
(2) n ≤ ω is the largest such that (1) crit(Eα) < ρn(M∗

α+1) and (2) if D ∩
[0, α+ 1]T = ∅ then n ≤ k.

If M∗
α+1�Mβ then α+ 1 ∈ D.
Recall also that if η is limit then

�E(T ) = ∪α<η(Ė
Mα�lh(Eα)),

M(T ) = ∪α<ηMα � lh(Eα),
δ(T ) = supα<η lh(Eα).
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20 1. HOD MICE

If b is a branch of T such that D ∩ b is finite, then MT
b is the direct limit of the

models along b . If α ≤T β and (α, β]T ∩ D = ∅ then πT
α,β : MT

α → MT
β is the

iteration map, and if ξ+1 ∈ b∩D and (b−(ξ+1))∩D = ∅, then πT
α,b : M∗

ξ+1 → MT
b

is the iteration map. If T has a last model MT
α , and the branch [0, α]T does not

drop, then we often write πT for πT
0,α.

The following is a crucial lemma, essentially due to Martin and Steel (see the
zipper-argument of [18]), which provides a strong uniqueness condition for branches
of iteration trees. We will use it throughout this paper.

Lemma 1.13. Suppose T is a normal iteration tree on M of limit length and
s is a cofinal subset of δ(T ); then there is at most one cofinal branch b such that
there is α ∈ b with the property that πT

α,b exists and s ⊆ rng(πT
α,b).

Proof. Towards a contradiction, suppose there are two cofinal branches b and
c such that for some α, β, both πT

α,b and πT
β,c exist and s ⊆ rng(πT

α,b) ∩ rng(πT
β,c).

Without loss of generality we can assume that α and β are the least ordinals with
this property, α ≤ β and that b and c diverge at α or earlier, i.e., if γ is the least
ordinal in b∩ c then γ ≤ α. By [18], we can choose two sequences (αn : n < ω) and
(βn : n < ω), such that b = {γ : ∃n < ω(γ ≤T αn)}, c = {γ : ∃n < ω(γ ≤T βn)},
α0 = α, β0 = β and for every n, αn < βn < αn+1. Let then ξ be the least ordinal
in rng(πT

α,b) ∩ rng(πT
β,c). Let n be the least such that crit(πT

αn,b
) > ξ. This means

that crit(ET
αn+1−1) > ξ and that lh(ET

αn
) < ξ. By the proof of Theorem 2.2 of [18],

this means that for some m ≥ 1, ξ ∈ [crit(ET
βm−1), lh(E

T
βm−1)). This then implies

that ξ 	∈ rng(πT
βm−1,c

), which is a contradiction. �

The proof of Lemma 1.13 gives the following refinement:

Lemma 1.14. Suppose T is an iteration tree on M of limit length and b, c are
two cofinal branches of T such that πT

b and πT
c exist. Suppose that for some α,

πT
b (α) = πT

c (α) < δ(T ).

Then πT
b � α = πT

c � α. Moreover, if ξ ∈ b is the least such that crit(πT
ξ,b) > πT

b (α)

then ξ ∈ c, so that b ∩ (ξ + 1) = c ∩ (ξ + 1).

In addition to normal trees, we must consider linear stacks of normal trees.
These are plays of the iteration game Gk(M, α, θ) in which II has not yet lost. See

Definition 4.4 of [43] for the formal definition. We will use the vector notation �T for

a stack of normal trees, and then Tη for its ηth normal component. Mη will be used

for the model at the beginning of the ηth round of �T . Also, lh(�T ) will be used for

the number of rounds that �T has. We then have that �T = (Mα, Tα : α < lh(�T )).
In the sequel, T , without the vector sign, will always denote a normal tree. Below
we establish some notation.

Notation. We will use the following notation throughout this paper. Suppose

M is an lhp and �T = (Mα, Tα : α < lh(�T )) is a stack on M.

(1) We let M�T
α = Mα and if β < lh(Tα) then we let M�T

α,β = MTα

β .

(2) If �T is a stack with last model then we let �T − be the same stack without
the last model.

(3) Suppose that β ≤ α < lh(�T ), γ < lh(Tβ) and ξ < lh(Tα). If the iteration

embedding i : MTβ
γ → MTα

ξ exists then we let π
�T
(β,γ),(α,ξ) be this map.
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1.3. ITERATION TREES AND ITERATION STRATEGIES 21

If the iteration embedding i : Mα → Mβ exists then we let π
�T
α,β be this

embedding.

(4) If �T has a last model N and the iteration embedding i : Mα → N exists

then we let π
�T
α be this embedding. We sometimes omit 0 when we refer to

π
�T
0 .

(5) If lh(�T ) = α+1, Tα is of limit length, and b is a branch of Tα then we let
�T b = �T MTα

b . If the iteration embedding i : M�T
0 → M�T

b exists then we

let π
�T
b be this embedding. Similarly, if the iteration embedding i : MTβ

ξ →
M�T

b exists then we let π
�T
(β,ξ),b be this embedding, and if i : M�T

α → M�T
b

exists then we let π
�T
α,b be this embedding.

(6) If �T is a stack such that its last component is of limit length then by a

branch of �T we mean a branch of its last component. If �T is a stack

without last component then by a branch of �T we mean the join of the

branches of normal trees in �T .

Next we define the notion of “sup of the generators” for stack of trees. For a
normal tree T , this is just δ(T ).

Definition 1.15. Suppose M is an lhp and �T = (Mα, Tα : α < lh(�T )) is a

stack of iteration trees. We define δ(�T ) as follows;

(1) δ0(�T ) = δ(T0)
(2) If α+ 1 < lh(�T ) then

(a) if πTα doesn’t exist or Tα has a limit length then δα+1(�T ) = δ(Tα),
(b) if πTα exists then

δα+1 = max{πTα(δα(�T )), δ(Tα)}.
(3) If α is limit then δα(�T ) = supβ<α δβ(�T ).

(4) δ(�T ) = supα<lh(�T ) δα(
�T ).

Suppose now that M is an lhp and Σ is a (k, α, θ)-iteration strategy for M.

Suppose �T is a stack of trees on M played according to Σ and having last model
N . Then we let ΣN ,�T be the (l, α, θ) strategy for N induced by Σ. (l is the degree

of the branch M-to-N of �T . We assume here α is additively closed, so that there
is such a strategy.) We say M is countably (α, θ)-iterable if all of its countable
submodels are (α, θ)-iterable. We also let

I(M,Σ) = {N : there is a stack �T on M according to Σ with last model N and

π
�T exists }.

Given an lhp M with a Woodin cardinal δ, we let BM
δ be the countably gen-

erated extender algebra of M at δ. In order to have a unique choice, we stipulate
that the identities determining BM

δ are precisely those coming from extenders E on
the M-sequence such that ν(E) is an inaccessible, but not a limit of inaccessibles,
in M, and ν(E) < δ. If G ⊆ BM

δ then we let xG be the set naturally coded by G.
For basic facts about the extender algebra, we refer the reader to [3] or Section 7.2
of [43].

We end this section with the definition of a layered hybrid mouse (the definition
of a hybrid mouse is a special case).
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22 1. HOD MICE

Definition 1.16 (Layered hybrid mouse, lhm). An lhp M is a layered hybrid
mouse (lhm) if M is ω1 + 1-iterable.

1.4. Layered strategy premice

In this paper, we are concerned with lhp whose f predicate codes a strategy.
The goal of this section is to introduce the language used to describe such structures.

Suppose that M is an lhp. We then say that a shifted amenable function f

codes a partial strategy function for M if (i) dom(f) ⊆ {Jω(�T ) : �T is a stack on M
without a last model}, (ii) whenever �T is a stack on M such that Jω(�T ) ∈ dom(f)

then whenever �U is an initial segment of �T without a last model, then Jω(�U) ∈
dom(f) and (iii) if g is the amenable component of f then for all Jω(�T ) ∈ dom(f),

g(Jω(�T )) is a cofinal branch of �T . Notice that we do not require that g(Jω(�T ))

be a well-founded branch of �T which is why we call the resulting function just a
strategy function.

Suppose then a shifted amenable function f codes a partial strategy function
for M. We then let Σf be the partial strategy function coded by f . More precisely,
letting g be the amenable component of f ,

(1) dom(Σf ) = dom(f) and

(2) for all �T ∈ dom(Σf ), Σf (�T ) = g(Jω(�T )).

We say f codes a partial strategy if Σf chooses cofinal and well-founded branches.
We say f codes a total strategy if Σf is a total strategy.

Recall that if M is an lhp, N�M and Σ is an iteration strategy for M then
ΣN is the strategy of N we get by the copy construction. More precisely, ΣN is
the id-pullback of Σ.

Definition 1.17 (Layered strategy premouse, lsp). Suppose M is an lhp with
an indexing scheme φ(x, y). We say M is a layered strategy premouse (lsp) if for
all γ ∈ Y M, in M,

(1) f(γ) codes a partial strategy function for M|γ, and
(2) if γ0 < γ1 ∈ Y M − {0} then letting, for i ∈ 2, Σi be the partial strategy

function coded by fM(γi), then (Σ1)M|γ0
⊆ Σ0.

Notice that the fact that M is a layered strategy premouse depends on what φ
says. Thus, the clauses above should be viewed as part of φ. The strategy premice
are a special case of layered strategy premice, and we leave the details to the reader.
We let ΣM be the partial strategy function coded by fM. If γ ∈ Y M then we let
ΣM

γ be the partial strategy function coded by f(γ).
In most applications, lsp have a very canonical indexing scheme which is origi-

nally due to Woodin. At each stage the stack whose branch is being indexed by f
is the least stack whose branch hasn’t yet been indexed. We call this the standard
indexing scheme.

Definition 1.18 (Standard indexing scheme). We say φ(x, y) is the standard
indexing scheme if whenever M is an lsp and γ ∈ Y M then M � φ[M|γ, a] if and
only if

(1) a is the M-least set of the form Jω(�T ) where �T is a stack on M|γ such

that �T is according to ΣM
γ , �T doesn’t have a last model and f(ν)(Jω(�T ))

is undefined and
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1.5. ITERATIONS OF Σ-MICE 23

(2) for every ζ ≥ γ such that a ∈ M|ζ and M|ζ � ZFC − Replacement, in

M|ζ, (γ, a) isn’t the lexicographically M|ζ-least set of the form (ν,Jω(�T ))

where ν ∈ Y M|ζ and �T is a stack on M|ν such that �T is according to

Σ
M|ζ
ν , �T doesn’t have a last model and fM|ζ(ν)(Jω(�T )) is undefined.

Suppose M is an lsp and Σ is a (κ, θ)-iteration strategy for M||γ for some
γ ∈ Y M. Then it can be the case that ΣM

γ ⊆ Σ. When this happens we get
structures relative to Σ. Suppose M is an sp over X and Σ is a (κ, θ)-iteration
strategy for X.

Definition 1.19 (Σ-premouse). Then M is called a Σ-premouse if ΣM ⊆ Σ �
M.

Definition 1.20 (Σ-mouse). We say M is a Σ-mouse or just Σ-mouse if M
has an ω1 + 1-iteration strategy Λ such that whenever N is a Λ-iterate of M then
N is a Σ-premouse.

Remark. Suppose M is an lsp and γ < η are two consecutive members of
Y M. Then we can view M|η as a ΣM

γ -premouse over M|γ.

1.5. Iterations of Σ-mice

Suppose X is a hybrid premouse or a layered hybrid premouse and Σ is an
(ω1, ω1)-iteration strategy for X. Given two Σ-mice, we can compare them using
the usual comparison argument.

Theorem 1.21 (Theorem 3.11 of [43]). Suppose M and N are two countable k-
sound Σ-mice with (ω1+1)-iteration strategies Λ and Γ respectively. Then there are
iteration trees T and U on M and N respectively according to Λ and Γ respectively,
having last models MT

α and NN
η such that either

(1) the iteration embedding πT
0,α-exists

3, and MT
α is an initial segment of MU

η ,
or

(2) the iteration embedding πU
0,η-exists, and MU

η is an initial segment of MT
α .

Comparison for lsp is more involved and we do not know how to do it in general.
Below we recall our primary method of identifying the good branches of iteration
trees. Recall that the strategy for a sound mouse projecting to ω is determined by
Q-structures. For T normal, let Φ(T ) be the phalanx of T (see Definition 6.6 of
[40]).

Definition 1.22. Let T be a k-normal tree of limit length on a k-sound lsp,
and let b be a cofinal branch of T . Then Q(b, T ) is the shortest initial segment Q
of MT

b , if one exists, such that Q projects strictly across δ(T ) (i.e. ρ(Q) < δ(T ))
or defines a function witnessing δ(T ) is not Woodin via extenders on the sequence
of M(T ).

Next we would like to state a general result stating that branches identified
by Q-structures are unique. Suppose that M is a lsp and Σ is a strategy for M.

If N is a Σ-iterate of M via �T then we let ΣN ,�T be the strategy of N given by

ΣN ,�T (
�U) = Σ(�T  �U).

3In [43], this is stated in a somewhat stronger form, namely that [0, α]T doesn’t drop in
model or degree.
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24 1. HOD MICE

Definition 1.23. Suppose M is an lsp and Σ is an iteration strategy for M.
We say (M,Σ) is an lsm pair if Σ has hull condensation and whenever N is a

Σ-iterate of M via �T then ΣN ⊆ ΣN ,�T .

We say an iteration tree T is above η if all the extenders used in T have critical
points > η.

Theorem 1.24. Suppose (M,Σ) is an lsm pair. Suppose γ < o(M) is such
that sup(Y M) < γ and ρ(M) ≤ γ. Then M has at most one (k, ω1 + 1) iteration
strategy Λ which acts on iteration trees that are above γ and whenever N is a Λ-
iterate of M then ΣN ⊆ Σ � N . Moreover, any such strategy Λ is determined by:
Λ(T ) is the unique cofinal b such that the phalanx Φ(T )(δ(T ), degT (b),Q(b, T ))
is ω1 + 1-iterable (as a Σ-phalanx).

In some cases, however, it is enough to assume that Q(b, T ) is countably it-
erable. This happens, for instance, when M has no local Woodin cardinals with
extenders overlapping it. While the lsp we will consider do have local overlapped
Woodin cardinals, the lsp themselves will not have such Woodin cardinals. This
simplifies our situation somewhat, and below we describe exactly how this will be
used.

Definition 1.25 (Definition 2.1 of [35]). Let (M,Σ) be an lsm pair and let
γ < o(M) be such that sup(Y M) < γ. Suppose T is a normal iteration tree on M
above γ; then Q(T ) is the unique ⊕ν∈Y MΣM|ν-mouse, if there is any, extending
M(T ) that has δ(T ) as a strong cutpoint, is ω1 + 1-iterable above δ(T ) and either
projects strictly across δ(T ) or defines a function witnessing δ(T ) is not Woodin
via extenders on the sequence of M(T ).

Countable iterability is usually enough to guarantee there is at most one hp
with the properties of Q(T ). If it exists, Q(T ) might identify the good branch of
T , the one any sufficiently powerful iteration strategy must choose. This is the
content of the next lemma which can be proved by analyzing the proof of Theorem
6.12 of [43]. To state it we need to introduce fatal drops and also the following
useful notation.

Definition 1.26 (OP -stack). Suppose P is an lsp and η, γ, α < o(P). We then
let

OP
η,γ,α = ∪{M�P : P|η�M, ρ(M) ≤ η, Y M ⊆ γ and for all E ∈ �EM , if

η ∈ [crit(E), lh(E)) then crit(E) ≤ α}.
Next we define the stack (OP,ξ

η,γ,α : ξ ≤ ΩP
η,γ,α) according to the following recursion:

(1) OP,0
η,γ,α = OP

η,γ,α,

(2) for ξ + 1 ≤ ΩP
η,γ,α, OP,ξ+1

η,γ,α = OP
o(OP,ξ

η,γ,α),γ,α
,

(3) for limit λ ≤ ΩP
η,γ,α, OP,λ

η,γ,α = ∪ξ<λOP,ξ
η,γ,α, and

(4) ΩP
η,γ,α is the least ν such that OP,ν+1

η,γ,α = OP,ν
η,γ,α.

For ξ ≤ ΩP
η,η,α, we let OP,ξ

η = OP,ξ
η,η,0.

We can now introduce fatal drops.

Definition 1.27 (Fatal drop). Suppose P is a hod-like lhp and T is an iteration
tree on P. We say T has a fatal drop if for some α < lh(T ) and some η < o(MT

α ),

T≥MT
α

is a normal iteration tree on OMT
α

η that is above η. We then say T has
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1.6. HULL CONDENSATION 25

a fatal drop at (α, η) if the pair is the lexicographically least satisfying the above
condition.

The following is the lemma mentioned above.

Lemma 1.28. Let (M,Σ) be an lsm pair and let γ < o(M) be such that
sup(Y M) < γ.

(1) Suppose T is a normal iteration tree on M above γ of limit length and
suppose Q(T ) exists. Then there is at most one cofinal branch b of T such
that either Q(T ) = MT

b or Q(T ) = MT
b |ξ for some ξ in the wellfounded

part of MT
b .

(2) Suppose further no measurable cardinal of M which is ≥ γ is a limit of
Woodin cardinals. If then T is an iteration tree according to Σ above γ
which doesn’t have a fatal drop and b = Σ(T ) is such that Q(b, T )-exists
then Q(b, T ) = Q(T ).

Q(T ) identifies b because it determines a canonical cofinal subset of rng(πT
α,b∩

δ(T )), for some α ∈ b(which is an immediate consequence of the zipper argument
from [18]).

Remark. Suppose M is an lsp and γ ∈ Y M. Let ξ = o(M) if γ is the largest
member of Y M and otherwise, let ξ be the least member of Y M which is bigger than
γ. Suppose T is a tree on M which is above γ and is based on M||ξ. Notice that
in this case we can define Q(T ) just as in Definition 4.2 by using M||ξ instead of
M.

1.6. Hull condensation

Suppose that Σ is a (κ, λ)-iteration strategy for some lsp M. In order to
construct Σ-mice via our primary method of constructing mice, the full background
constructions, Σ has to have an additional property called hull condensation. This
property is needed to guarantee that when we take cores of the levels of the resulting
model the strategy indexed on the sequence collapses to itself. More precisely,
during the full background constructions, at a typical stage ξ, letting Nξ be the
model at stage ξ, the model at stage ξ + 1 is C(Nξ). We then have the canonical
embedding π : C(Nξ) → Nξ. What we would need to know in order to continue the
construction is that C(Nξ) is still a Σ-mouse and hull condensation gives us exactly
that. Our definition of hull condensation is very much influenced by the proof of
Lemma 2.9.

Definition 1.29 (Hull of a normal tree). Suppose M and N are k-sound
lsps and T and U are trees on M and N respectively. Then (N ,U) is a hull of
(M, T ) (see Figure 1.6.1) if there are (i) an embedding π : N →Σ1

M, (ii) an
order preserving map σ : lh(U) → lh(T ) and (iii) a sequence of Σ1-elementary
embeddings (πα : α < lh(U)) such that letting (T,≤T ) and (U,≤U ) be the tree
orders of T and U then

(1) α ≤U β ↔ σ(α) ≤T σ(β) and [α, β]U ∩DU = ∅ ↔ [σ(α), σ(β)]T ∩DT = ∅,
(2) πα : MU

α → MT
σ(α) and πα(E

U
α ) = ET

σ(α),

(3) if β < α then πα � lh(Eβ) + 1 = πβ � lh(Eβ) + 1,
(4) if α ≤U β and [α, β]U ∩DU = ∅ then πβ ◦ πU

α,β = πT
σ(α),σ(β) ◦ πα,
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σ(0)

· · ·

N

����������������������������
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�������������������������������

πT
0,σ(0)

��

(1) σ : lh(U) → lh(T ) order-preserving;

(2) π0 = πT
0,σ(0) ◦ π;

(3) πβ ◦ πU
α,β = πT

σ(α),σ(β) ◦ πα.

Figure 1.6.1. Hull of a normal tree

(5) if β = predU (α + 1) then σ(β) = predT (σ(α + 1)) and πα+1([a, f ]EU
α
) =

[πα(a), πβ(f)]ET
σ(α)

,

(6) 0 ≤T σ(0), [0, σ(0)] ∩DT = ∅, and π0 = πT
0,σ(0) ◦ π.

Notice that (π, σ) completely determine the embeddings (πα : α < lh(U)).
Given π : N →Σ1

M, we say (N ,U) is a (π, σ)-hull of (M, T ) if (N ,U) is a hull
of (M, T ) as witnessed by π, σ and (πα : α < lh(U)). It is possible to define
hull condensation when π is a fine structural embedding such as in Definition 1.9.
However, we will not encounter a situation when we will need hull condensation for
such embeddings.

Definition 1.30 (Hull of a stack). Suppose �T and �U are stacks on an lsp M.

Then �U is a hull of �T if there are

(1) an order preserving map σ : lh(�U) → lh(�T ),

(2) a sequence of functions (σα : α < lh(�U)) such that σα : lh(Uα) → lh(Tσ(α))
is an order preserving map,

(3) (πα,β : α < lh(�U) ∧ β < lh(Uα)) such that

(a) if σ(0) > 0 then π
�T
0,σ(0)-exists and π0,0 = π

�T
0,σ(0),

(b) for any α < lh(�U), πα,0 : M�U
α →Σ1

M�T
σ(α) and (M�U

α ,Uα) is a

(πα,0, σα)-hull of (M�T
σ(α), Tσ(α)),

(c) if β < α, γ < lh(Uβ), η < lh(Uα), and π
�U
(β,γ),(α,η) exists then

π
�T
(σ(β),σβ(γ)),(σ(α),σα(η)) exists and π

�T
(σ(β),σβ(γ)),(σ(α),σα(η))◦πβ,γ = πα,η◦

π
�U
(β,γ),(α,η).

Definition 1.31 (Hull condensation). Suppose M is an lsp and Σ is a (κ, λ)-

strategy for M. We say Σ has hull condensation if for any two stacks �T and �U on

M if �T is according to Σ and (M, �U) is a hull of (M, �T ) then �U is according to Σ.

Lemma 1.32 (Pullback of a strategy with hull condensation). Suppose M is
an lsp, Σ is a (κ, θ)-iteration strategy for M which has hull condensation and
τ : N → M is a Σ1-elementary embedding. Then Στ , the τ -pullback of Σ, has hull
condensation.
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1.6. HULL CONDENSATION 27

Proof. Suppose �T and �U are stacks of trees on N such that �T is according
to Στ and there are

(1) an order preserving map σ : lh(�U) → lh(�T )

(2) a sequence of functions (σα : α < lh(�U)) such that σα : lh(Uα) → lh(Tσ(α))
is an order preserving map

(3) (πα,β : α < lh(�U) ∧ β < lh(Uα)) such that

(a) For any α < lh(�U), πα,0 : M�U
α → M�T

σ(α) and (M�U
α ,Uα) is a hull of

(M�T
σ(α), Tσ(α)) as witnessed by σα and (πα,β : β < lh(Uα))

(b) if β < α, γ < lh(Uβ), η < lh(Uα), and π
�U
(β,γ),(α,η) exists then

π
�T
(σ(β),σβ(γ)),(σ(α),σα(η)) exists and π

�T
(σ(β),σβ(γ)),(σ(α),σα(η)) ◦ πβ,γ =

πα,η ◦ π �U
(β,γ),(α,η)

We need to see that �U is according to Στ .

Claim. τ �U is a hull of τ �T .

Proof. We need to define

(1) an order preserving map σ∗ : lh(τ �U) → lh(τ �T )

(2) a sequence of functions (σ∗
α : α < lh(τ �U)) such that σ∗

α : lh((τ �U)α) →
lh((τ �T )σ∗(α)) is an order preserving map

(3) (π∗
α,β : α < lh(τ �U) ∧ β < lh((τ �U)α)) such that

(a) For any α < lh(τ �U), π∗
α,0 : Mτ �U

α → Mτ �T
σ∗(α) and (Mτ �U

α , (τ �U)α) is

a hull of (Mτ �T
σ∗(α), (τ

�T )σ(α)) as witnessed by σ∗
α and (π∗

α,β : β <

lh((τ �U)α))
(b) if β < α, γ < lh((τ �U)β), η < lh((τ �U)α), and πτ �U

(β,γ),(α,η) exists then

πτ �T
(σ∗(β),σ∗

β(γ)),(σ
∗(α),σ∗

α(η)) exists and πτ �T
(σ∗(β),σ∗

β(γ)),(σ
∗(α),σ∗

α(η))◦π∗
β,γ =

π∗
α,η ◦ πτ �U

(β,γ),(α,η)

Let σ∗ = σ and σ∗
α = σα. We then define (π∗

α,β : α < lh(τ �U) ∧ β < lh((τ �U)α))
by induction. Suppose we have defined (π∗

ξ,ζ : ξ < α∧ζ < lh((τ �U)ξ)), (π∗
α,ξ : ξ ≤ β)

and we need to define π∗
α,β+1 : Mτ �U

α,β+1 → Mτ �T
σ(α),σα(β+1). We let τ

�U
α,β : M�U

α,β →
Mτ �U

α,β and τ
�T
α,β : M�T

α,β → Mτ �T
α,β come from the copying construction. As part of

induction, we assume that for ξ < α and ζ < lh(�Uξ) or for ξ = α and ζ ≤ β

τ
�T
σ(ξ),σξ(ζ)

◦ πξ,ζ = π∗
ξ,ζ ◦ τ

�U
ξ,ζ

Notice that τα,β(E
�U
α,β) = Eτ �U

α,β . Let E
τ �U
α,β ∈ Mτ �U

α,β and let γ be the predecessor of

β+1 in (τ �U)α. Then if x ∈ Mτ �U
α,β+1 then there is f ∈ Mτ �U

α,β+1 and a ∈ [ν(Eα,β)]
<ω

such that x = [a, f ]Eα,β
. Then we let

π∗
α,β+1(x) = [π∗

α,β(a), π
∗
α,γ(f)]π∗

α,β(E
τ �U
α,β)
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28 1. HOD MICE

We need to verify that

(1) π∗
α,β+1 ◦ πτ �U

(α,γ),(α,β+1) = πτ �T
(σ(α),σα(γ)),(σ(α),σα(β+1)) ◦ π∗

α,γ and

(2) τ
�T
σ(α),σα(β+1) ◦ πα,β+1 = π∗

α,β+1 ◦ τ
�U
α,β+1

The proof of (1) and (2) are similar and we only demonstrate (2). Recall that

τα,β(E
�U
α,β) = Eτ �U

α,β . Noting that dom(πα,β+1) = MU
α,β+1, we have that

πα,β+1(x) = [πα,β(a), πα,γ(f)]πα,β(E
�U
α,β)

Using the inductive hypothesis, we get that

τ
�T
σ(α),σα(β+1) ◦ πα,β+1(x) = τ

�T
σ(α),σα(β+1)(πα,β+1(x))

= τ
�T
σ(α),σα(β+1)([πα,β(a), πα,γ(f)]

πα,β(E
�U
α,β

)
)

= [τ
�T
σ(α),σα(β)(πα,β(a)), τ

�T
σ(α),σα(γ)(πα,γ(f))]

τ
�T
σ(α),σα(β)

(πα,β(E
�U
α,β

))

= [π∗
α,β(τ

�U
α,β(a)), π

∗
α,γ(τ

�U
α,γ(f))]π∗

α,β
(τ

�U
α,β

(E
�U
α,β

))

= π∗
α,β+1([τ

�U
α,β(a), τ

�U
α,γ(f)]τ �U

α,β
(E

�U
α,β

)
)

= π∗
α,β+1 ◦ τ

�U
α,β+1(x).

Suppose next that πα,β has been defined for all β < ν and ν is limit. Let

x ∈ Mτ �U
α,ν and fix β < ν such that for some x̄ ∈ Mτ �U

α,β , x = πτ �U
(α,β),(α,ν). Then we

would like to set

π∗
α,ν(x) = πτ �T

(σ(α),σα(β)),(σ(α),σα(ν))(π
∗
α,β(x̄)).

However, for this to work, we need to know that if b and c are the branches

of (τ �T )σ(α) � σα(ν) and (τ �U)α � ν respectively then σα“c ⊆ b. This follows from

the fact that �U is a hull of �T and c and b are the branches of �U � (α, ν) and
�T � (σ(α), σα(ν)). It is now straightforward to check that π∗

α,ν is as desired. Thus,

indeed, τ �U is a hull of τ �T . �

It follows from the claim that if τ �T is according to Σ then τ �U is according to

Σ as well. Because �T is according to Στ , τ �T is according to Σ. Therefore, τ �U is

according to Σ implying that �U is according to Στ . �

Lemma 1.33 (Condensation of strategies with hull condensation). Suppose M
is an lsp and Σ is a (κ, λ)-iteration strategy for M which has hull condensation.
Suppose M,N are transitive models closed under rudimentary functions and such
that o(M) and o(N) are limit ordinals, M ∈ M and there is a Σ1-elementary
embedding τ : N → M with the property that M ∈ rng(τ ). Let N = τ−1(M).

Then for any stack �T ∈ N on N , if τ (�T ) is according to Σ then �T is according to
Στ . In particular, for any X ∈ M if Σ � X ∈ M and {X,Σ � X} ∈ rng(τ ) then
τ−1(Σ � X) = Στ � τ−1(X).
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1.7. HOD MICE 29

Proof. The proof is similar to the proof of Lemma 1.32. Given �T ∈ N on N
we claim that τ �T is a hull of τ (�T ). To see this, we let σ : lh(τ �T ) → lh(τ (�T )) be

τ � lh(τ �T ) and σα : lh((τ �T )α) → lh(τ (�T )σ(α)) be τ � lh(�Tα). The construction of
πα,β is as in the proof of Lemma 1.32. The only problem here is the limit stage.
Suppose ν < lh(Tα) is a limit ordinal and b is the branch of Tα � ν. In order to
carry out the construction we need to see that downward closure of σα“b in τTα is
the branch of τTα chosen by Σ. This follows from the hull condensation of Σ and
the fact that σα“b ⊆ τ (b). �

In the subsequent sections, we will show that if the background universe has
a strategy with hull condensation then the full background constructions inherit
a strategy with hull condensation as well (see Lemma 2.9). This fact will help us
produce hod mice, which are the subject of the next section, whose strategies are
as complicated as we want.

1.7. Hod mice

We are now in a position to define hod premice. Intuitively speaking a hod
premouse P is just an lsp whose layers are the Woodin cardinals and their limits.
At this point, it will be useful to review Definition 1.26. When M is an lsp,
η, κ < o(M) and α ∈ Ord then we let OM,α

η,κ = OM,α
η,η,κ. Also, if κ = 0 then we just

write OM,α
η .

Definition 1.34 (Hod premouse). Suppose P = (J �E,f
α (X), B) is an lsp. P is

a hod premouse below ADR + “θ is measurable” (see Figure 1.7.1) if B = ∅ and
letting λ = o.t.(Y P), (γβ : β < λ) enumerate Y P in increasing order, and for
β < λ, P(β) = P||γβ, there is a continuous increasing sequence of P-cardinals
(δβ : β ≤ λ) such that letting P(λ) = P, the following holds in P:

(1) Y P ⊆ δλ. For all β ≤ λ, P(β) � “ZFC-Replacement”, P(β) = OP,ω
δβ

and

if β is limit then δ+β = (δ+β )
P(β).

(2) (δβ : β ≤ λ) is the sequence of Woodin cardinals and their limits enumer-
ated in increasing order and for all β ≤ λ, δβ is a strong cutpoint.

(3) For all β < λ, f(β) codes an (o(P), o(P))-strategy for P(β) with hull
condensation4.

(4) If β < λ then for any successor cardinal η ∈ (δβ, δβ+1), P|η is an f(β)-
premouse over P(β) which is (o(P), o(P))-iterable for stacks that are above
δβ.

It is the requirement that δβ is a strong cutpoint that makes our hod premice
“below ADR+Θ is measurable”. From now on we drop “below ADR+Θ is measur-
able” and simply say “P is a hod premouse”. Also, we let “P is a hod premouse”
stand for hod premouse over ∅, i.e., X = ∅ (in particular, 0 	∈ Y P). Clearly all no-
tions that we will define for lightface hod premice easily generalize to non-lightface
hod premice. If X 	= ∅ and Λ is an iteration strategy of X then we can define Λ-hod
premice. As all the notions that we will isolate for hod premice easily generalize to
Λ-hod premice, in the sequel, we will only deal with hod premice.

4If η ∈ (β, λ) then letting Σ and Λ be the strategies of P(β) and P(η) coded by f(β) and
f(η) respectively, Σ = ΛP(β). This follows from Definition 1.17.
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30 1. HOD MICE

δ+ω
λ

δλ,Σ<λ

Σ<λ mouse

��

δα,Σα

Σα mouse

��

δ1,Σ1

δ0,Σ0

�������������������������������������������������



Figure 1.7.1. Hod premouse.

Remark 1.35. In general, hod premice do not satisfy condensation, i.e., if
α < o(P) is a strong cutpoint of P then, it may not be the case that if HP

1 (P|α)�P.
We might not even be able to compare HP

1 (P|α) with P.

Below we set up our notation that we will use throughout this paper.

Notation. Suppose P is a hod premouse.

(1) We let λP = o.t.(Y P) , (δPα : α ≤ λP) be the sequence of Woodin cardinals
of P and their limits enumerated in increasing order, and for α ≤ λP ,
μP
α = o(P(α)) and δP = δPλP .

(2) We also let

P− =

{
P|μλP−1 : λP is a successor ordinal

P|δP : λP is limit.

(3) For α < λP we let , ΣP
α be the internal strategy of P(α) coded by f(α). If

α ≤ λP is a limit ordinal then we let ΣP
<α = ⊕ξ<αΣ

P
ξ . It follows that for

limit α, ΣP
<α is the internal strategy of P|δPα . We then let

ΣP =

{
ΣP

<λP : λP is limit

ΣP
λP−1 : λP is a successor.

In the chapters that follow, we will present the comparison theory of hod pre-
mice along with methods for constructing them. Before we proceed with the theory,
however, we consider few examples of hod premice. The cases λP = 0, 1, ω, “λP

has a measurable cofinality in P”, and “λP is a successor whose predecessor has a
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1.7. HOD MICE 31

P, δ+ω
0 = μ0

δ0

����������������������������

����������������������������

Figure 1.7.2. Hod premouse with λP = 0, P(0) = P and μ0 = o(P).

P, δ+ω
1 = μ1

δ1

P(0), μ0,Σ0

Σ0−mouse



μ0 = o(OP,ω
δ0

),P(0) = P|μ0.

δ0

����������������������������������

����������������������������������

Figure 1.7.3. Hod premouse with λP = 1.

measurable cofinality in P” are considered below.

λP = 0. In this case, there is a single Woodin cardinal in P and there are no
strategies in P, i.e., P is an ordinary premouse such that δP0 is the unique Woodin

cardinal of P, P(0) = P and μ0 = o(P). If δ is the Woodin cardinal of M#
1 and

μ = (δ+ω)M
#
1 then P = M#

1 � μ is a hod mouse such that λP = 0. See Figure 1.7.2
for a picture.

λP = 1. In this case, there are two Woodin cardinals and one strategy in P.

δP0 and δP1 are the Woodin cardinals of P, P(0) = OP,ω

δP0
, μ0 = o(P(0)), Σ0 is

the strategy of P(0), μ1 = o(P) and P(1) = P. Notice that P(0) is also a hod
premouse which is actually an ordinary premouse. P1 is a Σ0-premouse over P0.
See Figure 1.7.3 for a picture.
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32 1. HOD MICE

P, δ+ω
ω = μω

δω,Σ<ω = ⊕n<ωΣn

Σ<ω−mouse

��

P(n+ 1), μn+1,Σn+1 μn+1 = o(OP,ω
δn+1

),P(n+ 1) = P|μn+1

δn+1

P(n), μn,Σn

Σn−mouse

��

δn

P(1), μ1,Σ1 Σ1 is activated here
��

δ1

P(0), μ0,Σ0 Σ0 is activated here
��

δ0

���������������������������������������������������������������

���������������������������������������������������������������

Figure 1.7.4. Hod premouse with λP = ω.

λP = ω. In this case, there are ω manyWoodin cardinals and ω many strategies
in P. For n < ω, δPn is Woodin. δPω is the sup of the Woodins of P. For n ≤ ω,

P(n) = OP,ω
δPn

, μn = o(P(n)) and Notice that for every n, P(n) is a hod premouse.

See Figure 1.7.4 for a picture.

λP has a measurable cofinality. We take the simple case when P is the
least hod premouse with the property that λP has measurable cofinality in P. Let
κ be the least measurable of P. Then λP = κ and P has κ many Woodin cardinals
and κ many strategies. In this case, for α < κ, δPα+1 is a Woodin cardinals of P.

As before, for α ≤ κ, P(α) = OP,ω
δPα

. Also for α ≤ κ, P(α) is a hod premouse. See

Figure 1.7.5 for a picture.

λP is a successor and λP − 1 is a limit of measurable cofinality. We
take the simple case when P is the least hod premouse with the property that λP

is a successor and λP − 1 is a limit of measurable cofinality. Let κ be the least
measurable of P. Then λP = κ + 1 and P has κ + 1 many Woodin cardinals and
κ + 1 many strategies. In this case, for α ≤ κ, δPα+1’s are the Woodin cardinals

of P. As before, for α ≤ κ, P(α) = OP,ω
δPα

. Notice that for α ≤ κ, P(α) is a hod

premouse. One significant way that this case is different than the other cases is
that δ+κ = (δ+κ )

P(κ). See Figure 1.7.6 for a picture.

Definition 1.36. (P,Σ) is called a hod pair if it is an lsm pair, P is a hod
premouse and Σ is an (ω1, ω1 + 1)-iteration strategy for P with hull condensation.
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1.7. HOD MICE 33

P, δ+ω
κ = μκ

δκ,Σ<κ = ⊕β<κΣβ

Σ<κ−mouse

��

P(α+ 2), μα+2,Σα+2 μα+2 = o(OP,ω
δα+2

),P(α+ 2) = P|μα+2

δα+2

P(α+ 1), μα+1,Σα+1

Σα+1−mouse

��

μα+1 = o(OP,ω
δα+1

),P(α+ 1) = P|μα+1

δα+1

P(α), μα,Σα

Σα−mouse

��

δα,Σ<α = ⊕β<αΣβ

Σ<α−mouse

��

α limit
��

P(0), μ0,Σ0

δ0

κ the least measurable cardinal of P��

��������������������������������������������������������������������������������

���������������������������������������������������������������������������������

Figure 1.7.5. Hod premouse with P � “λP =the least measur-
able cardinal κ”.

Definition 1.37. Suppose P and Q are two hod premice. Then P �hod Q if
there is α ≤ λQ such that P = Q(α).

If P and Q are hod premice such that P �hod Q then we say P is a hod initial
segment of Q. If (P,Σ) is a hod pair, Q is a non-dropping Σ-iterate of P and
R �hod Q then we let ΣR,�T be the iteration strategy for R given by ΣQ,�T . In the

following definition, “B” stands for “blow up” and “I” stands for “iterates”.

Definition 1.38. Suppose (P,Σ) is a hod pair. Then

B(P,Σ) = {(�T ,Q) : �T is a stack on P via Σ with last model M such that π
�T

exists and Q �hod M}
I(P,Σ) = {(�T ,Q) : �T is a stack on P via Σ with last model Q such that π

�T exists
}.

Suppose now that P is a hod premouse. Suppose further that �T is a stack on

P with last model Q such that π
�T exists. Then we let α(�T ) ≤ λQ be the least

α ≤ λQ such that δ(�T ) ≤ δQα . Suppose next that Σ is a strategy such that (P,Σ)

is a hod pair. Given (�T ,Q) ∈ I(P,Σ) ∪B(P,Σ) and (�U ,R) ∈ I(Q,ΣQ,�T ), we let

πΣ
(�T ,Q),(�U,R)

: Q → R.
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34 1. HOD MICE

P, μκ+1 = δ+ω
κ+1

δκ+1

P(κ), μκ,Σκ

Σκ−mouse

��

δκ,Σ<κ = ⊕β<κΣβ

Σ<κ−mouse

��

δ+κ = (δ+κ )P(κ)

P(0), μ0,Σ0

δ0

κ the least measurable cardinal of P��

����������������������������������������

����������������������������������������

Figure 1.7.6. Hod premouse with P � “λP = κ + 1 where κ is
the least measurable cardinal”.

We will later show that πΣ
(�T ,Q),(�U,R)

is independent of �T and �U provided that Σ has

branch condensation (see Theorem 2.42). Once this is done, we will drop �T and �U
from the above notation.

We end this chapter with the following easy but useful lemma. It follows
immediately from the fact that being a hod premouse is a first order property.

Lemma 1.39 (Pullback of a hod pair). Suppose (M,Σ) is a hod pair and τ :
N → M is a Σ1-elementary embedding. Then (N ,Στ ) is a hod pair.
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CHAPTER 2

Comparison theory of hod mice

In this chapter, our main goal is to develop the comparison theory of hod pairs
under AD+.

Definition 2.1. Given two hod pairs (P,Σ) and (Q,Λ), we say comparison

holds for (P,Σ) and (Q,Λ) if there are (�T ,R) ∈ I(P,Σ) and (�U ,S) ∈ I(Q,Λ) such
that one of the following holds.

(1) R�hodS and ΣR,�T = ΛR,�U .

(2) S�hodR and ΛS,�U = ΣS,�T .

The comparison theorem of this chapter, Theorem 2.28, is useful in determinacy
context. It proves that under AD+ comparison holds for sufficiently similar hod
pairs. In later chapters, we will develop a comparison theory that will be useful in
core model induction arguments and in ZFC context (see Theorem 2.47). The main
idea behind our comparison argument is that if a hod pair is compared with a hod
pair constructed by a fully backgrounded construction such as those introduced in
Chapter 11 of [20] then the comparison terminates and the background side doesn’t
move. In order to execute this idea, we need to introduce the hod pair constructions.

2.1. Hod pair constructions

The backgrounded construction of [20] produces an ordinary mouse. We need
to modify this construction to produce hybrid mouse. The definition given below
is based on Chapter 11 of [20]. Following [20], we say that an lhp M is reliable if
for every k ≤ ω, Ck(M) exists and is k-iterable.

Definition 2.2. Suppose M is an lhp and Σ is a (δ, δ)-iteration strategy with
hull condensation for some uncountable δ. Suppose for some κ < λ < δ, E is a
(κ, λ)-extender such that M ∈ Vκ. We then say E coheres Σ if Vλ ⊆ Ult(V,E) and
πE(Σ) = Σ � Ult(V,E).

The backgrounded constructions that produce Σ-mice will only use extenders
that cohere Σ. Recall that a (κ, λ)-extender E reflects a set A if A ∩ Vν(E) =
πE(A) ∩ Vν(E).

Definition 2.3. Suppose M is an lhp and Σ is a (δ, δ)-iteration strategy with
hull condensation for some uncountable δ. Then ((Mγ ,Nγ : γ ≤ η), (Fγ : γ < η)) is
the ηth initial segment of the output of the fully backgrounded construction relative
to Σ if the following is true.

(1) M0 = trcM, and Mξ and Nξ are Σ-mice.
(2) Suppose ((Mγ ,Nγ : γ ≤ ξ), (Fγ : γ < ξ)) has been defined for ξ < η.

Then we define Mξ+1, Nξ+1 and Fξ as follows.

35
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36 2. COMPARISON THEORY OF HOD MICE

(a) If Mξ = (J �E,f
α ,∈, �E, f) is a passive lhp, i.e., with no last predicate,

and there is an extender F ∗ such that ν(F ∗) is inaccessible and F ∗

cohers Σ and reflects ((Mγ ,Nγ : γ ≤ ξ), (Fγ : γ < ξ)), an extender
F over Mξ, and an ordinal ν < α such that Vν+ω ⊆ Ult(V, F ∗) and

F � ν = F ∗ ∩ ([ν]ω × J �E,f
α )

then
Nξ+1 = (J �E,f

α ,∈, �E, f, F̃ )

and ν = νNξ+1 where F̃ is the amenable code of F 1. Also, if Nξ+1 is
reliable then Mξ+1 = C(Nξ+1)

2 and Fξ = F . If Nξ+1 is not reliable
then we stop the construction.

(b) If Mξ = (J �E,f
α ,∈, �E, f) is a passive lhp, the hypothesis of item 3

above doesn’t hold, Mξ � ZFC-Replacement, and there is a stack
�T ∈ J �E,f

α ∩ dom(Σ) such that fMξ(�T ) isn’t defined then letting �U
be the Mξ-least such stack, b = Σ(�U), β = sup b and N = Jβ(Mξ),
if ρ(N ) ≥ α then

Nξ = (J �E,f+

α+β ,∈, �E, f+)

where f+ = f ∪ (Jω(�U), b̃) where b̃ ⊆ α+β is defined by α+ ν ∈ b̃ ↔
ν ∈ b. Also, if Nξ+1 is reliable then Mξ+1 = C(Nξ+1) and Fξ = ∅.
If Nξ+1 is not reliable then we stop the construction.

(c) If neither a or b happen, then Nξ+1 = J1(Mξ) and if Nξ+1 is reliable
then Mξ+1 = C(Nξ+1). If Nξ+1 is not reliable then we stop the
construction.

(3) Suppose ξ ≤ η is a limit ordinal and ((Mγ ,Nγ : γ < ξ), (Fγ : γ <
ξ)) has been defined. Then we define Mξ and Nξ as follows3. Let ν =
limsupλ→ξ(ρ

+)Mξ . Then we let Nξ be the passive lhp P = J P
ν , where

for all β < ν we set J P
β be the eventual value of JMλ

β as λ → ξ. Also

if Nξ is reliable then Mξ = C(Nξ). If Nξ is not reliable then we stop the
construction.

Notice that because M is in every core taken during the construction of

((Mγ ,Nγ : γ ≤ η), (Fγ : γ < η))

and because Σ has hull condensation, the usual proofs of solidity and universality
go through without any significant changes. Hence, we will not give the proofs of
these facts. Interested readers can consult [20] and [43].

The sequence ((Mγ ,Nγ : γ ≤ η), (Fγ : γ < η)) is called the output of the

J �E,Σ-construction or the output of fully backgrounded construction relative to Σ.

We also say that Nη is the last model of J �E,Σ-construction and write Nη = J �E,Σ.
In the fully backgrounded constructions we may require that all the critical points

of the extenders be bigger than some ξ. In this case we let J �E,Σ
>ξ be the resulting

model. Also, we can do fully backgrounded constructions over any swo X such that

M ∈ X. We let J �E,Σ
>ξ [X] stand for it. It is worth remarking here that

Remark. if the backgrounded construction is carried out inside a mouse or
in a structure which has a distinguished extender sequence then we tacitly assume

1For the definition of the “amenable code” see the last paragraph on page 14 of [43].
2Recall that C(M) is the core of M (see Definition 1.7).
3Fξ will be defined at the next stage of the induction as in clause 2.
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2.1. HOD PAIR CONSTRUCTIONS 37

that all the extenders used in the construction actually come from that extender
sequence.

We will construct our hod mice inside sufficiently rich transitive models.

Definition 2.4 (Background triples). We say (M, δ,Σ) is a weak background
triple if M � ZFC + “δ is a Woodin cardinal” and Σ ∈ M is a (δ, δ + 1)-iteration
strategy for V M

δ with hull condensation that acts on stacks in L1(V
M
δ ). We say

(M, δ,Σ) is a background triple if Σ is a (
∣∣V M

δ

∣∣+ ,
∣∣V M

δ

∣∣+ + 1)-strategy for M that

acts on stacks below δ and has hull condensation, and (M, δ,Σ � L1(V
M
δ )) is a weak

background triple.

Remark 2.5. When M is a hybrid premouse or just has a distinguish extender
sequence then we will tacitly assume that Σ is a strategy in the game in which I
plays extenders from the distinguished sequence of extenders of the iterates of M .

Theorem 2.25 provides ample source of background triples in the context of
AD+. We are now in a position to introduce the constructions that produce hod
pairs. To describe this construction we borrow Theorem 2.7 from the next section.
Thus, below when we say “Λ is the strategy induced by Σ” we mean that Λ is
constructed from Σ via the procedure described in Theorem 2.7.

Definition 2.6 (Hod pair constructions). Suppose (M, δ,Σ) is a weak back-
ground triple. Then the hod pair construction of M below δ is a sequence

(Nβ,Pβ ,Σβ , δβ : β ≤ Ω)

that satisfies the following properties:

(1) For all β ≤ Ω, (Pβ ,Σβ) is a hod pair, N0 = (J �E)V
M
δ and Nβ+1 =

(J �E,Σβ )V
M
δ .

(2) If N0 has Woodin cardinals then P0 = N0|(δ+ω
0 )N0 where δ0 is the least

Woodin of N0, and Σ0 ∈ M is the strategy of P0 induced by Σ. If N0

doesn’t have Woodin cardinals then the construction stops with Ω = 0 and
the rest of the objects in the sequence with index 0 are left undefined.

(3) If for β < Ω
(a) Nβ+1 does not have an initial segment M such that ρ(M) < δβ,
(b) Nβ+1 has Woodin cardinals > δβ,
(c) if β = 0 or is a successor then Nβ+1 � “δβ is Woodin”

and
(d) if β is limit then (δ+β )

Pβ = (δ+β )
Nβ+1 ,

then letting δβ+1 be the least Woodin cardinal of Nβ+1 above δβ,

Pβ+1 = Nβ+1|(δ+ω
β+1)

Nβ+1

and Σβ+1 is the strategy of Pβ+1 induced by Σ. If either of the above
clause are not satisfied then Ω = β + 1 and the rest of the objects in the
sequence with index β + 1 are left undefined.

(4) For limit ordinals β, letting P∗
β = ∪γ<βPβ, Σ∗

β = ⊕γ<βΣβ and δβ =

supγ<β δγ , if δβ is not measurable in M and δβ < δ then Nβ = (J �E,Σ∗
β )V

M
δ .

If Nβ doesn’t project across δβ then Pβ = Nβ |(δ+ω
β )Nβ and Σβ is the strat-

egy of Pβ induced by Σ. If δβ is measurable in M or if Nβ projects across
δβ then β = Ω and the rest of the objects in the sequence with index β are
left undefined.
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38 2. COMPARISON THEORY OF HOD MICE

We say that the hod pair construction of M below δ converges to (PΩ,ΣΩ) if
PΩ and ΣΩ are defined, (PΩ,ΣΩ) is a hod pair (in particular, P is a hod premouse)
and PΩ+1 is not defined. Notice that because of Lemma 2.9, all strategies appearing
in hod pair constructions have hull condensation implying that the construction of
Nα for α ≤ Ω can always be done provided that M has enough extenders cohering
Σα. Because δ is a Woodin cardinal of M , there are plenty of such extenders in M .
We now turn to showing that the strategy of the hod pair constructed via a hod
pair construction inherits hull condensation from the strategy of the background
universe.

2.2. Iterability of hod pair constructions

Suppose Σ is a (δ, δ)-iteration strategy with hull condensation and ((Mγ ,Nγ :
γ ≤ η), (Fγ : γ < η)) is the ηth initial segment of the output of fully backgrounded
construction relative to Σ. Following Chapter 12 of [20], we let

C = ((Nγ : γ ≤ η), (F ∗
γ : γ < η and F ∗

γ is defined )).

Also recall from Chapter 12 page 115 of [20] that if Q = Ck(Nγ) and Q′ = Cj(Nξ)
then Q ≤C Q′ iff (γ, k) ≤lex (ξ, j). We would like to describe the strategy of Nγ

assuming there is a strategy for V . The following restatement of Theorem 12.1 of
[20] does just that. The proof of Theorem 12.1 of [20] carries to current context
word-by-word and therefore, we omit it.

Theorem 2.7 (Mitchell-Steel, [20]). Suppose for some θ and δ ≤ θ, M ∈ Vδ is
an lhp and Σ ∈ Vθ+1 is a (δ, δ)-iteration strategy for M with hull condensation. Let

((Mγ ,Nγ : γ ≤ η), (Fγ : γ < η)) be the ηth initial segment of J �E,Σ construction of
Vθ. Suppose Λ is an iteration strategy for Vθ. Then for each γ ≤ η, Λ induces a
strategy Ψ for Nγ with the following properties: if T is a tree on Nγ according to Ψ
then there are a tree U on Vθ according to Λ which has the same tree structure as T
(i.e., U = T ), a sequence of models (Qα : α < lh(T )) and a sequence of embeddings
(πα : α < lh(T )) such that

(1) For each α there is an ordinal ξα and natural number nα such that Qα =

(Cnα
(Nξα))

MU
α .

(2) πα : MT
α → Qα is a weak nα-embedding.

(3) If βTα and (β, α]T ∩DT = ∅ then πα ◦ πT
β,α = πU

β,α ◦ πβ.

(4) 4 For each β < α, if Resβ is type I or III then Qα agrees with Resβ

below νResβ5; moreover,

πα � νβ = σβ ◦ πβ � νβ and πα(νβ) ≥ νResβ

where νβ = ν(ET
β ).

(5) For each β < α, if Resβ is type II then Qα agrees with Resβ below
o(Resβ) and moreover,

4Here (σβ , Resβ) is the complete resurrection of πβ(E
T
β ) from stage (nβ , ξβ) where nβ =

degT (β) and Qβ = (Cj(Nξβ )
MU

β ). For the full definition of complete resurrection consult Chapter

12 of [20]. Essentially the complete resurrection is the first stage in the backgrounded construc-
tion where the extender that produces πβ(E

T
β ) appears. Resβ is the first model that has the

background certificate of πβ(E
T
β ) and σβ is the composition of the core embeddings that produce

πβ(E
T
β ).
5Recall that Resβ is just a lhp and νResβ is the natural length of its last extender. See

Definition 1.0.7 of [20].
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2.2. ITERABILITY OF HOD PAIR CONSTRUCTIONS 39

πα � lh(ET
β ) = σβ ◦ πβ � lh(ET

β ) and πα(lh(E
T
β )) ≥ o(Resβ).

(6) For each β < α, MU
α agrees with MU

β below νResβ + ω, that is V
MU

α
γ =

V
MU

β
γ for γ = νResβ + ω.

(7) Let β = T − pred(α+ 1) and Cα+1 = πU
0,α+1(C). Then

(a) Qα+1 ≤Cα+1 πU
β,α+1(Qβ), and

(b) if α+ 1 ∈ DT , then Qα+1 <Cα+1 πU
β,α+1(Qβ).

(8) If Λ is a limit ordinal then πU
α,λ(Qα) = Qλ for all sufficiently large αTλ.

The tree U is called the lift up tree of T and is denoted by lT . Notice that
the strategy given by Theorem 2.7 doesn’t necessarily give that Nβ is iterable as
Σ-mouse. However, this is an easy consequence of hull condensation and follows
from Lemma 1.33.

Lemma 2.8. Suppose θ, δ, M, Σ, Λ and Ψ are as in Theorem 2.7. Then Ψ is
a Σ-strategy.

Next we show that the strategy of fully backgrounded construction inherits hull
condensation.

Lemma 2.9 (Induced strategies inherit hull condensation). Suppose θ, δ, Σ, Λ
and Ψ are as in Theorem 2.7. Suppose Λ has hull condensation. Then Ψ has hull
condensation.

Proof. For simplicity, we verify hull condensation only for normal trees and
we assume that our fully backgrounded construction is relative to ∅, i.e., the con-
struction produces an ordinary mouse. Let T and U be two trees on N such that
T is according to Ψ and let τ : lh(α) → lh(β) witness that U is a hull of T and
let (τα : α < lh(U)) play the role of πα’s in Definition 1.29. Let lT and lU be the
lift-up trees to Vθ. From the lift-up procedure we get sequences

(RT
α ,QT

α , π
T
α , σT

α , ResTα , η
T
α , F T

α ,ST
α+1 : α < lh(T ))

and

(RU
α ,QU

α , π
U
α , σ

U
α , ResUα , η

U
α , F

U
α ,SU

α+1 : α < lh(T ))

such that (we only list the properties of the T sequence)

(1) RT
α is the αth model of lT .

(2) πT
α : MT

α → QT
α

(3) F T
α is the resurrection of πα(E

T
α ).

(4) (σT
α , ResTα ) is the complete resurrection of πT

α (ET
α )

(5) If β = predT α then ST
α+1 is either the ith partial resurrection of πT

β (ET
β )

and i depends only Qβ and πT
β (ET

β ), or QT
β . If ST

α+1 is the ith resurrection

sequence then ηTα is the ith map of this resurrection, and otherwise it is
identity.

(6) πT
α+1([a, f ]ET

α
) = [σT

α (πT
α (a)), ηTα (πT

β (f))]FT
α

Claim. lU is a hull of lT .

Proof. We define maps (iα : α < lh(U)) such that iα : RU
α → RT

τ(α), iα(Qα) =

Qτ(α), and iα ◦πU
α = πT

σ(a) ◦ τα. We let i0 = πlT
0,σ(0). Suppose we have defined iβ for

every β ≤ α and those embeddings have the desired properties. We want to define
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40 2. COMPARISON THEORY OF HOD MICE

iα+1. Let β = predUα. We let iα+1([a, f ]FU
α
) = [iα(a), iβ(f)]iα(FU

α ). This makes

sense, because σ(β) = predT σ(α). We need to see that iα+1◦πU
α+1 = πT

τ(α)+1◦τα+1.

We have

iα+1(π
U
α+1([a, f ]EU

α
)) = iα+1([σ

U
α (π

U
α (a)), η

U
α (π

U
β (f))]FU

α
)

= [iα(σ
U
α (π

U
α (a))), iβ(η

U
α (π

U
β (f)))]iα(FU

α )

= [iα(σ
U
α )(iα(π

U
α (a)), iβ(η

U
α )(iβ(π

U
β (f)))]iα(FU

α )

= [σT
τ(α)(π

T
τ(α)(τα(a))), η

T
τ(β)(π

T
τ(β)(τβ(f)))]FT

τ(α)

= πT
τ(α+1)([τα(a), τβ(f)]ET

τ(α)
)

= πT
τ(α+1)(τα+1([a, f ]EU

α
)).

The construction doesn’t fail at limit stages because of the hull condensation
of Λ. �

�
As we mentioned before, our method of comparing two hod pairs is to show

that the they both iterate to the one constructed by a hod pair construction. That
this is indeed true is a consequence of universality properties of the backgrounded
constructions. We now review some of the basic universality properties that back-
grounded constructions have.

2.3. Universality of the fully backgrounded constructions

Universality of the fully backgrounded constructions refers to the fact that in
many situations fully backgrounded constructions when compared with mice, win
the comparison process. We start with a weaker version of such universality, which
unlike the full version, doesn’t assume the iterability of the backgrounded construc-
tions. The weak version essentially states that fully backgrounded constructions are
“stationary”, i.e., do not move, when compared with “small” mice. Both versions
are essentially due to Steel but they have never been published before. Below and
throughout this paper, if Σ is a strategy then we let MΣ be the structure it iterates.

Lemma 2.10. Suppose δ is an inaccessible cardinal and Σ is a δ + 1-iteration

strategy with MΣ ∈ Vδ. Suppose that J �E,Σ-construction of Vδ converges and let
((Mγ ,Nγ : γ ≤ δ), (Fγ : γ < δ)) be the output of this construction. Suppose further
that M is a Σ-mouse, Λ is a δ+1-iteration strategy for M and if κ < δ is the least
measurable cardinal of Nδ then M ∈ Hκ. Assume further that for every γ < δ if
F ∗ is the background extender giving rise to Fγ then F ∗ coheres Λ. Suppose also
that T is a tree on M according to Λ with last model Q such that for some ξ ≤ η,
Mξ�Q and Fξ 	= ∅. Then either Q = Mξ or Fξ is on the sequence of Q.

Proof. We only sketch the proof. Towards a contradiction suppose Fξ is not
on the sequence of Q. Let F ∗ be the resurrection of Fξ and let λ = crit(F ∗). Let
P = MT

λ . First notice that because all the extenders used in the construction
cohere Λ, we have that T = jE∗(T ) � lh(T ) (here we also use the property of F ∗

given by clause 2a of Definition 2.3). Let j = πF∗ : V → Ult(V, F ∗). It is not hard
to see using standard arguments that j � P = πT

λ,j(λ)
6. It now follows that the first

6This follows from the fact that if b is the branch of T � λ then b = j(b) ∩ λ.
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2.3. UNIVERSALITY OF THE FULLY BACKGROUNDED CONSTRUCTIONS 41

extender used in j(b) is compatible with Fξ. This then gives a contradiction as in
the usual comparison argument (see Theorem 3.11 of [43]). �

Lemma 2.11 (Stationarity of fully backgrounded constructions). Assume the
hypothesis of Lemma 2.10. Then either

(1) there is γ ≤ δ such that there is a normal tree T on M according to Λ
with last model Q such that πT exists and Q�Nγ , or

(2) for every γ ≤ δ, Nγ doesn’t move in the comparison with M.

Proof. We only sketch the argument. It is enough to show that if Nγ moves
in the comparison with M then it must be the case that for some ξ < γ clause
1 above holds. Let γ be the least such that Nγ moves in the comparison with
M. Let T be the tree on M according to Λ that has been constructed via the
comparison process up to the stage when Nγ side has to move. Let Q be the last

model of T . Let F be the extender on Nγ such that F 	∈ �EQ. We assume, towards
a contradiction, that for every ξ < γ clause 1 fails to hold for ξ. Notice that it
follows from Lemma 2.10, for every ξ ≤ γ, F 	= Fξ. It follows that F is obtained
from a core of some Nξ for ξ < γ. More precisely, there is some ξ < γ such that

F ∈ �EC(Nξ).
Because Nξ doesn’t move in the comparison with M and because clause 1 fails

for ξ, we can let U be a tree on M according to Λ with last model R such that
Nξ�R. But because Nξ isn’t sound it follows that Nξ = R. Because clause 1
fails for ξ we must have that for some α < lh(U), C(R) = C(Nξ) = (M∗

α)
U (see

Theorem 3.8 of [43]). Thus F ∈ �E(M∗
α)

U
. Because both T and U are constructed

via comparison process and because F ∈ �E(M∗
α)

U
, we have that T = U � α + 1.

This is then a contradiction as F cannot be a disagreement between Nγ and Q. �

Next we have the following useful lemma.

Lemma 2.12 (Weak universality). Suppose δ is a Woodin cardinal and Σ is a
δ + 1-iteration strategy with MΣ ∈ Vδ. Let ((Mγ ,Nγ : γ ≤ δ), (Fγ : γ < δ)) be the

output of J �E,Σ-construction of Vδ. Suppose M is a Σ-mouse, Λ is a δ+1-iteration
strategy for M and if κ is the first measurable of N then M ∈ Vκ. Suppose no
initial segment of N satisfies that there is a superstrong cardinal. Then Nδ wins
the coiteration with M.

The proof is like the proof of the next lemma. The proof we give here is Steel’s
adaptation (see [42]) of the universality proof due to Mitchell and Schindler (see
[19]). We will need a somewhat different form of it which we will state and prove
for convenience. The proof, however, is word by word the same as the proof of
Lemma 11.1 of [42]. To see that the proof of the next lemma can be used to prove
the weak universality notice that if M wins the comparison with N then because
of Lemma 2.11, there is a tree T on M with last model R such that N � R. This
is then enough for applying the proof of the next lemma.

Lemma 2.13 (Universality). Suppose δ is a Woodin cardinal and Σ is a δ + 1-
iteration strategy with MΣ ∈ Vδ. Let ((Mγ ,Nγ : γ ≤ δ), (Fγ : γ < δ)) be the output

of J �E,Σ-construction of Vδ and set N = Nδ. Suppose that for some κ < δ and
V -generic g ⊆ Coll(ω, κ) there is M,Λ, E ∈ V [g] such that

(1) M ∈ Vδ[g] is a Σ-mouse,
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42 2. COMPARISON THEORY OF HOD MICE

(2) Λ is a δ + 1-iteration strategy for M,
(3) E ∈ Vδ[g] is an N -extender (perhaps long extender) such that N1 =

Ult(N , E) is a Σ-mouse which is δ + 1-iterable for trees in L(Vδ[g],Λ).

Suppose, further, that no initial segment of N satisfies “there is a superstrong
cardinal”. Then N1 wins the coiteration with M.

Proof. Assume M iterates past N1. Let T on M and U on N1 be the trees
coming from the coiteration process and P and Q be the last models of T and
U . Then Q � P. Let i = πE : N → N1. We assume that the reader is familiar
with the comparison argument (see Theorem 3.11 of [43]). Applied in our current
situation, the comparison argument gives the following:

(1) δ = o(Q),
(2) There is some α and μ ∈ MT

α such that δ = πT
α,μ(μ) and μ < δ.

(3) Letting κβ = πT
α,β(μ), there is a club C ⊆ [0, δ]T ∩ [0, δ]U such that

β ∈ C → β = κβ ∧ (πU
0,δ ◦ i)[β] ⊆ β.

Let f(γ)=least inaccessible β > γ such that β ∈ C. Using Woodiness of δ, we
can find a limit point κ of C such that E ∈ Vκ[g] and a j : V [g] → M such that

crit(j) = κ, Vj(f)(κ) ∈ M and j( �EN ) � j(f)(κ) = �EN � j(f)(κ) (*).

Let F ∗ be the j(f)(κ)-extender derived from j. Then F = F ∗ ∩N ∈ N (for details
see the proof of Theorem 11.3 of [20]). We claim that some initial segment of F
witnesses that κ is superstrong in N . To show this, it is enough to show that for
all g ∈ N such that g : κ → κ, πF (g)(κ) < j(f)(κ). Given this, it then follows that
F � sup{πN

F (g)(κ) : g ∈ N} is as desired7. Let then g ∈ N . It is enough to show
that for all sufficiently large γ < κ, g(γ) < f(γ).

We have that i(κ) = κ, and therefore, πU
0,κ ◦ i(g) : κ → κ. Since M iterates

past N1, we can find η < κ and h ∈ MT
η such that h : κη → κη, E ∈ Vκη

[g] and

πU
0,κ(i(g)) = πT

η,κ(h). Now let κη < γ < κ. Then,

g(γ) ≤ πU
0,κ(i(g(γ)) = πU

0,κ(i(g))(π
U
0,κ(i(γ))) = πT

η,κ(h)(π
U
0,κ(i(γ))) < f(γ).

The last inequality holds because if β = f(γ) then β ∈ C, so πU
0,κ(i(γ)) < β

and πT
η,κ(h) � β = πT

η,β(h) : β → β. This completes the proof.
�

There is yet another way that fully backgrounded constructions are universal.
They absorb strategies with branch condensation. We will use this phenomenon to
compare hod mice (see Theorem 2.28).

Definition 2.14 (Branch condensation). An iteration strategy Σ has branch

condensation (see Figure 2.3.1) if for any two stacks �T and �U on MΣ and branch

c of �U if

(1) �T and �U are according to Σ, lh(�U) = γ + 1 and lh(Uγ) is limit,

(2) �T has last model N such that (�T , N) ∈ I(Σ),

(3) π
�U
c -exists and for some π : M�U

c →Σ1
N ,

π
�T = π ◦ π �U

c

7Let H = F � sup{πN
F (g)(κ) : g ∈ N}. Then it is not hard to see that πN

H (κ) =

sup{πN
F (g)(κ) : g ∈ N} implying that, using (*), Ult(N , H)|πN

H (κ) = N|πN
H (κ).
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N

MΣ

�T ,π
�T

��������������������

�U,c,π
�U
c ����

���
���

���
���

��� if π
�T = π ◦ π �U

c then Σ(�U) = c

M�U
c

π

��

Figure 2.3.1. Branch condensation

then c = Σ(�U).

Lemma 2.15 (Absorbing strategies with branch condensation). Suppose δ is
an inaccessible cardinal and Ψ is a (δ, δ + 1)-iteration strategy for Vδ that acts on
stacks that are in L1(Vδ). Let Σ be a δ + 1-iteration strategy with MΣ ∈ Vδ. Let

((Mγ ,Nγ : γ ≤ δ), (Fγ : γ < δ)) be the output of J �E,Σ-construction of Vδ and set
N = Nδ. Suppose (P,Λ) is such that P is a Σ-mouse, Λ is a (δ, δ + 1)-iteration
strategy for P with branch condensation and if κ is the first measurable of N then

P ∈ Vκ. Then whenever (�T ,Q, ξ,Φ, �U , b) is such that

(1) �T is a stack on P according to Λ with last model Q such that π
�T exists,

(2) N|ξ � Q and HQ
ξ = N|ξ,

(3) Φ is the strategy of N|ξ induced from Ψ,

(4) �U is a stack on N|ξ according to both Φ and Λ such that the last normal

component of �U has limit length,

(5) b = Φ(�U) and π
�U
b exists,

b = Λ(�T  �U).

Proof. Let i = π
�T : P → Q be the iteration embedding given by �T . Let

π : V → N be the result of lifting �UM�U
b to the background universe. Let

R = M�U
b . Then there is σ : R → π(N|ξ) such that π � N|ξ = σ ◦ π �U

b . Let Q∗ be

the result of applying �U to Q and let j : Q → Q∗ be the iteration embedding. σ
can then be lifted to act on Q∗: let σ∗ : Q∗ → π(Q) be given by

σ∗(j(f)(a)) = π(f)(σ(a))

where f ∈ Q and a ∈ δ(�U). Next, notice that

ππ(�T ) = π(i)

= π ◦ i
= σ∗ ◦ j ◦ i
= σ∗ ◦ π�T � �U

b .

The above equalities imply that ππ(�T ) = σ∗ ◦ π
�T � �U
b . It then follows that we

can apply branch condensation of Λ to π(�T ), �T  �U , σ∗ and b and conclude that

b = Λ(�T  �U). �

The following lemma, which is a direct consequence of Lemma 2.15, is key to
the comparison argument of this paper (see Theorem 2.28).
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44 2. COMPARISON THEORY OF HOD MICE

Lemma 2.16. Suppose (M, δ,Σ) is a weak background triple. Suppose (P,Λ) is
a hod pair such that P ∈ V M

δ , Λ � L1(V
M
δ ) ∈ M , Λ has branch condensation and

whenever i : M → N is an iteration embedding via Σ in M , i(Λ � L1(V
M
δ )) = Λ �

(L1(Vi(δ)))
N . Let (Nβ ,Pβ ,Σβ, δβ : β ≤ Ω) be the output of the hod pair construction

of M . Suppose there is a stack �T ∈ M on P according to Λ with last model Q such

that π
�T exists and for some β ≤ Ω, Pβ �hod Q. Suppose further that �S ∈ V M

δ is a

stack on Pβ according to Σβ with last model R and such that π
�S exists. Then �S is

according to ΛPβ ,�T .

To implement our strategy of comparing hod pairs with fully backgrounded
constructions we need to find weak background triples which capture the strategy
of hod pair the way M captures Λ in Lemma 2.16. Under AD+ there are many
such weak background triples.

2.4. Coarse Γ-Woodin mice

Here we introduce the background triples that we will use in the proof of the
comparison theorem (Theorem 2.28). A crucial result that we will use many times
is the condensation of CΓ(x) operator. Before we state it we need to introduce few
more useful concepts. First is Suslin capturing.

Definition 2.17 (Suslin Capturing). Suppose (N,Σ) is such that N � ZFC−
Replacement and Σ is an (ω1, ω1)-iteration strategy or just ω1-iteration strategy for
N . Suppose that δ is countable in V but is an uncountable cardinal of N and suppose
that T ∈ N is a tree on δN . Suppose A ⊆ R. We say T locally Suslin captures A
over N if for any α < δ and for any N-generic g ⊆ Coll(ω, α), A∩N [g] = p[T ]N [g].
We also say that N locally captures A at δ. We say that N locally captures A if
N locally captures A at any uncountable cardinal of N . We say N locally Suslin,
co-Suslin captures A (at δ) if N locally Suslin captures A and Ac (at δ). We say
(N,Σ) Suslin captures A at δ, or (N, δ,Σ) Suslin captures A, if there is a tree
T ∈ N on δ such that whenever i : N → M comes from an iteration via Σ, i(T )
locally Suslin captures A over M at i(δ). In this case we also say that (N, δ,Σ, T )
Suslin captures A. We say (N ,Σ) Suslin captures A if for every countable δ which
is an uncountable cardinal of N , (N ,Σ) Suslin captures A at δ. We say (N ,Σ)
Suslin, co-Suslin captures A if (N,Σ) Suslin captures A and Ac.

A weaker notion of capturing is via term relations.

Definition 2.18 (Term Capturing). Suppose A, N , δ and Σ are as in Defini-
tion 2.17. Suppose τ ∈ NColl(ω,δ) is a term for a set of reals. Then we say τ locally
term captures A at δ if whenever g ⊆ Coll(ω, δ) is N-generic, τg = A ∩ N [g].

(N , δ,Σ) term captures A if there is a term τ ∈ NColl(ω,δ) such that whenever
i : N → M comes from an iteration according to Σ, i(τ ) locally term captures A at
i(δ). In this case we also say (N, δ,Σ, τ ) term captures A. (N,Σ) term captures A
if for every countable δ which is an uncountable cardinal of N , (N ,Σ) term captures
A at δ.

Both, Suslin capturing and term capturing are more interesting when there is
a Woodin cardinal in N . This is because of Woodin’s genericity iterations (see
Theorem 7.14 of [43]). Term capturing is weaker than Suslin capturing. To see this

let M = M#
1 the minimal active mouse with a Woodin cardinal and let Σ be its
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2.4. COARSE Γ-WOODIN MICE 45

canonical strategy. Let δ be the Woodin cardinal of M. Let A = {x ∈ R : L[x] � “x
codes a Π1

2-iterable active premouse with a Woodin cardinal}. Here Π1
2-iterability

is a weakening of iterability introduced by Steel in [39] in order to compute the
complexity of the reals appearing in projective mice. It should be clear that A is
term captured by (M, δ,Σ). However, (M, δ,Σ) doesn’t Suslin capture A. To see
this, suppose that there is T ∈ M such that (M, δ,Σ, T ) Suslin captures A. Let
x ∈ A and let N be an iterate of M via Σ such that x is generic for the extender
algebra of N at i(δ) where i : M → N is the iteration embedding given by Σ. Then
x ∈ p[i(T )]. It follows by absoluteness that N � p[i(T )] 	= ∅. Hence, M � p[T ] 	= ∅.
Let then x ∈ M be such that x ∈ (p[T ])M. It follows that x ∈ A. However, Steel
showed in [39] that for y ∈ R, y ∈ M if and only if y is in any active Π1

2-iterable
premouse. It then follows that x is in the premouse coded by x, which is clearly a
contradiction.

When (M, τ ) locally term captures A at κ there is a canonical term relation
that captures A. We let τMA,κ be the term defined by

τMA,κ = {(p, σ) : p ∈ Coll(ω, κ), σ ∈ MColl(ω,κ) is a standard name for a real, and

p �M σ ∈ τ}.
It is not hard to see that (M, τMA,κ) locally term captures A at κ and it is independent

of τ . Moreover, τMA,κ is forcing-invariant, as for any M -generic g, h ⊆ Coll(ω, κ),

M [g] = M [h] → (τMA,κ)g = (τMA,κ)h.

We can now state the condensation properties of CΓ(a). We will not give the
proof of the lemma. It follows from the next lemma whose proof can be found in
[32] and [31].

Lemma 2.19. Assume AD and let Γ be a good pointclass. Let T be a tree
obtained from a scale on a universal Γ-set, let (φi : i < ω) be a semi-scale on ¬p[T ]
and suppose a is a transitive countable set. Suppose π : M → N is an elementary
embedding such that {a, T} ∈ N and {a, T} ∈ rng(π). Suppose further that for
some κ ∈ rng(π) for every n, An =≤∗

φn
is locally term captured by (N, τNAn,κ

) and

τNAn,κ
∈ N ∩ rng(π). Then

CΓ(π
−1(a)) ∈ M and π(CΓ(π

−1(a))) = CΓ(a).

We now describe a useful generalization of the lemma to arbitrary sets of reals
A.

Lemma 2.20. Suppose A ⊆ R and that (φi : i < ω) is a semi-scale on A.
Suppose further that N is a countable transitive set such that for some κ, (N, τNA,κ)

locally term captures A at κ and (N, τNAn,κ
) locally term captures An =≤∗

φn
at κ.

Suppose further that π : M → N is an elementary embedding such that κ ∈ rng(π),
τNA,κ ∈ rng(π) and (τN≤φn ,κ : i < ω) ⊆ rng(π). Then

τMA,π−1(κ) ∈ M and π(τMA,π−1(κ)) = τNA,κ.

and τMA,π−1(κ) locally term captures A over M .

As a corollary, we get the following condensation property of sjs.

Corollary 2.21. Suppose (Ai : i < ω) is a sjs or ssjs. Suppose further that N
is a countable transitive set such that for some κ, (N, τNAn,κ

) locally term captures

An at κ for all n. Let π : M → N be an elementary embedding such that κ ∈ rng(π),
and for all n, τMAn,κ

∈ rng(π). Then for every n,
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46 2. COMPARISON THEORY OF HOD MICE

τMAn,π−1(κ) ∈ M and π(τMAn,π−1(κ)) = τMA,κ.

Next we introduce the notion of a coarse Γ-Woodin mouse. Woodin showed
that under AD+ any Suslin, co-Suslin set A can be locally Suslin captured by some
N (see Lemma 2.23). It can then be shown that in fact given any Suslin, co-Suslin
set A there is (N,Σ) which Suslin, co-Suslin captures A.

Definition 2.22 (Coarse Γ-Woodin mouse). Suppose Γ is a good pointclass
and N � ZFC − Replacement. N is a coarse Γ-Woodin mouse if letting T be a
tree for the universal Γ-set

(1) there is δ ∈ N such that N � “δ is the only Woodin cardinal” and o(N) =
supn<ω(δ

+ω)N ,

(2) (Hδ+ω )L[T,N ] = N .

Suppose N is a coarse Γ-Woodin mouse and Σ is an iteration strategy for N .
Then we say Σ is Γ-fullness preserving if all Σ-iterates of N are Γ-Woodin.

Lemma 2.23 (Woodin, [31] and [32]). Assume AD+. Suppose Γ is a good
pointclasses and there is a good pointclass Γ∗ such that Γ ⊆ ΔΓ∗ . Let U ∈ Γ be
the universal Γ-set. Then there is (N,Σ) such that N is a coarse Γ-Woodin mouse,
Σ is a Γ-fullness preserving iteration strategy for N and (N,Σ) Suslin, co-Suslin
captures U .

We are now ready to state the most important result of this section. If Γ
is a good pointclass and (N,Σ) Suslin captures some universal Γ-set then we say
that (N,Σ) Suslin captures Γ. Similarly we define the expression “(N,Σ) Suslin, co-
Suslin captures Γ”. When introducing Γ-hod pair constructions (see Definition 2.32)
we will need background triples satisfying additional hypothesis which is introduced
in the next definition.

Suppose (M, δ,Σ) is a background triple and A ⊆ R. Suppose λ < ω1 is an
M -cardinal and suppose g ⊆ Coll(ω, λ) is M -generic. Then we say (M [g],Σ) Suslin
captures A if for any M -cardinal ν ∈ (λ, ω1) there is a tree T ∈ M [g] on ν×ω such
that whenever N is a Σ-iterate of M obtained via an iteration above Λ, i : M → N
is the iteration embedding and i+ : M [g] → N [g] is the extension of i then for any
η < i(ν) and for any N [g]-generic h ⊆ Coll(ω, η),

(p[i+(T )])N [g∗h] = A ∩N [g ∗ h].
We say (M [g],Σ) Suslin, co-Suslin captures A if (M [g],Σ) Suslin, co-Suslin captures
both A and Ac.

Definition 2.24 (Self-capturing background triples). Suppose (M, δ,Σ) is a
background triple. We say (M, δ,Σ) is self-capturing if for every M -inaccessible
cardinal λ < δ there is a set X ∈ M such that for any M -generic g ⊆ Coll(ω, λ)
and for every M [g]-cardinal η which is countable in V , (M [g],Σ) Suslin, co-Suslin

captures Code(ΣV M
λ
) at η as witnessed by a pair (T, S) ∈ OD

M [g]
X .

Theorem 2.25 (Woodin, Theorem 10.3 of [42]). Assume AD+. Suppose Γ is
a good pointclasses and there is a good pointclass Γ∗ such that Γ ⊆ ΔΓ∗ . Suppose
(N,Ψ) Suslin, co-Suslin capture Γ. There is then a function F defined on R such
that for a Turing cone of x, F (x) = (N ∗

x ,Mx, δx,Σx) such that

(1) N ∈ L1[x],
(2) N ∗

x |δx = Mx|δx,
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2.5. COMPARISON UNDER AD+ 47

(3) Mx is a Ψ-mouse: in fact, Mx = MΨ,#
1 (x)|κx where κx is the least

inaccessible cardinal of MΨ,#
1 .8,

(4) N ∗
x � “δx is the only Woodin cardinal”,

(5) Σx is the unique iteration strategy of Mx,

(6) N ∗
x = L(Mx,Λ) where Λ is the restriction of Σx to stacks �T ∈ Mx that

have finite length and are based on Mx � δx,
(7) (N ∗

x ,Σx) Suslin, co-Suslin captures Code(Ψ) and hence, (N ∗
x ,Σx) Suslin,

co-Suslin captures Γ,
(8) (N ∗

x , δx,Σx) is a self-capturing background triple.

Notice that the universality theorem on fully backgrounded constructions can
be applied in N ∗

x of Theorem 2.25 as N ∗
x satisfies the hypothesis of Lemma 2.13.

The triples of the form (N ∗
x , δx,Σx) will be our background triples that we will use

to build hod pairs via hod pair constructions.

2.5. Comparison under AD+

Suppose (P,Σ) is a hod pair. Say (R,Ψ) is a tail of (P,Σ) if there is �T such

that (�T ,R) ∈ I(P,Σ) and Ψ = ΣR,�T . The ideal comparison theorem would be that

given two hod pairs (P,Σ) and (Q,Λ) there is a common tail (R,Ψ). However, this
kind of comparison can fail for hod pairs. The problem is that given two hod pairs
(M,Σ) and (N ,Λ), it could be that M(0) � N (0). If then λM ≥ 1, we can have no
hope of comparing M and N in any reasonable way. In a sense, as we will later see,
(M,Σ) and (N ,Λ) correspond to different pointclasses. To avoid such anomalies,
we introduce the notion of fullness preservation. We remark that in this section, we
assume AD+ + V = L(P(R)) and all our iteration strategies are (ω1, ω1)-iteration
strategies. To introduce fullness preservation, we need to introduce lower-part stack
relative to Σ.

Definition 2.26. Suppose Σ is an iteration strategy with hull-condensation,
a is a transitive set such that MΣ ∈ a and Γ is a pointclass closed under boolean
operations and continuous images and preimages. Then LpΓ,Σω1

(a) = ∪α<κLp
Γ,Σ
α (a)

where

(1) LpΓ,Σ0 (a) = a ∪ {a}
(2) LpΓ,Σα+1(a) = ∪{M : M is a sound ΣQ(α),T -mouse over LpΓ,Σα (a) projecting

to η and having an iteration strategy in Γ}.
(3) LpΓ,Σλ (a) = ∪α<λLp

Γ,Σ
α (a).

We let LpΓ,Σ(a) = LpΓ,Σ1 (a)

Definition 2.27 (Γ-Fullness preservation). Suppose (P,Σ) is a hod pair and
Γ is a pointclass closed under boolean operations and continuous images and preim-

ages. Then Σ is a Γ-fullness preserving if whenever (�T ,Q) ∈ I(P,Σ), α + 1 ≤ λQ

and η > δα is a strong cutpoint of Q(α+ 1), then

Q|(η+)Q(α+1) = LpΓ,ΣQ(α),�T (Q|η).
and

Q|(δ+α )Q = LpΓ,⊕β<αΣQ(β+1),�T (Q(α)).

8MΨ,#
1 is the minimal Ψ-mouse having a Woodin cardinal and a last extender.
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48 2. COMPARISON THEORY OF HOD MICE

When Γ = P(R) we omit it from our notation. In particular, a strategy is
fullness preserving if it is P(R)-fullness preserving. First we state the general result
and then show how to modify it to prove comparison for Γ-fullness preserving
iteration strategies. In the statement of Theorem 2.28, Code(Σ) is the set of reals
coding Σ. More precisely, if n < ω and f : HCn → HC is a function then we let
Code(f) be the set of reals coding f under some standard way of coding countable
sets with reals. More precisely, given a real x which is a code of a countable set, we
let Mx be the structure coded by x and let πx : Mx → Nx be the transitive collapse
of Mx. We let WF be the set of reals which code countable sets. Suppose then
for some n < ω, f : HCn → HC is a function. Then Code(f) is the set of triples
(x, n,m) ∈ R× ω × ω such that x ∈ WF , πx(n) ∈ dom(f) and πx(m) ∈ f(πx(n)).
If A ⊆ R×ω×ω then we let fA be the function, if exists, such that Code(fA) = A.

At the moment we need an additional hypothesis to prove that comparison
holds. Later on we will remove the additional hypothesis (see Theorem 5.9 and
Theorem 5.10).

Theorem 2.28 (Comparison of hod pairs). Suppose that (P,Σ) and (Q,Λ) are
two hod pairs such that both Σ and Λ have branch condensation and are fullness
preserving. Suppose further that there is a good pointclass Γ such that Code(Σ),
Code(Λ) ∈ ΔΓ˜9. Then comparison holds for (P,Σ) and (Q,Λ).

Proof. Let Γ be a good pointclass pointclass such that Code(Σ), Code(Λ) ∈
ΔΓ˜. Let F be as in Lemma 2.25 and let x ∈ R be such that (N ∗

x , δx,Σx) Suslin,

co-Suslin captures Code(Σ) and Code(Λ)10. Let (Nα,Rα,Σα, δα : α ≤ Ω) be the
hod pair construction of N ∗

x below δx.

Claim. There is a tree T on P according to Σ with last model R such that πT

exists and for some α, R = Rα and Σα = ΣR,T .

Proof. T is the result of comparing P with Rα. Notice that from the point of
view of N ∗

x , because (N ∗
x , δx,Σx) Suslin, co-Suslin captures Σ, P is countable and

hence, our universality theorem, Theorem 2.13, applies. We show the existence of
T by induction. The first step of the induction and the general successor step are
very much alike and this is why we only do the general successor step. Notice that
the limit steps easily follow from Theorem 2.13. To start then, assume that we have
constructed, via the usual comparison process of hitting the minimal disagreements,
a tree Tα on P according to Σ with last model R such that πTα exists, Rα =
R(α) and α < λR. We would like to describe Tα+1. Notice that it follows from
Lemma 2.16 that Σα = ΣR(α),Tα

. First we need to show that Rα+1 exists. To show
this, we need to show that (i) Nα+1 does not have an initial segment M such that
ρ(M) < δα (ii) if α is a successor then Nα+1 � “δα is a Woodin cardinal” (iii) if α
is limit then (δ+α )

Pα = (δ+α )
Nα+1 (iv) Nα+1 has Woodin cardinals above δα.

(i), (ii) and (iii) are easy consequences of fullness preservation. If any of them
fails then there is a least Σα-mouse M which witnesses this, and such an M � R.
This contradicts the fullness preservation of Σ. To show (iv), we use our universality
theorem, Theorem 2.13. It follows from Theorem 2.13 and fullness preservation

9This is the hypothesis that we will later remove. See the comments before the statement of
the theorem

10Here we can apply Lemma 2.25 because by standard results from the theory of scales if
there is one such good pointclass Γ then there are many such good pointclasses.
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2.5. COMPARISON UNDER AD+ 49

of Σα+1 that for some η < δα+1 such that Nα+1 � “η is Woodin” and letting
γ = (η+ω)Nα+1 , Nα+1|γ is a Σα+1-iterate of R(α + 1). Let U be the tree on
R(α + 1) above δα such that (U ,Nα+1|γ) ∈ I(R(α + 1),ΣR(α+1),Tα

). It then
follows that Rα+1 exists. Let Tα+1 = T 

α U . It follows from Lemma 2.15 that
Σα+1 = ΣRα+1,Tα+1

.
To finish, we need to show that there is α such that (Tα,Rα) ∈ I(P,Σ). To-

wards a contradiction assume that there is no such α. It follows from the argument
of the previous paragraph that Ω must be limit ordinal and hence, Ω = δx. Let
S be the last model of TΩ. It then follows that δx = δSΩ. Because S doesn’t have
measurable limit of Woodin cardinals (recall that this is the minimality condition
on our hod mice), δx cannot be a measurable cardinal in S. It then follows that δx
must be a singular cardinal of N ∗

x because it must have a non-measurable preimage
in the iteration leading to S, which is a contradiction. �

To finish the proof of the theorem, let T on P be according to Σ with last
model R such that πT exists and for some α, R = Rα and ΣR,T = Σα. We can
repeat the construction and get U on Q according to Λ with last model S such
that πU exists and for some β, S = Rβ and ΛS,U = Σβ . Because Σα and Σβ are
compatible, this finishes our proof. �

Unfortunately, we will need a somewhat local form of this comparison argument.
When we construct hod mice there will be a step where we will need to know how
to compare hod mice whose strategies are not fullness preserving but are Γ-fullness
preserving with respect to some pointclass. The proof of this general comparison
theorem is just like Theorem 2.28. The only missing ingredient is that we do not yet
have the notion of hod pair constructions that produce Γ-full hod premice. Below
we introduce such constructions.

Fix a pointclass Γ which is closed under continuous preimages. Below if Λ is
an iteration strategy then we let MΛ be the structure that Λ iterates. Let

HPΓ = {(P,Λ) : (P,Λ) is a hod pair and Code(Λ) ∈ Γ}
and

MiceΓ = {(a,Λ,M) : a ∈ HC, a is self-wellordered transitive set, Λ is an iteration
strategy such that (MΛ,Λ) ∈ HPΓ, MΛ ∈ a, and M � LpΓ,Λ(a)}.

Suppose (P,Σ) ∈ HPΓ. We then let

MiceΓΣ = {(a,M) : (a,Σ,M) ∈ MiceΓ}.
Suppose now A ⊆ R is such that w(A) ≥ w(Γ). We let AΓ be the set of

reals σ that code a pair (σ0, σ1) of continuous functions such that σ−1
0 [A] is a

code for some (P,Λ) ∈ HPΓ and σ−1
1 [A] is a code for some (a,M,Ψ) such that

(a,Λ,M) ∈ MiceΓ and Ψ is the unique strategy of M. If Γ = P(R) then we let
HP = HPΓ and Mice = MiceΓ.

We will introduce the notion of Γ-hod pair construction while working inside
self-capturing background triples. Suppose now that (M, δ,Σ) is a self-capturing
background triple such that (M,Σ) Suslin, co-Suslin captures the pair (AΓ, A).
Suppose B ⊆ R and suppose λ < δ is anM -inaccessible cardinal such that whenever
g ⊆ Coll(ω, λ), (M [g],Σ) Suslin, co-Suslin captures B. We then write (M,λ,Σ) �
B ∈ Γ if whenever g ⊆ Coll(ω, λ) is M -generic, there is σ ∈ M [g]∩AΓ such that if
h is M [g]-generic and (σ0, σ1) is the pair coded by σ then, letting B∗ = B∩M [g∗h]
and A∗ = A ∩ M [g ∗ h], M [g ∗ h] � B∗ = σ−1

0 [A∗]. Notice that the definition of

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



50 2. COMPARISON THEORY OF HOD MICE

(M,λ,Σ) � B ∈ Γ depends on the pair (AΓ, A). In our exposition the pair (AΓ, A)
will always be clear. The following lemma isn’t difficult to show.

Lemma 2.29. Suppose (M, δ,Σ) is a self-capturing background triple such that
(M,Σ) Suslin, co-Suslin captures the pair (AΓ, A). Suppose B ⊆ R and suppose
λ < δ is an M -inaccessible cardinal such that whenever g ⊆ Coll(ω, λ), (M [g],Σ)
Suslin, co-Suslin captures B. Then (M,λ,Σ) � B ∈ Γ if and only if B ∈ HPΓ.

Proof. Suppose first that (M,λ,Σ) � B ∈ Γ. Then easy genericity argument
shows that B ∈ HPΓ. Indeed, let g ⊆ Coll(ω, λ) be M -generic. Let σ ∈ M [g]∩AΓ

be such that whenever h is M [g]-generic, letting B∗ = B ∩ M [g ∗ h] and A∗ =
A∩M [g ∗h], B∗ = σ−1

0 [A∗]. It then follows that B = σ−1
0 [A] and hence, B ∈ HPΓ.

Suppose then B ∈ HPΓ. Let g ⊆ Coll(ω, λ) be M -generic. Let B∗ = M [g]∩B
and A∗ = M [g] ∩ A. Because B∗ and A∗ are δ+-uB in M [g], it follows from a
theorem of Neeman (see Theorem 6.17 of [23]) that in M [g], either A∗ ≤W B∗ or
B∗ ≤W A∗. We claim that

M [g] � A∗ ≤W B∗ if and only if A ≤W B
M [g[� B∗ ≤W A∗ if and only if B ≤W A.

By symmetry, we only show the first equality. Also, by symmetry it is enough to
show that A∗ ≤W B∗ implies that A ≤W B.

Fix then σ ∈ M [g] such that A∗ = σ−1[B∗]. Because A∗ and B∗ are δ+-uB it
follows that whenever h is Coll(ω, δ)-generic over M [g],

A ∩M [g ∗ h] = σ−1[M [g ∗ h] ∩B].

It the follows from an easy genericity argument that A = σ−1[B]. This finishes the
proof of the above equivalence.

Because we are assuming that B ∈ HPΓ, we must have thatM [g] � B∗ ≤W A∗.
It then follows from the proof given above that (M,λ,Σ) � B ∈ Γ. �

Next we show that mouse operators are definable over self-capturing back-
ground triples.

Lemma 2.30. Suppose that (M, δ,Σ) is a self-capturing background triple such
that (M,Σ) Suslin, co-Suslin captures (AΓ, A). Suppose further that (P,Λ) ∈ HPΓ

and λ < δ is an M -inaccessible cardinal such that (M,λ,Σ) � Code(Λ) ∈ Γ. Let
F : HC → HC be given by F (a) = LpΓ,Λ(a). Suppose g ⊆ Coll(ω, λ) is M -generic
and h ∈ HC is V M

δ [g]-generic. Then F � V M
δ [g][h] is definable over M [g][h] from

the pair (AΓ ∩M [g], A ∩M [g]) uniformly in h.

Proof. Fix σ ∈ AΓ ∩M [g] such that Code(Λ) ∩M [g] = σ−1
0 [A ∩M [g]] where

(σ0, σ1) is the pair coded by σ. Notice that it follows that σ−1
0 [A] = Code(Λ). Given

a ∈ M [g][h], let G(a) be the union of all M such that whenever k ⊆ Coll(ω, δ) is
M [g][h][k]-generic, for some x ∈ A ∩ M [g][h][k] and some π such that (σ0, π) ∈
AΓ ∩M [g][h][k], π−1(x) codes the triple (a,M, ∅). By a standard absoluteness and
genericity arguments using the fact that (M,Σ) Suslin, co-Suslin captures (AΓ, A),
we get that G(a) = F (a). �

Lemma 2.31. Assume the hypothesis of Lemma 2.30. Suppose further that the
function η → Λ � V M

η is definable over M (from parameters) and that there is

some set X ∈ M such that there is an invariant τ ∈ MColl(ω,λ) such that τ ∈ ODM
X
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2.5. COMPARISON UNDER AD+ 51

and whenever g ⊆ Coll(ω, λ) is M -generic then τg = {(x, y) ∈ R2 : x codes P and
y ∈ Code(Λ)}. Then F � V M

δ is definable over V M
δ .

Proof. Fix a ∈ M . Let G(a) be the union of all M such that whenever
g ⊆ Coll(ω, λ) is M -generic, h ⊆ Coll(ω, δ) is M [g]-generic, x ∈ M [g] codes P
and σ ∈ AΓ ∩ M [g] is such that letting (σ0, σ1) be the pair coded by σ, (τg)x =

σ−1
0 [A∩M [g]], then there is y ∈ RM [g∗h] such that σ−1

1 (y) codes the triple (a,M, ∅).
It again follows that G(a) = F (a). �

We can now introduce Γ-hod pair constructions.

Definition 2.32 (Γ-hod pair constructions). Suppose Γ is a pointclass closed
under continuous preimages and images and suppose that A ⊆ R is such that
w(A) = w(Γ). Suppose further (M, δ,Σ) is a self-capturing background triple such
that M locally Suslin, co-Suslin captures (AΓ, A). Then the Γ-hod pair construc-
tion of M below δ is a sequence (Cβ,Pβ ,Σβ, δβ : β ≤ Ω) that satisfies the following
properties.

(1) M � “ for all β < Ω, (Pβ,Σβ) is a hod pair such that Σβ ∈ Γ” 11.

(2) For β ∈ [−1, δ), letting Σ−1 = ∅, Cβ+1 = ((Mβ+1
ξ ,N β+1

ξ : ξ ≤ δ), (F β+1
ξ :

ξ < δ)) is the output of J �E,Σβ -construction of V M
δ . Also, δβ+1 is the least

γ such that o(N β+1
γ ) = γ and LpΓ,Σβ (N β+1

γ ) � “γ is Woodin”.
(3) For β ∈ [−1, δ), letting Σ−1 = ∅, if

(a) δβ+1 exists,

(b) N β+1
δβ+1

doesn’t have initial segments projecting across δβ,

(c) if β is a successor then N β+1
δβ+1

� “δβ is Woodin” and

(d) if β is limit then (δ+β )
Pβ = (δ+β )

Nβ+1
δβ+1 ,

then Pβ+1 = Lp
Γ,Σβ
ω (N β+1

δβ+1
|δβ+1) and Σβ+1 is the strategy of Pβ+1 induced

by Σ.
(4) For limit ordinals β, letting P∗

β = ∪γ<βPβ, Σ∗
β = ⊕γ<βΣβ and δβ =

supγ<β δγ , if δβ is not measurable in M and δβ < δ then Cβ = ((Mβ
ξ ,N

β
ξ :

ξ ≤ δ), (F β
ξ : ξ < δ)) is the output of J �E,Σ∗

β -construction of V M
δ . If there

is no γ such that o(N β
γ ) = γ and LpΓ,Σ

∗
β (N β

γ ) � “γ is Woodin” then we

let Pβ be undefined. Otherwise, let γ be the least such that o(N β
γ ) = γ and

LpΓ,Σ
∗
β (N β

γ ) � “γ is Woodin”. If N β
γ doesn’t have an initial segment pro-

jecting across δβ then Pβ = Nβ |(δ+ω
β )Nβ and Σβ is the iteration strategy

for Pβ induced by Σ. Otherwise, Pβ is undefined.

An alternative definition of a Γ-full hod pair construction is one in which we let
δβ+1 be the least γ > δβ which is a cardinal of M and is such that LpΓ,Σβ (V M

γ ) � “γ

is Woodin” and we let Nβ+1 be the output of J �E,Σβ -construction of V M
δβ+1

. This

is done in Definition 3.48. We then let Pβ+1 = Lp
Γ,Σβ
ω (Nβ+1). That the two

definitions are equivalent follows from the S-construction method of Section 3.8.
The problem that one needs to address is that (i) Why is δβ+1 Woodin in Pβ+1?

11We abuse our notation and let Σβ stand for both the induced strategy which acts on all
trees in V and for the strategy which acts on trees that are in M . We will do this throughout this
paper.
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52 2. COMPARISON THEORY OF HOD MICE

and (ii) Why is δβ+1 the least Woodin above δβ in Pβ+1?. To show both we will
use S-constructions: because V M

γ is generic over Nβ+1, Lemma 3.42 implies that

Pβ+1[V
M
γ ] = Lp

Γ,Σβ
ω (V M

γ ). To prove that the S-constructions work, however, we
will need to prove theorems about how to interpret the strategy of a hod mouse in
generic extensions. For this we will first need to investigate the internal theory of
hod mice which we will do in Section 3.1.

We end this section by stating the comparison theorem for Γ-fullness preserving
hod pairs the proof of which is just like the proof of Theorem 2.28.

Theorem 2.33 (Comparison of hod pairs). Suppose that (P,Σ) and (Q,Λ)
are two hod pairs such that both Σ and Λ have branch condensation and are Γ-
fullness preserving for some pointclass Γ closed under continuous images and preim-
ages. Suppose further that there is a good pointclass Γ∗ such that Γ ∪ {Code(Σ),
Code(Λ)} ⊆ ΔΓ˜∗ . Then there are (T ,R) ∈ I(P,Σ) and (U ,S) ∈ I(Q,Λ) such that

either

(1) R �hod S and ΣR,T = ΛR,U
or

(2) S �hod R and ΛS,U = ΣS,T .

Remark 2.34. The comparison theorem of this section has an important conse-
quence namely that the comparison can be achieved via a normal tree, i.e., if (P,Σ)
and (Q,Λ) are two hod pairs such that Σ and Λ are fullness preserving and have
branch condensation then there are (T ,R) ∈ I(P,Σ) and (U ,S) ∈ I(Q,Λ) such
that either R �hod S and ΛR,U = ΣR,T or S �hod R and ΣS,T = ΛS,U . This fact
will be used in Lemma 2.42.

2.6. Positional and commuting iteration strategies

In this section, we introduce several key properties of iteration strategies that
we will use in this paper. One of the main goals of this paper is to show that initial
segments of HOD of models of determinacy are iterates of hod mice (see Section 4.4
and in particular, Theorem 4.24). The typical proofs of such theorems are as follows.
We fix an initial segment of HOD, say Q, and show that there is a hod pair (P,Σ)
such that the direct limit of all iterates of P via Σ converges to Q. In order to make
sense of such direct limit construction our strategy has to be commuting, i.e., if R
is an iterate of P via two different iterations according to Σ, then we must have
that the iteration embedding doesn’t depend on the particular iteration producing
R. In this section, we use our comparison argument, more precisely the fact that
we achieved comparison via normal trees, to show that strategies that are fullness
preserving and have branch condensation are also commuting (see Theorem 2.42).

Suppose Σ is some iteration strategy and M = MΣ. Note that if (�T , N) ∈
I(M,Σ) then in general, ΣN,�T depends on �T , i.e., there could be some other stack

�U with N as its last model and such that ΣN,�U 	= ΣN,�T . We call ΣN,�T the �T -tail

of Σ. If now Γ is the �T -tail of Σ then we let

Σ
�T = Γπ

�T
=def π

�T -pullback of Γ12.

12See Definition 4.5 of [43]. The pullback strategies are defined using the copying construction
described in Section 4.1 of [43].
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2.6. POSITIONAL AND COMMUTING ITERATION STRATEGIES 53

If �T and �U are two different trees according to Σ then Σ
�T might be different from

Σ
�U .

Definition 2.35. Suppose Σ is an iteration strategy and M = MΣ. Then,

(1) (Dodd-Jensen Property) Σ has the Dodd-Jensen property if whenever

(�T , N) ∈ I(M,Σ) then for any π : M →Σ1
N and for any ordinal α,

π
�T (α) ≤ π(α).

(2) (Positional Dodd-Jensen Property) Σ has the positional Dodd-Jensen

property if whenever (�T , N) ∈ I(M,Σ) then ΣN,�T has the Dodd-Jensen
property.

(3) (Weakly positional) Σ is weakly positional if whenever (�T , N) ∈ I(M,Σ)

and (�U , N) ∈ I(M,Σ) then ΣN,�T = ΣN,�U .

(4) (Positional) Σ is positional if whenever (�T , N) ∈ I(M,Σ), ΣN,�T is po-

sitional.
(5) (Near weakly positional) Assume M is fine structural. Σ is near weakly

positional if whenever (�T , N), (�U , N) ∈ I(M,Σ) and S is a tree on N
of limit length which is according to both ΣN,�T and ΣN,�U then letting

ΣN,�T (S) = b and ΣN ,�U = c, if b 	= c then both πS
b and πS

c don’t exist.

(6) (Weakly pullback consistent) Σ is weakly pullback consistent if Σ
�T =

Σ whenever �T is a stack according to Σ such that π
�T exists.

(7) (Pullback consistent) Σ is pullback consistent if for any (�T , N) ∈
I(M,Σ), ΣN,�T is weakly pullback consistent.

(8) (Weakly commuting) Σ is weakly commuting if whenever (�T , N) ∈
I(M,Σ) and (�U , N) ∈ I(M,Σ) then π

�T = π
�U .

(9) (Commuting) Σ is commuting if whenever (�T , N) ∈ I(M,Σ) then ΣN,�T
is weakly commuting.

Clearly the Dodd-Jensen property implies weakly commuting and the positional
Dodd-Jensen property implies commuting. Readers familiar with the proof of Dodd-
Jensen lemma are perhaps deceived by the appearance of the branch condensation
and are probably thinking that the proof can be used to show that strategies with
branch condensation are at least commuting. As a consolation, we confess that
for a long time the author too thought that such an implication is trivial and only
some time later he realized that this fact needs a proof. In general, we do not know
whether branch condensation implies Dodd-Jensen property or even commuting.
We can prove that for hod mice branch condensation does imply commuting (see
Theorem 2.42). The following proposition summarizes the relationship between
branch condensation, commuting and the Dodd-Jensen property. Its proof uses the
copying construction (see Section 4.1 of [43]).

Proposition 2.36. Suppose Σ is an iteration strategy. Then the following
holds.

(1) If Σ has hull condensation then it is pullback consistent.
(2) If Σ is positional and pullback consistent then Σ is commuting.
(3) If Σ has branch condensation and is weakly commuting then Σ is near

weakly positional.
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54 2. COMPARISON THEORY OF HOD MICE

Proof. We only sketch the argument. To see hull condensation implies pull-

back consistency let �T be a stack according to Σ. We need to show that Σ
�T = Σ.

To see this, fix a stack �U according to both Σ and Σ
�T . We need to show that

Σ(�U) = Σ
�T (�U). Let c = Σ

�T (�U) = Σ(�T j �U) where j is the iteration map given by
�T (recall that j �U is the stack on the last model of �T constructed by the copying

construction). For simplicity, we assume that π
�U
c -exists. We then have

π
�T �j �U
c : MΣ → M�T �j �U

c ;

π
�U
c : MΣ → M�U

c ;

π : M�U
c → M�T �j �U

c

such that

π
�T �j �U
c = π ◦ π �U

c .

where π comes from the copying construction. Notice then that �U{M�U
c } is a hull

of �T j �U{MT �jU
c }13. Then by hull condensation, c is according to Σ.

The usual proof of the Dodd-Jensen property (see Theorem 4.8 of [43]) shows
that if Σ is positional and pullback-consistent then it is commuting. To see that
if Σ has branch condensation and is commuting then Σ is near weakly positional

fix �T1 and �T2 on MΣ with common last model N . Let �U be a stack on N without
last model which is according to both ΣN,�T1

and ΣN,�T2
. Let ΣN,�T1

(�U) = b and

ΣN,�T2
(�U) = c. We need to show that if b 	= c then both π

�U
b and π

�U
c don’t exist.

Towards a contradiction suppose that b 	= c but π
�U
b exists. By commuting, we have

that

π
�T1 = π

�T2 .

Therefore,

π
�U
b ◦ π�T2 = π

�U
b ◦ π�T1 .

We can then apply branch condensation to �T 
2

�U{M�U
b } and �T 

1
�U{M�U

b } where
π of the definition of branch condensation is just the identity. This shows that
�T 
2

�U{M�U
b } is according to Σ and therefore, b = c, contradiction! �

We remark that the last argument does not give the full form of positional
because branch condensation applies to branches for which the branch embedding
exists. We do not know if hull condensation by itself implies weakly commuting.

The difficulty is that we seem to need that if N is a Σ-iterate of MΣ via �T and �U
and i = π

�T and j = π
�U exist then

Σ = Σj

N,�T = Σi
N,�U .

The equality holds if Σ has branch condensation but we do not know if it holds
when Σ has just hull condensation. We now work towards showing that branch
condensation for hod mice implies positional. Our first task is to introduce several
useful notions.

Given a hod premouse P and a stack �T = (Mα, Tα : α < lh(�T )) on P, we

would like to rearrange �T into components in a way that if M is a model appearing

13In the definition of hull condensation, σ(0) was allowed to be not equal to 0.
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Mα

M∗
α · · ·

M1

�Tα ���������

M∗
1 · · · · · ·

M0

�T1 ��������� · · · · · ·

M∗
0 · · · · · ·�T0 		��������

��������

��������

��������������

�������������� · · ·

���������������������

�������������������� · · ·

Figure 2.6.1. Essential components.

at the end of some round or, equivalently at the beginning of some round, and
α ≤ λM is the least such that I’s first move of the round is an extender from M(α)

then the next component of �T played on M is the largest initial segment of �T that
is based entirely on M(α). Such re-arrangements of stacks will be used throughout
this paper.

Definition 2.37 (Essential components of stacks: limit case). Suppose P is

a hod premouse, λP is limit and �T is a stack of iteration trees on P. Then the

sequence (Mα,M∗
α, �Tα, πα,β : α < β ≤ η) that has the following properties is called

the sequence of essential components of �T or just the essential components of �T
(see Figure 2.6.1)

(1) M0 = P, M∗
0 is the least hod premouse initial segment of P such that

E
�T
0 ∈ M∗

0, and �T0 is the largest initial segment of �T that is entirely on
M∗

0.

(2) For any α, if �Tβ is defined for all β < α then ⊕β<α
�Tβ is an initial segment

of �T .

(3) If for some α, ⊕β<α
�Tα = �T then η = α, and M∗

α, Mα, �Tα are undefined.

(4) If ⊕β<α
�Tβ � �T 14 then Mα is the last model of ⊕β<α

�Tβ in �T , and M∗
α is

the least hod initial segment of Mα such that the next extender used in �T
is in M∗

α.

(5) If M∗
α is defined then �Tα is the largest initial segment of �T that is based

entirely on M∗
α,

(6) πα,β : Mα → Mβ is the iteration embedding.

Definition 2.38 (Essential components of stacks: successor case). Suppose P
is a hod premouse, λP is a successor ordinal and �T is a stack of iteration trees on

P. Then the sequence (M0
α,M1

α, �U0
α, �U1

α : α ≤ η) that has the following properties

is called the sequence of essential components of �T or just the essential components

of �T .

(1) M0
0 = P and �U0

0 is the largest initial segment of �T that is entirely based

on P−, M1
0 is the last model of �U0

0 if it exists, and �U1
0 is the largest initial

segment of �T after �U0
0 that is entirely above (M1

0)
−,

14I.e., the rest of �T doesn’t use ⊕β<α
�Tβ .
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56 2. COMPARISON THEORY OF HOD MICE

(2) for any α, if for all β < α, �U0
β and �U1

β are defined then, ⊕β<α(�U0
β

�U1
β) is

an initial segment of �T ,

(3) if for some α, for all β < α, �U0
β and �U1

β are defined and ⊕β<α(�U0
β

�U1
β) =

�T then η = α and M1
α, Mα, �U0

α and �U1
α are undefined,

(4) if ⊕β<α(�U0
β

�U1
β) � �T then M0

α is the last model of ⊕β<α(�U0
β

�Uβ
1
), �U0

α

is the largest initial segment of �T that is based entirely on (M0
α)

−. If

(⊕β<α(�U0
β

�U1
β))

 �U0
α = �T

then α = η, M1
η is the last model of �U0

α if it exists and is undefined

otherwise, and �U1
α is left undefined. If (⊕β<α(�U0

β
�U1
β))

 �U0
α � �T then

M1
α is the last model of �U0

α and �U1
α is the largest initial segment of �T that

is entirely above M−
α .

Suppose P is a hod premouse and �T is a stack on P. Suppose λP is limit and

(Mα,M∗
α, �Tα, πα,β : α < β ≤ η)

are the essential components of �T . Then for α ≤ η, we let �T � α = ⊕γ<α
�Tγ .

Suppose now λP is a successor ordinal and (M0
α,M1

α, �U0
α, �U1

α : α ≤ η) are the

essential components of �T . Then for α ≤ η, we let �T � α = ⊕γ<α(�U0
γ

�U1
γ ).

Next we introduce an important definition and prove a lemma. Both will be
used in the next section as well as in the proof of Theorem 2.42. Suppose we have
two hod pairs (P,Σ) and (P,Λ) such that both Σ and Λ are fullness preserving (or
Γ-fullness preserving) yet Σ 	= Λ. Is there in some sense a minimal disagreement
between Σ and Λ? It turns out that there is.

Definition 2.39 (Minimal disagreement; limit case). Suppose (P,Σ) and (P,Λ)
are two hod pairs such that λP is limit and for any α < λP , ΣP(α) = ΛP(α). If Σ 	=
Λ, then �T is a minimal disagreement between Σ and Λ if letting (Mα,M∗

α, �Tα, πα,β :

α < β ≤ η) be the essential components of �T ,

(1) η = γ + 1 for some γ,
(2) for any α < γ, ΣMα,�T �α = ΛMα,�T �α,
(3) ΣM∗

γ ,
�T �γ 	= ΛM∗

γ ,
�T �γ and for any Q �hod M∗

γ , ΣQ,�T �γ = ΛQ,�T �γ,

(4) λM∗
γ is a successor ordinal,

(5) �Tγ is a stack on M∗
γ of successor length such that its last component has

limit length, �Tγ is according to both ΣM∗
γ ,

�T �γ and ΛM∗
γ ,

�T �γ but

ΣM∗
γ ,

�T �γ(
�Tγ) 	= ΛM∗

γ ,
�T �γ(

�Tγ).

Definition 2.40 (Minimal disagreement; successor case). Suppose (P,Σ) and
(P,Λ) are two hod pairs such that λP is a successor and for any α < λP , ΣP(α) =

ΛP(α). If Σ 	= Λ, then �T is a minimal disagreement between Σ and Λ if letting

(M0
α,M1

α, �T 0
α , �T 1

α : α ≤ η) be the essential components of �T , then M1
η and �T 1

η are
defined and

ΣM1
η,

�T �η� �T 0
η
(�T 1

η ) 	= ΛM1
η,

�T �η� �T 0
η
(�T 1

η ).

Note that if (P,Σ) and (P,Λ) are as in Definition 2.40, then any �T which is

according to both Σ and Λ, doesn’t have a last model and Σ(�T ) 	= Λ(�T ), constitutes
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2.6. POSITIONAL AND COMMUTING ITERATION STRATEGIES 57

a minimal disagreement. The existence of minimal disagreements in the limit case
is not so trivial.

Proposition 2.41 (The existence of minimal disagreements). Suppose (P,Σ)
and (P,Λ) are two hod pairs such that λP is limit and for any α < λP , ΣP(α) =
ΛP(α). If Σ 	= Λ then there is a minimal disagreement between Σ and Λ.

Proof. Let �T be such that Σ(�T ) 	= Λ(�T ) and let b = Σ(�T ) and c = Λ(�T ).

Let (Mα,M∗
α, �Tα, πα,β : α < β ≤ η) be the essential components of �T . There

must be α such that for some β < λMα , ΣMα(β),�T �α 	= ΛMα(β),�T �α (for instance

α = η works). Let (α, β) be the least pair such that ΣMα(β),�T �α 	= ΛMα(β),�T �α.

Let Q∗ = Mα and Q = Mα(β). Note that if λQ is a successor then we are done,

because if we let �U be any stack on Q such that ΣQ,�T �α(
�U) 	= ΛQ,�T �α(

�U), we have

that �T � α �U is as desired.

Thus, suppose λQ is limit. In this case, let �T ∗ = �T � α and let �U be a stack

on Q such that ΣQ,�T ∗(�U) 	= ΛQ,�T ∗(�U). Let (Nα,N ∗
α , �Uα, πα,β : α < β ≤ ν) be the

essential components of �U . Then as before we can let (α1, β1) be the least (α, β) such
that ΣNα(β),�T ∗� �U�α 	= ΛNα(β),�T ∗� �U�α. Then let Q∗

1 = Nα1
and Q1 = Nα1

(β1). We

again have two cases. If λQ1 is a successor ordinal then we finish as before. Thus,
suppose λQ1 is limit. We can now repeat the above process and get Q2. Again,
if λQ2 is a successor ordinal then we finish as before and otherwise we repeat the
above process and get Q3. If during this construction we never produce Qn such
that λQn is a successor then we get a sequence (Q∗

j ,Qj , ij,k : j < k < ω) where
ij,k : Q∗

j → Q∗
k is the iteration embedding. Then, because Qj+1 �hod ij,j+1(Qj), the

direct limit of (Q∗
j , ij,k : j < k < ω) is ill-founded. Because this cannot be, it must

be the case that there is some n ∈ ω such that λQn is a successor ordinal, in which
case we can finish as before. �

Theorem 2.42 (From condensation to commuting). Assume AD+. Suppose
(P,Σ) is a hod pair such that Σ has branch condensation and is fullness preserving.
Suppose there is a good pointclass Γ such that Code(Σ) ∈ ΔΓ˜. Suppose further that

there is a good pointclass Γ such that Code(Σ) ∈ ΔΓ˜. Then Σ is positional and

hence, commuting (see Lemma 2.36).

Proof. We start with the following claim.

Claim. Suppose (P,Σ) is a hod pair such that for any ( �Si,Qi) ∈ I(P,Σ)
(i = 0, 1, 2), there are (Si,R) ∈ I(Qi,ΣQi, �Si

) such that

(1) ΣR, �S0
= ΣR, �S1

= ΣR, �S2
.

(2) if for some α < min(λQ1 , λQ2), Q1(α + 1) = Q2(α + 1) and ΣQ1(α), �S1
=

ΣQ2(α), �S2
then letting Sk be the part of Sk (k = 0, 1, 2) that is based on

Qk(α + 1), lh(S0) = lh(S1) = lh(S2) and for every ξ < lh(S0), S0 � ξ =
S1 � ξ = S2 � ξ.

Then Σ is positional and hence, commuting.

Proof. Notice that by the proof of the Dodd-Jensen property (see Theorem

4.8 of [43]) if (�T ,Q), (�U ,Q) ∈ I(P,Σ) and ΣQ,�T = ΣQ,�U then π
�T = π

�U . Suppose

then P isn’t positional. By induction we can assume that if (�T ,Q) ∈ B(P,Σ)
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58 2. COMPARISON THEORY OF HOD MICE

then ΣQ,�T is positional. We have two cases. First assume that λP is a succes-

sor ordinal. Fix (�T ,Q), (�U ,Q) ∈ I(P,Σ) such that ΣQ,�T 	= ΣQ,�U . Notice that

ΣQ(λQ−1),�T = ΣQ(λQ−1),�U . By our assumption there are (S1,R) ∈ I(Q,ΣQ,�T ),

(S2,R) ∈ I(Q,ΣQ,�U ) and (S3,R) ∈ I(P,Σ) such that

ΣR,�U�S1
= ΣR,�U�S2

= ΣR,�U�S3
.

From the discussion above we get that

π
�T �S1 = π

�U�S2 = πS3 .

Moreover, we have that in fact lh(S1) = lh(S2) and for any α < lh(S1), S1 � α =
S2 � α. This then implies that

rng(πS1) ∩ rng(πS2) ∩ δR is cofinal in δR

implying that in fact S1 = S2 (see Lemma 1.13). But then

ΣQ,�T = ΣπS1

R,S3
= ΣπS2

R,S3
= ΣQ,�U .

The case when λP is limit uses the same idea. First we claim the following:

Subclaim. Whenever (�T ,Q1), (�U ,Q2) ∈ I(P,Σ) are such that for some α, (i)

α(�T ), α(�U) ≤ α+1, (ii) Q1(α+1) = Q2(α+1), and (iii) ΣQ1(α),�T = ΣQ2(α),�U then

ΣQ1(α+1),�T = ΣQ2(α+1),�U .

Proof. The proof is as above. Towards a contradiction assume that (�T ,Q1),

(�U ,Q2) are such that (i), (ii), and (iii) hold yet, ΣQ1(α+1),�T 	= ΣQ2(α+1),�U . We

can again fix (S1,R) ∈ I(Q1,ΣQ1,�T ), (S2,R) ∈ I(Q2,ΣQ,�U ) and (S3,R) ∈ I(P,Σ)

such that

ΣR,�T �S1
= ΣR,�U�S2

= ΣR,S3
.

This then gives that

π
�T �S1 = π

�U�S2 = πS3 .

As before, we can assume that if S∗
1 and S∗

2 are the parts of S1 and S2 which are
based on Q1(α + 1) = Q2(α + 1) then lh(S∗

1 ) = lh(S∗
2 ) and for every β < lh(S∗

1 ),
S∗
1 � β = S∗

2 � β. Let S = S∗
1 � lh(S∗

1 )− 1 = S∗
2 � lh(S∗

2 )− 1. We now claim that

rng(πS∗
1 ) ∩ rng(πS∗

2 ) is cofinal in δ(S).

To see this, notice that if

A1 = {π�T (f)(a) : f ∈ P ∧ a ∈ [δQ1
α ]<ω} ∩ δQ1

α+1

and

A2 = {π �U (f)(a) : f ∈ P ∧ a ∈ [δQ2
α ]<ω} ∩ δQ2

α+1

then A1 and A2 are cofinal subsets of δQ1
α+1 = δQ2

α+1 and

πS∗
1 [A1] = πS∗

1 [A2].
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2.6. POSITIONAL AND COMMUTING ITERATION STRATEGIES 59

Hence, rng(πS∗
1 )∩ rng(πS∗

2 ) is cofinal in δ(S) implying that in fact, S∗
1 = S∗

2 . This
gives a contradiction because

ΣQ1(α+1),�T = ΣπS∗
1

R(πS∗
1 (α)+1),S3

= ΣπS∗
2

R(πS∗
2 (α)+1),S3

= ΣQ2(α+1),�U .

�

Now towards a contradiction, we assume that Σ isn’t positional. We would

like to produce two pairs (�T ,Q1), (�U ,Q2) such that for some α, (i) δ(�T ), δ(�U) ≤
δQ1
α+1 = δQ2

α+1, (ii) Q1(α + 1) = Q2(α + 1), and (iii) ΣQ1(α),�T = ΣQ2(α),�U and

ΣQ1(α+1),�T 	= ΣQ2(α+1),�U . This then gives the contradiction. Let (�T ,Q), (�U ,Q) ∈
I(P,Σ) be two pairs such that ΣQ,�T 	= ΣQ,�U . Suppose first that for some α < λQ,

ΣQ(α),�T = ΣQ(α),�U yet ΣQ(α+1),�T 	= ΣQ(α+1),�U . It is then easy to modify �T and

�U so that the new stacks satisfy (i)-(iii): just through away the parts that do not
contribute to producing Q(α + 1). Suppose then that there is no such α. Let α
be the least γ ≤ λQ such that ΣQ(γ),�T 	= ΣQ(γ),�U . It then follows that γ is a limit

ordinal. Let then �S = (Mξ,M∗
ξ ,

�Sξ, πξ,ν : ξ < ν ≤ η) be a minimal disagreement

between ΣQ(γ),�T and ΣQ(γ),�U . Then it is easy to modify �T ⊕ξ<η
�Sξ and �U⊕ξ<η

�Sξ

in such a way that the resulting stacks satisfy (i)-(iii): just through away the parts
that do not contribute to producing M∗

η. �

Notice that the hypothesis of the claim is always satisfied as it follows from our
comparison theorem Theorem 2.28. It then follows that Σ is positional.

�

The following is a corollary of the proof of Theorem 2.42, especially of the proof
of the claim in the proof of Theorem 2.42.

Corollary 2.43. Suppose (P,Σ) is as in Theorem 2.42. Then whenever

(�T ,Q1), (�U ,Q2) ∈ I(P,Σ) are such that for some α ≤ min(λQ1 , λQ2), Q1(α) =
Q2(α) then ΣQ1(α),�T = ΣQ2(α),�T .

Proof. The proof is like the end of the proof of Theorem 2.42. Suppose to-

wards a contradiction that there are (�T ,Q1), (�U ,Q2) ∈ I(P,Σ) such that for some
α ≤ min(λQ1 , λQ2), Q1(α) = Q2(α) and ΣQ1(α),�T 	= ΣQ2(α),�T . Let β be the

least α ≤ min(λQ1 , λQ2) such that Q1(α) = Q2(α) and ΣQ1(α),�T 	= ΣQ2(α),�T . If

β = γ + 1 then we can get into the situation of the claim in the proof of The-

orem 2.42: just through away the parts of �T and �U that do not contribute to
producing Q1(β) = Q2(β). Thus, we must have that β is limit. In this case, to get
into the situation of the claim, repeat the argument from the last paragraph of the
proof of Theorem 2.42. �

It follows from Corollary 2.43 that under AD+ if (P,Σ) is a hod pair such that
Σ has branch condensation, is fullness preserving and there is a good pointclass

Γ such that Code(Σ) ∈ ΔΓ˜ then whenever (�T ,Q), ( �S,Q) ∈ B(P,Σ) ∪ I(P,Σ),

ΣQ,�T = ΣQ, �S . It is not ambiguous to omit �T from the subscript of ΣQ,�T and

we do that from now on. If Q is any iterate of P via Σ such that for some �T ,

(Q, �T ) ∈ I(P,Σ) then we let ΣQ be the �T -tail of Σ. We also let
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60 2. COMPARISON THEORY OF HOD MICE

pB(P,Σ) = {Q : ∃�S( �S,Q) ∈ B(P,Σ)},
pI(P,Σ) = {Q : ∃�S( �S,Q) ∈ I(P,Σ)}.

Also, ifQ ∈ pI(P,Σ) andR ∈ pI(R,ΣR) then we let πP,Σ
Q,R : Q → R be the iteration

embedding, and given Q ∈ pI(P,Σ) ∪ pB(P,Σ) and R ∈ pI(P,Σ) ∪ pB(P,Σ) we
write Q �P,Σ R if (Q,ΣQ) doesn’t win the comparison with (R,ΣR).

Notice that our proof of Theorem 2.42 generalizes to the case when Σ is Γ-
fullness preserving instead of fullness preserving.

Corollary 2.44. Assume AD+. Suppose (P,Σ) is a hod pair such that Σ has
branch condensation and is Γ-fullness preserving for some Γ which is closed under
continuous images and preimages. Suppose further that there is a good pointclass
Γ∗ such that Code(Σ) ∈ ΔΓ˜∗ and Γ ⊆ ΔΓ˜∗ . Then Σ is positional and hence,

commuting.

2.7. The diamond comparison argument

Our comparison theorem, Theorem 2.28, is applicable in AD+-context. How-
ever, in the proof of Theorem 6.19, we will need a way of comparing hod pairs in
models of ZFC. Also, sometimes, as in Section 3.5, one doesn’t know a priori,
that the strategies of hod pairs involved have branch condensation. The compari-
son argument we present in this section does not need branch condensation in the
limit case. This makes the argument useful not only in the aforementioned context
but also in core model induction applications. An important disadvantage of the
argument presented below is that in general, working under ZFC, its hard to make
sense of fullness preservation. We present the comparison argument for pairs that
are close and are of the same kind. We expect that in many situations including
those mentioned above it is possible to define a meaningful notion of fullness preser-
vation and show that two fullness preserving strategies are of the same kind, and
hence, the comparison argument of this section can be applied.

First we introduce closeness. Intuitively speaking two strategies are close if
branches chosen by them for the same stack yield exactly the same model.

Definition 2.45. Suppose (P,Σ) and (P,Λ) are hod mice such that λP is
a successor ordinal and ΣP− = ΛP− . We say Σ and Λ are close if II doesn’t
lose any run of the game G(P,Σ,Λ) defined as follows. In G(P,Σ,Λ), just like
the usual iteration game I plays extenders and unlike the usual iteration game, II
plays two branches, one according to Σ and one according to Λ. II loses, without
having much to do during the game, if the play of the game produces two stacks

with normal components �T = (Mα, Tα : α < η) and �U = (Nα,Uα : α < η) such
that

(1) �T is according to Σ, and �U is according to Λ,
(2) for every α ≤ η, lh(Tα) = lh(Uα) and Mα = Nα,
(3) for every α, β such that α ≤ η, β < lh(Tα), Tα � β = Uα � β,
(4) if η is a successor ordinal then lh(Tη) is a limit ordinal, and if b = Σ(�T )

and c = Λ(�U) then M�T
b 	= M�U

c .

Definition 2.46. Two hod pairs (P,Σ) and (Q,Λ) are of the same kind if
whenever (R,Ψ) and (S,Φ) are tails of (P,Σ) and (Q,Λ) respectively then

(1) for all α < min(λR, λS) such that R(α) = S(α) and ΨR(α) = ΦS(α) if
R(α+ 1) � S(α+ 1) or S(α+ 1) � R(α+ 1) then
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2.7. THE DIAMOND COMPARISON ARGUMENT 61

(a) R(α+ 1) = S(α+ 1);
(b) there is a tail (M,Ψ∗) of (R(α+ 1),ΨR(α+1)) and a tail (M,Φ∗) of

(S(α+ 1),ΦS(α+1)) such that Ψ∗ and Φ∗ are close;

(2) for all limit α ≤ min(λR, λS) if for all β < α, R(β) = S(β) and ΨR(β) =
ΦS(β) then R(α) = S(α).

Here is the comparison theorem.

Theorem 2.47 (The diamond comparison). Suppose (P,Σ) and (Q,Λ) are two
hod pairs such that

(1) for any (�T ,R) ∈ I(P,Σ) and ( �S,W) ∈ I(Q,Λ) and any α < λR and
β < λW , both ΣR(α+1),�T and ΛW(β+1), �S have branch condensation,

(2) (P,Σ) and (Q,Λ) are of the same kind,
(3) there is a cardinal κ such that both Σ and Λ are (κ+, κ+)-iteration strate-

gies, P,Q ∈ Hκ+ and for any (�T ,R) ∈ I(P,Σ) ∪ B(P,Σ) and (�U ,S) ∈
I(Q,Λ)∪B(Q,Λ) such that λR and λS are successor ordinals, both ΣR,�T
and ΛS,�U are (κ+ + 1, κ+ + 1)-iteration strategies.

Then there are (R,Ψ) and (S,Φ) such that

(1) (R,Ψ) is a tail of (P,Σ),
(2) (S,Φ) is a tail of (Q,Λ),
(3) R,S ∈ Hκ+ ,
(4) either

(a) R �hod S and Ψ = ΦR,
or

(b) S �hod R and Φ = ΨS .

This entire section is devoted to the proof of Theorem 2.47. Given two hod
pairs (P,Σ) and (P,Λ) such that for all α < λP , ΣP(α) = ΛP(α) we can try to
compare (P,Σ) with (Q,Λ) by using minimal disagreements (see Definition 2.39).
Then the hope is that if we do this long enough then eventually we will end up with
a common tail. The following definition is motivated by this discussion. Suppose
�T is a stack on a hod premouse P with last model R such that π

�T exists. Recall

that we let α(�T ) be the least γ ≤ λR such that δ(�T ) ≤ δRγ .

Definition 2.48 (Bad block). Suppose (P,Σ) is a hod pair. Then ((Pi : i ≤
4), (�Ti : i ≤ 3),Λ, (πi : i ≤ 4), ξ, �U) is a bad block for (P,Σ) (see Figure 2.7.1) if

(1) P0 = P, �T0 is a stack on P0 according to Σ with last model P1, and

π0 = π
�T0 ,

(2) Λ is a strategy for P1 such that (P1,Λ) is a hod pair, and ΛP1(α(�T0))
=

ΣP1(α(�T0)),�T0
,

(3) there is α ∈ (α(�T0), λP1) such that ΛP1(α+1) 	= ΣP1(α+1),�T0
but ΛP1(α) =

ΣP1(α),�T0
, and ξ is the least such α,

(4) �T1 is a stack on P1(ξ + 1) such that

(a) �T1 has successor length and its last component has limit length,

(b) �T1 is according to both ΛP1(ξ+1) and ΣP1(ξ+1),�T0
,

(c) P2 and P3 are the last models of �T1 according to respectively ΛP1(ξ+1)

and ΣP1(ξ+1),�T0
,
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P2 �T2,π3

������
�����

���

P0

�T0,π0 

 P1

�T1,π1,c
		            

�T1,π2,b ������
�����

��� P4

P3
�T3,π4

		            

(1) c = Λ(�T1), b = ΣP1,�T0
(�T1), b 	= c,

(2) πi are the iteration embeddings,

(3) ξ is the least α ∈ (α(�T0), λP1) such that T1 is a stack on P1(α + 1),
ΛP1(α+1) 	= ΣP1(α+1),�T0

, and ΛP1(α) = ΣP1(α),�T0
,

(4) for any α < λP4 , ΛP4(α),�T �
1 P�

2
�T2

= ΣP4(α),�T �
0

�T �
1 P�

3
�T3
,

(5) �U = �T 
0

�T 
1 P

3
�T3.

Figure 2.7.1. Bad block.

(d) π1 : P1 → P2 and π2 : P1 → P3 are the iteration embeddings,

(5) �T2 is a stack on P2, �T3 is a stack on P3, �T2 and �T3 have a common last

model P4, π3 = π
�T2 and π4 = π

�T3 ,
(6) for any α < λP4 , ΛP4(α),�T �

1 P�
2

�T2
= ΣP4(α),�T �

0
�T �
1 P�

3
�T3
,

(7) �U = �T 
0

�T 
1 P

3
�T3.

A consequence of the next lemma is that if we compare hod mice via hitting
minimal disagreements then we will succeed as otherwise we will produce a long
sequence of bad blocks.

Lemma 2.49 (No bad sequence). Suppose (P,Σ) is a hod pair such that Σ
is a (κ+, κ+)-iteration strategy for some infinite κ. Then there is no sequence
(Bα, jtβ,α, j

b
β,α : β < α < κ+) such that

(1) Bα = ((Pα
i : i ≤ 4), (�T α

i : i ≤ 3),Λα, (πα
i : i ≤ 4), ξα, �Uα), Bα ∈ Hκ+ and

(Pα
1 ,Λ

α) is a hod pair such that Λα is a (κ+, κ+)-iteration strategy,
(2) B0 is a bad block for (P,Σ),
(3) Bα+1 is a bad block for (Pα

4 ,ΣPα
4 ,⊕β≤αUβ ) (thus, Pα

4 = Pα+1
0 ),

(4) jtα,β : Pα
0 → Pβ

0 is the iteration embedding along the “top”, i.e.,

jtα,β = ⊕ξ∈[α,β)(π
ξ
3 ◦ π

ξ
1 ◦ π

ξ
0),

(5) jbα,β : Pα
0 → Pβ

0 is the iteration embedding along the “bottom”, i.e.,

jbα,β = ⊕ξ∈[α,β)(π
ξ
4 ◦ π

ξ
2 ◦ π

ξ
0),

(6) If α is limit then Pα
0 = dirlim(Pβ

0 , j
t
β,α : β < α < κ+) = dirlim(Pβ

0 , j
b
β,α :

β < α < κ+).

Proof. Towards a contradiction suppose that there is such a sequence and let
�B = (Bα, jtα,β , j

b
α,β : α < β < κ+) be one. Let X0 ≺ X1 ≺ Hκ++ be such that

�B ∈ X0 and for i = 0, 1, |Xi| = κ. Let π0 : H0 → X0 and π1 : H1 → X1 be
the inverses of the transitive collapses of X0 and X1. We then get π : H0 → H1.
Consulting Figure 2.7.2 will be helpful. Let κ0 and κ1 be the collapses of κ+ in

respectively H0 and H1. Note that all sets in Bα = ((Pα
i : i ≤ 4), (�T α

i : i ≤
3),Λα, (πα

i : i ≤ 4), ξα, �Uα) except Λα are of size < κ+, and therefore if α < κk

then
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Pα
2 �T α

2 ,πα
3

����
�� Pκ0

2
�T κ0
2 ,π

κ0
3

��!!!!
!!!!!

· · · Pα
0

jtα,κ0

��

jbα,κ0

��

�T α
0 ,πα

0 

 Pα
1

�T α
1 ,πα

1 ������

�T α
1 ,πα

2

����
�� Pα

4 · · · Pκ0
0

�T κ0
0 ,π

κ0
0 

 Pκ0

1

jt

��

jb

��

�T κ0
1 ,π

κ0
1 		���������

�T κ0
1 ,π

κ0
2

��!!!!
!!!!! Pκ0

4

top

��

bottom

��
· · · · · · Pκ1

0 · · ·
Pα

3
�T α
3 ,πα

4

������ Pκ0
3

�T κ0
3 ,π

κ0
4

		���������

Figure 2.7.2. A bad sequence of length κ+

((Pα
i : i ≤ 4), (�T α

i : i ≤ 3), (πα
i : i ≤ 4), ξα, �Uα) ∈ Hk, k = 0, 1,

and if α < κ0

π(((Pα
i : i ≤ 4), (�T α

i : i ≤ 3), (πα
i : i ≤ 4), ξα, �Uα)) = ((Pα

i : i ≤ 4), (�T α
i : i ≤

3), (πα
i : i ≤ 4), ξα, �Uα).

Claim. jtκ0,κ1
= π � Pκ0

0 = jbκ0,κ1
.

Proof. The proof is both easy and standard. Let x ∈ Pκ0
0 . Then there is

α < κ0 such that for some y ∈ Pα
0 , j

t
α,κ0

(y) = x. Then

π(x) = π(jtα,κ0
(y)) = π(jtα,κ0

)(π(y)) = jtα,κ1
(y) = jtκ0,κ1

(jtα,κ0
(y)) = jtκ0,κ1

(x).

The rest is similar. �

Let �T = ⊕ξ<κ0
�Uξ. We have that �T is according to Σ. Let jt : Pκ0

1 → Pκ1
0 be

the embedding along the “top” and let jb : Pκ0
1 → Pκ1

0 be the embedding along the
“bottom”. Then we claim that jt = jb. To see this, let x ∈ Pκ0

1 . There is then a

function f ∈ Pκ0
0 and a ∈ δ(�T κ0

0 )<ω such that x = πκ0
0 (f)(a). Then

jt(x) = jt(πκ0
0 (f))(jt(a)) = jtκ0,κ1

(f)(jt(a)) = π(f)(jt(a)).

Similarly, jb(x) = π(f)(jb(a)). Thus, it is enough to show that jt(a) = jb(a). This
follows from the fact that further iterations never disagree on how a is moved (this
is guaranteed by conditions 2 and 3 of Definition 2.48).

It is now easy to get a contradiction. Let j = jt = jb. We have that �T κ0
1 is a

stack on Pκ0
1 (ξκ0 + 1) and

j � Pκ0
1 (ξκ0 + 1) : Pκ0

1 (ξκ0 + 1) → Pκ1
0 (j(ξκ0) + 1)

is the iteration embedding according to both

Λκ0

Pκ0
1 (ξκ0+1)

and
ΣPκ0

1 (ξκ0+1),(⊕α<κ0
�Uα)� �T κ0

0
.

Let �S be the stack on Pκ0
1 (ξκ0 +1) along the “top” with last model Pκ1

0 (j(ξκ0)+1).
Because of clause 6 of the definition of bad block, we have that
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64 2. COMPARISON THEORY OF HOD MICE

ΛPκ1
0 (j(ξκ0)+1), �S = ΣPκ1

0 (j(ξκ0 )+1),(⊕α<κ1
�Uα).

By hull condensation of both Λ and Σ we have that

ΛPκ0
1 (ξκ0+1)(

�T κ0
1 ) = ΛPκ1

0 (j(ξκ0)+1), �S(j
�T κ0
1 )

ΣPκ0
1 ,(⊕α<κ0

�Uα)� �T κ0
0

(�T κ0
1 ) = ΣPκ1

0 (j(ξκ0 )+1),(⊕ξ<κ1
�Uξ)(j

�T κ0
1 ).

But,

ΛPκ1
0 (j(ξκ0 )+1), �S(j

�T κ0
1 ) = ΣPκ1

0 (j(ξκ0 )+1),(⊕α<κ1
�Uα)(j

�T κ0
1 ).

Hence,

ΛPκ0
1 (ξκ0+1)(

�T κ0
1 ) = ΣPκ0

1 ,(⊕α<κ0
�Uα)� �T κ0

0
(�T κ0

1 ).

This last equality is a contradiction showing that Bκ0 is not a bad block of the first
kind for (Pκ0

0 ,ΣPκ0
0 ,�T ). �

We now start proving Theorem 2.47. Fix (P,Σ) and (Q,Λ) as in the hypothesis
of Theorem 2.47. Suppose comparison is false, i.e., there are no (R,Ψ) and (S,Φ)
such that

(1) (R,Ψ) is a tail of (P,Σ),
(2) (S,Φ) is a tail of (Q,Λ),
(3) R,S ∈ Hκ+ ,
(4) either

(a) R �hod S and Ψ = ΦR,
or

(b) S �hod R and Φ = ΨS .

We can then assume that (P,Σ) and (Q,Λ) are “minimal counterexamples” in

the sense that given any two (R, �T ) ∈ B(P,Σ)∩Hκ+ and (S, �U) ∈ B(Q,Λ)∩Hκ+ ,
the comparison holds for the following pairs:

(1) (R,ΣR,�T ) and any (M,ΛM, �W) where ( �W ,M) ∈ I(Q,Λ) ∪B(Q,Λ),

(2) (S,ΣS,�U ) and any (M,ΣM, �W) where ( �W ,M) ∈ I(P,Σ) ∪B(P,Σ).

We then have two cases.
Case 1. λP is a successor
and
Case 2. λP is limit.
We start with Case 1. In this case, by using our minimality assumption and by

comparing (P−,Σ) and (Q,Λ), we can find (P1,Σ1) and (Q1,Λ1) such that (P1,Σ1)
is a tail of (P,Σ), (Q1,Λ1) is a tail of (Q,Λ), and either

(1) P−
1 �hod Q1 and (Σ1)P−

1
= (Λ1)P−

1

or
(2) Q1 �hod P−

1 and Λ1 = (Σ1)Q1
.

If clause 2 holds then we get a contradiction because (P1,Σ1) and (Q1,Λ1)
constitute a successful comparison of (P,Σ) and (Q,Λ). Thus, suppose clause 1
holds. Without loss of generality, then, we can assume that (P,Σ) and (Q,Λ)
already satisfy clause 1, i.e., P− �hod Q and ΣP− = ΛP− . Let α < λQ be such that
P− = Q(α). It is then enough to show that we can successfully compare (P,Σ)
and (Q(α+ 1),ΛQ(α+1)). Again, without loss of generality, we can assume that in
fact Q = Q(α + 1). It then follows from our hypothesis that both Σ and Λ have
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· · ·Rα

iα,κ0

��

jα,κ0

��

�Tα,cα,iα,α+1

��

�Tα,bα,jα,α+1

��
Rα+1

��

��· · · · · · Rκ0

�Tκ0
,bκ0

,jκ0,κ0+1

��

�Tκ0
,cκ0

,iκ0,κ0+1

��

π=iκ0,κ1

��

π=jκ0,κ1

��
Rκ0+1

iκ0+1,κ1

��

jκ0+1,κ1

��· · · · · · Rκ1

Figure 2.7.3. Comparison in case 1.

branch condensation. Because P− = Q−, ΣP− = ΛQ− , and (P,Σ) and (Q,Λ) are
of the same kind, by just using the usual extender comparison, we can get (R,Ψ)
and (R,Φ) such that

(1) R is a normal Σ-iterate of P above P− via T and Ψ = ΣR,T ,
(2) R is a normal Λ-iterate of Q above Q− via U and Φ = ΛR,U .

The fact that we have the same last model on both sides of the coiteration is a
consequence of our requirement that the two pairs are close.

Notice that our hypothesis implies that the usual comparison of P and Q above
P− terminates. It is then enough to compare (R,Ψ) and (R,Φ). We, moreover,
have that ΨR− = ΦR− . Because we assumed we cannot compare (P,Σ) and (Q,Λ),
there cannot be a successful comparison of (R,Ψ) and (R,Φ). Without loss of
generality, by clause 1b of Definition 2.46, we can assume that Ψ and Φ are close (if
not then certain tails of the two are close and we can work with these tails instead).

It is then easy to obtain a sequence (Rα, �Tα, bα, cα, iα,β , jα,β : α < β < κ+) with
the following properties (see Figure 2.7.3)

(1) R0 = R, �T0 is a minimal disagreement between (R0,Ψ) and (R0,Φ), b0
is the branch of �T0 according Ψ and c0 is the branch of �T0 according to Φ,

M�T0

b0
= R1 = M�T0

c0 , i0,1 : R0 → R1 is the iteration embedding according
to Ψ and j0,1 : R0 → R1 is the iteration embedding according to Φ,

(2) �Tα is a minimal disagreement between

(Rα,ΨRα,⊕ξ<α(�T �
ξ bξ)

) and (Rα,ΦRα,⊕ξ<α(�T �
ξ cξ)

),

bα is the branch of �Tα according ΨRα,⊕ξ<α(�T �
ξ bξ)

and cα is the branch

of �Tα according to ΦRα,⊕ξ<α(�T �
ξ cξ)

, M�Tα

bα
= Rα+1 = M�Tα

cα , iα,α+1 :

Rα → Rα+1 is the iteration embedding according to ΨRα,⊕ξ<α(�T �
ξ bξ)

and

jα,α+1 : Rα → Rα+1 is the iteration embedding according to ΦRα,⊕ξ<α(�T �
ξ cξ)

;

(3) iα,β : Rα → Rβ is the join of all i embeddings and jα,β : Rα → Rβ is the
join of all j embeddings,

(4) for limit α, Rα = dirlim(Rβ, iβ,γ : β < γ < α) = dirlim(Rβ , jβ,γ : β <
γ).

Getting such a sequence isn’t difficult. One just needs to keep hitting minimal
disagreements. The fact that we always end up with the same last model Rα even
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66 2. COMPARISON THEORY OF HOD MICE

though we use different strategies is a consequence of our assumption that (P,Σ)

and (Q,Λ) are close. Now, let B = (Rα, �Tα : α < κ+) and let X0 ≺ X1 ≺ Hκ++

be such that B ∈ X0 and for i = 0, 1, |Xi| = κ. Let H0 and H1 be the transitive
collapses of X0 and X1 and let π : H0 → H1 be the canonical map. Let κi be the
collapse of κ+ in Hi and let Bi be the collapse of B in Hi. Then Bi � κi = B � κi.
Moreover, by standard arguments

iκ0,κ1
= π � Rκ0

= jκ0,κ1
(1)

We claim that �Tκ0
isn’t a disagreement. Using (1) we get that

jκ0+1,κ1
◦ jκ0,κ0+1 = iκ0,κ1

,

Notice that if cκ0
is not according to ΨRκ0

,⊕ξ<κ0
(�T �

ξ bξ)
then

�Tκ0
, cκ0

,⊕ξ∈[κ0,κ1)(
�T 
ξ bξ), jκ0+1,κ1

and jκ0,κ0+1

witness that ΨRκ0
,⊕ξ<κ0

(�T �
ξ bξ)

doesn’t have branch condensation, which is a con-

tradiction. Thus it must be the case that cκ0
is according to ΨRκ0

,⊕ξ<κ0
(�T �

ξ bξ)
,

and we are done with Case 1.
Before we move to Case 2, we make the following observation. In comparing

(R,Ψ) with (R,Λ) we produced stacks �T and �U on R that resulted in the successful

comparison with the property that �T − = �U−, i.e., the parts of the stacks based
on R− were the same. This was a consequence of always hitting the minimal
disagreement. Thus, as part of our minimality assumption we can assume the

following: whenever (�T ,R) ∈ B(P,Σ) ∪ I(P,Σ) and (�U ,S) ∈ B(Q,Λ) ∪ I(Q,Λ)

are such that (�T ,R) ∈ I(P,Σ) ↔ (�U ,S) ∈ B(Q,Λ) and for some α ≤ min(λR, λS),

R(α) = S(α) and ΣR(α),�T = ΛS(α),�U then there are stacks �T1 and �U1 such that

(1) �T1 is on R and is according to ΣR,�T ,

(2) �U1 is on Q and is according to ΛS,�U ,

(3) the part of �T1 that is based on R(α) is the same as the part of �U1 that is
based on R(α),

(4) �T1 and �U1, viewed as stacks on R(α), have last models R1 and S1 such
that either
(a) R1 �hod S1 and ΣR1,�T � �T1

= ΛR1,�U� �U1

or
(b) S1 �hod R1 and ΛS1,�U� �U1

= ΣS1,�T � �T1
.

Suppose now that λP is a limit ordinal. By symmetry, we can assume that λQ

is a limit ordinal as well. Suppose first that cfP(λP) isn’t a measurable cardinal
of P. Then let η = cfV (λP) and fix a function f : η → P such that for each
ξ < η, f(ξ) = P(α) for some α < λP and P(α)|δP = ∪ξ<ηf(ξ). We then have
that Σ = ∪ξ<ηΣf(ξ). Comparing (P,Σ) and (Q,Λ) is not hard now as we can just
successively compare (f(ξ),Σf(ξ)) with (Q,Λ) and use our minimality assumption

to show that the comparison terminates. The case when cfP(λP) is a measur-
able cardinal is more involved and includes all the ideas needed to complete the
case when cfP(λP) isn’t measurable cardinal. We therefore assume that cfP(λP) is

measurable in P and by symmetry, we also assume that cfQ(λQ) is measurable inQ.

Claim. There are stacks �S and �U such that
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2.7. THE DIAMOND COMPARISON ARGUMENT 67

(1) �U is on P and is according to Σ,

(2) �S is on Q and is according to Λ,

(3) �S and �U have common last model M,
(4) for any α < λM, ΣM(α),�U = ΛM(α), �S .

Proof. By our minimality assumption, whenever (�T ,R) ∈ B(P,Σ) and

(�U ,S) ∈ B(Q,Λ), we can compare (R,ΣR,�T ) with (S,ΛS,�U )
15. To prove the the-

orem, we use this observation repetitively. Let λ = (cf(λP))P and κ = (cf(λQ))Q,

and also, let μ ∈ �EP and ν ∈ �EQ be the normal Mitchell order 0 extenders on

respectively λ and κ. We build two sequences (Pm,P∗
m, �Um, μm, jm, jm,n : m < n <

ω) and (Qm,Q∗
m, �Sm, νm, im, im,n : m < n < ω) as follows (see Figure 2.7.4). Start

by setting P0 = P and Q0 = Q. μm is the image of μ in Pm and νm is the image of
ν in Qm. If m is even then P∗

m = Ult(Pm, μm), jm = jμm
, Q∗

m = Qm and im = id.
If m is odd then P∗

m = Pm, jm = id, Q∗
m = Ult(Qm, νm) and im = jνm

. The
embeddings jm,n : P∗

m → Pn and im,n : Q∗
m → Qn are the iteration embeddings

according to respectively Σ and Λ. As we build the sequence, we maintain the
following conditions.

(1) �Um is a stack on P∗
m according to ΣP∗

m,⊕k<m(�U�
k P∗

k )
with last model Pm+1.

(2) �Sm is a stack on Q∗
m according to ΛQ∗

m,⊕i<m(�S�
k Q∗

k)
with last model Qm+1.

(3) If m is even and n > m then Pn(jm,n(λ
Pm)) = Qn(jm,n(λ

Pm)) and

ΣPn(jm,n(λPm )),⊕k<n(�U�
k P∗

k )
= ΛQn(jm,n(λPm )),⊕k<n(�S�

k Q∗
k)
.

(4) If m is odd and n > m then Pn(im,n(λ
Qm)) = Qn(im,n(λ

Qm)) and

ΣPn(im,n(λQm )),⊕i<n(�U�
k P∗

k )
= ΛQn(im,n(λQm )),⊕i<n(�S�

k Q∗
k)
.

Suppose m is even and we have constructed Qm and Pm and the above con-
ditions have been maintained. Let α = max(jm−2,m(λPm−2), im−1,m(λQm−1)). No-
tice that α < min(λPm , λQm). Then we must have that Qm(α) = Pm(α) and
ΣPm(α),⊕i<m

�Ui
= ΛQm(α),⊕k<m(�S�

k Q∗
k)
. To maintain clauses 3 and 4 above for k < m

we will make sure that the parts of �Um and �Sm that are based on Pm(α) = Qm(α)
are the same.

We let P∗
m = Ult(Pm, μm). We can then compare

(P∗
m(λPm),ΣP∗

m(λPm ),(⊕k<m(�U�
k P∗

k ))
�P∗

m
) and (Qm,ΛQm,(⊕k<m(�S�

k Q∗
k))

)

in such a way that the stacks of the successful comparison agree on P∗
m(α) = Qm(α).

Let the stacks be �Um and �Sm and the last models be Pm+1 and Qm+1. Similarly
we take care of the case when m is an odd integer.

Now, let M1 = dirlim(Pm, jm,n : m < n < ω) and M2 = dirlim(Qm, im,n :
m < n < ω). Let jm : Pm → M1 and im : Qm → M2 be the direct limit embed-
dings. It is not hard to see that because of our constructionM1 = M2. The point is
that if for instance α < λM1 then there is some m such that for some β < λPm , α =
im(β). But because of our construction, we can choose m and β such that Pm(β) =
Qm(β) and ΣPm(β),⊕k<m(�U�

i P∗
k )

= ΛQm(β),⊕k<m(�S�
k Q∗

k)
. Then jm(β) = im(β) = α.

Let then M = M1 = M2, �U = ⊕k<ω(�U
k P∗

k ) and
�S = ⊕k<ω( �S

k Q∗
k). We need to

15Recall that our minimality assumption essentially states the claim of this sentence.
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68 2. COMPARISON THEORY OF HOD MICE

P = P0

j0=jμ0

��

P∗
0 = Ult(P0, μ0)

�U0,j0,1

��
P1

j1=id

��

P∗
1 = P1

�U1,j1,2

��
P2 · · · Pm · · ·

��"
""

""

P1(j0,1(λ
P0)) = Q1(i0,1(λ

P0)) P2(i1,2(λ
Q1)) = Q2(i1,2(λ

Q1)) M

Q = Q0

i0=id

��
Q∗

0 = Q0

�S0,i0,1

�� Q1

i1=jν1

��
Q1∗ = Ult(Q1, ν1)

�S1,i1,2

�� Q2 · · · Qm · · ·

��######

∀α < λM(ΣM(α),�U = ΛM(α), �S)

Figure 2.7.4. The inductive step.

see that if α < λM then ΣM(α),�U = ΛM(α), �S . This again follows from our construc-

tion. We can fix m large enough so that for some β we have that Pm(β) = Qm(β),
jm(β) = im(b) = α and ΣPm(β),⊕k<m(�U�

k P∗
k )

= ΛQm(β),⊕k<m(�S�
k Q∗

k)
. Moreover, we

can choose m so large that the parts of ⊕k∈[m,ω)( �S
k Q∗

k) and ⊕k∈[m,ω)(�U
k P∗

k )
that are based on Pm(β) = Qm(β) are the same. This then easily implies that
ΣM(α),�U = ΛM(α), �S . �

Without loss of generality then we assume that P = Q and for every α < λP ,
ΣP(α) = ΛQ(α). Since Σ 	= Λ, it is easy to produce a bad block on (P,Σ). Let �T be

a minimal disagreement between Σ and Λ. Let (Mα,M∗
α, �Wα, πα,β : α < β ≤ η) be

the essential components of �T . Let then P0 = P, �T0 =def
�T � η and �T1 =def

�Wη.

Let P1 = Mη and Ψ = ΛP1,�T0
. Let c = Ψ(�T1), b = ΣP1,�T0

(�T1), P2 = M�T1
c and

P3 = M�T1

b . Let �T2 and �T3 be stacks on P2 and P3 respectively that according
to ΛP2,�T �

1 {P2} and ΣP3,�T �{P3} constructed via the procedure described in the

claim such that they have a common last model P4 such that for every α < λP4 ,

ΛP4(α),�T �
1 {P2}� �T2

= ΣP4(α),�T �{P3}� �T3
. Let π0 = π

�T0 , π1 = π
�T1
c , π2 = π

�T1

b , π3 =

π
�T2 and π4 = π

�T3 . Let �U = �T 
0

�T 
1 {P3} �T3 and let ξ = λM∗

η . Then it is not hard

to see that B0 = ((Pi : i ≤ 4), (�Ti : i ≤ 3),Ψ, (πi : i ≤ 4), ξ, �U) is a bad block on
P0. Repeating the above process and taking direct limits at limit stages we can get
(Bα, jtβ,α, j

b
β,α : β < α < ω1) as in Lemma 2.49, which gives a contradiction. This

completes the proof of Theorem 2.47.
Before we move on, we state a version of the comparison argument presented

in this section that is applicable in AD+ context.

Theorem 2.50 (The diamond comparison of hod pairs). Assume AD+. Sup-
pose (P,Σ) and (Q,Λ) are two hod pairs such that

(1) for any (�T ,R) ∈ I(P,Σ) and ( �S,W) ∈ I(Q,Λ) and any α < λR and
β < λW , both ΣR(α+1),�T and ΛW(β+1), �S have branch condensation,

(2) (P,Σ) and (Q,Λ) are of the same kind,
(3) both Σ and Λ are (ω1, ω1)-iteration strategies,
(4) there is a good pointclass Γ such that code(Σ), Code(Λ) ∈ ΔΓ˜.

Then there are (R,Ψ) and (S,Φ) such that

(1) (R,Ψ) is a tail of (P,Σ),
(2) (S,Φ) is a tail of (Q,Λ),
(3) either
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2.7. THE DIAMOND COMPARISON ARGUMENT 69

(a) R �hod S and Ψ = ΦR,
or

(b) S �hod R and Φ = ΨS .

The proof is the same as before with one minor difference. Let T, S be trees
that project to Code(Σ) and Code(Λ) respectively. We can then carry out the proof
of Theorem 2.47 in the model L[T, S]. The existence of T and S follows from the
fact that because Code(Σ), Code(Λ) ∈ Γ, both Code(Σ) and Code(Λ) are Suslin.

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



CHAPTER 3

Hod mice revisited

The main goal of this chapter is to analyze the internal structure of hod mice
and use this analysis to investigate the derived models of hod mice. In Section 3.1
we show that the internal strategies of hod mice are unique (Theorem 3.3) and
use this to show that the internal strategies of hod mice can be interpreted in
generic extensions (see Theorem 3.10). We will then use the generic interpretability
result to prove that the Solovay sequence of the derived model of a hod mouse is
completely characterized by its internal strategies (Theorem 3.19). In particular,
strategies for different layers of the hod mouse correspond to different members
of the Solovay sequence. Such an analysis of the derived models of hod mice is
important because it allows us to “pullback” information, as in Theorem 3.26, from
the iterates of the hod mouse. In Section 3.5, we show that if (P,Σ) is a hod pair
with some additional properties then some tail of Σ has branch condensation (see
Theorem 3.28). This is useful in core model induction applications. At the end of
this section we propose a reorganization of hod mice into a different hierarchy. The
main reason for this is that with the hierarchy currently in use we do not know
how to do S-constructions and also, how to define hod mice over sets that are not
self-well-ordered. In Section 3.8, we show that the new hierarchy can be used to
carry out S-constructions. Such constructions are very useful in applications (see
for instance Definition 3.48).

3.1. The internal theory of hod premice

In this section we analyze the internal theory of hod premice. Given a hod
premouse P and α < λP , it is natural to ask whether P � “P(α) has a unique
iteration strategy”. We show that it is indeed the case (see Theorem 3.3). Later
in this section we also show that the internal strategies of P can be interpreted in
generic extensions (see Theorem 3.10).

Notice first that for any P such that λP ≥ 1, P � “P(0) has a unique iteration
strategy”. This follows from the fact that δ0 is a regular cardinal of P and hence,
the following corollary of Theorem 2.2 of [18] can be used.

Lemma 3.1 (Martin, Steel [18]). Suppose δ is a cardinal and T is an iteration
tree of limit length on Vδ. Suppose T has two well-founded branches b 	= c. Then
cf(δ(T )) = ω.

The proof of Theorem 3.3 is just a generalization of this lemma. To prove that
the internal strategies are unique, we first show that if P is a hod premouse then
all the Woodin cardinals of an internal iterate of P have uncountable cofinality.

Lemma 3.2. Suppose P is a hod premouse and �T ∈ P is a stack on P with

a last model Q such that π
�T exists. Suppose δ is a Woodin cardinal of Q. Then

cfP(δ) > ω.

71
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72 3. HOD MICE REVISITED

Proof. The proof is a straightforward computation involving ultrapowers. Let

R in �T be the first place where a preimage of δ appears. Thus we have j : P → R,

k : R → Q and δ∗ ∈ R such that j, k are the iteration embeddings, k ◦ j = π
�T

and k(δ∗) = δ. Because R is the least place where a preimage of δ appears, it

must be the case that either R = P or R has a predecessor in �T . In the first

case, we have that π
�T [δ∗] is cofinal in δ. Suppose then R 	= P and let S be the

predecessor of R. Then R = Ult(S, E) for some extender E. Notice that δ∗ doesn’t

have a preimage in S. Now, towards a contradiction assume that cfP(δ) and hence,

cfP(δ∗) is ω. We can then fix (fn, an : n < ω) in P such that if i : P → S is
the iteration embedding then an ∈ ν(E)<ω and δ∗ = sup{jE(i(fn))(an) : n < ω}.
Notice that (i(fn) : n < ω) ∈ S implying that (jE(i(fn)) : n < ω) ∈ R. Let
ξn = {jE(i(fn))(b) : b < ν(E)<ω}. Then ξn < δ∗ and δ∗ = supn<ω ξn. But we have
that (ξn : n < ω) ∈ R, which is a contradiction as δ∗ is Woodin in R. �

Theorem 3.3 (Uniqueness of the internal strategies). Suppose P is a hod pre-
mouse and let α < λP . Then P � “P(α) has a unique iteration strategy”.

Proof. The idea behind the proof is that we never create genuinely new
Woodin cardinals that have cofinality ω. Towards a contradiction, suppose there is
an α < λP such that P(α) has two different iteration strategies inside P. Let α be
the least such. In the following, we let V = P, δPβ = δβ and ΣP

β = Σβ .

Case 1. α = γ + 1.

Here we allow γ = −1. Let Λ be a strategy for P(α) which is different from

Σα. We then have that Σγ = ΛP(γ). Let �T be a stack according to both Σα and

Λ such that Σα(�T ) 	= Λ(�T ). Let (Mβ, Tβ : β ≤ η) be the normal components of
�T . It follows that Tη is entirely above M−

η and that cf(δ(Tη)) = ω. Let b = Σα(�T )

and c = Λ(�T ). Suppose first that Q(b, Tη) exists (see Definition 1.22). This then

implies that Q(c, Tη) exists because otherwise π
�T
c exists and because π

�T
c [δα] is co-

final in π
�T
c (δα), we must have that cf(δα) = ω. Thus, Q(c, Tη) must exist which

implies that Q(c, T ) = Q(b, T ) and hence, b = c, contradiction! It follows that
we must have that Q(b, Tη) doesn’t exist. By the symmetric argument, Q(c, Tη)
doesn’t exist. Hence, π

�T
b and π

�T
c exist and π

�T
b (δα) = δ(�T ) = π

�T
c (δα). But because

π
�T
b [δα] is cofinal in δ(�T ), this implies that cf(δα) = ω, contradiction!.

Case 2. α is limit.

Fix a strategy Λ 	= Σα and let �T be according to both Σα and Λ such that

Λ(�T ) 	= Σ(�T ). Let (Mβ ,M∗
β,

�Tβ , πβ,γ : β < γ ≤ η) be the essential components of
�T . It must be that �Tη is defined but it doesn’t have a last model. In fact, there are

two different branches of �Tη, one according to Σ and one according to Λ. We make

the following minimality assumption on �T :

(1) for each β ≤ η, λM∗
β is a successor ordinal,

(2) for all β < η and for all ξ < λMβ , Mβ(ξ) has a unique iteration strategy
which is (Σα)Mβ(ξ),�T �β ,
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3.1. THE INTERNAL THEORY OF HOD PREMICE 73

(3) M∗
η �hod Mη is the least hod initial segment Q of Mη which has two

different strategies one of which is (Σα)Q,�T �η.

It is not hard to show, using the proof of Lemma 2.41, that our assumption doesn’t
harm the generality of our argument. Note that because of our minimality assump-

tion, δ(�T � η) < λM∗
η . Let Ψ = ΛM∗

η,
�T �η and let Φ = (Σα)M∗

η,
�T �η. But now we

can derive a contradiction as in the successor case. By our minimality assumption,

letting (Nν ,Uν : ν ≤ ξ) be the normal components of �Tη, it must be that Uν is
on Nν and is entirely above N−

ν . This then, as in the successor case, implies that
both strategies have to choose branches for Uν that do not have Q-structures (oth-
erwise these branches will have to be the same) and therefore, they witness that

δM
∗
η (which is mapped to δ(Uν) by both branches) has cofinality ω (in P), which

by Lemma 3.2 cannot happen. �

Before we go on we list several easy but useful facts. We omit the proofs as
they are rather standard.

Fact 3.4. Suppose P is a hod premouse and ν < δP isn’t a Woodin cardi-
nal of P. Suppose there is an extender E such that ν ∈ (crit(E), lh(E)). Then
Ult(P, E) � “ν isn’t a Woodin cardinal”.

Fact 3.5. Suppose P is a premouse or a hybrid premouse possibly over some
set such that P � “ZFC − Powerset+there is a unique Woodin cardinal”. Then if
T is a normal tree on P of limit length and b is a branch of T such that MT

b is
well founded, Q(b, T )-exists (thus, M(T ) � Q(b, T ) � MT

b ) and δ(T ) isn’t a strong
cutpoint of Q(b, T ) then T has a fatal drop at some (β, ν) (see Definition 1.27).

As a corollary to our facts we obtain the following very useful fact about coit-
erations of mice that look like P of our facts above.

Fact 3.6. Suppose κ is some cardinal and P,M ∈ Hκ+ are κ+ + 1-iterable
mice or hybrid mice with respect to the same strategy. Suppose further that they are
both over the same set X and that P is as in Fact 3.5. If M wins the coiteration
with P then no Q-structure appearing either on M-side or on P-side has overlaps,
i.e., letting T be the tree on M side and U be the tree on P side then for every
limit α < lh(T ) = lh(U), if Q is a Q-structure for T � α or for U � α then there is

no E ∈ �EQ such that δ(T � α) = δ(U � α) ∈ (crit(E), ν(E)).

Proof. Let T on P and U on M be two trees coming from the successful
coiteration of P and M and suppose M wins the coiteration, i.e., πT exists and
MT

lh(T )−1 � MU
lh(U)−1. Suppose that some Q-structure in the coiteration process

has an overlap. Notice that because both P and M are iterable and M wins the
coiteration, if P side chooses a branch with a Q-structure without overlaps then
the M side chooses a branch with exactly the same Q-structure. Therefore, if
some Q-structure in the coiteration process has an overlap then it must be on the
P-side. But in this case, P-side drops in a way that it cannot later undo this drop
(see Fact 3.5), which means that P cannot lose the coiteration, i.e., πT cannot
exist. �

Our theorem on the uniqueness of the internal strategies implies that we can
interpret the internal strategy of hod premice on the generic extensions of P. This
result is important because it implies that the derived models of hod mice are
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74 3. HOD MICE REVISITED

closed under the iteration strategies of their own initial segments. We will need
such generic interpretability results while studying prehod pairs.

Definition 3.7 (Prehod pair). (P,Σ) is a prehod pair if

(1) P is a countable hod premouse,
(2) λP is a successor,
(3) Σ is an (ω1, ω1 + 1)-strategy for P acting on stacks based on P− such

that (P−,Σ) is a hod pair and that whenever i : P → Q comes from an
iteration by Σ then for every α < λP , ΣQ

i(α) = Q∩ Σ,

(4) P is a Σ-premouse over P−,
(5) for any P-cardinal η ∈ (δλP−1, δ

P
λ )

P , considering P|η as a Σ-premouse
over P−, there is an ω1-strategy Λ for P|η.

Notice that because Pη has no Woodins above P−, there must be a unique
strategy Λ as in 5 of Definition 3.7.

Definition 3.8 (Generic interpretability). Suppose now (P,Σ) is a prehod pair
or a hod pair with λP limit. We say generic interpretability holds for (P,Σ) if there
is a function F such that

(1) F is definable over P with no parameters,
(2) dom(F ) = {(α, κ) : α < λP ∧ κ > δPα is a cardinal of P},
(3) for all (α, κ) ∈ dom(F ), F (α, κ) = (Ṫ , Ṡ) such that

(a) Ṫ , Ṡ ∈ PColl(ω,P(α)),

(b) P � “ �Coll(ω,P(α)) Ṫ and Ṡ are κ-complementing”,

(c) for any ν ∈ (δPα , κ) and any P-generic g ⊆ Coll(ω, ν), P[g] �
“p[Ṫg] is a (ν+, ν+)-iteration strategy for P(α) which extends ΣP

α ”

and ΣP(α) ∩ P[g] = (p[Ṫg])
P[g].

Before we prove our result on generic interpretability, we show that if (P,Σ) is
a prehod pair then clause 4 of Definition 1.34 can be strengthened in the following
way.

Lemma 3.9. Suppose (P,Σ) is a prehod pair and α + 1 = λP . Let η ∈
(δα, δα+1)

P be a cardinal of P and let Λ∗ be the iteration strategy of P|η as in
5 of Definition 3.7. Let Λ be the fragment of Λ∗ that acts on non-dropping stacks.
Let g ⊆ Coll(ω, η) be P-generic. Then P[g] locally Suslin captures Code(Λ) and its
complement at any cardinal of P greater than η.

Proof. We just describe a procedure that defines Λ over P[g]. Then club
many hulls will be genericaly correct implying the claim (see the proof of Theorem
3.3.15 of [17] or Lemma 4.1 of [34]). Also, we only consider normal trees. Our
argument can be easily modified to handle stacks. Notice that since P|η has no
Woodin cardinals above δα, Λ always chooses branches with Q-structures. Because
of this, it is enough to prove the theorem for those η that are successor cardinals.
From now on we assume that η is a successor cardinal of P. Notice also that it
follows that Λ has the Dodd-Jensen property.

For κ ∈ (η, δPα+1), let ((Mκ
γ ,N κ

γ : γ ≤ δPα+1), (F
κ
γ : γ < δPα+1)) be the output

of J �E,ΣP
α -construction of P where the extenders used have critical points > κ. By

clause 4 of Definition 1.7.1, P|η, as a ΣP
α -mouse, has a < o(P) iteration strategy in

P. Let Φ ∈ P be this strategy. It follows from Lemma 2.11 that for some β ≤ δPα+1

and some ξκ, N κ
β |ξκ is a normal iterate of P|η. We then let Nκ = N κ|ξκ and also
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3.1. THE INTERNAL THEORY OF HOD PREMICE 75

Tκ be the tree on P|η according to Φ with last model Nκ. We must have that πTκ

exists. Let πκ = πTκ .
Also it follows that Tκ is according to Λ. To see this, fix some limit ordinal

β < lh(Tκ). Let b = Φ(Tκ � β). We want to see that b = Λ(Tκ). Let ν be such
that M(Tκ � β) = Nκ|ν. Notice that since there are no Woodin cardinals in P|η
above δα, Q(Tκ, b) is defined and, because of Fact 3.6, Q(Tκ, b) cannot have overlaps
(otherwise Tκ would drop in a way that we can never undo this drop and therefore,
P|η cannot lose the coiteration with Nκ). Also, Q(Tκ, b) � Nκ and because of
clause 5 of Definition 3.7, Q(Tκ, b) is ω1-iterable. It then follows that b = Λ(Tκ).

Let now g ⊆ Coll(ω, η) be P-generic and let U ∈ P[g] be a tree on P|η above δPα
which is non-dropping. Working inside P[g] we need a prescription which decides
whether U is according to Λ. For this, all we need to do is to identify the correct
Q-structures.

We claim that the following definition works: U is according to Λ if for any
limit β ≤ lh(U) and any κ ∈ (η, δα+1) such that U ∈ P|κ[g], there is iβ : MU

β → Nκ

such that

iκ = iβ ◦ πU
0,β (*).

Clearly if (*) holds then U is via Λ. To finish our proof, we need to show that if
U ∈ P[g] is a tree on P|η as above such that (*) holds for every limit α < lh(U)
and lh(U) is of limit length then there is b ∈ P[g] such that (*) holds for Ub. To
see this, fix such a tree U and let κ ∈ (η, δα+1) be such that U ∈ P|κ[g]. It follows
that U is according to Λ. We now compare M(U) with Nκ. Let b = Λ(U) and let
Q = Q(U , b). By Lemma 2.11, in the comparison of M(U) and Nκ, only M(U)
moves. To finish, we need to show that we can handle the M(U)-side.

Suppose S is the tree on M(U) produced by the comparison process and lh(S)
is a limit ordinal. We need to guess the correct branch of S. We have that for some
ξ, M(S) = Nκ|ξ. We also have that Nκ � “δ(S) isn’t Woodin”. Let W � Nκ be the
Q-structure ofM(S). Then if Λ(UbS) = c then regarding S as a tree onQ (note
that this is possible because ρ(Q) = δ(U)), we either have that W = Q(S, c) � MS

c

or W = Q(S, c) = MS
c . Either way, c ∈ P[g].

The argument just presented shows that the comparison produces S on M(U),
a final branch c of S and ξ such that regarding S a tree on Q, MS

c = Nκ|ξ (notice
that we use the fact that Λ has the Dodd-Jensen property to conclude that Q
doesn’t iterate past Nκ). Let i = πS � M(S). It then follows that i ∈ P[g]. It
is not hard now to find Q while working in P using i: Q is essentially coded as a
subset A of δ(U) and we have that i[A] ∈ P[g].

What we have shown is that we can find Q in P[g] and by doing so we have that
b ∈ P[g]. By repeating the above comparison argument, we get that MU

b iterates to
Nκ and moreover, the iteration embedding π : MU

b → Nκ is in P[g]. But, because
Λ has the Dodd-Jensen property, this implies that (*) holds for Ub. �

Theorem 3.10 (The generic interpretability). Suppose (P,Σ) is a prehod pair
or is a hod pair such that λP is a limit ordinal. Assume that for every α < λP ,
ΣP(α) has branch condensation. Then generic interpretability holds for (P,Σ).

Proof. We need to define a function F satisfying the conditions of Defini-
tion 3.8. We simplify our task and assume that (P,Σ) is a prehod pair. Let α be
such that α+1 = λP . We only define F at points (α, κ) and leave its definition on
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pairs (β, κ) for β < α to the reader. Let g ⊆ Coll(ω,P(α)) be P-generic. We need

to describe a uniform way of deciding within P[g] whether a given stack �T ∈ P[g]
is according to ΣP(α). Once this is done club many hulls will be generically correct

producing (Ṫ , Ṡ) as in Definition 3.8 (see the proof of Theorem 3.3.15 of [17] or
Lemma 4.1 of [34]).

For each cardinal κ ∈ (δPα , δ
P
α+1), using the extenders of P with critical points

> κ, we can construct, using hod pair constructions, a pair (Nκ,Σκ) ∈ P such
that, in P, (Nκ,Σκ) is a tail of (P(α),ΣP

α ) (see the proof of Theorem 2.28). Let
Wκ ∈ P be the tree according to ΣP

α on P(α) with last model Nκ. We have
P � “Σκ = ΣNκ,Wκ

”. Let iκ : P(α) → Nκ be the iteration map according to Σ.
Clearly, iκ ∈ P.

Notice now that Σκ can be extended to act on all trees in V . This is because
by clause 5 of Definition 3.7, Nκ is iterable in V . Moreover, because ΣP(α) has
branch condensation, it follows from Lemma 2.15 that the interpretation of Σκ on
all trees in V coincides with Wκ tail of ΣP(α). We abuse our notation and let Σκ

be the strategy acting on all trees. By Theorem 3.9, if g is < κ-generic then in
P[g], Nκ has a < o(P)-iteration strategy Ψ such that Σκ ∩ P[g] = Ψ (Ψ is just the
induced strategy from the background universe). We can then find ΣP(α) ∩P[g] as
the iκ-pullback of Ψ. �

We continue our analysis of the internal theory of hod pairs. We show, as is
expected, that internal strategies of hod premice are fullness preserving.

Definition 3.11. Suppose P is a hod premouse and α < λP . ΣP
α is internally

fullness preserving if whenever (�T ,R) ∈ I(P(α),Σ) ∩ P, γ < π
�T (α) and η ∈

(δRγ , δRγ+1]
1 is a cutpoint of R then

(1) if η ≥ o(R(γ)) and M ∈ P is a sound max(δP +1, (| �T |+)P +1)-iterable
Σγ-mouse over R|η then M � R, and

(2) if η < o(R(γ)) and M ∈ P is a sound max(δP +1, (| �T |+)P +1)-iterable
⊕ξ<γΣξ-mouse over R(γ)|η then M � R,

Notice that, because of clause 4 of Definition 1.34, if P is a hod premouse then
for any α+ 1 < λ, any backgrounded construction of P using extenders with criti-
cal points in the interval (δPα , δ

P
α+1), hybrid or else, doesn’t break down. This then

implies, using Lemma 2.12, that if ξ + 1 ≤ λP and �T is as in Definition 3.11 and

is such that �T ∈ P|δPξ+1, then clause 1 of Definition 3.11 is equivalent to requiring

that if M is (Σα)R(γ),�T -premouse over R|η constructed by the fully backgrounded

construction of P|δPξ+1 done with respect to (Σα)R(γ),�T and over R|η using exten-

ders with critical point > max(η, δPξ ) then M � R. Similar fact also holds for
clause 2 of Definition 3.11.

Theorem 3.12 (Internal fullness preservation). Suppose P is a hod premouse
and α < λP . Then ΣP

α is internally fullness preserving.

Proof. We assume that V = P, in particular we omit all superscripts and
subscripts that involve P. Thus, δPξ is just δξ and δ = δP . We only consider the
first clause of the definition of internal fullness preservation. The verification of the
second clause is very similar.

1We let δP−1 = 0.
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It is enough to show that Σα is internally fullness preserving for stacks that

are in P|δ+α . To see this, assume it and let (�T ,R) ∈ I(P(α),Σα) ∩ P be such that
�T 	∈ P|δ+α . Suppose for some γ < π

�T (α) there is η ∈ (δγ , δγ+1]
R and a (Σα)R(γ),�T -

mouse M over R|η which is not in R but is max(δ + 1, | �T |+ +1)-iterable. We let

φ(�T ,R,M, α, γ, η) be the formula that expresses the above statement. Fix then

some cardinal μ > max(δ, | �T |+) and let π : H → P|μ be an elementary embedding

such that crit(π) > δα, �T ,M ∈ P|μ, H ∈ P|δ+α and �T ,R,M, γ, η ∈ ran(π). Let

( �S,Q,N , β, ν) = π−1((�T ,R,M, γ, η)). Then

H � φ[ �S,Q,N , β, ν].

N is now max(δH +1, (| �S |+)H)+ 1-iterable inside H and because of π � N : N →
M, N is max(δ, | �T |+) + 1-iterable in P. Moreover, by hull condensation of Σα, �S
is according to Σα. Therefore, it must be, by our assumption, that N � Q, while
H � N 	� Q, contradiction.

In the light of this observation we can assume, without losing generality, that
λP = α + 1. This is because if we organize our proof as an induction on λP then
limit case would follow from successor case quite easily. The successor cases, on the
other hand, are all the same as one can see from the proof. We therefore assume
that λP = α+ 1 and we will indicate the place where the general successor case is
somewhat different than our case though the modifications needed to accommodate
the general successor case are trivial.

Claim. It is enough to show that if (P,Σ) is a hod pair and α < λP then ΣP
α

is internally fullness preserving.

Proof. To see this, fix a hod premouse P, α < λP and a stack �T ∈ P|δ+α on

P(α) with last model R, γ < π
�T (α), η ∈ (δγ , δγ+1] and a ΣR(γ),�T -premouse M ∈ P

over R|η which is not in R but satisfies one of the clauses of Definition 3.11. Let
π : H → P|μ be an elementary embedding such that

(1) μ is a cardinal > δP ,
(2) P(α) ⊆ H,
(3) H ∩ δP ∈ δP ,

(4) α, �T ,R, γ, η,M ∈ H.

Let φ be the formula above and let ( �̄T , R̄,M̄, γ̄, η̄) = π−1(�T ,R,M, γ, η). We have
that

H � φ[�T ,R,M, γ, η].

By clause 4 of Definition 1.34, H is iterable inside P as ran(π) ∩ δP is bounded
in δP . Let now Φ be the strategy of H. Then (H,Φ) is a hod pair and therefore,
M � R, contradiction. �
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Thus2, it is enough to verify that the theorem holds for hod pairs and we
assume that P has an iteration strategy Σ such that (P,Σ) is a hod pair. Again
towards a contradiction assume Σα isn’t fullness preserving (recall that V = P,
which is somewhat awkward now because of Σ, and we omit all the subscripts and

superscripts that involve P) as witnessed by a stack in P|δ+α . Let �T0, γ0, η0, R1,
i0, κ0, and M0 be such that

(1) �T0 is a stack on P(α) with last model R1 and i0 = π
�T0 ,

(2) η0 ∈ (δγ0
, δγ0+1]

R1 and M0 is a (Σα)R1(γ0),�T0
-mouse over R1|η0 such that

M0 is constructed by the background construction of P done over R1|η0
with respect to (Σα)R1(γ0),�T0

using extenders with critical point κ0 > δ+α ,

and M0 	� R1,

(3) κ0 < δP and (�T0, γ0, η0,R1, i0,M0) ∈ P|δ+α .
We now define a sequence ((Pn, �Tn, γn, ηn,Rn, in, κn,Mn) : n < ω) as follows:

(1) P0 = P, i0 = π
�T0 and P1 is the last model of �T0 when it is regarded as a

stack on P (thus, R0 �hod P1),
(2)

(�Tn+1, γn+1, ηn+1,Rn+1, in+1, κn+1,Mn+1) = in((�Tn, γn, ηn,Rn, in, κn,Mn))

and

in = π
�Tn : Pn → Pn+1.

Let Nn be the fully backgrounded construction of Pn relative to ΣRn(γn),⊕k<n
�Tk

over Rn|ηn using extenders with critical point > κn. Let N+
n be the fully back-

grounded construction of Pn relative to ΣRn+1(γn+1),⊕k<n+1
�Tk

over Rn+1|ηn+1 using

extenders with critical point > κn. We have that Mn � N+
n . Notice that by choos-

ing κ0 large enough, we can assume that κ0 = κn for all n. We make this assumption
and let κ be the common value of κn.

What we like to do now is to simultaneously compare all Nn and N+
n . We

do this by comparing the fully backgrounded constructions of Pn. However, notice
that Nn and N+

n are two different kind of hybrid structures. What we can do
is compare the construction of Pn producing N+

n with the construction of Pn+1

producing Nn+1 and do all the comparisons simultaneously. Notice that the com-
parison involving N+

n and Nn+1 when lifted to Pn and to Pν+1 respectively, fix
Rn and Rn+1. This means that different comparisons do not interfere with one
another.

We let P∗
n be the result of this comparison, i.e., P∗

n is the iterate of Pn produced
by the comparison process and if jn : Pn → P∗

n is the iteration embedding then
jn(N+

n ) and jn+1(Nn+1) are compatible. Because Mn 	� Rn+1, we must have
Mn 	� Nn+1. Because jn fixes Mn and Mn � N+

n , we must have that Mn �
jn(N+

n ). Thus, jn(N+
n ) must be strictly longer than jn+1(Nn+1). This means

that o(P∗
n) > o(P∗

n+1), and we get an infinite decreasing sequence which is our

2There is an alternative proof which works in the case of λP = 0 quite easily but in general
it needs the interpretability result of Theorem 3.10. The proof is based on the following fact.
Suppose W ⊆ V are two models of ZFC−, X ∈ W and there is a mouse M over X such that for
some sentence φ, M is the least mouse N over X such that N � φ. Suppose also that there is
some mouse S ∈ W perhaps over a different set such that in V there is σ : M → S. Then M ∈ W
as in W , one can build a tree searching for M. An attentive reader will find the place where this
observation could be used in the case λP = 0 and we leave the general case as an exercise.
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3.2. OD-FULL POINTCLASSES 79

contradiction. This contradiction shows that indeed Σα must be internally fullness
preserving. �

3.2. OD-full pointclasses

In this section we introduce OD-full and mouse-full pointclasses. In Section 6.1,
we will show that the mouse-full pointclasses can be generated by hod pairs in the
following sense (in particular, see Theorem 6.1). Suppose first that (P,Σ) is a hod
pair such that λP is limit. For α < β ≤ λP let,

Γ(P,Σ) = {A : ∃( �S,Q) ∈ B(P,Σ)(A <w Code(ΣQ, �S))}.
In Section 5.6, we also define Γ(P,Σ) in the case λP is a successor ordinal. We
say that a pointclass Γ is generated by (P,Σ) if Γ = Γ(P,Σ). Establishing that
mouse-full pointclasses are generated by hod pairs is one of the key steps towards
proving MSC.

Given A ⊆ R, we let WA = {C : C <w A}. The motivation behind the
following terminology comes from the core model induction applications. In such
applications, one builds a certain collection of “nice” sets of reals by induction. At
various points of the induction, one has to identify the next new set.

Definition 3.13 (New sets). A ⊆ R is new if

(1) L(A,R) � AD+,
(2) P(R) ∩ L(WA,R) = WA,
(3) ΘL(WA,R) is a Suslin cardinal of L(A,R).

For instance, R# is a “new” set beyond L(R). It is not hard to see that
R# = ⊕i<ωAi where Ai is the theory of the first i many R-indiscernibles. Clearly
for every i < ω, Ai ∈ L(R) implying that w(R#) = ΘL(R). Notice also that R#

is a minimal new set in a sense that any transitive model of determinacy properly
containing L(R) satisfies that R# exists. In general, new sets don’t have to be
minimal in this sense as there can be divergent models of AD+.

Also, notice that new set of reals A may not contain new information about
L(WA,R). Clearly R# contains information not coded by any set in L(R). However,
if the new set A is such that θL(WA,R) is a member of the Solovay sequence of
L(A,R) then WA is already full with respect to ordinal definability relative to any
set B ∈ WA. In such situations, new sets do not contain new information about
L(WA,R).

Call a set A almost new if it only satisfies clauses 1 and 2 of Definition 3.13. It
is consistent that there is an almost new set which is not new. The minimal model
of AD+ + “there is an almost new set which is not new” has the form L(U#,R)
where U is the universal Σ2

1 set of L(U#,R). In this case, U# is the almost new
set.

Notice that any set whose Wadge rank is a member of the Solovay sequence is
a new set. It follows that ADR implies that the new sets are Wadge cofinal in Θ.
More locally, if θα < θ then almost new sets are Wadge cofinal in θα, and if α is
limit then the new sets are Wadge cofinal in θα.

Notice that being new or almost new is absolute among the models containing
the reals and ordinals. Also, notice that if M � AD+ and A,B ∈ M are such that
B is almost new and A <w B then A# exists and A# ∈ M . This follows from a
general fact that under AD, if B 	∈ L(A,R) then A#-exists.
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Below we define completely OD-full and OD-full pointclasses. These point-
classes are closed under Wadge reducibility and complements. Hence, both hier-
archies are well-ordered under inclusion. If Γ is a pointclass closed under Wadge
reducibility then we let

θΓ = {|≤∗| :≤∗∈ Γ is a prewellordering }.
Definition 3.14. Suppose Γ is a pointclass closed under Wadge reducibility.

Then Γ is completely OD-full if either Γ = P(R) or there is a new set A such that
Γ = WA and θΓ is a member of the Solovay sequence of L(A,R).

Given a completely OD-full pointclass Γ, we let (θΓβ : β ≤ ΩΓ) be the Solovay

sequence of L(Γ,R). Under AD+ there is a characterization of completely OD-full
pointclasses.

Proposition 3.15. Assume AD+ + V = L(P(R)) and let Γ be a pointclass
such that P(R) ∩L(Γ,R) = Γ and L(Γ,R) � “if for some α, θα+1 exists then there
is a Suslin cardinal in the interval (θα, θα+1)”. Then

(1) Γ is completely OD-full iff either Γ = P(R) or there is a new set A ⊆ R
such that Γ = WA and for any x ∈ R and for any B ∈ Γ such that there

is a Suslin cardinal in the interval (w(B), θ
L(Γ,R)
B )

(Σ2
1(B, x))L(Γ,R) = (Σ2

1(B, x))L(A,R).

(2) Γ is completely OD-full iff either Γ = P(R) or there is a new set A such
that Γ = WA and for any x, y ∈ R and for any B ∈ Γ such that there is a

Suslin cardinal in the interval (w(B), θ
L(Γ,R)
B ),

L(A,R) � “x is OD(B, y)” iff L(Γ,R) � “x is OD(B, y)”.

Proof. We first show that clause 1 implies clause 2 and then we establish
clause 1. Fix Γ as in the hypothesis of the proposition and suppose first the right
side of clause 2 holds. If Γ = P(R) then we have nothing to prove. Assume then
that Γ 	= P(R) and let A be as in the right side of clause 2. Then we need to
show that Γ = WA and that θΓ is a member of the Solovay sequence of L(A,R).
The first is immediate. To see the second, assume that θΓ isn’t a member of the

Solovay sequence of L(A,R). Let then B ∈ Γ be such that θ
L(A,R)
B > θΓ. Let

C = {(y, x) ∈ R2 : L(Γ,R) � x 	∈ OD(B, y)}. Then because θΓ is a Suslin cardinal
in L(A,R), C can be uniformized by a set D that is ordinal definable from a real
and B in L(A,R). Let y ∈ R be such that L(A,R) � D ∈ OD(B, y). Let then
y ∈ R be such that (y, x) ∈ D. We then have that L(A,R) � x ∈ OD(B, y) but
L(Γ,R) � x 	∈ OD(B, y).

Let now A be as in clause 1. We claim that A is as in clause 2. To see this,

fix B ∈ Γ such that there is a Suslin cardinal in the interval (w(B), θ
L(Γ,R)
B ) and

suppose for some x, y ∈ R, L(A,R) � “x is OD(B, y)”. Then let

C = {z : L(A,R) � “z is OD(B, y)”} = C(Σ2
1(B,y))L(A,R) .

Then C is countable in L(A,R) and, because we are assuming that clause 1 is true,
C ∈ (Σ2

1(B, y))L(Γ,R). Because C is countable, we must have that

C ⊆ C(Σ2
1(B,y))L(Γ,R)

3.

3Recall that for good Φ, CΦ is the largest countable Φ set, i.e., if C ∈ Φ and C is countable
then C ⊆ CΦ.
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3.2. OD-FULL POINTCLASSES 81

Therefore, x is OD(B, y) in L(Γ,R). The other direction is trivial. We now prove
clause 1.

First let Γ be a completely OD-full pointclass. If Γ = P(R) then there is
nothing to prove. Assume then that Γ 	= P(R). Fix then A ⊆ R such that Γ = WA

and θΓ is a member of the Solovay sequence of L(A,R). Let B ∈ Γ be such that

there is a Suslin cardinal in the interval (w(B), θ
L(Γ,R)
B ) and fix a real x. We want

to show that

(Σ2
1(B, x))L(Γ,R) = (Σ2

1(B, x))L(A,R).

and we have that ⊆-direction is immediate. The other direction follows from clause
4 of Theorem A.10.

Suppose now that Γ, A,B witness that right to left direction of clause 1 is false.
Thus Γ isn’t completely OD-full. This means that θΓ isn’t a member of the Solovay
sequence of L(A,R) yet it is a Suslin cardinal in L(A,R). Let then C ∈ Γ be such
that

θΓ < θ
L(A,R)
C (*).

We have that (Σ2
1(C, x))

L(A,R) = (Σ2
1(C, x))

L(Γ,R) which means that

(δ˜21(C))L(A,R) = (δ˜21(C))L(Γ,R).

Let δ then be this common value. Because of (∗) and because θγ is a Suslin cardinal
in L(A,R), we must have that δ ≥ θΓ. But, because δ is the largest Suslin cardinal
less than (θC)

L(Γ,R), we must have that δ < θΓ, which is a contradiction. �

Given two completely OD-full pointclasses Γ1 and Γ2, we say Γ1 is a θ-initial
segment of Γ2 and write

Γ1 �θ Γ2

if there is α ≤ ΩΓ2 such that Γ1 = {B : w(B) < θΓ2
α }.

Definition 3.16 (OD-full pointclass). Γ is an OD-full pointclass if either Γ is
a completely OD-full pointclass or there is a sequence (Γα : α ≤ ΩΓ) such that

(1) ΩΓ is a limit ordinal,
(2) Γα is a completely OD-full pointclass,
(3) if α < β < ΩΓ then Γα �θ Γβ,
(4) Γ = ΓΩ = ∪α<ΩΓΓα.

For α < Θ, we let Πα be the αth OD-full pointclass (in the Wadge hierarchy).
Suppose Γ is an OD-full. If it is completely OD-full pointclass then we have already
explained how to define its Solovay sequence. Notice that if Πα and Πβ are such
that Πα�θΠβ then the Solovay sequence of Πα is an initial segment of the Solovay
sequence of Πβ. It follows that we can let the Solovay sequence of Γ be the union of
the Solovay sequences of Γα where (Γα : α ≤ ΩΓ) is as in Definition 3.16. Note that
we can require that (Γα : α < ΩΓ) satisfy the following two additional conditions:

(1) there is no completely OD-full pointclass Ψ ⊆ Γ such that for some α,
Γα �θ Ψ �θ Γα+1,

(2) if α ≤ ΩΓ is limit then Γα = ∪β<αΓβ.
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We call (Γα : α ≤ ΩΓ) that satisfies the four conditions of Definition 3.16 and
the two conditions above the θ-initial segments of Γ. It is not hard to see that if
(Γα : α ≤ ΩΓ) are the θ-initial segments of Γ then ΩΓα = α. Therefore, we have
that

θΓα = θΓα .

Next we define mouse-full pointclasses.

Definition 3.17. Suppose Γ is a pointclass closed under Wadge reducibility.
Then Γ is completely mouse-full if either Γ = P(R) or there is a new set A such
that

(1) Γ = WA,
(2) if (P,Σ) is a hod pair such that Code(Σ) ∈ Γ and L(A,R) � “Σ has

branch condensation and is fullness preserving” then for every a ∈ HC,
LpΓ,Σ(a) = (LpΣ(a))L(A,R).

Given two pointclasses Γ1 and Γ2 such that both are completely mouse-full, we
say Γ1 is a mouse-initial segment of Γ2 and write

Γ1 �mouse Γ2

if whenever (P,Σ) is a hod pair such that Code(Σ) ∈ Γ1 and L(Γ2,R) � “Σ
has branch condensation and is fullness preserving”, then for every a ∈ HC,
LpΓ1,Σ(a) = LpΓ2,Σ(a).

Definition 3.18 (Mouse-full pointclass). Γ is a mouse-full pointclass if either
Γ is a completely mouse-full pointclass or there is a sequence (Γα : α < ΩΓ) such
that

(1) Ω is a limit ordinal,
(2) Γα is a completely mouse-full,
(3) if α < β < ΩΓ then Γα �mouse Γβ,
(4) Γ = ∪α<ΩΓΓα.

We let Φm
γ be the γ-th mouse-full pointclass (in the Wadge hierarchy). Suppose

Γ is mouse-full but not completely mouse-full. Then let (Γα : α < ΩΓ) be as in
Definition 3.18. Note that we can also require that (Γα : α < ΩΓ) satisfies the
following two additional conditions:

(1) there is no completely mouse-full pointclass Ψ ⊆ Γ such that for some α,
Γα �mouse Ψ �mouse Γα+1,

(2) if α ≤ ΩΓ is limit then Γα = ∪β<αΓβ.

If (Γα : α < ΩΓ) satisfies the conditions of Definition 3.18 and the 2 conditions
above, then we say (Γα : α < ΩΓ) are the mouse-initial segments of Γ.

If Γ is completely OD-full then we write Γ � SMC if L(Γ,R) � SMC. If Γ is
OD-full but not completely OD-full then we write Γ � SMC if letting (Γα : α < ΩΓ)
be the θ-initial segments of Γ, for every α < ΩΓ, Γα � SMC.

Notice that if A ⊆ R is a new set such that L(A,R) � SMC and WA = Φm
γ for

some γ then Φm
γ = Φγ .

3.3. The derived models of hod mice

We assume AD+ throughout this section. Let (P,Σ) be a hod pair such that λP

is limit and Σ has branch condensation and is fullness preserving. Our motivational
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3.3. THE DERIVED MODELS OF HOD MICE 83

question here is the following. What are the sets of reals that appear in the derived
model of P at δP as computed by Σ?

Fix now a hod pair (P,Σ) such that λP is limit. Suppose α ≤ λP is a limit

ordinal such that cfP(α) isn’t a measurable cardinal in P. We let D∗(P,Σ, α) be
the set of all A ⊆ R such that for some β < α and g ⊆ Coll(ω, δPβ ) generic over

P(α) there are δPα -complementing trees T, U ∈ P(α)[g] such that x ∈ A if and only

if there is ( �S,R) ∈ I(P(α),ΣP(α)) such that π
�S is above δPβ and for some γ < λR,

x is generic for the extender algebra of R[g] at δRγ+1 and R[g, x] � x ∈ p[π
�S(T )].

We let D(P,Σ, α) be the derived model of P(α) as computed by Σ, i.e., for A ⊆ R,

A ∈ D(P,Σ, α) if there is ( �S,Q) ∈ I(P(α),Σ) such that A ∈ D∗(Q,ΣQ, π
�S(α)).

The following is mainly a corollary to Theorem 2.42.

Theorem 3.19. Suppose (P,Σ) is a hod pair such that Σ has branch conden-
sation and is fullness preserving. Suppose further that there is a good pointclass Γ
such that Code(Σ) ∈ ΔΓ˜. Then

(1) Γ(P,Σ) = ∪Q∈pI(P,Σ),α<λQD(Q,ΣQ, α).

(2) For any Q ∈ pI(P,Σ), if α + ω < λP then D(Q,ΣQ, α) is completely
mouse full and if α+ ω = λP then D(Q,ΣQ, α) is mouse full.

(3) For any Q ∈ pI(P,Σ), if α < λP then letting Γ = D(Q,ΣQ, α+ω), if ξ is
such that θΓCode(ΣQ(α))

= θΓξ then for every n, θΓCode(ΣQ(α+n))
= θΓξ+n and

ΩΓ = ξ + ω.
(4) Γ(P,Σ) is a mouse full pointclass.

Proof. We start with clause 1.

Claim 1. Suppose Q ∈ pI(P,Σ) and α ≤ λQ is a limit ordinal such that cfQ(α)
isn’t a measurable cardinal in Q. Then D(Q,ΣQ, α) = Γ(Q(α),ΣQ(α)).

Proof. We start by showing that D∗(Q,ΣQ, α) is well-defined. To simplify
our notation, we assume that Q = P (clearly this assumption doesn’t harm the
generality of the proof). It is enough to show that if T, S ∈ P are δPα -complementing
and

( �S0,R0), ( �S1,R1) ∈ I(P(α),ΣP(α)),

then for any x if for some βi < π
�Si(α) (i = 0, 1), x is generic for the extender

algebra of Ri at δ
Ri

βi+1, then

R0[x] � “x ∈ p[T0]” ↔ R1[x] � “x ∈ p[T1]”

where (Ti, Si) = π
�Si(T, S). To see this, note that by Theorem 2.28 and Theo-

rem 2.42, we can compare (R0,ΣR0
) with (R1,ΣR1

) and get a common tail (R,Ψ).
Examining the proof of Theorem 2.28, we see that we can also make the comparison
in such a way that x is generic at δR0 . Because πΣ

R0,R(T0, S0) = πΣ
R1,R(T1, S1), we

get our desired equality.
Note that by Theorem 3.10, for all β < α, Code(ΣP(β)) ∈ D∗(P,Σ, α). Now,

suppose ( �S,R) ∈ I(P(α),ΣP(α)). We claim that

Subclaim. D∗(R,ΣR, π
�S(α)) ⊆ Γ(P(α),ΣP(α)).
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84 3. HOD MICE REVISITED

Proof. Because Γ(P(α),ΣP(α)) = Γ(R,ΣR), it is enough to show that

D∗(R,ΣR, π
�S(α)) ⊆ Γ(R,ΣR).

Fix then two trees T, S in R[g] where g ⊆ Coll(ω, δRβ ) is R-generic for some β <

π
�S(α) and T, S are δR-complementing in R[g]. Let A be the set Suslin captured

by (R,ΣR, T ). Then x ∈ A iff for any normal tree T on R such that

(1) T is based on the window [δβ, δβ+1]
R,

(2) T is according to ΣR,
(3) T has a last model Q,
(4) x is generic over Q for the extender algebra at δQβ+1,

x ∈ p[πT (T )]Q[x].

Thus, A ≤w Code(ΣR(β+1)) and therefore, A ∈ Γ(R,ΣR). �
To finish the proof of Claim 1, notice that

D(P,Σ, α) = ∪(�S,R)∈I(P(α),ΣP(α))
D∗(R,ΣR, �S , π

�S(α)).

It then follows from the Subclaim that D(P,Σ, α) ⊆ Γ(P(α),ΣP(α)). On the other
hand, Theorem 3.8 implies that Γ(P(α),ΣP(α)) ⊆ D(P,Σ, α). Hence, D(P,Σ, α) =
Γ(P(α),ΣP(α)) �

Claim 1 then easily implies that clause 1 holds. This is because if A = {(Q, α) :
Q ∈ pI(P,Σ) and Q � “α < λQ and cf(α) isn’t measurable”} then

Γ(P,Σ) = ∪(Q,α)∈AΓ(Q(α),ΣQ(α)).

and by Claim 1, Γ(Q(α),ΣQ(α)) = D(Q,ΣQ, α). We now start proving clause 2.

Claim 2. Suppose α ≤ λP is such that cfP(α) isn’t a measurable cardinal in
P. Then for all β < γ < α, in D(P,Σ, α), ΣP(γ) isn’t ordinal definable from a real
and ΣP(β).

Proof. Suppose not and let x be such that ΣP(γ) is ordinal definable from

ΣP(β) and x in D(P,Σ, α). Then we can iterate P below δPβ+1 but above δ
P
β to make

x generic. LetR be this iterate and let i : P → R be the iteration map. Let Λ = ΣR
be the strategy ofR. Since i(β) = β, we have that ΛR(i(β)) = ΣP(β). Because ΣP(γ)

is ordinal definable from ΣP(β) and x in D(P,Σ, α), we have that P(γ) ∈ R[x]
and R[x] � “P(γ) is countable”. Moreover, it also follows that ΣP(γ) � R[x] is
definable over R[x]. Because of this, R[x] can reconstruct the iteration from P(γ)
to R(i(γ)) implying that δRi(γ) isn’t a cardinal in R[x]. Because i(γ) ≥ β + 1, we

get a contradiction. �
Next claim shows that D(P,Σ, α) is a completely mouse-full pointclass.

Claim 3. Suppose ( �S,Q) ∈ I(P,Σ) and α < λP . Suppose α < λQ is a limit

such that cfQ(α) isn’t a measurable cardinal in Q. Suppose Λ ∈ D(Q,ΣQ, α) is
an ω1-iteration strategy with hull condensation and suppose for some real x, M is
a sound Λ-mouse over x projecting to x. Suppose further that if Ψ is the unique
iteration strategy of M then Code(Ψ) ∈ Γ(P,Σ). Then Code(Ψ) ∈ D(Q,ΣQ, α).
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3.3. THE DERIVED MODELS OF HOD MICE 85

Proof. Towards a contradiction, suppose Λ, M and Ψ are as above but
Code(Ψ) 	∈ D(Q,ΣQ, α). Without loss of generality, using Claim 1, we can assume
that Code(Λ) ∈ D∗(Q,ΣQ, α). Let then β < α and g ⊆ Coll(ω, δQβ ) be such that g

is Q-generic, there are trees (T, U) ∈ Q[g] witnessing that Code(Λ) ∈ D∗(Q,ΣQ, α)
and x ∈ Q[g]. We then have that Λ � Q[g] is definable over Q[g]. Notice that
Code(Λ) <w Code(ΣQ(β+1)) and therefore,

Code(Ψ) ∈ (Σ2
1(Code(ΣQ(β+1)), x))

D(Q,ΣQ,α).

Now, fix (�T ,R) ∈ I(P,Σ) and γ < λR such that Code(Ψ) ≤w Code(ΣR(γ)).

Let �U = π
�S �T , i.e., the copy of �T to Q. Let W be the last model of �U and let

π : R → W come from the copying construction. Then because Code(ΣR(γ)) ≤w

Code(ΣW(π(γ))), we have that Code(Ψ) ≤w Code(ΣW(π(γ))). But because Code(Ψ) 	∈
D(Q,ΣQ, α), we must have that Code(Ψ) 	∈ D(W ,ΣW , π

�U (α)). Because Code(Ψ) ∈
(Σ2

1(Code(ΣW(π�U(β+1)), x))
D(W,ΣW ,π(γ)), it must be the case that inD(W ,ΣW , π(γ)),

ΣW(π�U(β+2)) is OD from a real and ΣW(π�U(β+1)). This, because of Claim 2, is a

contradiction. �

Claim 3 then implies that if Qi ∈ pI(P,Σ), (i = 0, 1) and αi ≤ λQi are limit or-

dinals such that cfQi(αi) isn’t measurable in Qi then either D(Q0,ΣQ0
, α0) �mouse

D(Q1,ΣQ1
, α1) or D(Q1,ΣQ1

, α1) �mouse D(Q0,ΣQ0
, α0). This then implies that

if Q ∈ pI(P,Σ) and α ≤ λQ is a limit ordinal such that cfQ(α) isn’t measurable
then D(Q,ΣQ, α) is completely mouse-full as witnessed by D(Q,ΣQ, α+ ω). This
then finishes the proof of clause 2 in the case when for each α < λP , α+ω < λP . If
there is α < λP such that α+ ω = λP , then Claim 2 easily implies clause 2. Claim
2 and 3 easily imply clause 3. To show clause 4, notice that because of clause 1,
Γ(P,Σ) is a mouse-full pointclass. �

Next we show that Γ(P,Σ) satisfies mouse capturing relative to any ΣQ where
Q ∈ pB(P,Σ).

Theorem 3.20. Suppose (P,Σ) is a hod pair such that λP is limit and Σ
has branch condensation and is fullness preserving. Suppose further that there is
a good pointclass Γ such that Code(Σ) ∈ ΔΓ˜. Then for every Q ∈ pB(P,Σ),

Γ(P,Σ) � “MC for ΣQ”.

Proof. Towards a contradiction suppose that there is Q ∈ pB(P,Σ) such
that Γ(P,Σ) � “MC fails for ΣQ”. Changing P with an iterate if necessary, we
can assume that Q �hod P. Let then β < λP be such that Q = P(β). By clause
1 and 2 of Theorem 3.19, there are R ∈ pI(P,Σ) and α ≤ λR such that α is

a limit ordinal and cfR(α) isn’t measurable in R, and there are reals x, y ∈ R
such that D(R,ΣR, α) � “y ∈ OD(Code(ΣQ), x) but y isn’t in a ΣQ-mouse”. Let
i = πΣ

P,R : P → R and let ξ be such that i(Q) = R(ξ). Then, by Claim 2 of

Theorem 3.19, we must have that D(R,ΣR, ξ+ω) � “y ∈ OD(Code(ΣQ), x) but y
isn’t in a ΣQ-mouse”. Then because, by Claim 1 of Theorem 3.19,

(1) D(R,ΣR, ξ + ω) = D(P,Σ, β + ω), D(P,Σ, β + ω) � “y ∈ OD(Code(ΣQ), x)
but y isn’t in a ΣQ-mouse”.
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It is a theorem of Steel and Woodin that mouse capturing on a cone implies
mouse capturing (see Chapter 4 of [37]). Relativizing this result to ΣQ, we get
from (1) that if

A = {(z,M) : z ∈ R and M is a sound ΣQ-mouse over z projecting to z with an
iteration strategy in D(P,Σ, β + ω)}

then A ∈ (Δ˜ 2
1(Code(ΣQ)))

D(P,Σ,β+ω) and hence, A and Ac carry scales in D(P,Σ,
β + ω) which are OD from a real and ΣQ. Moreover, in D(P,Σ, β + ω), we can

get a sjs �A = (Ai : i < ω) ∈ Δ˜ 2
1(Code(ΣQ)) such that A0 = A, A1 = Ac and �A is

OD from a real and ΣQ. Let z be a real such that �A ∈ (OD(ΣQ, z))
D(P,Σ,β+ω).

Assume now that, in D(P,Σ, β + ω), �A is the least OD(ΣQ, z) sjs with the above
properties.

Let R ∈ pI(P,Σ) be a normal iterate of P above δQ such that z is generic over
R for the extender algebra at δRβ+1. We then still have that

�A ∈ (OD(ΣQ, z))
D(R,ΣR,β+ω)

andD(R,ΣR, β+ω) � “y ∈ OD(Code(ΣQ), x) but y isn’t in a ΣQ-mouse”. Without
loss of generality, we then assume that R = P and z is generic over P for the
extender algebra at δPβ+1.

Let g ⊆ Coll(ω,< δPβ+1) be P[z]-generic. Working in P[z][g], we let τn ∈
P[z, g]Coll(ω,δβ+n) be an invariant term such that (P[z, g],ΣP(β+n), τn) term cap-

tures �A at δPβ+n. (It is clear that there is a term τn such that (P[z, g], τn) locally

term captures �A at δPβ+n. To see that whenever ( �S,R) ∈ I(P(β + ω),ΣP(β+ω))

is such that �S is above δPβ+1 , then (R[z, g], π
�S(τn)) locally term captures �A at

δRβ+n, notice that it follows by elementarity that, π
�S(τn) is a term denoting a sjs in

D(R,ΣR, β+ω) which is (OD(ΣQ, z))
D(R,ΣR,β+ω). By our minimality assumption,

then, π
�S(τn) must be a term for �A.) Notice that τ =def (τn : n < ω) ∈ P.

Now, let π : R∗ → P(β + ω)[z, g]|(δ+β+ω)
P(β+ω) be such that (τn : n < ω) ∈

ran(π), P(β), z, g ∈ R∗ and |R∗| < δPβ+1 = ω
P[z,g]
1 . Let R be such that R∗ =

R[z, π−1(g)]. Then π � R : R → P(β + ω)|(δ+β+ω)
P(β+ω). Let Λ = Σπ

P(β+ω). Then,

it follows from Lemma 2.21 that, in D(P,Σ, β +ω), ΛR(β+1) is fullness preserving.
This then implies that if we compare R(β + 1) with P(β + 1) by using ΛR(β+1)

on R(β + 1) and ΣP(β+1) on P(β + 1)-side then the comparison will end at a
common last model S (the comparison done here is just a comparison to line up
the models not the strategies and hence, it only involves iterating above δPβ and

only extender disagreements show up). Notice also that we can assume that the
comparison is done inside P[z, g]. Let i : R(β + 1) → S and j : P(β + 1) → S be
the iteration embeddings. Then since i[δR(β+1)] and j[δP(β+1)] are cofinal in δS ,
we have that δPβ+1 has countable cofinality in P[z, g]. This is a contradiction, as

δPβ+1 = ω
P[z,g]
1 . �

3.4. An anomaly

There is one anomalous case to which the theory developed in the previous
section doesn’t apply. Our main method of constructing hod mice is via a hod
mouse construction inside some N ∗

x . For this to work, we need to be able to prove
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3.4. AN ANOMALY 87

that Nα+1 doesn’t project across Pα. The proof of this fact is usually done as
follows.

The difficult case is when α has a measurable cofinality in Pα. Let then κ

be the cofinality of α, E ∈ �EP be the measure on κ of Mitchell order 0 and
Q = Ult(Pα, μ)(α). Then we prove by induction that the direct limit of all ΣQ-
iterates of Q contains V HOD

θγ
for some γ such that θγ is the image of δQ under the

direct limit embedding.
Suppose now that Nα+1 projects across Pα. Then let M � Nα+1 be the least

such that ρ(M) < δα. We then would like to form the direct limit of all such
(M,P,Σ) where P = Pα and Σ = Σα. If we can form such a direct limit then
letting π be the embedding from P into this direct limit, π(M) will be independent
of π. However, π(M) ∈ HOD and is essentially a bounded subset of some θξ+1 for
ξ < γ. Hence, π(M) ∈ V HOD

θξ+1
. It then follows that M ∈ P as π(M) is in a proper

initial segment of an iterate of P. This then is a contradiction.
In order for this to work, we need to have a comparison theory for pairs that

look like (M,Σ). Here, M may not be a hod mouse and Σ may not be fullness
preserving. It is this comparison problem that we would like to solve in this section.
We start by giving a name to hod pairs like (M,Σ).

Definition 3.21 (Anomalous hod premouse of type I). P is an anomalous hod
premouse of type I if there is a hod premouse Q�P such that λQ is a successor,

P � “δQ is Woodin”, P can be organized as J �E,f (Q) where f codes a fragment
of a strategy for Q and either ρ(P) < δQ or there is a function witnessing non-

Woodiness of δQ via the extenders in �EQ definable over P.

Definition 3.22 (Anomalous hod premouse of type II). P is an anomalous
hod premouse of type II if for some limit ordinal λ and some δ there is a sequence
(Pα : α < λ) such that

(1) Pα is a hod premouse such that λPα = α,
(2) for α < β < λ, Pα �hod Pβ and Pα = Pβ(α),
(3) P|δ = ∪α<λPα,
(4) P is a ⊕α<λΣP(α)-premouse over P|δ,
(5) ρ(P) < δP but for every ξ ∈ (δ, o(P)), ρ(P|ξ) ≥ δ.

Definition 3.23 (Anomalous hod premouse of type III). P is an anomalous
hod premouse of type III if for some limit ordinal λ and some δ there is a sequence
(Pα : α ≤ λ) such that

(1) Pα is a hod premouse such that λPα = α,
(2) for α < β ≤ λ, Pα �hod Pβ and Pα = Pβ(α),
(3) P is a ΣP(λ)-premouse over P(λ),

(4) δ = supα<λ δ
P(α),

(5) ρ(P) < δP but for every ξ ∈ (δ, o(P)), ρ(P|ξ) ≥ δ,

We say P is an anomalous hod premouse if it is an anomalous hod premouse
of some type. If P is an anomalous hod premouse then we let δP and λP be as in
the above definitions. We then let ΣP be the strategy that is on the sequence of P.

Definition 3.24 (Anomalous hod pair). (P,Σ) is an anomalous hod pair if P
is an anomalous hod premouse, Σ is an iteration strategy with hull condensation
and whenever Q is a Σ iterate of P, ΣQ = Σ ∩ Q.
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88 3. HOD MICE REVISITED

There are two different ways that anomalous hod pairs can be iterated. Suppose
(P,Σ) is an anomalous hod pair and suppose n is the least such that ρn(P) < δP .
Then it is important to keep track of the fine structural ultrapowers we take. We

say �T is a stack of type I on P if the degree of the embeddings in it is the maximal it

can be. We say �T is a stack of type II if letting (Mα, Tα : α < lh(�T )) be the normal

components of �T then if α < lh(�T ) and β < lh(Tα) are such π
�T
α,β : P → MTα

β exists

and E is the extender that is applied to MTα

β then if crit(E) < δM
Tα
β and crit(E)

is a cardinal of MTα

β then the ultrapower taken by E is of degree n − 1. We will
only need to consider type II iterations, and therefore, from now on we assume that
whenever (P,Σ) is an anomalous hod pair then Σ acts on stacks of type II.

The following lemma is important for the iterations of anomalous hod mice. It
is essentially due to Mitchell and Steel though they stated it quite differently. We
omit the proof but it is essentially the proof of Claim 5 that appears in the proof
of Theorem 6.2 of [20]. We call our lemma “the resurrection of strong uniqueness”
because Theorem 6.2 is called “strong uniqueness” and, prior to the discovery of
weak Dodd-Jensen property, its main use had been to prove solidity and other fine
structural facts. In modern inner model theory, one uses Neeman-Steel theorem
(see Theorem 4.10 of [43]), which shows that any mouse has a strategy with weak
Dodd-Jensen property, to prove various fine structural facts. Because of this the
importance of “strong uniqueness” along with Claim 5 has diminished. However,
for us it is of crucial importance as it is one of the main ingredients for establishing
that hod mouse constructions converge. We thank John Steel for suggesting its use.

Lemma 3.25 (The resurrection of strong uniqueness). Suppose (P,Σ) is a an

anomalous hod pair, (�T ,Q) ∈ I(P,Σ) and n is least such that ρn(P) < δP . Then
ρn(Q) < δQ.

We define I(P,Σ), B(P,Σ) and Γ(P,Σ) as before. Suppose (P,Σ) is a anoma-

lous hod pair. Notice that we do not require that LpΣP|δP (P|δP) � P and therefore,
we cannot hope that Σ is fullness preserving. We will show that Σ is Γ(P,Σ)-fullness
preserving. Given this Theorem 2.33 implies that two anomalous hod pairs (P,Σ)
and (Q,Λ) can be compared provided that Γ(P,Σ) = Γ(Q,Λ). However, we do
not need such comparison arguments in a complete abstract setting. The initial
segments of anomalous hod pairs we will consider later on are embedded into hod
pairs whose strategies are fullness preserving and have branch condensation. Our
goal then is to somehow use elementarity to prove that many of the nice properties
of hod pairs goes down to anomalous hod pairs.

Theorem 3.26. Suppose (P,Σ) is an anomalous hod pair of type II or III.

Suppose that for any (�T ,Q) ∈ B(P,Σ) there is a hod pair (R,Λ) such that Λ has
branch condensation and is fullness preserving, and there is π : Q → R such that
Λπ = ΣQ,�T . Then

(1) For every (�T ,Q) ∈ B(P,Σ), ΣQ,�T has branch condensation, is positional

and is commuting.
(2) Σ is Γ(P,Σ)-fullness preserving and Γ(P,Σ) is a mouse full pointclass.

Proof. We give the proof in the case cfP(λP) is measurable in P. The other

case is easier. We start by proving clause 1. Fix (�T ,Q) ∈ B(P,Σ). We want
to show that ΣQ,�T has branch condensation, is positional and is commuting. Let
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3.4. AN ANOMALY 89

Q∗ be such that (�T ,Q∗) ∈ I(P,Σ) and let α be such that Q∗(α) = Q. Let
Q+ = Q∗(α + ω). Let (R,Λ) be a hod pair such that Λ has branch condensation
and is fullness preserving, and there is an elementary embedding π : Q+ → R
such that ΣQ+,�T = Λπ (notice that (�T ,Q+) ∈ B(P,Σ) because λP has measurable

cofinality in P).
It follows from Theorem 3.10 that the interpretation of ΣR

π(α) onto generic ex-

tensions of R is ΛR(α). Hence, it is true in R that the generic interpretability
procedure of Theorem 3.10 produces an iteration strategy that has branch con-
densation, is positional and is commuting. By elementarity of π, in Q+, the same
procedure yields a strategy for Q that has branch condensation, is commuting and
is positional. All we have to do then is to show that this strategy and ΣQ,�T are the
same.

Fix then a stack �S on Q which is according to ΣQ,�T = Λπ. Let W be the

iterate of Q+ according to ΣQ,�T obtained by iterating in the window [δQ
+

α , δQ
+

α+1]

to make �S generic for the extender algebra at δWα+1. Let σ : W → M come from
copying construction (thus, M ∈ pI(R,Λ)). Let N be the iterate of Q constructed
by the hod mouse construction of W(α + 2) using extenders with critical point
> δWα+1. Let U be the tree on Q with last model N . Let η ∈ (δWα+1, δ

W
α+2) be a

successor cardinal such that N is constructed via a hod mouse construction of W|η.

Claim. Let Φ be the strategy of M|σ(η) that acts on non-dropping trees that
are above σ(δWα ). Then for any < δWα+1 generic g, Φσ � W [g] is definable over W [g]
via the procedure described in the proof of Theorem 3.9.

Proof. We verify the claim for normal trees. Let g be a < δWa+1-generic over
W . Let P ⊆ W [g] be the strategy of W|η that is definable over W [g] via the
procedure described in the proof of Theorem 3.9. Let T ∈ W [g] be a normal tree
on W|η which has limit length, is above δWα+1 and is according to both Ψ and Φσ.
We need to see that Ψ(T ) = Φσ(T ).

Notice that ΣW
α+1 = Λσ

M(σ(α+1)) � W . Let S be the Ψ-iterate of W|η that

is constructed by J �E,ΣW
a+1 -construction of W using critical points > η. Let U be

the tree according to Ψ with last model S and let i : W|η → S be the iteration
embedding given by U . Also, let Ψ(T ) = b and Φσ(T ) = c. Notice that Q(b, T ) and
Q(c, T ) exist and what might prevent them from being the same is that they are
hybrid mice in different hierarchy. However, it follows from the procedure described
in Theorem 3.9 that there is τ : MT

b → S such that i = τ ◦ πT
b . Because S is a

Λσ
M(σ(α+1))-mouse, we have that MT

b is a Λσ
M(σ(α+1))-mouse. Because Q(c, T ) is

also Λσ
M(σ(α+1))-mouse, we have that Q(b, T ) = Q(c, T ), and hence, b = c. �

We continue with the notation of the claim. Let Ψ ⊆ W [ �S] be the strategy of
N induced by Φσ. Then the strategy of Q that is according to the procedure of

the proof of Theorem 3.10 first copies �S onto N via πU and then uses Ψ to choose

branches. Without loss of generality, we can assume that �S doesn’t have a last

branch, its last normal component is of limit length and πU �S is according to Ψ.

We need to see that Ψ(πU �S) = Λσ( �S). Let i = πU , j = σ(i) and �S∗ = σ �S. Let Ψ∗

be the strategy of σ(N ) induced by Φ.
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It follows from the claim that Ψ(i �S) = Ψ∗(j �S∗). It follows from Theorem 3.10

that Ψ∗(j �S∗) = Λ(π �S) (we have that π �S = σ �S). It then follows that

Ψ(i �S) = Ψ∗(j �S∗) = Λ(π �S) = ΣQ,�T (
�S).

This then finishes our proof of clause 1.
We now prove clause 2. Suppose Σ isn’t Γ(P,Σ)-fullness preserving. We only

consider clause 1 of fullness preservation. There is then (�T ,Q) ∈ B(P,Σ) such that
λQ is a successor ordinal, and letting α = λQ − 1, for some strong cutpoint η ≥ δQα
of Q there is a sound ΣQ−,�T -mouse M over Q|η such that ρ(M) = η and M 	� Q
yet M has an iteration strategy in Γ(P,Σ).

Fix ( �S,R) ∈ B(P,Σ) such that M’s unique strategy is Wadge reducible to

Code(ΣR, �S). Let Q∗,R∗ be such that (�T ,Q∗), ( �S,R∗) ∈ I(P,Σ). Let W be the

last model of π
�T �S and let π : R∗ → W come from the copying construction.

Let β be such that π(R) = W(β). Then M’s strategy is Wadge reducible to
Code(ΣW(β),�T �π�T �S).

Let j : Q∗ → W be the iteration embedding according to π
�T �S. Let x be the

real that codes the Wadge reduction of M’s strategy to Code(ΣW(β),�T �π�T �S). Let

W∗ be the iterate of W(β+ω) according to ΣW(β+ω),�T �π�T �S obtained by iterating

W in the window (δWβ , δWβ+1] to make x and j � Q generic for the extender algebra

at δWβ+1. Let g ⊆ Coll(ω,< δW
∗
) be W∗-generic. Let M be the derived model of

W∗ as computed by g. Then it follows from the proof of clause 1 that letting U be

the tree on W(β + ω) with last model W∗ and Ψ be the �T π
�T �SU-tail of Σ, for

every n < ω, ΨW∗(β+n) � M ∈ M . Moreover, ΣQ,�T � M ∈ M and M’s strategy is

in M .
However, because M’s strategy is in (Σ˜2

1(Code(Ψj(Q))))
M , the proofs of The-

orem 3.19 and Theorem 3.20 and our hypothesis imply that M’s strategy is in the
derived model of W∗(j(α) + ω). But by Theorem 3.19 and clause 1,

D(W∗,ΣW∗,�T �π�T �S , j(α) + ω) = D(Q∗,ΣQ∗,�T , α+ ω)

It follows then that in D(Q∗,ΣQ∗,�T , α+ω) there is a sound ΣQ(α)-mouse over Q|η
which is not in Q. This contradicts Theorem 3.12. We omit the proof that Γ(P,Σ)
is a mouse full pointclass. It follows from the proof of Theorem 3.20 and clause 1.

�

Notice that instead of requiring fullness preservation in the statement of The-
orem 3.26 we can require Γ-fullness preservation.

Theorem 3.27. Suppose (P,Σ) is an anomalous hod pair of type II or III.

Suppose that there is a pointclass Γ such that for any (�T ,Q) ∈ B(P,Σ) there is
a hod pair (R,Λ) such that Λ has branch condensation and is Γ-fullness fullness
preserving, and there is π : Q → R such that Λπ = ΣQ,�T . Then

(1) For every (�T ,Q) ∈ B(P,Σ), ΣQ,�T has branch condensation, is positional

and is commuting.
(2) Σ is Γ(P,Σ)-fullness preserving and Γ(P,Σ) is a mouse full pointclass.

What we haven’t shown is that the strategy of an anomalous hod pair has
branch condensation. There are two ways of doing this. What we will show in the
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3.5. GETTING BRANCH CONDENSATION 91

next section is that if (P,Σ) is an anomalous hod pair such that λP is limit then
some tail of Σ has branch condensation. Notice that if λP is a successor or is limit
but cfP(λP) isn’t measurable in P then Σ indeed has branch condensation. This is
because in the first case, Σ is guided by a Q-structure and in the second case we can
use clause 1 of Theorem 3.26. In the case when cfP(λP) is measurable in P, one
can show that Σ is still guided by Q-structures but it is much harder and we leave
it as an exercise. One has to show various fine structural facts about the iterations
of such Q-structures and the correct proof seems to need reorganizing our entire
exposition. Instead, we will prove that some tail of Σ has branch condensation.
This fact is also useful in core model induction applications.

3.5. Getting branch condensation

In this section we would like to show that given any hod pair (P,Σ) such that Σ
has hull condensation there is a tail (Q,Λ) of (P,Σ) such that Λ has branch conden-
sation. We do not know how to prove such a result without additional assumptions
on Σ although we strongly believe that the result is true in general. There are two
applications of this result. The first is that the strategies of anomalous hod pairs
have tails that are positional and commuting. This will be used in direct limit
constructions and in showing that hod mouse constructions converge. The second
use is in core model induction and that is beyond the scope of this paper.

Theorem 3.28 (Getting branch condensation). Suppose (P,Σ) is a hod pair or

an anomalous hod pair of type II or III. Suppose further that cfP(λP) is measurable

in P, and that whenever (�T ,Q) ∈ B(P,Σ), ΣQ,�T has branch condensation. Then

there is (�T ,Q) ∈ I(P,Σ) such that ΣQ,�T has branch condensation.

Let us summarize a lemma that we proved as part of proving Theorem 3.26.

Lemma 3.29 (Branch condensation pulls back). Suppose (P,Σ) is a hod pair
such that λP is limit and Σ has branch condensation. Suppose π : Q → P is
elementary. Then for every α < λQ, (Σπ)Q(α) has branch condensation.

We now start proving our theorem and this entire section will be devoted to
it. The basic idea behind the proof is the same as the one behind the diamond
comparison argument (see Theorem 2.47): if we keep using the bad stacks we will
end up with a bad sequence of length ω1 that cannot exist. We start by explaining
the kind of bad sequences that we will encounter while proving Theorem 3.28. We
call them bad blocks again and we warn the reader not to confuse them with the
bad blocks of Theorem 2.47.

Definition 3.30 (Bad block). Suppose (P,Σ) is a hod pair. Then ((Pi : i ≤
5), (�Ti : i ≤ 4),Λ, (πi : i ≤ 5), ξ, �U) is a bad block for (P,Σ) if (see Figure 3.5.1)

(1) P0 = P, �T0 is a stack on P0 according to Σ, P1 is the last model of �T0,
and π0 = π

�T0 ,

(2) ξ ∈ (δ(�T0), λP1) is a successor ordinal, �T1 is a stack on P1 based on P1(ξ)

and according to ΣP1,�T0
, P2 is the last model of �T1 and π1 = π

�T1 ,

(3) Λ is a strategy for P2 such that (P2,Λ) is a hod pair, and

ΛP2(π1(ξ)) 	= ΣP2(π1(ξ)),�T �
0

�T1
but ΛP2(π1(ξ)−1) = ΣP2(π1(ξ)−1),�T �

0
�T1
,
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P3 T3,π4

��$$$$$$
$$$$$

P0

T0,π0 

 P1

T1,π1 

 P2

T2,π3,b ��$$$$$$
$$$$$

T2,π2,c ��%%%%%%%%%%% P5

P4 T4,π5

��%%%%%%%%%%%

(1) c = Λ(�T2), b = ΣP2,�T �
0

�T1
(�T2), b 
= c,

(2) πi’s are the iteration embeddings,

(3) ξ ∈ (δ(�T0), λ
P1), �T1 is a stack on P1(ξ + 1), ΛP2(π1(ξ)) 
= ΣP2(π1(ξ)),�T �

0
�T1

, and

ΛP1(π1(ξ)−1) = ΣP1(π1(ξ)−1),�T �
0

�T1
,

(4) for any α < λP5 , ΛP5(α),�T �
2 P�

3
�T3

= ΣP5(α),�T �
0

�T �
1

�T �
2 P�

4
�T4

,

(5) �U = �T �
0

�T �
1

�T �
2 P�

4
�T4.

Figure 3.5.1. Bad block.

(4) �T2 is a minimal disagreement between ΛP2(π1(ξ)) and ΣP2(π1(ξ)),�T �
0

�T1
, and

P3 and P4 are its last models according to respectively ΛP2(π1(ξ)) and
ΣP2(π1(ξ)),�T �

0
�T1
,

(5) π2 = π
�T �
2 P3 and π3 = π

�T �
2 P4 ,

(6) �T3 is a stack on P3 according to ΛP3,�T �
2 P3

and �T4 is a stack on P4 ac-

cording to ΣP4,�T �
0

�T �
1

�T �
2 P4

, �T3 and �T4 have a common last model P5,

π4 = π
�T3 , and π5 = π

�T4 ,

(7) �U = �T 
0

�T 
1

�T 
2 P

4
�T4,

(8) for all α < λP5 , ΣP5(α),�U = ΛP5(α),�T �
2 P�

3
�T3
.

Lemma 3.31 (No bad sequence). Suppose (P,Σ) is a hod pair with branch
condensation at successors. Then there is no sequence

(Bα, jtβ,α, j
b
β,α : β < α < ω1)

such that

(1) Bα = ((Pα
i : i ≤ 5), (�T α

i : i ≤ 4),Λα, (πα
i : i ≤ 5), ξα, �Uα),

(2) B0 is a bad block for (P,Σ),
(3) Bα+1 is a bad block of the second kind for (Pα

5 ,ΣPα
5 ,⊕β≤αUβ ) (thus, Pα

5 =

Pα+1
0 ),

(4) jtα,β : Pα
0 → Pβ

0 is the iteration embedding along the “top”, i.e.,

jtα,β = ⊕ξ∈[α,β)(π
ξ
4 ◦ π

ξ
2 ◦ π

ξ
1 ◦ π

ξ
0),

(5) jbα,β : Pα
0 → Pβ

0 is the iteration embedding along the “bottom”, i.e.,

jbα,β = ⊕ξ∈[α,β)(π
ξ
5 ◦ π

ξ
3 ◦ π

ξ
1 ◦ π

ξ
0),

(6) If α is limit then Pα
0 = dirlim(Pβ

0 , j
t
β,α : β < α < ω1) = dirlim(Pβ

0 , j
b
β,α :

β < α < ω1).

Proof. Towards a contradiction suppose there is such a sequence and let �B =

(Bα, jtα,β , j
b
α,β : α < β < ω1) be one. Let X0 ≺ X1 ≺ Hω2

be such that �B ∈ X0.
Let π0 : H0 → X0 and π1 : H1 → X1 be the collapses of X0 and X1. We
then get π : H0 → H1. Let κ0 = ωH0

1 and κ1 = ωH1
1 . Note that all sets in

Bα = ((Pα
i : i ≤ 5), (�T α

i : i ≤ 4),Λα, (πα
i : i ≤ 5), ξα, �Uα) except Λα are countable,

and therefore if α < κi then

((Pα
i : i ≤ 5), (�T α

i : i ≤ 4), (πα
i : i ≤ 5), ξα, �Uα) ∈ Hk, k = 0, 1
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Pα
3 πα

4

����
�� Pκ0

3 πα
4
��&&&

&
· · · Pα

0

jtα,κ0

��

jbα,κ0

  


 Pα

1

πα
1 

 Pα

2

πα
2 ������

πα
3

����
�� Pα

5 · · · Pκ0
0

π
κ0
0 

 Pκ0

1

π
κ0
1 



jt

!!

jb

  
Pκ0

2

π
κ0
2 ������

�T κ0
1 ,π

κ0
3

��&&&
& Pκ0

5

top

""

bottom

##
· · · Pκ1

0 · · ·
Pα

4
πα
5

������ Pκ0
4

π
κ0
5

������

Figure 3.5.2. A bad sequence of length ω1

and if α < κ0

π(((Pα
i : i ≤ 5), (�T α

i : i ≤ 4), (πα
i : i ≤ 5), ξα, �Uα)) = ((Pα

i : i ≤ 5), (�T α
i : i ≤

4), (πα
i : i ≤ 5), ξα, �Uα), k = 0, 1.

Claim 1. jtκ0,κ1
= π � Pκ0

0 = jbκ0,κ1
(see Figure 3.5.2).

The proof of the claim is just like the proof of the same claim in Lemma 2.49.

Now, Let �T = ⊕ξ<κ0
�Uξ. We have that �T is according to Σ. The following claim

produces the desired contradiction.

Claim 2. Bκ0 is not a bad block for (Pκ0
0 ,ΣPκ0

0 ,�T ).

Proof. Let jt : Pκ0
1 → Pκ1

0 be the embedding along the “top” and let jb :
Pκ0
1 → Pκ1

0 be the embedding along the “bottom”. Then we claim that jt = jb.

To see this, let x ∈ Pκ0
1 . There is then a function f ∈ Pκ0

0 and a ∈ δ(�T κ0
0 )<ω such

that x = πκ0
0 (f)(a). Then

jt(x) = jt(πκ0
0 (f))(jt(a)) = jtκ0,κ1

(f)(jt(a)) = π(f)(jt(a)).

Similarly, jb(x) = π(f)(jb(a)). Thus, it is enough to show that jt(a) = jb(a). This
follows from the fact that further iterations never disagree on how a is moved (this
is guaranteed by condition 3 and 8 of Definition 3.30).

It is now easy to get a contradiction. Let j = jt = jb. We have that �T κ0
1 is a

stack on Pκ0
1 (ξκ0) and j � Pκ0

1 (ξκ0) : Pκ0
1 (ξκ0) → Pκ1

0 (j(ξκ0)) is the iteration em-
bedding according to ΣPκ0

1 ,(⊕ξ<κ0
�Uξ)� �T κ0

0
. We have that j = k ◦πκ0

2 ◦πκ0
1 . Because

of 3 in Definition 3.30, we can apply the branch condensation of ΣPκ0
1 (ξκ0 ),�T � �T κ0

0

to stacks �T κ0
1

�T κ0
2 Pκ0

3 and �T κ0
1

�T κ0
2 Pκ0

4
�T κ0
5 (⊕ν∈(κ0,κ1)

�Uν). From here we

get that �T κ0
1

�T κ0
2 Pκ0

3 is according to ΣPκ0
1 (ξκ0+1),�T � �T κ0

0
, contradiction! �

�
We now start proving the theorem by producing a bad sequence of length ω1.

Fix, then, (P,Σ) as in Theorem 2.42. Suppose no tail (Q,Λ) of (P,Σ) is such that
Λ has branch condensation. We use this to build a bad sequence. Since branch

condensation fails, there is (�T , �U ,Q,R, π) such that
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(1) (�T ,R) ∈ I(P,Σ),

(2) �U is a stack on P not according to Σ with last model Q such that π
�U

exists,

(3) π : Q → R and π
�T = π ◦ π �U .

Suppose (Mα,M∗
α, �Uα, πα,β : α < β ≤ η) are the essential components of �U .

Let α be the least ξ such that ⊕β<ξ
�Uβ is according to Σ. Notice that α 	= 0

because for every β < λP , ΣP(β) has branch condensation. We say �U is a minimal
counterexample to branch condensation of Σ if

(1) η = α,

(2) for all β < η and for all γ < λMβ , there is no stack �U∗ on Mβ(γ) with
last model Q∗ such that
(a) π

�U∗
-exists,

(b) the last normal component of �U∗ has a successor length whose pre-
decessor is limit,

(c) (�U∗)− is according to Σ but �U∗ isn’t,

(d) for some �S on P according to Σ with last model S such that π
�S-exists,

there is σ : Q∗ → S such that π
�S = σ ◦ π �U∗ ◦ π⊕ξ<β

�Uξ ,

(3) �Uη has a last normal component which has a successor length whose pre-

decessor is a limit and �U−
η is according to ΣM∗

η,⊕β<η
�Uβ
.

It is not hard to see that there are minimal counterexamples to branch condensation.

If �U is a minimal counterexample to branch condensation of Σ, we let ξ(�U) = λM∗
η .

Notice that ξ(�U) is a successor ordinal.

Now, we assume that (�T , �U ,Q,R, π) is as above and �U is a minimal counterex-

ample. Let Λ = Σπ
R,�T . Let b be the branch of the last component of �U− given

by Σ. We would like to compare (M�U−

b ,ΣM�U−
b ,�U−�M�U−

b

) = (S,Ψ) with (Q,Λ).

Because we do not know that Ψ and Λ have branch condensation, we cannot use
Theorem 2.33 to do the comparison. Instead we would like to use Theorem 2.47,
and for that we need to know that they are of the same kind in which case we can
quote our comparison theorem. By our assumption, we have that for all α < λQ,
ΛQ(α) has branch condensation. This means that Q is Γ(Q,Λ)-fullness preserving
iteration strategy (see Theorem 3.26). Notice, however, that Γ(Q,Λ) = Γ(P,Σ)

because Σ = Λπ
�U
. Moreover, because (S,Ψ) is a tail of (P,Σ), Γ(S,Ψ) = Γ(P,Σ)

and hence, Ψ is Γ(P,Σ)-fullness preserving iteration strategy. This means that part
a of the first clause and the second clause of Definition 2.46 hold for Ψ and Λ. We
then need to see that part b of the first clause also holds.

Fix, then, a tail (S∗,Ψ∗) of (S,Ψ) and (Q∗,Λ∗) of (Q,Λ) such that for some α <
min(λS∗

, λQ∗
), S∗(α + 1) = Q∗(α+ 1) and Ψ∗

S∗(α) = Λ∗
Q∗(α). We need to see that

some tails of (S∗(α+1),Ψ∗
S∗(α+1)) and (Q∗(α+1),Λ∗

Q∗(α+1)) are close. We have that

both strategies have branch condensation and both are in Γ(P,Σ). But then using
Theorem 2.33, we can compare (S∗(α + 1),Ψ∗

S∗(α+1)) and (Q∗(α + 1),Λ∗
Q∗(α+1)),

implying that the two pairs are indeed close. The discussion we just had will be
useful later in the paper, and hence, we take a moment to summarize it in the
following lemma.
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Lemma 3.32. Suppose (P,Σ) and (Q,Λ) are such that λP and λQ are limit

ordinals and for all (�T ,R) ∈ B(P,Σ) and (�U ,S) ∈ B(Q,Λ), ΣR,�T and ΛQ,�U have

branch condensation. Suppose further that Γ(P,Σ) = Γ(Q,Λ). Then (P,Σ) and
(Q,Λ) are of the same kind and hence, can be compared.

Let now (Mα,M∗
α, �Uα, πα,β : α < β ≤ η) be the essential components of �U .

Let ( �W0,M) ∈ I(Q,Λ) and ( �W1,M) ∈ I(S,Ψ) be such that ΛM, �W0
= ΨM, �W1

.

We now let (by possibly redefining already used symbols)

(1) P0 = P, �T0 = ⊕β<η
�Uβ and π0 = π⊕β<η

�Uβ ,

(2) P1 = Mη, ξ = λM∗
η , π1 = id and �T1 = ∅,

(3) P2 = P1, �T2 = �U−
η , π2 = π

�U and π3 = π
�U−

b ,

(4) P3 = Q and P4 = M�U
b ,

(5) �T3 = �W0, �T4 = �W1 and P5 = M,

(6) π4 = π
�W0 and π5 = π

�W1 ,

(7) �U = �T 
0

�T 
1

�T 
2 P

4
�T4,

(8) Λ = Σπ◦π�Uη

R,�T .

It is then not hard to see that B0 = ((Pi : i ≤ 5), (�Ti : i ≤ 4),Λ, (πi : i ≤ 5), ξ, �U)
is a bad block for (P,Σ). Because (P5,ΣP5,�U ) is a tail of (P,Σ) we can keep going

and construct B1, B2 and etc. Notice that if α is limit and we have constructed

(Bβ : β < α) then the direct limit of Pβ
5 ’s under the iteration embeddings along the

top and along the bottom are the same because of clause 3 and 8 of Definition 3.30.
In this manner, we produce a sequence (Bα : α < ω1) contradicting Lemma 3.31.

3.6. Generic comparisons

In this section, we introduce the method of generic comparisons. Such compar-
isons are useful when interpret the strategies of hod mice in the generic extensions
of various models. Such comparison arguments were first used by Woodin in his

work on HODL[x][g]. In Section 3.7, we will use such a comparison argument to re-
organize hod mice into a hierarchy for which the S-constructions can be performed
(see Section 3.8). In general, we do not know how to do generic comparisons for
hod pairs (P,Σ). We seem to need a stronger fullness preservation condition.

Definition 3.33 (Super fullness preservation). Suppose (P,Σ) is a hod pair. Σ

is super fullness preserving if it is fullness preserving and whenever (�T ,Q) ∈ I(P,Σ)
and α < λQ, the two sets

UΣ
Q(α) = {(x, y) ∈ R2 : x codes a transitive set a ∈ HC and y codes M such that

M�LpΣQ(α)(a) and ρ(M) = a}
WΣ

Q(α) = {(x, y, z) ∈ R3 : (x, y) ∈ UΣ
Q(α) and if M is the ΣQ(α)-mouse coded by y

then z codes a tree according to the unique strategy of M}.
are term captured by (Q[g],ΣQ,�T ) whenever g ⊆ Coll(ω,Q(α)) is Q-generic. We

let uΣ
Q(α) and wΣ

Q(α) be the term relations locally capturing UΣ
Q(α) and WΣ

Q(α).

Notice that if (P,Σ) is a hod pair such that Σ is super fullness preserving then
whenever Q ∈ pI(P,Σ), α < λQ, g ⊆ Coll(ω,Q(α)), a ∈ HC and x is a real coding
a such that x is generic over Q[g] then

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



96 3. HOD MICE REVISITED

LpΣQ(α)(a) = {M :there is y ∈ RQ[x] such that y codes M and
(x, y) ∈ (uΣ

Q(α))g∗x)}.
Thus, LpΣQ(α)(a) ∈ Q[x]. Moreover, if h is Q[g]-generic then the restriction of the
function b → LpΣQ(α)(b) to Q[g ∗h] is definable over Q[g ∗h]. Also, continuing with
the above setting, if M is a sound ΣQ(α)-mouse over a projecting to a and Λ is its
unique iteration strategy then whenever h is Q[g][x] generic and κ is a cardinal of
Q[g][x],

Λ � HQ[g∗x∗h]
κ ∈ Q[g ∗ x ∗ h].

This is because Λ � HQ[g∗x∗h]
κ can be defined over Q[g ∗ x ∗ h] using wΣ

Q(α).

Suppose N is a model of ZFC−Replacement. We say N is Σ-closed if Σ � N is
definable over N . Suppose (P,Σ) is a hod pair such that Σ has branch condensation
and is super fullness preserving. Suppose N is Σ-closed and suppose g is N -generic.
Below, using generic comparisons, we show that N [g] is also Σ-closed.

Lemma 3.34. Suppose (P,Σ) is a hod pair such that Σ has branch condensa-
tion and is super fullness preserving. Suppose N is a Σ-closed model of ZFC −
Replacement and suppose (�T ,Q) ∈ I(P,Σ) ∩ N . Let κ be an N-cardinal such

that (�T ,Q),P ∈ HN
κ . Let g ⊆ Coll(ω, κ) be N-generic and suppose that for some

β < λQ, N [g] is ΣQ(β)-closed. Then if Λ is the fragment of ΣQ that acts on normal

trees that are based on the window [δQβ , δQβ+1] then N [g] is closed under Λ.

Proof. Let Ψ = ΣQ(β) and let W = Q(β + 1). Notice first that the operator

a → LpΨ(a) is definable over N [g]:

b ∈ LpΨ(a) iff letting σ be such that σg = (a, b) and η > κ be an N -cardinal

such that σ ∈ HN
η , if R ∈ N is the Λ-iterate of W above

δWβ which makes HN
η generic for the extender algebra at δRβ+1,

then whenever k ⊆ Coll(ω, η) is N [g]-generic, h ∈ N [g][k] is

R-generic for Coll(ω,R(β)) and (x, y) ∈ R2 ∩N [g][k] are such

that x codes a and y codes b then there is z ∈ RR[h][x,y] such

that (x, z) ∈ (πΛ
W,R(uΣ

W(β)))h∗x such that y is in the structure

coded by z.

The same argument shows that if a ∈ N [g] andM�LpΨ(a) is such that ρ(M) =
a then letting Φ be the strategy of M, Φ � N [g] is definable over N [g]. Indeed, given
a tree U on M, to find its branch first fix N -cardinal η such that x,U ∈ HN

η [g],

then iterate W according to Λ above δβ to get S such that HN
η is generic for the

extender algebra of S at δSβ+1 and use the branch of U given by the strategy of M
in S[x,U ].

Let now Λs be the fragment of Λ defined by Λs(T ) = b if Λ(T ) = b and Q(T , b)-
exists. It is not hard to see that because of the above observation Λs is definable
over N [g]. Indeed, for T ∈ N [g], Λs(T ) = b iff T is above δWβ and either

(1) T has a fatal drop at (γ, ν) and b is the unique branch according to the

strategy of OMT
γ

ν , or
(2) T doesn’t have a fatal drop and b is the unique branch such that Q(T , b)-

exists and Q(T , b) � LpΨ(M(T )).
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3.6. GENERIC COMPARISONS 97

By Fact 3.6, the two cases above cover everything. We thus have that Λs is definable
over any generic extension of N . We now move to showing that in fact Λ is definable
over N [g].

Fix an N -cardinal η > κ. In N , we can fix an enumeration of all names
(Ṫα : α < ν) such that for each α, Ṫα ∈ HN

η is a name for a tree on W above

δWβ such that it is forced that all initial segments of Ṫ are according to Λs and Ṫ
isn’t according to Λs. Suppose p ∈ Coll(ω, κ). We let gp be the set of conditions
q such that either p ≤ q or q ≤ p and for some s ∈ Coll(ω,max(p) + 1) such
that |s| = p, s(q\p) ∈ g. Then gp is N -generic and N [gp] = N [g]. We let

Qα,p = LpΨω (M((Ṫα)p)).
What we would like to do is to compare all Qα,p in such a way that the final

tree on W is in N . We do the comparison in N [g]. In this comparison, for each
(α, p), we build a tree Uα,p on Qα,p. We allow “dummy” extensions, i.e., Uα,p

might be a padded tree. At some typical stage ξ of the comparison, we have
(Uα,p � ξ : α < ν ∧ p ∈ Coll(ω, κ)).

Suppose first ξ is limit. If T � ξ is the tree on W then we have two cases.
Suppose first that Λs(T � ξ) is undefined. Then we stop the construction. At this
stage we must have that

LpΨ(M(Uα,p � ξ)) � “δ(Uα,p � ξ) is Woodin”.

We let Uα,p be the tree at stage ξ.
Suppose now that ξ is limit and Λs(T � ξ) is defined. Then we let b = Λs(T � ξ)

and we continue T by adding b to it. We also have that for every α, p, there is a
branch cα,p for Uα,p � ξ such that Q(cα,p,Uα,p � ξ) = Q(b, T � ξ). We then continue
each Uα,p by adding cα,p. Note that cα,p only depends on Uα,p � ξ.

Now suppose ξ = γ+1. In this case, if there is no disagreement between MT �ξ
γ

and any M(Uα,p � ξ) then we stop the construction. If there is a disagreement then
we let E ∈ MT �ξ

γ be the least extender which is part of some disagreement. For

each (α, p) we let Eα,p be an extender on MUα,p�ξ
γ which disagrees with E. Note

that E and Eα,p may be trivial but not simultaneously. We then expand T � ξ
and Uα,p by applying E and Eα,p to the appropriate models in T � ξ and Uα,p

respectively. The usual proof of comparison lemma shows that our construction
must stop before stage (η+)N producing T on W and Uα,p on Qα,p. Notice that
because of our construction T ∈ N . Let b = Λ(T ). Then b ∈ N .

We can now define Λ ∩HN
η [g] by Λ(S) = c iff

(1) all initial segments of S are according to Λs,
(2) if Λs(S) is defined then c = Λs(S),
(3) if Λs(S) is undefined then there is an embedding π : MS

c → MT
b such

that πT
b = π ◦ πS

c .

Because S = (Ṫα)p for some α < ν and p ∈ Coll(ω, κ), we must have that if 1 holds,
2 fails and Λ(S) = c then 3 must hold: π is just the embedding given by b where b
is the branch of Uα,p according to Σ. This completes the proof of Lemma 3.34. �

Lemma 3.35. Suppose (P,Σ) is a hod pair such that Σ has branch condensa-
tion and is super fullness preserving. Suppose N is a Σ-closed model of ZFC −
Replacement. Let g be N-generic. Then N [g] is Σ-closed.
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98 3. HOD MICE REVISITED

Proof. Using standard arguments from forcing theory, we can assume without
loss of generality that g is generic for some collapse. We then fix an N -cardinal κ
such that P ∈ HN

κ and let g ⊆ Coll(ω, κ) be N -generic. We would like to define
Σ � N [g] over N [g]. Fix an N -regular cardinal η > κ. We first define by induction a

sequence of terms (Σ̇Q : ∃�T (�T ,Q) ∈ HN
η ∩B(P,Σ)} such that (Σ̇Q)k = ΣQ � N [k]

for any N -generic k ⊆ Coll(ω,< η).

If Q = P(0) then the above discussion on generic comparisons gives Σ̇Q. Now

suppose (�T ,Q) ∈ B(P,Σ)∩HN
η is such that for any ( �S,R) ∈ HN

η ∩B(Q,ΣQ), Σ̇R
has been defined. We have two cases. Suppose first that λQ = γ+1. It means that

we already have defined Σ̇Q(γ). Notice that for any �̇T ∈ HN
η which is forced to be a

stack on Q(γ) according to Σ̇Q(γ) with a last model, the generic comparisons give

us a term Λ̇ �̇T such that whenever h ⊆ Coll(ω,< η) is N -generic, letting R be such

that (�Th,R) ∈ I(Q,ΣQ) and Λ be the fragment of ΣR which acts on stacks above
δλR−1

(Λ̇ �̇T
)h = Λ � HN

η [h].

We then let

Σ̇Q = ∪ �̇T ∈HN
η

Λ̇ �̇T
.

Suppose now λQ is limit. If cfQ(λQ) isn’t measurable in Q then let Σ̇Q =

∪α<λQΣ̇Q(α). Suppose then that cfQ(λQ) is measurable in Q. If �̇T ∈ HN
η is

forced to be a stack on Q whose last normal component is of limit length, we

let (Σ̇Q)g( �̇Tg) = ḃg if letting (Mα,M∗
α, �Tα, πα,β : α < β ≤ ν) be the essential

components of �̇Tg, there is ( �S,R) ∈ HN
η ∩ I(P,Σ) and π : Mη → R such that

(1) π
�S = π ◦ π0,ν ,

(2) if α is such that π(M∗
ν) = R(α) then �Tν is according to ((Σ̇R(α))g)

π.

Fix h ⊆ Coll(ω,< η). We need to show that (Σ̇Q)h = ΣQ � HN
η [h]. Let

Ψ = (Σ̇Q)h. By branch condensation, if �T is according to Ψ then �T is according

to ΣQ
4. To complete the proof, it is enough to show that if �T ∈ HN

η [h] is a stack

on Q with essential components (Mα,M∗
α, �Tα, πα,β : α < β ≤ ν) such that �Tν is

undefined and there is ( �S,R) ∈ HN
η and π such that π : Mν → R then whenever �U

is a stack on Mν according to ΣMν
which is based on M∗

ν and has last model W ,

there is ( �S∗,R∗) ∈ HN
η [g] ∩ I(R,ΣR) and there is σ : W → R∗ with the property

that π
�S∗ ◦ π = σ ◦ π �U .

Fix then such a stack �U on Mν which is based on M∗
ν . Let �U∗ = π�U . Let

W∗ be the last model of �U∗. Using the generic comparisons we can find ( �S∗,R∗) ∈
HN

η [h] ∩ I(R,ΣR) and σ∗ : W∗ → R∗ with the property that π
�S∗

= σ∗ ◦ π �U∗
. Let

τ : W → W∗ come from copying construction. Then letting σ = σ∗ ◦ τ we have

that π
�S ◦ π = σ ◦ π

�U . This then completes the description of Σ̇Q. To get a term
for Σ we just repeat what we have just done. If λP is a successor then we do what

4We omit the part of the argument that deals with Q-structures. It is just like the argument
presented above while proving that Λs is definable over N [g]
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3.7. REORGANIZING HOD MICE 99

we did in the case when λQ was a successor. If λP is limit then we do what we did
in the case when λQ was limit. This finishes our proof of Lemma 3.35. �

3.7. Reorganizing hod mice

In order to do S-constructions we will need to change the particular way hod
mice are defined. Readers familiar with S-constructions can recognize the problem.
While carrying out S-constructions, we will need to translate hybrid mice over the
ground model to hybrid mice over the generic extension. But the generic extension
has more trees then the ground model and they don’t come in a particular order.
We solve the problem by changing the way the strategy is being fed into the hod
mice. The new hod mice will only have trees that make initial segments of the
model generically generic. It will then follow that when translating hybrid mice in
this new hierarchy to hybrid mice over a generic extension, the trees that are on
the sequence do not change5.

Definition 3.36. Suppose Σ is an iteration strategy and a is a countable self-

wellordered set. We let MΣ,#
1 (a) be the minimal sound ω1 + 1-iterable Σ-mouse

which has a unique Woodin cardinal and a last extender.

Suppose Σ is an iteration strategy and N is a countable transitive set. Suppose

M = MΣ,#
1 (a) where a is some countable set a. We say T on M is the tree for

making N generically generic if the following holds:

(1) The first o(N) + 1-models of T are obtained by iterating the first total
measure of M, o(N) + 1 times.

(2) For α ≥ o(N)+ 1, ET
α is the least extender F from the extender sequence

of MT
α such that there is some p ∈ Coll(ω,N) and a generic g containing

p such that if x = {(n,m) : g(n) ∈ g(m)} then x doesn’t satisfy some
axioms from the extender algebra that involves F .

Below we only define the reorganized hybrid premice.

Definition 3.37 (Reorganized hybrid strategy premouse). A reorganized hy-

brid strategy premouse is a J -structure M = J �E,f
α (N ) with the following proper-

ties.

(1) N is an lhp.

(2) �E is an extender sequence as in [20] and [33].

(3) For every β ∈ dom( �E), if there are no Woodin cardinals in M|β then
M|β is a hsp over N in the sense of Definition 1.17.

(4) Suppose there is β ∈ dom( �E) such that M|β � “there is a Woodin cardi-

nal”. Let ν ∈ dom( �E) be the least such that M|ν � “there is a Woodin
cardinal” and let Q = M|ν. Then f � (M−M|ν) codes a fragment of an
iteration strategy for Q in the following way. Let δ be the Woodin cardinal
of Q. Then for all β ∈ (ν, α) such that β = sup f(a) for some a ∈ dom(f),

5We do not know if S-constructions are necessary to prove Theorem 6.19. We realized that
S-constructions for hod mice aren’t just a trivial generalization of S-constructions for mice very
late in time when most of this work had already been written. This was pointed out by John
Steel and Nam Trang. At this point it is easier for us to develop the theory in a way that it
handles S-constructions rather than try to circumvent them. Moreover, both the new hierarchy
and S-constructions have already found applications elsewhere. For example, the new hierarchy
can be used to define hybrid mice over R or over any not selfwellorderd set.
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100 3. HOD MICE REVISITED

letting ξ = β − o(a), M|ξ � ZF − Replacement and there is γ ∈ (ν, ξ)
such that
(a) M|γ � ZF −Replacement,
(b) a = trcT for some normal tree T on Q such that T is of limit length

and is constructed according to the rules of M|γ-generic genericty
iteration of Q,

(c) for every ζ ∈ (ν, γ) such that M|ζ � ZF − Replacement, there is a
normal tree U ∈ M|γ such that U is according to fM|γ , U is con-
structed according to the rules of M|ζ-generic genericity iterations,
U has a last model P, and M|ζ is generically generic for the extender
algebra of P at πU (δ).

The definition of reorganized layered hybrid premouse and reorganized hod pre-
mouse are very similar to Definition 1.8 and Definition 1.7.1. In particular, if P is
a reorganized hod premouse then P(α+ 1) is a ΣP

α –reorganized hybrid over P(α).
We can also define reorganized hod mouse and reorganized hod pair. The next
lemma shows that the move from hod mice to reorganized hod mice is benign yet,
as we will see later, quite useful.

Lemma 3.38. Suppose (P,Σ) is a reorganized hod pair such that Σ is super
fullness preserving. Then P is closed under Σ and moreover, for any P-generic g,
P[g] is closed under Σ.

Proof. This is really a corollary to Lemma 3.35. To see that P is closed under

Σ let α < λP and let �T be a stack on some P(α). Let κ be a regular cardinal of

P such that �T ∈ P|κ and let U be a normal tree on the sequence of P such that

U is a tree on M = MΣP(α),#
1 and if S is the last model of U and i : M → S

is the iteration embedding then P|κ is generic over S for the extender algebra at
i(δ) where δ is the Woodin of M. Then because M is a ΣP(α)-mouse (in the old

sense), it follows from Lemma 3.35 that if b = Σ(�T ) then b ∈ S[�T ]. The rest of the
argument is very similar. �

From now on, we will drop “reorganized” and will always assume that our hod
premice are reorganized hod premice.

3.8. S-constructions

S-constructions were first fully introduced in [30] where they were called P -
constructions. Such constructions are due to Steel and hence, we change the termi-
nology and call them S-constructions. These constructions allow one to translate
mice over some set A to mice over some set B provided A and B are somehow close.
The complete proof of the following proposition is essentially the proof of Lemma
1.5 of [30].

Proposition 3.39. Suppose M is a sound mouse and δ is a strong cutpoint
cardinal of M. Suppose further that N ∈ M|δ + 1 is such that δ ⊆ N ⊆ HM

δ and
there is a partial ordering P ∈ Lω[N ] such that whenever Q is a mouse over N
such that HQ

δ = N then M|δ is P-generic over Q. Then there is a mouse S over
N such that M|δ is generic over S and S[M|δ] = M.

It is clear what S must be. Because P is a small forcing with respect to the
critical points of the extenders of M that have indices bigger than δ, all such
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3.8. S-CONSTRUCTIONS 101

extenders can be put on a sequence of some mouse over N . This is exactly what
S-constructions do. An S-construction of M over N is a sequence of N -mice
(Sα, S̄α : α ≤ η) such that

(1) S0 = Lω[N ],
(2) ifM|δ is generic over S̄α for a forcing in Lω[M|δ] then S̄α[N ] = M|(ω×α)

and
(a) if M||(ω × α) is active then Sα is the expansion of S̄α by the last

extender of M||(ω × α) and S̄α+1 = rud(Sα),
(b) if M||(ω × α) is passive then Sα = S̄α and S̄α+1 = rud(Sα),

(3) if λ is limit then S̄λ = ∪α<λSα.

By the proof of Lemma 1.5 of [30], the S-construction described in 1-3 cannot
fail as long as the hypothesis of 2 holds. Thus, we always have a last model of
S-construction which might be some S̄α instead of Sα. We let S be the last model
of S construction. Then by the proof of Lemma 1.5 of [30], S[M|δ] � M and if
the hypothesis of 2 never fails then in fact, S[M|δ] = M. Moreover, S inherits
whatever iterability M has above δ. S-constructions are used in various places in
inner model theory. A particularly important application for us is the following
lemma.

Lemma 3.40. Suppose M � ZFC − Powerset is a mouse and η is a non-
Woodin strong cutpoint cardinal of M. Suppose γ > η is a cardinal of M and

N = L[ �E]M|γ . Suppose Lω(N|η) � “η is Woodin”. Let (Sα, S̄α : α < ν) be
the S-construction of M|(η+)M over N|η. Then for some α < ν, Sα � “η isn’t
Woodin”.

Proof. Let S be the last model of the S-construction of M|(η+)M over N|η.
Suppose η is a Woodin cardinal of S. Then M|η is generic for the η-generator
version of the extender algebra of Lω(N|η). We also have that M|η is generic over
S for the η-generator version of the extender algebra at η and hence, S[M|η] =
M|(η+)M. Thus, η isn’t Woodin in S[M|η]. Let f : η → η be the function in M
witnessing that η isn’t Woodin. Then because the η-generator version of extender
algebra is η-cc, there is g ∈ S which dominates f . Let E be the extender that
witnesses that η is Woodin for g. Then if E∗ is the resurrection of E then E∗

witnesses the Woodiness of η for f in M, contradiction! �

We would like to prove the equivalent of Lemma 3.40 for hybrid mice. We
do not know how to handle S-constructions in general. We restrict ourselves to
hod mice that have super fullness preserving strategies with branch condensation.
What makes S-constructions possible for such pairs is our reorganization of hybrid
mice.

Let (P,Σ) be a hod pair such that Σ has a branch condensation and is super
fullness preserving. Suppose M is a sound Σ-mouse and δ is a cutpoint cardinal of
M. Suppose further that N ∈ M|δ + 1 is such that δ ⊆ N ⊆ HM

δ , N models a
sufficiently strong fragment of ZF − Replacement, N is closed under Σ and there
is a partial ordering P ∈ Lω[N ] such that M|δ is P-generic over Lω[N ]. We would
like to define S-construction of M over N relative to Σ.

Definition 3.41. An S-construction of M over N relative to Σ is a sequence
(Sα, S̄α : α ≤ η) of Σ-mice over N such that

(1) S0 = Lω[N ],
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102 3. HOD MICE REVISITED

(2) if M|δ is generic over S̄α for a forcing in Lω[N ] then
(a) if M||(ω ·α) is active and has a last branch b then Sα is the expansion

of S̄α by b and S̄α+1 = rud(Sα).
(b) if M||(ω · α) is active and has a last extender E then Sα is the

expansion of S̄α by E and S̄α+1 = rud(Sα),
(c) if M||(ω × α) is passive then Sα = S̄α and S̄α+1 = rud(Sα),

(3) if λ is limit then S̄λ = ∪α<λSα.

We then get the following generalization of Proposition 3.39

Lemma 3.42. Suppose (P,Σ), M,N are as above and δ is a strong cutpoint
cardinal of M. Suppose further that N ∈ M|δ + 1 is such that δ ⊆ N ⊆ HM

δ and
there is a partial ordering P ∈ Lω[N ] such that whenever Q is a Σ-mouse over N
such that HQ

δ = N then M|δ is P-generic over Q. Then there is a Σ-mouse S over
N such that M|δ is generic over S and S[M|δ] = M.

We can also state the hybrid version of Lemma 3.40.

Lemma 3.43. Suppose (P,Σ) is a hod pair such that Σ is super fullness pre-
serving and has branch condensation. Suppose M � ZFC − Replacement is a
Σ-mouse and η is a strong cutpoint non-Woodin cardinal of M. Suppose γ > η is

a cardinal of M and N = L[ �E,Σ]M|γ . Suppose Lω(N|η) � “η is Woodin”. Let
(Sα, S̄α : α < ν) be the S-construction of M|(η+)M over N|η relative to Σ. Then
for some α < ν, Sα � “η isn’t Woodin”.

Proof. Suppose for all α < ν, Sα � “η is Woodin”. Let S be the final model
of the S-construction of M|(η+)M over N|η relative to Σ. Then M|η is generic
over S for the extender algebra of S at η. By Lemma 3.42, S[M|η] � “η isn’t
Woodin”. But now we can finish as in Lemma 3.40. �

Notice that instead of super fullness preservation we could assume super Γ-
fullness preservation. Below we re-state the results of this section for super Γ-
fullness preserving strategies.

Definition 3.44 (Super Γ-fullness preservation). Suppose (P,Σ) is a hod pair.

Σ is super Γ-fullness preserving if it is Γ-fullness preserving and whenever (�T ,Q) ∈
I(P,Σ) and α < λQ, the two sets

UΓ,Σ
Q(α) = {(x, y) ∈ R2 : x codes a transitive set a ∈ HC and y codes M such that

M�LpΓ,ΣQ(α)(a) and ρ(M) = a}
WΓ,Σ

Q(α) = {(x, y, z) ∈ R3 : (x, y) ∈ UΣ
Q(α) and if M is the ΣQ(α)-mouse coded by y

then z codes a tree according to the unique strategy of M}.
are term captured by (Q[g],ΣQ,�T ) whenever g ⊆ Coll(ω,Q(α)) is Q-generic. We

let uΣ
Q(α) and wΣ

Q(α) be the term relations locally capturing UΣ
Q(α) and WΣ

Q(α).

Lemma 3.45. Suppose (P,Σ) is a hod pair such that Σ has branch condensation
and is super Γ-fullness preserving for some pointclass Γ closed under continuous
images and preimages. Suppose N � ZFC −Replacement. Suppose N is Σ-closed
and suppose g is N-generic. Then N [g] is Σ-closed.

Lemma 3.46. Suppose (P,Σ), M,N and (Sα, S̄α : α ≤ η) are as in Defini-
tion 3.41 except that Σ is super Γ-fullness preserving for some pointclass Γ closed
under continuous images and preimages. Suppose δ is a strong cutpoint cardinal of

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



3.8. S-CONSTRUCTIONS 103

M. Suppose further that N ∈ M|δ + 1 is such that δ ⊆ N ⊆ HM
δ and there is a

partial ordering P ∈ Lω[N ] such that whenever Q is a Σ-mouse over N such that
HQ

δ = N then M|δ is P-generic over Q. Then there is a Σ-mouse S over N such
that M|δ is generic over S and S[M|δ] = M.

Lemma 3.47. Suppose (P,Σ) is a hod pair such that Σ is Γ-super fullness
preserving for some pointclass Γ closed under continuous images and preimages
and has branch condensation. Suppose M � ZFC − Replacement is a Σ-mouse
and η is a strong cutpoint non-Woodin cardinal of M. Suppose γ > η is a cardinal of

M and N = L[ �E,Σ]M|γ . Suppose Lω(N|η) � “η is Woodin”. Let (Sα, S̄α : α < ν)
be the S-construction of M|(η+)M over N|η relative to Σ. Then for some α < ν,
Sα � “η isn’t Woodin”.

Using S-constructions we can show that the definition of Γ-hod pair construc-
tions is equivalent to the following. Suppose Γ is a pointclass closed under comple-
ments and under continuous preimages. We urge the reader to review the notation
introduced before Definition 2.32.

Definition 3.48 (Γ-full hod pair constructions revisited). Suppose Γ is a point-
class closed under continuous preimages and images and suppose that A ⊆ R is such
that w(A) = w(Γ). Suppose further (M, δ,Σ) is a self-capturing background triple
such that M locally Suslin, co-Suslin captures AΓ. Then the Γ-hod pair construction
of M below δ is a sequence (Cβ,Pβ,Σβ , δβ , γβ : β ≤ Ω) that satisfies the following
properties.

(1) M � “ for all β < Ω, (Pβ,Σβ) is a hod pair such that Σβ ∈ Γ” 6.
(2) δβ+1 < γβ+1 ≤ δ, if they exist, are the first two cardinals of M such

that LpΓ,Σβ (V M
δβ+1

) � “δβ+1 is Woodin” and LpΓ,Σβ (V M
γβ+1

) � “γβ+1 is

Woodin”.
(3) For β ∈ [−1, δ), letting Σ−1 = ∅, Cβ+1 = ((Mβ+1

ξ ,N β+1
ξ : ξ ≤ γβ), (F

β+1
ξ :

ξ < γβ)) is the output of J �E,Σβ -construction of V M
γβ

.

(4) For β ∈ [−1, δ), letting Σ−1 = ∅, if
(a) δβ+1 exists,
(b) N β+1

γβ+1
doesn’t have initial segments projecting across δβ,

(c) if β is a successor then N β+1
γβ+1

� “δβ is Woodin” and

(d) if β is limit then (δ+β )
Pβ = (δ+β )

Nβ+1
γβ+1 ,

then Pβ+1 = N β+1
γβ+1

|(δ+ω
β+1)

Nβ+1
γβ+1 and Σβ+1 is the strategy of Pβ+1 induced

by Σ.
(5) For limit ordinals β, letting P∗

β = ∪γ<βPβ, Σ∗
β = ⊕γ<βΣβ and δβ =

supγ<β δγ , if δβ is not measurable in M and δβ < δ then γβ, if it exists, is

the least M -cardinal such that LpΓ,Σ
∗
b (V M

γβ
) � “γβ is Woodin”. Then Cβ =

((Mβ
ξ ,N

β
ξ : ξ ≤ γβ), (F

β
ξ : ξ < γβ)) is the output of J �E,Σ∗

β -construction

of V M
γβ

. If N β
γβ

doesn’t project across δβ then Pβ = N β
γβ
|(δ+ω

β )
Nβ

γβ .

We leave it to the reader to show that the two constructions essentially produce
the same model.

6We abuse our notation and let Σβ stand for both the induced strategy which acts on all
trees in V and for the strategy which acts on trees that are in M . We will do this throughout this
paper.
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CHAPTER 4

Analysis of HOD

Most of the modern terminology used in the analysis of HOD is due to Steel

and Woodin who analyzed (HOD|δ˜21)L(R) and HODL[x][G] respectively assuming

respectively that M#
ω is (ω1, ω1)-iterable in V Coll(ω,R) and that M#

1 is (ω1, ω1)

iterable (see [43] and [44]). In the later example, x is a real coding M#
1 and

G ⊆ Coll(ω,< κ) is L[x]-generic where κ is the least inaccessible of L[x]. In the

analysis of HODL[x][G], the notion of s-iterability introduced by Woodin plays a
crucial role. Here s is a finite sequence of ordinals. This notion allows one to track
the strategy of M1 inside L[x][G]. Woodin generalized the notion of s-iterability to
AD context and computed full HOD of L(R). The details of this work will appear
in [44]. We generalize the notion further to compute HOD of the minimal model
of ADR + “Θ is regular”. As is customary, we start the exposition with suitability.

4.1. Suitability

Throughout this section, we fix a pointclass Γ closed under Wadge reducibility.

Definition 4.1 (Suitable pair). (P,Σ) is a (Γ,Σ)-suitable pair if for some
k ∈ (1, ω] the following holds:

(1) There is a P-cardinal δ such that δ is a Woodin cardinal of P and δ+k−1

is the largest cardinal of P.
(2) Letting P+ = P if k = ω and otherwise P+ = LpΓ,Σ(P), P+ is a hod

premouse and λP is a successor ordinal.
(3) ((P+)−,Σ) is a hod pair such that Σ has branch condensation and is Γ-

fullness preserving.
(4) P is a Σ-mouse above PλP−1.
(5) for any P-cardinal η > δPλ−1, if η is a strong cutpoint then P|(η+)P =

LpΓ,Σ(P|η).

Suppose a (P,Σ) is (Γ,Σ)-suitable pair. We then let δP and kP be the δ and k
of Definition 4.1. Also, we let P− = (P+)−. Fix now a (Γ,Σ)-suitable pair (P,Σ).

Definition 4.2 (Definition 2.1 of [35]). Suppose T is a normal iteration tree
on P above P−; then Q(T ) is the unique Σ-premouse extending M(T ) that has
δ(T ) as a strong cutpoint, is ω1 +1-iterable above δ(T ), and either projects strictly
across δ(T ) or defines a function witnessing δ(T ) is not Woodin via extenders on
the sequence of M(T ), if there is any such premouse.

Given an iteration tree T on P above P−, we say T is nice if T has no fatal
drops. Notice that (Γ,Σ)-suitable premice satisfy the hypothesis of Lemma 1.28. A
nice tree T is (Γ,Σ)-correctly guided if for every limit α < lh(T ), Q(T � α) exists
and

105
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106 4. ANALYSIS OF HOD

Q(T � α) � LpΓ,Σ(M(T � α)).
T is (Γ,Σ)-short if it is nice, (Γ,Σ)-correctly guided and LpΓ,Σ(M(T )) � “δ(T )
is not Woodin”. T is (Γ,Σ)-maximal if it is nice, (Γ,Σ)-correctly guided yet not
(Γ,Σ)-short. Notice that if T is a (Γ,Σ)-maximal tree and b is a branch such that
πT
b (δP) = δ(T ) then T doesn’t have a nice normal continuation.

Definition 4.3 ((Γ,Σ)-correctly guided finite stack). We say (Ti,Pi : i < m)
is a (Γ,Σ)-correctly guided finite stack on P if

(1) P0 = P,
(2) for every i < m, (Pi,Σ) is (Γ,Σ)-suitable pair and Ti is a nice (Γ,Σ)-

correctly guided tree on Pi,
(3) for every i such that i + 1 < m either Ti has a last model and πT -exists

or T is maximal, and
(a) if Ti has a last model then Pi+1 is the last model of Ti and if lh(Ti) =

α + 1 where α is limit then if T −
i is Ti without its last branch then

Q(T −
i )-exists and Q(T −

i )�MT
α ,

(b) if Ti is (Γ,Σ)-maximal then Pi+1 = LpΓ,Σ
kP (M(Ti)).

Notice that if (Ti,Pi : i ≤ m) is a (Γ,Σ)-correctly guided finite stack on P then
only Tm can have a dropping last branch.

Definition 4.4 ((Γ,Σ)-correctly guided finite mixed stack). We say

(T k
i ,Pk

i , �T k : k ≤ m ∧ i ≤ nk)

is a (Γ,Σ)-correctly guided finite mixed stack on P if P0 = P and

(1) for every k ≤ m, (Pk
0 ,Σ(Pk

0 )
−) is a (Γ,Σ(Pk

0 )
−)-suitable pair and (T k

i ,Pk
i :

i ≤ nk) is a (Γ,Σ(Pk
0 )

−)-correctly guided finite stack on Pk
0 ,

(2) for every k such that k < m, (�T k, (Pk+1
0 )−) ∈ I((Pk

mk
)−,Σ(Pk

mk
)−) and

Pk+1
0 is the last model of �T k when this stack is regarded as a stack on

Pk
mk

.

(3) �T m is a stack on (Pm
nm

)− according to Σ(Pm
nm

)− .

Definition 4.5 (The last model of a (Γ,Σ)-correctly guided finite mixed stack).

Suppose �T = (T k
i ,Pk

i ,
�T k : k ≤ m∧ i ≤ nk) is a (Γ,Σ)-correctly guided finite mixed

stack on P. We say R is the last model of �T if one of the following holds:

(1) �T m is defined and has a last model, and R is the last model of �T m when
it is regarded as a stack on Pm

nm
,

(2) �T m is undefined and T m
nm

is defined and has a last model, and R is the
last model of T m

nm
,

(3) �T m is undefined and T m
nm

is of limit length, T m
nm

is (Γ,Σ(Pm
0 )−)-short and

there is a cofinal well-founded branch b of T m
nm

such that Q(b, T m
nm

) exists,

Q(b, T )�LpΓ,Σ(M(T m
nm

))

and R = MTm
nm

b ,

(4) �T m is undefined and T m
nm

is of limit length, T m
nm

is (Γ,Σ(Pm
0 )−)-maximal,

R is (Γ,Σ(Pm
0 )−)-suitable and

R = Lp
Γ,Σ(Pm

0 )−

kP (M(T m
nm

)).
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4.1. SUITABILITY 107

We say R is a (Γ,Σ)-correct iterate of P if there is a (Γ,Σ)-correctly guided finite
mixed stack on P with last model R. We also say (R,Λ) is a (Γ,Σ)-correct tail of
(P,Σ) if R is a (Γ,Σ)-correct iterate of P and Λ = ΣR− .

Definition 4.6 (S(Γ,Σ) and F (Γ,Σ)). We let S(Γ,Σ) = {Q : Q− ∈ pI(P,Σ)∧
(Q,ΣQ−) is (Γ,ΣQ−)-suitable}. Also, we let F (Γ,Σ) be the set of functions f such
that dom(f) = S(Γ,Σ) and for each Q ∈ S(Γ,Σ), f(Q) ⊆ Q and f(Q) is amenable
to Q, i.e., for every X ∈ Q, X ∩ f(Q) ∈ Q.

Given Q ∈ S(Γ,Σ) and f ∈ F (Γ,Σ) we let for n < kP , fn(Q) = f(Q) ∩
Q|((δQ)+n)P . Then f(Q) = ∪n<kPfn(Q). We also let

γQ
f = δQ ∩HQ

1 (Q− ∪ {fn(Q) : n < kP}).
Notice that

γQ
f = δQ ∩HQ

1 (γQ
f ∪ {fn(Q) : n < kP}).

We then let

HQ
f = HQ

1 (γQ
f ∪ {fn(Q) : n < kP}).

If Q ∈ S(Γ,Σ), f ∈ F (Γ,Σ) and i : Q → R is an embedding then we let i(f(Q)) =
∪n<kP i(fn(Q)).

Definition 4.7 (f -iterability). Suppose Q ∈ S(Γ,Σ) and f ∈ F (Γ,Σ). We say

Q is f -iterable if whenever (�T k, T k
i ,Qk

i : k ≤ m ∧ i ≤ nk) is a (Γ,ΣQ−)-correctly
guided finite stack on Q with last model R then there is a sequence (bki : k ≤ m∧i ≤
nk) such that the following holds.

(1) For k ≤ m− 1 and i ≤ nk and for k = m and i ≤ nm − 1,

bki =

⎧⎪⎪⎨⎪⎪⎩
∅ : T k

i has a successor length

cofinal well-founded branch

such that MT k
i

bki
= Qκ

i : T k
i is (Γ,Σ(Pk

0 )
−)-maximal

(2) The following three cases hold.
(a) If T m

nm
has a successor length then bmnm

= ∅.
(b) If T m

nm
is (Γ,Σ(Pm

0 )−)-short then there is a cofinal well-founded branch

b such that Q(b, T m
nm

) exists, Q(b, T m
nm

)�LpΓ,Σ(M(T m
nm

)) and bmnm
is

the unique such branch.
(c) If T m

nm
is (Γ,Σ(Pm

0 )−)-maximal then bmnm
is a cofinal well-founded

branch.
(3) Letting for k ≤ m and i ≤ nk

πk
i =

{
πT k

i : T k
i has a successor length

π
T k
i

bki
: T k

i is (Γ,Σ(Pk
0 )

−)-maximal

πk = π
�T k ◦ (◦i≤nk

πk
i ) and π = πm−1 ◦ πm−2 ◦ · · ·π0 then

π(f(Q)) = f(R).

Suppose again that Q ∈ S(Γ,Σ) and f ∈ F (Γ,Σ). Suppose �T = (�T k, T k
i ,Qk

i :
k ≤ m ∧ i ≤ nk) is a (Γ,ΣQ−)-correctly guided finite stack on Q with last model

R. We say �b = (bki : k ≤ m ∧ i ≤ nm) witness f -iterability for �T if clause 3 above
is satisfied. We then let π�T ,�b be the embedding π define above.

Continuing with the notation of the previous paragraph, let �b and �c be two

f -iterability branches for �T . It then follows from Theorem 1.13 that
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108 4. ANALYSIS OF HOD

π�T ,�b � H
Q
f = π�T ,�c � H

Q
f .

Lemma 4.8 (Uniqueness of f -iterability embeddings). Suppose Q ∈ S(Γ,Σ),

f ∈ F (Γ,Σ) and �T is a (Γ,ΣQ−)-correctly guided finite mixed stack on Q. Suppose
�b and �c are two f -iterability branches for �T . Then

π�T ,�b � H
Q
f = π�T ,�c � H

Q
f .

Moreover, if �T consists of just one normal tree T , Q is the last model of T and b
and c witness f -iterability for T then if ξ ∈ b is the least such that crit(ET

ξ ) > γQ
f

then b ∩ ξ = c ∩ ξ.

Definition 4.9. Suppose Q ∈ S(Γ,Σ) and f -iterable. Given a (Γ,ΣQ−)-
correctly guided maximal T on Q with last model Q, we let bT ,f = b ∩ ξ where

b witnesses f -iterability of Q for T and ξ ∈ b is the least such that crit(ET
ξ ) > γQ

f .

Notice that, if Q is f -iterable, �T is a (Γ,ΣQ−)-correctly guided finite mixed

stack on Q, and �b witnesses f -iterability of Q for �T , then even though π�T ,�b � HQ
f

is independent of �b it may very well depend on �T . This observation motivates the
following definition.

Definition 4.10 (Strong f -iterability). Suppose Q ∈ S(Γ,Σ) and f ∈ F (Γ,Σ).

We say Q is strongly f -iterable if Q is f -iterable and whenever �T and �U are two

(Γ,ΣQ−)-correctly guided finite mixed stacks on Q with common last model R, �b

witnesses f -iterability for �T and �c witnesses f -iterability for �U then π�T ,�b is defined

iff π�U,�c is defined and

π�T ,�b � H
Q
f = π�U,�c � H

Q
f .

If Q is strongly f -iterable and �T is a (Γ,ΣQ−)-correctly guided finite stack on
Q with last model R then we let

πQ,R,f : HQ
f → HR

f

be the embedding given by any �b which witnesses the f -iterability of �T , i.e., fixing
�b which witnesses f -iterability for �T ,

πQ,R,f = π�T ,�b � H
Q
f .

Clearly, πQ,R,f is independent of �T and �b.

Given a finite sequence of functions �f = (fi : i < n) ∈ F (Γ,Σ), we let ⊕i<nfi ∈
F (Γ,Σ) be the function given by (⊕i<nfi)(Q) = (fi(Q) : i < n). We set ⊕�f =
⊕i<nfi. Let then

IΓ,Σ,F = {(Q, �f) : Q ∈ S(Γ,Σ), �f ∈ (F (Γ,Σ))<ω and Q is strongly ⊕�f -iterable}.

Definition 4.11. Given F ⊆ F (Γ,Σ), we say F is closed if for any �f ⊆ F<ω

there is Q such that (Q,⊕�f) ∈ IΓ,Σ,F and for any �g ⊆ F<ω, there is a (Γ,ΣQ−)-

correct iterate R of Q such that (R, �f ∪ �g) ∈ IΓ,Σ,F .

Fix now a closed F ⊆ F (Γ,Σ). Let

FΓ,Σ,F = {HQ
f : (Q, f) ∈ IΓ,Σ,F }.

We then define �Γ,F on IΓ,Σ,F by letting (Q, �f) �Γ,Σ,F (R, �g) iff R is a (Γ,ΣQ−)-

correct iterate of Q and �f ⊆ �g. Given (Q, �f) �Γ,Σ,F (R, �g), we have that
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4.1. SUITABILITY 109

πQ,R, �f : HQ
⊕�f

→ HQ
⊕�f

.

Notice that if F is closed then �Γ,Σ,F is directed. Let then

M∞,Γ,Σ,F

be the direct limit of (FΓ,F ,�Γ,Σ,F ) under πQ,R, �f . Given (Q, �f) ∈ IΓ,Σ,F , we let

πQ, �f,∞ : HQ
⊕�f

→ M∞,Γ,Σ,F be the direct limit embedding.

Lemma 4.12. M∞,Γ,Σ,F is wellfounded.

Proof. If not then we can fix ((Qi, fi) : i < ω) ⊆ F and (αi : i < ω) such

that αi ∈ HQi

fi
, (Qi,⊕j≤ifj) ∈ IΓ,F and πQi+1,fi+1,∞(αi+1) < πQi,fi,∞(αi). By

simultaneously comparing Qi’s we get a common (Γ,ΣQ−)-correct iterate Q such
that if βi = πQi,Q,fi(αi) then βi+1 < βi, contradiction! �

It turns out that V HOD
Θ of many models of determinacy can be obtained as

M∞,Γ,Σ,F for some Γ and F . We will give the details in the next few sections. We
end this section by introducing two useful notions.

Definition 4.13. Suppose Q ∈ S(Γ,Σ) and f ∈ F (Γ,Σ). Suppose Λ is an
iteration strategy for Q such that ΛQ− = ΣQ− and (Q,Λ) is a hod pair such that
Λ has branch condensation and is Γ-fullness preserving. We say Λ respects f if
whenever i : P → Q and j : Q → R are iterations produced via Λ then j(f(Q)) =
f(R). We say Λ strongly respects f if whenever i, j,P,Q,R are as above and S is
such that there are σ : Q → S and τ : S → R such that j = τ ◦ σ then S ∈ S(Γ,Σ)
and σ(f(Q)) = f(S).

If Σ strongly respects many functions then it is possible to show that Σ has
branch condensation. Fix some F ⊆ F (Γ).

Definition 4.14. Suppose Q ∈ S(Γ,Σ) and f ∈ F (Γ,Σ). Suppose Λ is an
iteration strategy for Q such that ΛQ− = ΣQ− and (Q,Λ) is a hod pair such that
Λ is Γ-fullness preserving. Suppose F ∈ F (Γ,Σ)ω. We say Λ is guided by F

if F is closed, for every f ∈ F , Λ respects f and whenever (�T ,R) ∈ I(Q,Λ),
supf∈F γR

f = δR. We say Λ is strongly guided by F if for every f ∈ F , Λ strongly
respects f .

Strategies strongly guided by F as above have branch condensation.

Lemma 4.15. Suppose Q ∈ S(Γ,Σ) and f ∈ F (Γ,Σ). Suppose Λ is an iteration
strategy for Q such that ΛQ− = ΣQ− and (Q,Λ) is a hod pair such that Λ is Γ-
fullness preserving. Suppose F ∈ F (Γ,Σ)ω strongly guides Λ. Then Λ has branch
condensation.

Proof. Let (R, �T ,S, �U , c, π) be such that (�T ,R) ∈ I(Q,Λ), �U is according to

Λ, c is a branch of �U , S = M�U
c , π : S → R and π

�T = π ◦ π
�U
c . We need to see

that c = Λ(�U). Let (Uα,Wα : α ≤ η) be the normal components of �U . If Uη is a
tree on (Wη)

− then the claim follows from the branch condensation of Σ. Suppose

then Uη isn’t a tree on (Wη)
−. There is then α < lh(Uη) such that π

Uη

0,α exists and

letting U be Uη after stage α, U is a tree on W =def MUη
α above W−. Let b be

the branch of �U according to Λ. The case that either Q(U , c) or Q(U , b) exists is
easy and we leave it to the reader. We then assume that both Q(U , c)and Q(U , b)
don’t exist. Notice that we have that for every f ∈ F , πU

c (f(W)) = f(S) and
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110 4. ANALYSIS OF HOD

πU
b (f(W)) = f(S). This implies that {γS

f : f ∈ F} ⊆ rng(πU
b ) ∩ rng(πU

c ). Because

supf∈F γS
f = δS and δ(U) = δS , it then follows from Lemma 1.13 that b = c. �

Finally, if Γ = P(R) then we drop Γ from our terminology.

4.2. B-iterability

Suppose (P,Σ) is a hod pair such that Σ has branch condensation. In this
section, we introduce a large collection of functions f ∈ F (Σ). Suppose (P,Σ) and
(Q,Λ) are such that Σ and Λ have branch condensation and are fullness preserving,
we let (P,Σ) ≤DJ (Q,Λ) iff (P,Σ) loses the coiteration with (Q,Λ). Here DJ
stands for Dodd-Jensen. Notice that ≤DJ is a well-founded relation. We then let
α(P,Σ) = |(P,Σ)|≤DJ

, and we let [P,Σ] be the =DJ equivalence class of (P,Σ),
i.e.,

(Q,Λ) ∈ [P,Σ] iff (Q,Λ) is a hod pair such that Λ has branch condensation and is
fullness preserving, and α(Q,Λ) = α(P,Σ).

Notice that [P,Σ] is independent of (P,Σ). We let

B(P,Σ) = {B ⊆ [P,Σ]× R : B is OD}.
Note that B(P,Σ) is defined for hod pairs not suitable pairs. The following standard
lemma features prominently in our computations of HOD. Compare it with Lemma
4.5 of [32].

Lemma 4.16. Assume SMC and suppose (P,Σ) is a suitable pair such that
Σ has branch condensation and is fullness preserving. Suppose B ∈ B(P−,Σ) and
κ > δPλP−1 is a P-cardinal. Then there is τ ∈ PColl(ω,κ) such that (P, τ ) locally
term captures B(P,Σ) at κ for comeager set of P-generics.

Proof. The claim follows from the fact that whenever g ⊆ Coll(ω, δPλP−1) is

P-generic and x ∈ P[g] is a real coding P(λP − 1) then by SMC and clause 4 of
Definition 4.1, CΣ2

1(Code(Σ))(x) ∈ P[g]. In particular, B(P−,Σ) ∩ P[g] ∈ P[g]. Below
we give more details.

Let τ ∈ PColl(ω,κ) be the set of all (p, σ) such that σ is a standard term for
a pair of reals such that for comeager many P-generics g ⊆ Coll(ω, κ), either
p 	∈ g or τg ∈ B(P−,Σ). By SMC, τ ∈ P. We claim that for comeager many g,
τg = B(P−,Σ) ∩ P[g].

To show this, first let

Cp,σ = {g ⊆ Coll(ω, κ): g isn’t P-generic, or g is P generic but p 	∈ g, or g is
P-generic, p ∈ g and σg ∈ B(P−,Σ)},

C ′
p,σ = {g ⊆ Coll(ω, κ): g isn’t P-generic, or g is P generic but p 	∈ g, or g is

P-generic, p ∈ g and σg 	∈ B(P−,Σ)}.

Then we have that τ = {(p, σ) : Cp,σ is comeager }. We claim that the set Dσ =
{p : Cp,σ or C ′

p,σ is comeager } is dense in Coll(ω, κ). To see this, fix a condition
q. Suppose Cq,σ isn’t comeager. Then there is r ≤ q such that for comeager many
g, either r 	∈ g or r ∈ g but g 	∈ Cq,σ. Let C be this comeager set. Then C ⊆ C ′

r,σ

and hence, C ′
r,σ is comeager.

Let now C∗
p,σ be the comeager one from the pair (Cp,σ, C

′
p,σ). Let C = ∩C∗

p,σ.
Then C is comeager because there are only countably many C∗

p,σ’s. We claim that
whenever g ∈ C is P-generic, τg = B(P−,Σ) ∩ P[g]. To see this, let g ∈ C. Fix
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4.3. THE DIRECT LIMIT OF ITERATES OF HOD MICE 111

(p, σ) ∈ τ such that p ∈ g. We want to see that σg ∈ B(P−,Σ). Let r ≤ p be
such that either Cr,σ or C ′

r,σ is comeager and r ∈ g. Notice that g 	∈ C ′
r,σ because

then C ′
r,σ is comeager implying that (p, σ) 	∈ τ . Hence, g ∈ Cr,σ, implying that

σg ∈ B(P−,Σ). This shows that τg ⊆ B(P−,Σ) ∩ P[g]. To establish the reverse
direction, let (x, y) ∈ B(P−,Σ) ∩ P[g]. Let σ be a standard term for a pair of reals
such that σg = (x, y). Let r ∈ g be such that either Cr,σ or C ′

r,σ is comeager. Notice
that C ′

r,σ cannot be comeager because then g ∈ C ′
r,σ implying that σg 	∈ B(P−,Σ).

Hence, g ∈ Cr,σ implying that (r, σ) ∈ τ . Hence, (x, y) ∈ τg. �
If B is locally term captured for comeager many set generics over a suitable

pair (P,Σ) then we let τP,Σ
B,κ be the invariant term in P locally term capturing

B at κ for comeager many set generics. We then let fB ∈ F (Σ) be given by

fB(Q) = ⊕κ<o(Q)τ
Q,ΣQ−
B,κ . We then say P is B-iterable if it is fB-iterable. Similarly,

all the notions defined in Section 4.1 carry over. Notice, however, that if B ∈ [P,Σ]

and Q ∈ S(Σ) then τ
Q,ΣQ−
B,κ depends on Σ. Because of this we let γ

Q,ΣQ−
B stand for

γQ
fB

. Similarly for HQ
fB

.

4.3. The direct limit of iterates of hod mice

Suppose Γ is a pointclass closed under Wadge reducibility and (P,Σ) is a hod
pair such that Σ has branch condensation and is Γ-fullness preserving. By Corol-
lary 2.44, Σ is commuting and therefore, we can form the direct limit of all iterates
of P by Σ. We let

F(P,Σ) = {(Q,ΣQ) : Q ∈ pB(P,Σ)}
F+(P,Σ) = {(Q,ΣQ) : Q ∈ pI(P,Σ)}.

Given Q,R ∈ pI(P,Σ) ∪ pB(P,Σ), we let Q ≤P,Σ R if either

(1) Q ∈ pI(P,Σ) and R ∈ pI(Q,ΣQ)
or

(2) Q ∈ pB(P,Σ) and (Q,ΣQ) ≤DJ (R,ΣR).

The following is an easy consequence of our comparison theorem, Theorem 2.28.

Lemma 4.17. ≤P,Σ is directed.

Given then Q,R ∈ pI(P,Σ) ∪ pB(P,Σ) such that for some β ≤ λR, R(β) ∈
pI(Q,ΣQ), we let

πΣ
Q,R : Q → R(β)

be the iteration embedding given by ΣQ. We can then form the direct limit of
F(P,Σ) and F+(P,Σ) under the maps πΣ

Q,R. We let

M∞(P,Σ) = dirlim(F(P,Σ), πΣ
Q,R : Q,R ∈ pB(P,Σ) ∧ ∃β ≤ λR(R(β) ∈
pI(Q,ΣQ))

M+
∞(P,Σ) = dirlim(F+(P,Σ), πΣ

Q,R : Q,R ∈ pI(P,Σ) ∧ Q ≤P,Σ R).

Note that if λP is limit then the height of M∞(P,Σ) is the sup of its Woodins.
If λP is a successor ordinal then M∞(P,Σ) is a hod premouse. We let δ∞(P,Σ) be
the sup of the Woodins of M∞(P,Σ). We let δ+∞(P,Σ) be the sup of the Woodins

of M+
∞(P,Σ) and λ∞(P,Σ) = λM+

∞(P,Σ). For Q ∈ pB(P,Σ) and R ∈ pI(P,Σ),
we let

πΣ
Q,∞ : Q → M∞(P,Σ)

σΣ
R,∞ : R → M+

∞(P,Σ)
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112 4. ANALYSIS OF HOD

be the iteration maps. The next two lemmas are quite standard and are easy
consequences of comparison. We prove the first and skip the proof of the second.

Lemma 4.18 (The equivalence of direct limits). Suppose (P,Σ) is a hod pair
such that λP is limit and Σ has branch condensation and is Γ-fullness preserving.
Then

(1) δ∞(P,Σ) = δ+∞(P,Σ);
(2) M+

∞(P,Σ)|δ+∞(P,Σ) = M∞(P,Σ).

Proof. The proof of clause 1 is straightforward and we leave it to the reader.
We start by defining a map

π : M∞(P,Σ)|δ∞(P,Σ) →Σ1
M+

∞(P,Σ)|δ+∞(P,Σ)

and show that π is onto. It then follows that π = id. Suppose x ∈ M∞(P,Σ). Let
M ∈ pB(P,Σ) be such that there is x̄ ∈ M such that πΣ

M,∞(x̄) = x. Then let R
be such that R ∈ I(P,Σ) and M �hod R. Set π(x) = σΣ

R,∞(x̄).

Claim 1. π is well-defined.

Proof. First we show that π is independent of the choice of M. Suppose
N ∈ pB(P,Σ) is such that for some y ∈ N , πΣ

N ,∞(y) = x. Let Q and R be such

that R,Q ∈ pI(P,Σ) and M �hod R and N �hod Q. Let W ∈ pI(P,Σ) be such
that (W ,ΣW) is a common tail of (Q,ΣQ) and (R,ΣR). Then we must have that
πΣ
R,W(x̄) = πΣ

Q,W(y). Therefore,

σΣ
R,∞(x̄) = σΣ

W,∞(πΣ
R,W(x̄)) = σΣ

W,∞(πΣ
Q,W(y)) = σΣ

Q,∞(y).

�

Claim 2. π is onto.

Proof. Suppose y ∈ M+
∞(P,Σ). LetR ∈ pI(P,Σ) be such that there is ȳ ∈ R

such that σΣ
R,∞(ȳ) = y. Let Q �hod R be such that ȳ ∈ Q. Then π(iΣQ,∞(ȳ)) =

y. �

Thus, π = id, and clause 2 follows. �

We will show in the next section that for α ≤ λ∞, δ
M+

∞(P,Σ)
α = θα. The next

lemma shows that M+
∞(P,Σ) ⊆ HOD. It follows easily from Lemma 4.19 and from

the observation that if Q ∈ pI(P,Σ) then M+
∞(P,Σ) = M+

∞(Q,Λ)

Lemma 4.19. Suppose (P,Σ) and (Q,Λ) are two hod pairs such that both Σ
and Λ have branch condensation and are Γ-fullness preserving. Suppose there is a
good pointclass Γ such that Code(Σ) ∈ ΔΓ˜. Then one of the following holds:

(1) (Q,Λ) ≤DJ (P,Σ) and for some R ∈ pI(P,Σ)∪pB(P,Σ), M+
∞(R,ΣR) =

M+
∞(Q,Λ),

(2) (P,Σ) ≤DJ (Q,Λ) and for some R ∈ pI(Q,Λ)∪pB(Q,Λ), M+
∞(R,ΛR) =

M+
∞(P,Σ).

Corollary 4.20. Suppose (P,Σ) is a hod pair such that Σ has branch con-
densation and is Γ-fullness preserving. Suppose there is a good pointclass Γ such
that Code(Σ) ∈ ΔΓ˜. Then M+

∞(P,Σ) ⊆ HOD.

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



4.4. THE COMPUTATION OF HOD 113

Proof. We have that x ∈ M+
∞(P,Σ) iff there is a hod pair (Q,Λ) such that

Λ has branch condensation and is Γ-fullness preserving and x ∈ M+
∞(Q,Λ). �

4.4. The computation of Hod

Assume AD+ + SMC and let (θα : α ≤ Ω) be the Solovay sequence. In this
section, our goal is to compute V HOD

θα
for α ≤ Ω under some additional hypothesis.

In the next chapter, we will show that our additional hypothesis almost follows
from AD++SMC. The computation of HOD can be carried out from just AD++
SMC. However, in this paper, we always have a little bit more room which can
be used to simplify some of the arguments. Below we will give two computations,
one done from the assumption that φ holds (see below) and the other from the
assumption that ψ holds (see below). In the next chapter, we proof that φ follows
from AD+ + SMC. However, we only prove that ψ follows from a little bit more
(for instance, from the assumption that our current model is completely mouse full
in some bigger model of AD+). The proof that ψ follows from AD+ + SMC uses
the theory of scales of LpΣ(R). This theory will appear in [28] and the computation
will appear in [25].

Recall that α(P,Σ) = |(P,Σ)|≤DJ
. We let φ be the sentence: for every α < Ω,

there is (P,Σ) such that

(1) α(P,Σ) = α,
(2) Σ is fullness preserving and has branch condensation,
(3) for any Q ∈ pI(P,Σ) ∪ pB(P,Σ), if λQ is a successor ordinal then

(a) there is a sequence (Bi : i < ω) ⊆ B(Q−,ΣQ−) which guides ΣQ
and

(b) for any B ∈ B(Q−,ΣQ−) there is R ∈ pI(Q,ΣQ) such that ΣR
respects B.

Recall that if M is a hod premouse then fM is the shift of the amenable
function coding a fragment of a strategy of M. We will use the following notation
in the proof of the next lemma. Suppose Q is a hod premouse such that λQ is a
successor ordinal. Let then for m < ω, ηQm = ((δQ)+m)Q and let Qm = Q|ηQm.

Lemma 4.21. Suppose φ holds and α < Ω. Let (P,Σ) be such that Σ has branch
condensation and is fullness preserving and α(P,Σ) = α. Let M = M+

∞(P,Σ),
�E = �EM and Λ be the strategy coded by fM. Then M ⊆ HOD and

δ∞(P,Σ) = θα and M+
∞(P,Σ)|θα = (V HOD

θα
, �E � θα,Λ � V HOD

θα
,∈).

Proof. We already have that M ⊆ HOD (see Theorem 4.18). By induction,
we show that for every β ≤ λM, δMβ = θβ and

M|θβ = (V HOD
θβ

, �E � θβ,Λ � V HOD
θβ

,∈) (∗)β.

We have that for limit β ≤ λM, δMβ = supξ<β δ
M
ξ and M(β)|θβ = ∪ξ<βM(ξ).

It then follows that if β ≤ λM is limit and for all ξ < β we have that δMξ = θξ and

(∗)ξ then we also have that δMβ = θβ and (∗)β. Thus, it is enough to show that if

β + 1 ≤ λM is such that δMβ = θβ and (∗)β then δMβ+1 = θβ+1 and (∗)β+1.

Fix thenQ ∈ pB(P,Σ) such that λQ is a successor ordinal andM+
∞(Q−,ΣQ−) =

M(β). Note that α(Q,ΣQ) = β + 1. Without loss of generality, we assume, by
comparing (Q,ΣQ) with a pair witnessing φ for β + 1 if necessary, that (Q,ΣQ)
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114 4. ANALYSIS OF HOD

witnesses φ for β + 1. Fix then �B = (Bi : i < ω) that guides ΣQ. We then have
that

δMβ+1 = supi<ω πΣQ
Q,∞(γ

Q,ΣQ−
Bi

).

Claim. Suppose A ⊆ δMβ+1 is a boundedOD subset of δMβ+1. ThenA ∈ M(β+1).

Proof. Let A ⊆ α < δMβ+1. Fix i < ω and m ∈ (1, ω) such that α <

π
ΣQm

Qm,∞(γ
Qm,ΣQ−

m

Bi
). Define C ∈ B(Q−,ΣQ−) by ((S,Λ), y) ∈ C if

(1) α(S,Λ) = β,
(2) y codes a pair (N , γ) such that (N ,Λ) is suitable, kN = m, λN is a

successor ordinal, S = N−, γ < γNm,Λ
Bi

and there is a strategy Ψ extending

Λ such that (LpΛω(N ),Ψ) is a hod pair, Ψ has branch condensation and is
fullness preserving, Ψ respects B and πΨ

N ,∞(γ) ∈ A.

Then C ∈ B(Q−,ΣQ−). We assume without loss of generality that ΣQ respects

C (otherwise we will just work with an iterate of Q). We let τ = πQ,ΣQ
Q,∞ (τQ,ΣQ

C ).
We can now define A over M by

(*) ξ ∈ A ↔ M ��Coll(ω,δ+m
β+1)

“if y is a code of (Mm, ξ) then y ∈ τ”.

To see that this defines A, first suppose ξ ∈ A. Fix R ∈ pI(Q,ΣQ) such that

for some γ < γ
Rm,ΣR−
Bi

, ξ = πΣ
R,∞(γ). Then letting δ = δR we have that

R ��Coll(ω,δ+m)“ if y is a code of (Rm, γ) then y ∈ πΣ
Q,R(τ

Qm,ΣQ−
m

C )”.

By applying πΣ
R,∞ we get the right hand side of (*). On the other hand, if the

right hand side of (*) holds then we can get R ∈ pI(Q,ΣQ) such that for some

γ < γ
Rm,ΣR−

m

Bi
, ξ = πΣ

R,∞(γ) and letting δ = δR we have that

R ��Coll(ω,δ+m)“ if y is a code of (Rm, γ) then y ∈ πΣ
Q,R(τ

Qm,ΣQ−
m

C )”.

This means that there is a strategy Ψ for R such that (Lp
ΣR−
ω (R),Ψ) is a hod pair,

Ψ has branch condensation and is fullness preserving, ΣR− = ΨR− and πΨ
R,∞(γ) ∈

A. It is then enough to show that πΨ
R,∞(γ) = ξ. By Theorem 2.28, there is a

normal tree T on R without a last branch such that if b = ΣR(T ) and c = Ψ(T )
then MT

b = MT
c =def S and ΣS = ΨS . Moreover, since both Ψ and ΣR respect

B, we have that (by the proof of Lemma 1.13)

πΨ
R,S(γ) = πΣR

R,S(γ).

This then easily gives that πΨ
R,∞(γ) = πΣR

R,∞(γ) = ξ. �

It follows from the claim that δMβ+1 is a cardinal in HOD. Moreover, because

there are no Woodin cardinals in M in the interval (δMβ , δMβ+1), we get that δ
M
β+1 ≤

θβ+1. It also follows from the claim that

M|δMβ+1 = (V HOD
δMβ+1

, �E � δMβ+1,Λ � V HOD
δMβ+1

,∈).
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4.4. THE COMPUTATION OF HOD 115

To finish the proof, it is enough to show that δMβ+1 = θβ+1. To prove this, it is

enough to show that δMβ+1 < θβ+1 is impossible. Suppose towards a contradiction

that δMβ+1 < θβ+1. Let π = πΣ
Q,∞. Then by coding lemma,

π,M(β + 1) ∈ L({A ⊆ R : w(A) < θβ+1},R).

This then implies that ΣQ ∈ L({A ⊆ R : w(A) < θβ+1},R) as ΣQ can be defined in
L({A ⊆ R : w(A) < θβ+1},R) from ΣQ− and π. We give the definition for normal
trees and leave the general case to the reader. We have that ΣQ(T ) = b iff

(1) the T which is based on Q− is according to ΣQ− ,
(2) if πT

b exists then there is σ : MT
b → M(β + 1) such that π = σ ◦ πT

b ,
(3) if T isn’t entirely based on Q− and πT

b doesn’t exist then letting R be the
node in T such that the part of T from Q-to-R is based on Q− and the
rest of T is a tree on R above R− then Q(T , b)-exists and is a ΣR− -mouse.

Using the fact that ΣQ has branch condensation, it is easy to see that the definition
given above indeed defines ΣQ in L({A ⊆ R : w(A) < θβ+1},R).

We now have that ΣQ is OD from ΣQ− and a real x. Let γ = w(Code(ΣQ)). For
each hod pair (S,Λ) such that Λ has branch condensation and is fullness preserving
and α(S,Λ) = β, let AS ⊆ R be the least OD(ΛS) set such that w(AS) > γ. Let
B ∈ B[Q−,ΣQ− ] be given by

((S,Λ), y) ∈ B ↔ α(S,Λ) = β and y ∈ AS .

Let R ∈ pI(Q,Σ) be such that ΣR respects B. Then it is easy to see that
whenever S ∈ pI(R−,ΣR), then w(AS) ≤ w(Code(ΣR)). This then implies that
w(Code(ΣR)) > γ = w(Code(ΣQ)). However, w(Code(ΣR)) = w(Code(ΣQ)),
contradiction! �

Lemma 4.21 computes HOD|θα+1 in all cases except when α+1 = Ω. Let then
α+ 1 = Ω. Below we describe the hypothesis that we need to compute V HOD

θα+1
. We

let I = {(Q,Λ, �B) :

(1) (Q,Λ) is suitable and α(Q−,Λ) = α,
(2) Λ has branch condensation and is fullness preserving,

(3) �B ⊆ (B(Q−,Λ))<ω,

(4) (Q,Λ) is strongly �B-iterable}.
Define ≤∗ on I by

(P,Σ, �B) ≤∗ (Q,Λ, �C) ↔ �B ⊆ �C and (Q,Λ) is a Σ-correct tail of (P,Σ).

Suppose now (R,Ψ, �B) ≤∗ (Q,Λ, �C). There is then a canonical map i : HR,Ψ
�B

→
HQ,Λ

�B
that is independent of �B-iterable branches. We let π(R,Ψ, �B),(Q,Λ, �B) be this

map. It then follows that (I,≤∗) is a directed system.
Next, we let

F = {HQ,Λ
�B

: (Q,Λ, �B) ∈ I}.
and we let M∞ be the direct limit of F under the iteration maps π(R,Ψ, �B),(Q,Λ, �B).

Let δ∞ = δM∞ . For (Q,Λ, B) ∈ I, we let π(Q,Λ,B),∞ : HQ,Λ
B → M∞.

Let then ψ be the conjunction of the following sentences:

(1) φ.
(2) There is a suitable (P,Σ) such that
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116 4. ANALYSIS OF HOD

(a) (P−,Σ) is a hod pair such that α(P−,Σ) = α and Σ is fullness
preserving and has branch condensation,

(b) for any B ∈ B(P−,Σ), there is a Σ-correct tail (Q,Φ) of (P,Σ) such
that (Q,Φ) is strongly B-iterable.

(3) M∞ is well-founded and δ∞ = Θ = θα+1.

The proof of the claim from the proof of Lemma 4.21 can be used to show that
indeed ψ gives a computation of HOD.

Lemma 4.22. Assume ψ holds. Let M = M∞, �E = �EM and Λ be the strategy
coded by fM. Then M ⊆ HOD and

δM = Θ and M|Θ = (V HOD
Θ , �E � Θ,Λ � V HOD

Θ ,∈).

Proof. Let M = M∞. It is enough to show that whenever A ⊆ Θ is a
bounded OD subset of Θ, A ∈ M. Fix such an A and let β be such that A ⊆ β < Θ.
Fix (P,Σ) as in ψ. Notice that it follows from clause 3 of ψ that

Θ = sup(Q,Λ,B)∈I π(Q,Λ,B),∞(γQ,Λ
B ).

For B ∈ B(P−,Σ) let γB,∞ = π(Q,Λ,B),∞(γQ,Λ
B ) where (Q,Λ, B) ∈ I (it is not hard

to see that γB,∞ is independent of the choice of (Q,Λ, B)).
Fix then B ∈ B(P−,Σ) such that β < γB,∞. Define C ∈ B(P−,Σ) by

((S,Λ), y) ∈ C if

(1) α(S,Λ) = α,
(2) y codes a pair (N , γ) such that (N ,Λ) is suitable, kN = kP , (N ,Λ, B) ∈ I,

γ < γN ,Λ
B and π(N ,Λ,B),∞(γ) ∈ A.

Then C ∈ B(P−,Σ). We assume without loss of generality that (P,Σ, B⊕C) ∈
I (otherwise we will just work with an iterate of P). We let τ = π(P,Σ,B⊕C),∞(τP,Σ

C )

and m = kP . We can now define A over M by

(*) ξ ∈ A ↔ M ��Coll(ω,δ+m
α+1)

“if y is a code of (M|δ+m
β , ξ) then y ∈ τ”.

To see that this defines A, first suppose ξ ∈ A. Let (R,Λ, B ⊕ C) ∈ I be

such that for some γ < γR,Λ
B , ξ = π(R,Λ,B),∞(γ). We can assume that (R,Λ) is a

Σ-correct tail of (P,Σ). Then letting δ = δR we have that

R ��Coll(ω,δ+m)“if y is a code of (R|δ+m, γ) then y ∈ π(P,Σ,C),(R,Λ,C)(τ
P,Σ
C )”.

By applying π(R,Λ,B),∞ we get the right hand side of (*).
On the other hand, if the right hand side of (*) holds then we can get (R,Λ, B⊕

C) ∈ I such that for some γ < γR,Λ
B , ξ = π(R,Λ,B),∞(γ). Again, we can assume

that (R,Λ) is a Σ-correct tail of (P,Σ). Letting δ = δR we have that

R ��Coll(ω,δ+m)“ if y is a code of (R|δ+m, γ) then y ∈ π(P,Σ,C),(R,Λ,C)(τ
P,Σ
C )”.

This, by the definition of C, gives that π(R,Λ,B),∞(γ) ∈ A and because

π(R,Λ,B),∞(γ) = ξ,

we get that ξ ∈ A. �

We will use the following lemma to establish ψ.
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4.4. THE COMPUTATION OF HOD 117

Lemma 4.23. Suppose Γ ⊆ P(R) is such that L(Γ,R) � AD++SMC+Ω = α+1
and Γ = P(R)∩L(Γ,R). Suppose Γ∗ ⊆ P(R) is such that Γ ⊆ Γ∗, L(Γ∗,R) � AD+

and there is a hod a pair (P,Σ) ∈ Γ∗ such that

(1) Σ has branch condensation and is Γ-fullness preserving,
(2) λP is a successor ordinal, Code(ΣP−) ∈ Γ and L(Γ,R) � “(P,ΣP−) is a

suitable pair such that α(P−,ΣP−) = α”,
(3) there is a sequence (Bi : i < ω) ⊆ (B(P−,ΣP−))L(Γ,R) which guides Σ,
(4) for any B ∈ (B(P−,ΣP−))L(Γ,R) there is R ∈ pI(P,Σ) such that ΣR

respects B.

Then L(Γ,R) � ψ and M∞ = M+
∞(P,Σ).

Proof. We already have that (P,ΣP−) witness clause 1 and 2 of ψ. Thus, we
only need to prove clause 3 of ψ. We prove clause 3 by defining π : (M∞)L(Γ,R) →
M+

∞(P,Σ) as follows: given x ∈ M∞ let (Q,Λ, B) ∈ IL(Γ,R) be such that for some

π(Q,Λ,B),∞(z) = x where z ∈ H
Q,ΛQ−
B . Let (R,Ψ) be a tail of (P,Σ) such that Ψ

respects B. We can assume that R is an iterate of Q. Let then

π(x) = πΣ
R,∞(π(Q,Λ,B),(R,ΨR− ,B)(z)).

It follows from comparison that π is independent of the choice of (Q,Λ, B) and
(R,Ψ). Thus, π is Σ1-elementary. This then shows that M∞ is well-founded. It
follows from the proof of Lemma 4.21 that δ∞ = θΓ as otherwise, as at the end of
the proof of Lemma 4.21, Code(Σ) ∈ Γ which is a contradiction.

It remains to show that M∞ = M+
∞(P,Σ). For this, it is enough to show

that π is the identity. To see this, let x ∈ M+
∞(P,Σ)|δM+

∞(P,Σ). There is then
R ∈ pI(P,Σ) such that for some z ∈ R|δR, πΣ

R,∞(z) = x. We can then fix i such

that z ∈ H
R,ΣR−
Bi

. Then (R,ΣR− , Bi) ∈ I and by clause 3 above, we get that

π(π(R,ΣR− ,Bi),∞(z)) = πΣ
R,∞(z) = x.

Hence, M+
∞(P,Σ)|δM+

∞(P,Σ) ⊆ rng(π). This implies that

δM
+
∞(P,Σ) = δ∞ = θΓ and M∞|θΓ = M+

∞(P,Σ)|θΓ.

But then it follows that crit(π) > θΓ and hence, π = id. �

Let us summarize what we have shown in this section.

Theorem 4.24 (Computation of HOD). Assume AD+. Suppose Γ ⊆ P(R) is

such that Γ = P(R) ∩ L(Γ,R). Let H = HODL(Γ,R). Then the following holds:

(1) If L(Γ,R) � φ then whenever (P,Σ) ∈ Γ is such that α(P,Σ) < ΩΓ, then

letting M = M+
∞(P,Σ), �E = �EM and Λ be the strategy coded by fM, for

every α ≤ α(P,Σ)

δMα = θΓα and M|θΓα = (V H
θΓ
α
, �E � θΓα,Λ � V H

θΓ
α
,∈).

(2) If L(Γ,R) � ψ then if M∞ is as above, then letting M = M∞ �E = �EM

and Λ be the strategy coded by fM, for every α ≤ ΩΓ

δMα = θΓα and M|θΓα = (V H
θΓ
α
, �E � θΓα,Λ � V H

θΓ
α
,∈).

(3) Suppose Γ∗ ⊆ P(R) is such that Γ ⊆ Γ∗, L(Γ∗,R) � AD+ and there is a
hod a pair (P,Σ) ∈ Γ∗ such that
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118 4. ANALYSIS OF HOD

(a) Σ has branch condensation and is Γ-fullness preserving,
(b) λP is a successor ordinal, Code(ΣP−) ∈ Γ and L(Γ,R) � “(P,ΣP−)

is a suitable pair such that α(P−,ΣP−) = α”,
(c) there is a sequence (Bi : i < ω) ⊆ (B(P−,ΣP−))L(Γ,R) which guides

Σ,
(d) for any B ∈ (B(P−,ΣP−))L(Γ,R) there is R ∈ pI(P,Σ) such that ΣR

respects B.
Then L(Γ,R) � ψ and M∞ = M+

∞(P,Σ).

In the next chapter, we will need a somewhat weaker form of Theorem 4.24.
Suppose (P,Σ) is a hod pair such that λP is a successor ordinal and Σ has branch
condensation and is fullness preserving. Then we let N∞(P,Σ) be the direct limit
of all Σ-iterates of P that are above P−. What we would like to show is that N+

∞
agrees with HODΣP− up to θα+1 where α = α(P−,ΣP−). Suppose A ⊆ R is a set

of reals which is OD from ΣP− . Let then φ and s ∈ Ord<ω be such that

x ∈ A ↔ φ[ΣP− , x, s].

We then let A∗ ∈ B(P−,ΣP−) be such that

((Q,Λ), y) ∈ A∗ ↔ Λ is fullness preserving and has branch condensation,
α(Q,Λ) = α, and φ[Λ, y, s].

We say Σ respects A if Σ-respect A∗. Given a sequence �A = (Ai : i < ω) ⊆
OD(ΣP−), we say Σ is guided by �A if Σ is guided by (A∗

i : i < ω). Given A ∈ OD(Σ)

we let γP,Σ
A = γP,Σ

A∗ and HP,Σ
A = HP,Σ

A∗ . The weaker form of Theorem 4.24 that we
will need is the following.

Theorem 4.25 (Computation of HOD relative to Σ). Assume AD+. Suppose
Γ ⊆ P(R) is such that Γ = P(R) ∩ L(Γ,R). Suppose (P,Σ) is such that

(1) λP is a successor,
(2) Σ is fullness preserving and has branch condensation,
(3) Code(ΣP−) ∈ Γ,
(4) there is a sequence (Ai : i < ω) ⊆ (OD(ΣP−))L(Γ,R) which guides Σ,
(5) for any A ∈ (OD(ΣP−))L(Γ,R) there is R ∈ pI(P,Σ) such that R− = P−

and ΣR respects A.

Let α = α(P−,ΣP−) and let N = N∞(P,Σ), �E = �EN and Λ be the strategy coded

by fN . Let H = HOD
L(Γ,R)
ΣP−

. Then

N|θΓα = (V H
θΓ
α
, �E � θΓα,Λ � V H

θΓ
α
,∈).
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CHAPTER 5

Hod pair constructions

In this chapter we analyze hod pair constructions assuming either the exis-
tence of a hod pair (P,Σ) such that Σ has branch condensation and is fullness
preserving or assuming that the construction converges. In the next chapter, using
Theorem 5.22, we will show that hod pair constructions done inside sufficiently
strong background triples converge (see Theorem 6.1). We start the chapter by
introducing the stack over a model produced by a fully backgrounded construction
and showing that the resulting stack has a covering property (see Theorem 5.2).
We will use Theorem 5.2 to show that if a hod pair construction converges then
the induced strategy has branch condensation (see Theorem 5.11). In Section 5.2,
we show that clause 4 of Definition 1.7.1 cannot be an obstacle to the convergence
of hod pair constructions (see Lemma 5.5). In Section 5.3, we show that provided
hod pair construction converges, the induced strategy is fullness preserving (see
Lemma 5.7). In Section 5.6, we define Γ(P,Σ) when λP is a successor. The rest of
the chapter is devoted to showing that hod pair constructions produce pairs that
are B-iterable.

5.1. Stacking mice

We would like to adopt Jensen’s theory of stacks to the context of fully back-
grounded constructions and use it to prove branch condensation of strategies of hod
pairs constructed via hod pair constructions (see Lemma 5.11). See [7] for some
background information on stacks.

Recall from [7] that if W is a mouse then

S(W) = ∪{M : M is a sound countably iterable mouse, W � M and
ρω(M) = o(W)}

In general, S(W) doesn’t have to be anything reasonable as we are not assuming
that W is a cutpoint of mice that are being stacked. However, if o(W) = κ is
a regular uncountable cardinal then in fact whenever M and N are sound mice
extending W and projecting to κ, either M � N or N � M. Jensen showed that
if W = Kc||κ where κ ≥ ℵ3 is an ω-closed regular cardinal which is a limit cardinal
in Kc then cf(o(S(W))) ≥ κ provided there is no superstrong cardinal in Kc (see
[7]). Steel, in an unpublished work, showed that in many cases the same holds
when W comes from fully backgrounded constructions. We adopt Steel’s result to
hybrid mice. Suppose Σ is a strategy and W is a Σ-mouse. Then

SΣ(W) = ∪{M : M is a sound countably iterable Σ-mouse, W � M and
ρω(M) = o(W)}.

The proof of the following lemma is just like the proof of Lemma 3.1 and Lemma
3.3 of [7]. We only sketch the proof. Below MΣ is the structure that Σ iterates. In
what follows we let φ(δ,Σ,W,N ) be the conjunction of the following statements:

119
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120 5. HOD PAIR CONSTRUCTIONS

(1) δ is a Woodin cardinal ,
(2) Σ is a δ+-iteration strategy with hull condensation such that MΣ ∈ Vδ,
(3) W � ZFC, W ⊆ Hδ+ , and L1(Σ � Vδ, Vδ) ⊆ W ,
(4) Vδ is δ + 1-iterable for trees that are in W ,

(5) letting ((Mγ ,Nγ : γ ≤ δ), (Fγ : γ < δ)) be the output of J �E,Σ-construction
of Vδ, N = Nδ.

Lemma 5.1. Suppose φ[δ,Σ,W,N ] holds. Then the following holds.

(1) If M0 and M1 are such that for i ∈ {0, 1}, Mi is sound countably iterable
Σ-mouse, N � Mi and ρω(Mi) = δ then either M0 � M1 or M1 � M0.

(2) For all sound countably iterable Σ-mice M such that N � M with ρω(M) =
δ there is a sound countably iterable Σ-mouse W such that M � W and
ρω(W) = δ.

In particular, if S = S(N ) then S � ZFC −Powerset and δ is the largest cardinal
of S.

Proof. The proof of clause 2 is easy. Let W be the least level of J [M] pro-
jecting to δ. We sketch the proof of clause 1 as we would like to use such arguments
to prove more general facts. Suppose that M0 and M1 aren’t compatible. Let then
π : H → Hδ++ be an elementary such that each Mi ∈ rng(π), Σ ∈ rng(π), |H| < δ
and rng(π) ∩ δ = crit(π). Let N̄ , M̄i and Σ̄ be the collapses of N , Mi and Σ.
Notice that because Σ has hull condensation, Σ � H = Σ̄. Also, ρω(M̄i) = crit(π).
This means that by condensation1, each M̄i � N and therefore, the M̄i are com-
patible, contradiction! �

Lemma 5.2 (Covering for fully backgrounded constructions, Steel). Suppose
φ[δ,Σ,W,N ] holds. Let S = S(N ). Then cf(o(S)) ≥ δ.

Proof. This is the equivalent of Theorem 3.4 of [7]. Here the proof is some-
what different and uses the ideas from the proof of Lemma 2.13. Suppose not.
Let κ = cf(o(S)). Let f : κ → o(S) be a cofinal function. Let θ = δ+5 and let
π : H → Hθ be such that

(1) Hω ⊆ H and |H| = crit(π),
(2) rng(π) ∩ δ = crit(π),
(3) κ < crit(π),
(4) {f,N ,Σ,S} ∈ rng(π),

We say (π,H) is a good submodel of Hθ. Let �X = (Xα : α < δ) be continuous

sequence of submodels of Hθ. We say �X is good if letting for each α < δ, πα :
Hα → Xα ≺ Hθ be the inverse of transitive collapse, (πα+1, Hα+1) is a good
submodel of Hθ. As a consequence of Theorem 3.4 of [7] we get that whenever
(Xα : α < δ) is a good continuous sequence of submodels of Hθ, letting for each
α < δ, πα : Hα → Xα ≺ Hθ be the inverse of transitive collapse, there is a stationary
set S ⊆ δ such that whenever α ∈ S, letting Sα = π−1

α (S) and ηα = crit(πα), we
have that Sα = ON

ηα,ηα
.

Fix now a continuous chain (Xα : α < δ) of submodels of Hθ and let for each
α < δ, πα : Hα → Xα ≺ Hθ be the inverse of transitive collapse. Define h : δ → δ
as follows:

1“Condensation” here refers to the well-known condensation theorem for mice, see Theorem
5.1 of [43].
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5.1. STACKING MICE 121

h =

{
0 : for all α < δ, ξ 	= ηα

sup{g(ξ) : g ∈ X ∧ g : δ → δ} : ξ = ηα.

Using the Woodiness of δ we can now find an extender E such that

(1) lh(E) is inaccessible, Vlh(E) ⊆ Ult(V,E) and crit(E) = ηα,
(2) E witnesses Woodiness property for h, i.e., jE(h)(ηα) < νE ,
(3) N|lh(E) = iE(N )|lh(E),
(4) (ηξ : ξ < lh(E)) = iE((ηξ : ξ < δ)) � lh(E)

Let E∗ = E ∩ N . Then E∗ ∈ �EN (for details see the proof of Theorem 11.3 of
[20]). It then follows that

(1.) for any g : ηα → ηα such that g ∈ Sα, jE∗(g)(ηα) < νE∗ .

To see (1.), fix such a g. Then g is in Sα and hence, πα(g)(ηα) < h(ηα). Notice
that the set A = {ηξ : ξ < α, g � ηξ ∈ Sξ and πξ(g) = πα(g)} ∈ Eηα

and for any
ηξ ∈ A, πξ(g)(ηξ) < h(ηξ). This means that

πE(πα(g))(ηα) < πE(h)(ηα).

But because g = πα(g) � ηα, we have that

πE(g) = πE(πα(g)) � πE(ηα).

Therefore,

πE(g)(ηα) = πE(πα(g))(ηα) < πE(h)(ηα) < νE = νE∗ .

It now follows that letting ν = sup{πE∗(g)(ηα) : g ∈ Sα}, E∗ � ν witness that
ηα is a superstrong cardinal in N . �

Next we would like to prove facts about thick hulls of the stack over a universal
model. In particular, a fact that we will need later is that a thick hull of the stack
over a universal model is itself universal.

Lemma 5.3. Suppose φ[δ,Σ,W,N ] holds. Suppose Φ is the iteration strategy of
Vδ that acts on trees in W . Let S = S(N ) and Ψ be the strategy of N induced by
Φ. Suppose T ∈ L1(Σ � Vδ, Vδ) is a tree on N of length δ + 1 which is according to
Ψ with last model M such that πT exists and πT (δ) = δ. Let i = πT . Then i lifts
to i∗ : S → S(M).

Proof. Let κ = crit(i) and let E be the (κ, δ)-extender derived from i. We
first show that Ult(S, E) is well-founded. Let W = S(M). If not then we can
find a countably closed submodel π : H → Hδ+5 such that S, E, T , i,W ∈ rng(π),
crit(π) < δ, crit(π) is an inaccessible cardinal and letting (S∗, E∗, T ∗, i∗,W∗) =
π−1(S, E, T , i,W), S∗�N|(κ+)N (this follows from condensation). Let λ = crit(π).
Regarding T ∗ as a tree on N , let N ∗ be the last model of T ∗. Let k = πT ∗

: N →
N ∗. Then there is σ : Ult(S∗, E∗) → k(S∗) given by

σ(πE∗(f)(a)) = k(f)(i∗(a))

where f ∈ S∗ and a ∈ λ<ω. Thus, Ult(S∗, E∗) is well-founded and therefore, by
elementarity of π, Ult(S, E) is well-founded.

Let then W∗ = Ult(S, E). We claim that W∗ = W . We have that W∗|δ =
W|δ = M. It is easy to see, using Lemma 5.1, that W∗ � W . Indeed, fix some
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122 5. HOD PAIR CONSTRUCTIONS

M � W∗∗ � W∗ such that ρ(W∗∗) = δ. It is enough to show that W∗∗ is countably
iterable. Let then σ : K → W∗∗ be such a countable hull. Let π : H → Vδ+ be
such that S, E,W ,W∗,W∗∗, σ[K], T ∈ rng(π), Hω ⊆ H, crit(π) = κ is a regular
cardinal, and π(κ) = δ. Then π−1(W∗∗)�π−1(W∗) and the later is an iterate
of π−1(S) via Ψ. This implies that π−1(W∗∗) is countably iterable. Hence, as
π−1(σ) : K → π−1(W∗∗), K is countably iterable.

It remains to show that W � W∗. Suppose not and let W∗∗ � W be the
least level of W such that W∗ � W∗∗ and ρ(W∗∗) = δ. Let again π : H → Vδ+

be such that S, E,W ,W∗,W∗∗, T , i ∈ rng(π), Hω ⊆ H, crit(π) = κ is a regular
cardinal, and π(κ) = δ. Then let S∗, E∗,W1,W∗

1 ,W∗∗
1 , T ∗, i∗ be the collapses of

S, E,W ,W∗,W∗∗, T , i. Then by condensation, W∗∗
1 � M.

Notice that we can regard T ∗ as a tree on N and that T ∗, when regarded as a
tree on N , is a subtree of T . Let now N ∗ be the last model of T ∗ when we regard
T ∗ as a tree on N . Then N ∗ is a model on T and in fact, the iteration embedding
σ : N ∗ → M exists. Moreover, on the branch leading from N ∗ to M no extender of
length < κ is used. This means that M|(κ+)M�N ∗|(κ+)N

∗
. Because W∗∗

1 � M,
we have that W∗∗

1 � N ∗.
Let then k = πT ∗

: N → N ∗. Suppose first that S∗�N|(κ+)N . Let then
K�N be the least such that S∗�K and ρ(K) = κ. We then have that k(K) = W∗∗

1 .
Because k � S∗ ∈ H and W∗∗

1 ∈ H, we have that K∗∗ ∈ H. Because H is countably
closed, we have that in H, K is countably iterable. This then implies that K�S∗,
contradiction!.

Assume then that S∗ = N|(κ+)N . Notice that there is σ : W∗
1 → k(S∗) =

N ∗|(κ+)N
∗
such that k = σ ◦ i∗. Since k[(κ+)N ] is cofinal, we have that i∗ must

be the identity. Hence, W∗∗
1 �W∗

1 . �

Assume that now φ[δ,Σ,W,N ] holds and let S = S(N ). We say that Γ ⊆
[δ, o(S)] is a thick set if Γ contains an ω-club which is unbounded in o(S). Let
SΓ = HullS(Γ) and let πΓ : SΓ → S.

Lemma 5.4 (Universality of thick hulls). Suppose that φ[δ,Σ,W,N ] holds and
let S = S(N ). Suppose further that for some κ < δ and a generic g ⊆ Coll(ω, κ)
there is (M,Λ) ∈ V [g] such that M ∈ Vδ[g] is a Σ-mouse and Λ ∈ W [g] is a δ+1-
iteration strategy for M. Suppose Γ is a thick set and suppose that no initial segment
of N satisfies “there is a superstrong cardinal”. Then SΓ wins the coiteration with
M. Moreover, if N ∗ is such that πΓ(N ∗) = N then SΓ = S(N ∗).

Proof. Let W = SΓ and πΓ = π. Assume for a moment that W = S(N ∗)
and if T is a tree on W with last model W∗ such that πT exists and πT (δ) = δ
then W∗ = S(W∗|δ). Suppose towards a contradiction that M wins the coiteration
with W . This process then produces a tree T on M and a tree U on W with last
models M∗ and W∗ such that W∗ � M∗. We get that πU exists and πU (δ) = δ.
Then, letting λ = o(W∗), it follows from Lemma 5.2 that cf(λ) ≥ δ. Let MT

α be
such that πT

α exists and for some λ∗ < δ∗, πT
α (δ∗) = δ and πT

α (λ∗) = λ. Then
πT
α [λ∗] cannot be cofinal in λ (as λ∗ < δ). Notice that it follows that λ∗ cannot be

a cardinal of MT
α as otherwise πT

α [λ∗] will be cofinal in λ. We then let Q � MT
α

be the largest initial segment of MT
α such that Q � “λ∗ is a cardinal”. It follows

that ρ(Q) = δ∗. Then letting Q∗ = πT
α (Q), we have that ρ(Q∗) = δ. It follows that

Q∗ � W∗. However, Q∗�S(W∗|δ) implying that Q∗�W∗, contradiction!
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5.2. CLAUSE 4 123

To finish the proof, it is enough to show then W = S(N ∗) and that if T is a tree
on W with last model W∗ such that πT exists and πT (δ) = δ then W∗ = S(W∗|δ).
We only prove that W = S(N ∗) as the second half is similar. We already have
that W�S(N ∗). Towards a contradiction, suppose there is K � S(N ∗) such that
ρ(K) = δ and K � W (so that W�K). We assume that K is minimal with these
properties. Let π = πΓ.

Let σ : H → Vδ+ be such that S,W ,K,S(N ∗), π ∈ rng(σ), Hω ⊆ H, and if
κ = crit(σ) then σ(κ) = δ and κ is a regular cardinal. Let Q = S(N ∗). Then
let S∗,W∗,K∗,Q∗, π∗,R be the collapse of S,W ,K,Q, π,N . Let E be the (κ, κ)-
extender derived from π∗. We claim that Ult(W , E) is well-founded. This is because
π∗(κ) = κ and all the measures of E concentrate on ordinals < κ. Hence, if F is
the (δ, δ)-extender derived from π then E is a subextender of F .

Because K∗ � Q, we have that K∗ � W , and because Ult(W , E) is well-
founded, we get that Ult(K∗, E) is well-founded. Because Ult(K∗, E) ∈ H and
H � “S∗ = S(R)”, we have that Ult(K∗, E)�S∗ (as Ult(K∗, E) is countably iterable
which can be established by an easy hull argument similar to the one used in the
proof of Lemma 5.3). By elementarity, Ult(K, F )�S, which is a contradiction as
π[o(W)] is cofinal in o(S). �

5.2. Clause 4

In this section, we show that hod pair constructions do not fail because of clause
4 of Definition 1.7.1. We assume AD+ + V = L(P(R)).

Lemma 5.5 (Clause 4). Let Γ be a good pointclass and let F be as in Theo-
rem 2.25 for Γ. Suppose x is such that F (x) = (N ∗

x ,Mx,Σx, δx, ) is defined. Sup-
pose for some β, the hod mouse construction of N ∗

x |δx reaches (Nβ ,Pβ ,Σβ, δβ)
2.

Suppose

(1) Σβ is super fullness preserving and has branch condensation,
(2) Nβ+1 doesn’t project across δβ,
(3) Nβ+1 has at least two Woodin cardinals > δβ,
(4) if β = 0 or is a successor ordinal then Nβ+1 � “δβ is Woodin”

and
(5) if β is limit then (δ+β )

Pβ = (δ+β )
Nβ+1 .

Then Pβ+1 exists and is a hod premouse.

Proof. We only need to show that Pβ+1 satisfies clause 4 of Definition 1.7.1
and we only need to do this for the last block of P as it follows from our hypothesis
that Pβ is a hod premouse. Let P = Pβ+1. Fix then a P-cardinal ν ∈ (δβ , δ). Let
Λ be the fragment of Σβ+1 that acts on non-dropping stacks which are based on
P|ν . We need to show that Λ � P is definable over P. Let then δ < η be the first
two Woodin cardinals of Nβ+1 above δβ. Thus δβ+1 = δ.

We claim that T is according to Λ iff for every limit α < lh(T ) the branch
of T � α is the unique well-founded branch b such that Q(b, T � α)-exists and is
< o(P)-iterable in P. To see that the equivalence holds, it is enough to show that
if x ∈ P then

LpΣβ (x) � (LpΣβ (x))P .

2We allow β = −1 in which case (Nβ ,Pβ ,Σβ , δβ) = ∅.
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124 5. HOD PAIR CONSTRUCTIONS

Fix then x ∈ P and let Q be a sound Σβ-mouse over x such that ρ(Q) = x. Then by
universality ofNβ+1, Q�Nβ+1. We then just need to show thatQ is< o(P)-iterable

in P. Let ((Mξ,Nξ : ξ ≤ η), (Fξ : ξ < η)) be the output of J �E,Σβ (x)-construction
of Nβ+1|η in which the extenders used have critical points > δ. Let N = Nη.

Claim. Q � N .

Proof. Suppose Q isn’t an initial segment of N . It then follows that Q wins
the comparison with N . It also follows from Lemma 2.12 that in the comparison
of Q with N only Q moves. Notice that it follows from Lemma 3.43 that N has no
Woodin cardinals. It then follows from Lemma 3.6 that the comparison of Q and
N can be carried out in P. This is because no Q-structures used on the Q-side may
have overlaps, and hence, any Q-structure used on the Q-side of the iteration is an
initial segment of N . It then follows from universality of Nβ+1 that if U is the tree
on Q coming from the comparison process then U ∈ Nβ+1 (without its last branch).
Let then R = MU

b where b is the branch of U given by the strategy of Q. We have
that N � R. Moreover, either R � “η isn’t Woodin” or definable over R there is a
counterexample to the Woodiness of η. Either way, using S-constructions, we get
that Nβ+1 � “η isn’t Woodin”. This contradiction implies that in fact Q � N . �

It follows from the claim that there is some ξ such that C(Nξ) = Q. To show
that Q is < o(P)-iterable in P, it is enough to show that Nξ is < η-iterable in
Nβ+1|η. To show this, it is enough to show that for every Nβ+1-cardinal γ ∈ (δ, η),
Nβ+1 � “Nβ+1|γ is < η-iterable for non-dropping trees”.

This can be done by repeating the argument once again. Let Ψ be the fragment
of the strategy of Nβ+1 that acts on non-dropping trees which are based on Nβ+1|γ
and are above δ. Let W = Nβ+1|γ. Given a non-dropping tree T ∈ Nβ+1|η which
is based on W and is above δ, we have that T is according to Ψ iff for every
limit α < lh(T ) if b is the branch of T � α then Q(b, T � α) exists and letting

((Kζ,Sζ : ζ ≤ η), (Gζ : ζ < η)) be the output of J �E,Σβ (M(T ))-construction of
Nβ+1|η in which the extenders used in the construction have critical points > γ,
Q(b, T � α) � Nη. It follows from claim applied to x = M(T ) that the equivalence
is indeed true. This finishes our proof of Lemma 5.5. �

The following is a version of Lemma 5.5 for Γ-full hod pair constructions.

Lemma 5.6. Suppose Γ is a mouse full pointclass. Suppose A ⊆ R is such that
w(A) ≥ w(Γ) and suppose Γ∗ is a good pointclass such that AΓ ∈ ΔΓ∗ . Let F be as
in Theorem 2.25 for Γ∗. Suppose x is such that F (x) = (N ∗

x ,Mx,Σx, δx, ) is defined
and (N ∗

x , δx,Σx) Suslin, co-Suslin captures (AΓ, A). Suppose for some β, the Γ-hod

pair construction of N ∗
x |δx reaches (Cβ,Pβ ,Σβ, δβ)

3. Let Cβ+1 = ((Mβ+1
ξ ,N β+1

ξ :

ξ ≤ δx), (F
β+1
ξ : ξ < δx)). Suppose

(1) Σβ is super Γ-fullness preserving and has branch condensation,

(2) N β+1
δβ+1

doesn’t project across δβ,

(3) N β+1
δβ+1

has at least two Woodin cardinals > δβ,

(4) if β = 0 or is a successor then N β+1
δβ+1

� “δβ is Woodin”

and

3We allow β = −1 in which case (Cβ ,Pβ ,Σβ , δβ) = ∅.
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5.3. FULLNESS PRESERVATION 125

(5) if β is limit then (δ+β )
Pβ = (δ+β )

Nβ+1
δβ+1 .

Then Pβ+1 exists and is a hod premouse.

The proof is just like the proof of Lemma 5.5.

5.3. Fullness preservation

The next lemma establishes fullness preservation of the induced strategy.

Lemma 5.7 (Fullness preservation). Assume AD+ + V = L(P(R)). Suppose
for some γ such that θγ < θ, Γ = {A ⊆ R : w(A) < θγ}. Let Γ∗ be a good
pointclass such that Γ ⊆ ΔΓ˜∗ and let F be as in Theorem 2.25 for Γ∗. Suppose x

is such that F (x) = (N ∗
x ,Mx,Σx, δx) is defined and (N ∗

x , δx,Σx) Suslin, co-Suslin
captures (AΓ, A) where A ⊆ R is such that w(A) ≥ θγ . Suppose for some β, the hod
mouse construction of N ∗

x |δx reaches (Nβ,Pβ ,Σβ , δβ)
4 and w(Code(Σβ)) < θγ+1.

Suppose for every α < β, Σα is super fullness preserving. Then Σβ is fullness
preserving. Moreover, if Nβ has a Woodin cardinal above δβ then Σβ is super
fullness preserving.

Proof. We only verify the first part of the fullness preservation as the second
is a trivial generalization of the proof. Suppose Σβ isn’t fullness preserving. Then

there is (�T ,R, α,M, η) such that

(1) (�T ,R) ∈ I(Pβ ,Σβ),
(2) α+ 1 ≤ λR and η ∈ (δRα , δRα+1] is a strong cutpoint of R,

(3) M � LpΣR(α),�T (R|η) and M � R.

We have that M has a unique strategy which is in Γ. Because of clause 8 of
Theorem 2.25, the statement above is absolute between V and N ∗

x [g] where g ⊆
Coll(ω,Pβ) is an N ∗

x -generic. Assume then that (�T ,R, α,M, η) ∈ N ∗
x [g] such that

the above conditions hold.
Notice that we can apply �T to Nβ . Let N ∗ be the last model of �T when applied

to Nβ . Let N be the last model of J �E,ΣR(α)(R|η)-construction of N ∗. It follows
from Lemma 2.13 that M must lose the comparison with N . However, because of
clause 3 above, M must win the comparison, contradiction!

Assume now that Nβ has a Woodin cardinal above δβ. To finish, we need to

show that (�T ,Q) ∈ I(Pβ,Σβ) and α < λQ, UΣ
Q(α) and WΣ

Q(α) are term captured

by (Q[g],ΣQ) whenever g ⊆ Coll(ω,Q(α)) is Q-generic. We only show this for
UΣ
Q(α) and leave the other case to the reader. Notice that it is enough to show that

whenever (�T ,Q) ∈ I(Pβ ,Σβ) and N ∗ is the last model of �T when we regard it as
a stack on Nβ then uΣ

Q(α) is definable over N ∗ uniformly in (Q, α).

Fix then such a triple (N ∗,Q, α). Let φ(p, σ, κ) be the formula expressing the
conjunction of the following statements:

(1) κ > δQα is a Q-cardinal and p ∈ Coll(ω, κ).
(2) σ ∈ QColl(ω,κ) is a name for a real.

(3) In N ∗, p forces that σ = (ẋ,Ṁ) such that Ṁ is a sound Σα-mouse over

ẋ such that ρ(Ṁ) = ẋ and if K̇ is the last model J �E,Σα(ẋ)-construction

of N ∗ then Ṁ�K̇.

4We allow β = −1 in which case (Nβ ,Pβ ,Σβ , δβ) = ∅.
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126 5. HOD PAIR CONSTRUCTIONS

Let τQκ = {(p, σ) : N ∗ � φ[p, σ, κ]}. Then the proof of the fact that Σβ is fullness

preserving (and also the proof of Lemma 5.5) shows that in fact ⊕κ<o(Q)τ
Q
κ = u

Σβ

Q .
The claim then follows.

�
The next theorem is a version of Theorem 5.7 for Γ-hod pair constructions

provided there is already a hod pair (Q,Λ) such that Λ has branch condensation
and is Γ-fullness preserving.

Lemma 5.8 (Super Γ-fullness preservation on a tail). Assume AD+ + V =
L(P(R)). Suppose Γ is a mouse full pointclass and (Q,Λ) is a hod pair such
that Λ has branch condensation and is Γ-fullness preserving. Suppose there is
an A ⊆ R such that w(A) = w(Γ) and there is a good pointclass Γ∗ such that
A,Code(Λ) ∈ ΔΓ˜∗ . Let F be as in Theorem 2.25 for Γ∗. Suppose x is such that

F (x) = (N ∗
x ,Mx,Σx, δx, ) is defined and (N ∗

x , δx,Σx) Suslin, co-Suslin captures
(AΓ, A) and Code(Λ). Then for some β, the Γ-hod mouse construction of N ∗

x |δx
as done in Definition 3.48 reaches (Cβ,Pβ ,Σβ, δβ, γβ)

5 such that (Pβ,Σβ) is a tail
of (Q,Λ) and Σβ is super Γ-fullness preserving.

Proof. The proof is very much like the proof of Lemma 5.7. Notice that γβ
always exists as δx can be taken to be γβ . That there is a β such that (Pβ,Σβ) is
a tail of (Q,Λ) follows from the proof of our comparison theorem, Theorem 2.33.
We just need to show that Σβ is super Γ-fullness preserving. If β = α+ 1 then we
can do it as in the proof of Theorem 5.7. In the limit case the proof doesn’t apply,
but we can use our theorem on derived models. Assume then that β is limit and let
(P,Σ) = (Pβ ,Σβ). Then, without loss of generality, we can assume that for every
α < λP , ΣP(α) is super Γ-fullness preserving, and hence, super Γ(P,Σ)-fullness
preserving. Then it follows from Theorem 3.19, that whenever Q ∈ pI(P,Σ) and
α < λQ then ΣQ(α) has super Γ(P,Σ)-fullness preservation. But because Σ is both
Γ(P,Σ) and Γ fullness preserving, it follows that Γ(P,Σ) �mouse Γ. Hence, Σ is
super Γ-fullness preserving. �

5.4. The comparison argument revisited

In this subsection, we will prove Theorem 2.28 without the additional hypoth-
esis on the existence of good pointclasses.

Theorem 5.9. Assume AD+ + V = L(P(R)). Suppose (P,Σ) is a hod pair
such that Σ has branch condensation and is fullness preserving. Then Code(Σ) is
Suslin, co-Suslin in L(Σ,R).

Proof. Suppose not. We work in L(Σ,R). Because L(Σ,R) � AD+ + V =
L(P(R)), using Theorem A.10, we get some α and (Q,Λ) such that

(1) (Q,Λ) is a hod pair such that Λ has branch condensation and Lα(Λ,R) �
“Λ is fullness preserving”,

(2) Lα(Λ,R) � ZF −Replacement+ “Code(Λ) isn’t Suslin, co-Suslin”.
(3) P(R) ∩ Lα(Λ,R) � Δ˜ 2

1.

Let Γ = P(R) ∩ Lα(Λ,R). Notice that Λ is Γ-fullness preserving, and because of
clause 3 above, there is a good pointclass Γ∗ such that Γ ⊆ ΔΓ˜∗ . By Lemma 5.8,

there is (R,Ψ) which is a tail of (Q,Λ) such that Ψ is super Γ-fullness preserving.

5We allow β = −1 in which case (Cβ ,Pβ ,Σβ , δβ , γβ) = ∅.
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5.5. BRANCH CONDENSATION 127

But because Code(Ψ) ∈ Γ∗, it follows that for every x, M#,Ψ
1 (x)-exists6. Let

Φ be the iteration strategy of M#,Ψ
1 . Notice that Φ has branch condensation,

is commuting and positional. Let M be the direct limit of all iterates of M#,Ψ
1

via Φ. Notice that Code(Φ) ∈ Γ and if π : M#,Ψ
1 → M is the iteration map then

π ∈ Lα(Γ,R). Let δ be the Woodin cardinal of M and let η be the Woodin cardinal

of M#,Ψ
1 . We claim that Code(Ψ) is δ-Suslin.

To see this, consider the tree of attempts to construct a pair (x, y, σ) such that

x, y ∈ R, y codes a non-dropping tree T on M#,Ψ
1 with last model R such that if

i = πT then

(1) x is generic for the extender algebra of R at i(η),
(2) σ : R → M such that π = σ ◦ i,
(3) R[x] � “x codes a member of Ψ”.

Notice that it follows from clause 2 that R is a Ψ-mouse. Notice also that it follows
from Lemma 3.45 that we can interpret Ψ onto the generic extensions of R and
hence, clause 3 above is meaningful. Let T be the tree described above. Clearly
T ∈ Lα(Γ,R) and p[T ] = Code(Ψ). By the same argument, there is also a tree
S ∈ Lα(Γ,R) such that p[S] is the complement of Code(Ψ). Thus, Lα(Γ,R) �
“Code(Ψ) is Suslin, co-Suslin”. But because w(Code(Λ)) = w(Code(Ψ)), we get
that Lα(Γ,R) � “Code(Λ) is Suslin, co-Suslin”, contradiction! �

Theorem 5.9 allows us to restate comparison theorem without any extra hy-
pothesis. One can also state the Γ-fullness preserving version of it but we leave
that for the reader.

Theorem 5.10 (Comparison of hod pairs revisited). Assume AD+ + V =
L(P(R)). Suppose that (P,Σ) and (Q,Λ) are two hod pairs such that both Σ and
Λ have branch condensation and are fullness preserving. Then there are (T ,R) ∈
I(P,Σ) and (U ,S) ∈ I(Q,Λ) such that either

(1) R �hod S and ΣR,T = ΛR,U
or

(2) S �hod R and ΛS,U = ΣS,T .

Proof. Apply Lemma 5.9 and Theorem 2.28 in L(Σ,Λ,R). �

5.5. Branch condensation

In this section we show that hod pair constructed via hod pair constructions
inherit strategies with branch condensation.

Lemma 5.11 (Branch condensation). Assume AD+ + V = L(P(R)). Suppose
for some α such that θα < θ, Γ = {A ⊆ R : w(A) < θα}. Let Γ∗ be a good
pointclass such that Γ ⊆ ΔΓ˜∗ and let F be as in Theorem 2.25 for Γ∗. Suppose x

is such that F (x) = (N ∗
x ,Mx,Σx, δx, ) is defined and (N ∗

x , δx,Σx) Suslin, co-Suslin
captures (AΓ, A) where A ⊆ R is such that w(A) ≥ θα. Suppose for some β, the hod
mouse construction of N ∗

x |δx reaches (Nβ ,Pβ,Σβ , δβ)
7 such that w(Code(Σβ)) <

θα+1. Suppose for every α < β, Σα has branch condensation. Then Σβ has branch
condensation.

6Fix F as in Theorem 2.25 for Γ∗ and let z be such that (N ∗
z , δz ,Σz) Suslin, co-Suslin

captures Code(Ψ). Then if (J �E,Ψ)N
∗
z |δz reaches M#,Ψ

1 (x).
7We allow β = −1 in which case (Nβ ,Pβ ,Σβ , δβ) = ∅.
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128 5. HOD PAIR CONSTRUCTIONS

Proof. Towards a contradiction, assume that Σβ doesn’t have branch con-
densation. Like in the proof of Lemma 5.7, this is absolute between V and N ∗

x [g]

where g ⊆ Coll(ω,Pβ) is an N ∗
x -generic. Thus, we can fix (�T ,R, �U ,Q, π) ∈ N ∗

x [g]
such that

(1) (�T ,R) ∈ I(Pβ ,Σβ),

(2) �U is a stack on Pβ with last model Q such that π
�U exists and �U isn’t

according to Σβ ,

(3) π : Q → R such that π
�T = π ◦ π �U .

We assume β is a limit ordinal as the other case is easier and is contained in the proof

that follows. Let then (Mα,M∗
α, �Uα, πα,β : α < β ≤ η) be the essential components

of �U . Without losing generality, we can impose the following minimality conditions

on �U :
(1) For every α < η, �U � α is according to Σ.
(2) For every α < η and γ < λMα , there is no stack onMα(γ) which witnesses

that branch condensation fails for Σ.
(3) M∗

η is the least hod initial segment W of Mη such that there is a stack
on W witnessing the failure of branch condensation for Σ.

(4) Only the last normal component of �Uη isn’t according to Σ and this last
component has length ζ + 1 for some limit ordinal ζ.

Notice that �T can be applied to Nβ. Let N be the result of applying �T to

Nβ. We can apply �U to Nβ in the following way. Let E be the extender from

π
�U : Pβ → Q. Then we let M = Ult(Nβ, E). Notice that M is well founded

because π can be extended to π∗ : M → N by π∗([a, f ]) = π
�T (f)(π(a)). Let

P = Pβ , Σ = Σβ and let K be the result of applying �U � η to Nβ .

Let b = Σ(�U � η �U∗
η ) where �U∗

η is the same as �Uη without its last branch
(notice that it follows from Lemma 2.13 that M is universal and hence, if U is

the last normal component of �Uη then Q(M(U−)) doesn’t exists). Let ξ + 1 =

λM∗
η . Notice that the proof of Lemma 5.7 implies that M∗

η is full with respect

to ΣM∗
η(ξ),

�U�η-mice and Q(π
�Uη(ξ + 1)) is full with respect to ΣQ(π

�Uη (ξ)),�U∗∗ -mice

where �U∗∗ = (�U∗)M�U∗

b . This means that Q(π
�Uη(ξ + 1)) = M

�U∗
η

b . Let i = π
�Uη

and j = π
�U�η� �U∗

η

b . Let W = M
�U�η� �U∗

η

b . Then i : Mη → Q and j : Mη → W . We
also have that i(ξ + 1) = j(ξ + 1) =def γ and Q(γ) = W(γ).

Let K∗ be the last model of J
�E,ΣM∗

η(ξ),�U�η (M∗
η)-construction of K and let K∗∗ =

S(K∗) be the stack over K∗ (see Section 5.1). Notice that the extenders derived from
i and j can be applied to K∗∗. Let then Q∗ = Ult(K∗∗, Ei) and W∗ = Ult(K∗∗, Ej)
where Ei is (δ

Mη , δQ)-extender derived from i and Ej is (δ
Mη , δW)-extender derived

from j. Then it follows from Lemma 5.3 that

Q∗ = S(Q∗|δx) and W∗ = S(W∗|δx)

We can now compare Q∗ and W∗. This produces S and iteration embeddings
m : Q∗ → S and n : W∗ → S. We abuse our notation and let i and j act on K∗∗.
Notice that i ◦m(δx) = j ◦ n(δx). It follows from Lemma 5.2 that the set

{β < o(K∗∗) : m(i(β)) = n(j(β))}

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



5.6. Γ(P,Σ) WHEN LP IS SUCCESSOR 129

contains an ω-club. Let C be such a club. Let δ = δM
∗
η . Then we have that

s =def δ ∩HullK
∗∗

1 (M∗
η(ξ) ∪ C)

is cofinal in δ, and because m � i(δ) = n � j(δ),
m ◦ i[s] = n ◦ j[s].

This means that

i[s] = j[s].

Hence, rng(i)∩ rng(j)∩ i(δ) is cofinal in i(δ) and rng(i)∩ rng(j)∩ j(δ) is cofinal in
j(δ). But because i(δ) = j(δ), using Lemma 1.13, we get that b is the last branch

of �Uη, contradictions! �
The following is an easy corollary of Theorem 2.42 and Lemma 5.11.

Corollary 5.12. Assume AD+ + V = L(P(R)). Suppose for some α such
that θα < θ, Γ = {A ⊆ R : w(A) < θα}. Let Γ∗ be a good pointclass such
that Γ ⊆ ΔΓ˜∗ and let F be as in Theorem 2.25 for Γ∗. Suppose x is such that

F (x) = (N ∗
x ,Mx,Σx, δx, ) is defined and (N ∗

x , δx,Σx) Suslin, co-Suslin captures
(AΓ, A) where A ⊆ R is such that w(A) ≥ θα. Suppose for some β, the hod mouse
construction of N ∗

x |δx reaches (Nβ,Pβ ,Σβ, δβ)
8 such that w(Code(Σβ)) < θα+1.

Suppose for every α < β, Σα has branch condensation. Then Σβ is positional and
commuting.

We then have that (P,Σ) and (Q,Λ) are two hod pairs that are constructed via
hod pair construction of some N ∗

x then (P,Σ) and (Q,Λ) can be compared. Our
next block of lemmas go towards showing that the hod pair constructions produce

strategies that are strongly guided by some �B. We start by showing that there is
always a “nice” pointclass associated to hod pairs (P,Σ) such that Σ is fullness
preserving and has branch condensation. If λP is limit then the “nice” pointclass
we have in mind is Γ(P,Σ). In the next subsection our main goal is to describe this
‘nice” pointclass in the case λP is a successor.

5.6. Γ(P,Σ) when λP is successor

We assume AD+ + V = L(P(R)) throughout this section. Suppose (P,Σ)
is a hod pair such that λP is a successor ordinal and Σ has branch condensation
and is fullness preserving. Because hod pair constructions produce super fullness
preserving strategies, we assume that Σ is in fact super fullness preserving. It
then follows that for any tail (Q,Λ) of (P,Σ), Code(MiceΛQ− ) ≤w Code(Σ). By

Lemma 5.9, Code(Σ) is Suslin, co-Suslin and, therefore, there is a scaled pointclass
closed under continuous images and preimages and ∃R which contains MiceΣP− .
We let Γ∗

Σ be the least such pointclass. The next lemma shows that Γ∗
Σ is the

boldface version of some good pointclass and more.

Lemma 5.13. Suppose (P,Σ) is a hod pair such that λP is a successor and
Σ has branch condensation and is super fullness preserving. There is then a tail
(Q,Λ) of (P,Σ) such that

Γ∗
Λ = (Σ˜2

1(Code(ΛQ−)))
L(MiceΛQ− ,R)

,

8We allow β = −1 in which case (Nβ ,Pβ ,Σβ , δβ) = ∅.
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130 5. HOD PAIR CONSTRUCTIONS

and the complement of Code(MiceΛQ− ) is not in Γ∗
Λ.

Proof. Towards a contradiction, suppose our claim is false. Notice that be-
cause Σ is super fullness preserving, Code(MiceΣP− ) < w(Code(Σ). Thus, our
claim fails in L(Σ,R) implying that whenever (Q,Λ) is a tail of (P,Σ), we must

have that Γ∗
Λ ⊆ (Σ˜2

1(Code(ΛQ−)))
L(MiceΛQ− ,R)

. There is then some set of reals
A ∈ L(Σ,R) such that Code(Σ) <w A, A is Suslin, co-Suslin in L(Σ,R) and our
claim is false in Lα(A,R) where α is the least A-admissible ordinal, i.e., whenever

(Q,Λ) is a tail of (P,Σ), we must have that Γ∗
Λ ⊆ (Σ˜2

1(Code(ΛQ−)))
Lα(MiceΛQ− ,R)

.
It follows that whenever (R,Ψ) is a tail of (P,Σ), MiceΨR− <w A. We can then
let B ⊆ R be a set codding the structure

(Lα(A,R), (P,Σ),∈)

along with its first order theory.
Next we fix a good pointclass Γ such that Code(Σ), B ∈ ΔΓ˜ and Γ∗

Σ ⊆ ΔΓ˜.Let F be as in Theorem 2.25 and let x be such that (N ∗
x , δx,Σx) Suslin, co-Suslin

captures (CΓ, C), B and Code(Σ) where C is a set of reals such that w(C) = w(Γ).
Let (Nβ,Pβ ,Σβ , δβ : β < ς) be the output of the hod pair construction of N ∗

x |δx.
By the proof of Theorem 2.28, there is β such that (Pβ,Σβ) is a tail of (P,Σ).

Notice that if γ ∈ (δβ, δx) and if W is the last model of J �E,Σβ−1 -construction
of Nβ where the extenders used in the construction have critical points > γ then W
has a Woodin cardinal. This is because if R ∈ pI(P,Σ)∩N ∗

x |(δ+β−1)
N∗

x is such that

R(β− 1) = Pβ−1 then R iterates to some initial segment of W and the iteration is
above δβ−1. Using then S-constructions, namely Theorem 3.43, we get

Nβ � “the least strong cardinal is a limit of Woodin cardinals”.

(This is because for a club of η < δx, Lp
Σβ−1(N ∗

x |η) � “η is Woodin”.) Moreover, it
follows from Lemma 2.13 that if η is a strong cutpoint ofNβ then LpΣβ (Nβ |η) � Nβ .

We let (Q,Λ) = (Pβ ,Σβ) and N = Nβ . Let κ be the least strong cardinal
of N . Let g ⊆ Coll(ω,< κ) be N ∗

x -generic. Let R̄ = R ∩ N ∗
x [g], B̄ = N ∗

x [g] ∩
B, Σ̄ = Σ � HCN∗

x [g], Λ̄ = Λ � HCN∗
x [g], Ā = A ∩ N ∗

x [g] and ᾱ be such that
(Lᾱ(Ā, R̄), (P, Σ̄), Γ̄Σ̄,∈) is the structure coded by B̄. Then

(Lᾱ(Ā, R̄), (P, Σ̄),∈) ≺1 (Lα(A,R), (P,Σ),∈).

Let M be the derived model of N at κ in N ∗
x [g]. Let C = MiceΛQ− and let

C̄ = C ∩ HCN∗
x [g]. Then we claim that C̄ ∈ M . The proof is like the arguments

used in the proof of Lemma 5.5 and Lemma 5.7.

Claim. C̄ ∈ M . In fact, M � C̄ = MiceΛ̄Q− .

Proof. First fix (y,M) ∈ C̄. We need to show that M � “M is a sound Λ̄Q− -
mouse over y projecting to y”. For this we need to describe a strategy for M in M .
Let then η be a Woodin cardinal of N such that y ∈ N [g∩Coll(ω, η)]. Let ν be the

least Woodin of N above η. Let N ∗ be the last model of J �E,ΛQ− (y)-construction of
N|ν[g ∩Coll(ω, η)]. Then as in the proof of Lemma 5.5 and Lemma 5.7, M � N ∗.

Let ((Mξ,Nξ : ξ ≤ ν), (Fξ : ξ < ν)) be the output of J �E,ΛQ− (y)-construction
of N|ν. We have just shown that there is ξ such that C(Nξ) = M. It follows then
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5.6. Γ(P,Σ) WHEN LP IS SUCCESSOR 131

that to show that M is iterable in M , it is enough to show that Nξ is ωM
1 + 1-

iterable in M for non-dropping trees. For this, it is enough to show that if γ ∈ [η, ν]
is a successor cardinal of N ∗

x and Ψ ∈ N ∗
x [g] is the fragment of the strategy of N ∗

x |γ
that acts on stacks which never drop and are above η then Ψ � HCM ∈ M . This
follows from clause 8 of Theorem 2.25. This completes our proof that if (y,M) ∈ C̄
then M has an iteration strategy in M .

On the other hand, if (y,M) is such that M � “M is a sound Λ̄Q− -mouse
over y projecting to y” then in fact, M is iterable. This can be seen by repeating
the above proof. If η is a Woodin cardinal of N such that M ∈ N [g ∩ Coll(ω, η)]
and ν is the least Woodin cardinal of Nβ above η, then M can be reached by the

J �E,ΛQ− -construction of N|ν[g ∩ Coll(ω, η)]. We then get that C̄ ∈ M . �
Notice now that M � “Code(C̄) ∈ Σ2

1(Code(Λ̄Q−))” and hence,

(Γ∗
Λ)

Lᾱ(Ā,R̄) ⊆ (Σ˜2
1(Code(Λ̄Q−)))M .

To finish, we just need to show that M � “C̄c isn’t Suslin” as it will imply that
M � “Code(C̄) is a universal Σ2

1(Code(Λ̄Q−)) set”.
To see this, suppose C̄ is Suslin co-Suslin in M . Then C̄ ∈ (Δ˜ 2

1(Code(Λ̄Q−)))M

implying that there is a sjs �A = (Ai : i < ω) ∈ M such that A0 = C̄ and A1 = C̄c.
Let then η be a Woodin cardinal of N such that there are κ-complementing trees

T, S ∈ N [g ∩ Coll(ω, η)] such that (p[T ])N [g] = �A and (p[S])N [g] = ( �A)c. Let ν be
the least Woodin cardinal of N above η. Let T ∗, S∗ ∈ N|(ν+)N [g ∩ Coll(ω, η)] be
the ν-complementing subtrees of T and S respectively. Then let X ≺ N|(ν+)N [g∩
Coll(ω, η)] be such thatX ∈ N [g∩Coll(ω, η)], η+1 ⊆ X, X∩ν ∈ ν and T ∗, S∗ ∈ X.
Let π : H → N|(ν+)N [g ∩Coll(ω, η)] be the collpase of X. Let ν∗ = π−1(ν). Then
H � “ν∗ is Woodin”. Moreover, by Lemma 2.21, LpΛQ− (H|ν∗) ∈ H. Hence, by
Lemma 3.43, N � “ν∗ is Woodin”. However, ν∗ ∈ (η, ν) contradicting the fact that
ν is the least Woodin of N above η. This contradiction completes our proof. �

Suppose now (P,Σ) is a hod pair such that λP is a successor, Σ is super fullness
preserving and has branch condensation and

Γ∗
Σ = (Σ2

1(Code(ΣP−)))
L(MiceΣP− ,R)

.

We then let ΓΣ = Γ∗
Σ. Notice that ΓΣ is a lightface good pointclass. Also MiceΣP−

belongs to ΓΣ and is a universal ΓΣ set. We let

Γ(P,Σ) = {A : for cone of x ∈ R, A ∩ CΓΣ
(x) ∈ CΓΣ

(x)} = Env(ΓΣ).

Notice that if (Q,Λ) is a tail of (P,Σ) then Γ(Q,Λ) = Γ(P,Σ).

Lemma 5.14. Suppose (P,Σ) is a hod pair such that λP is a successor, Σ is
super fullness preserving and has branch condensation and ΓΣ is defined. Then for
any real x coding P−,

CΓΣ
(x) = LpΣP− (x).

Proof. First we show that the claim is true for a cone of x. We clearly
have that for every x, LpΣP− (x) ⊆ CΓΣ

(x). Let M = Code(MiceΣP− ) and N =
{(x, y) : y ∈ CΓΣ

(x)}. Towards a contradiction, suppose that for a cone of x,
CΓΣ

(x) � LpΣP− (x). We claim that this implies that M <w N . To see this,
suppose that N ≤w M . Let y be a base of this cone and fix a real z coding a
Wadge reduction of N to M . Let (T ,Q) ∈ I(P,Σ) be such that T is above P− and
(y, z) is generic for the extender algebra of Q at δQ. We have that for comeager
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132 5. HOD PAIR CONSTRUCTIONS

many generic reals w coding (Q|δQ, z, y), CΓΣ
(w) = CΓΣ

(Q|δQ, z, y)[w]. Fix one
such w.

Then by super fullness preservation of Σ, we get that

(1) M ∩HCQ[w] ∈ Q[w].

This also means that N ∩ Q[w] ∈ Q[w] and in particular, CΓΣ
(w) ∈ Q[w]. But

we have that

CΓΣ
(w) � LpΣP− (w).

To get a contradiction, we have to show that

RQ[w] ⊆ LpΣP− (w).

This follows from Lemma 3.42: Q[w] can be reorganized as ΣQ−-mouse over w
giving what we want. This contradiction shows that for a cone of x, CΓΣ

(x) ⊆
LpΣP− (x), and hence,

CΓΣ
(x) = LpΣP− (x).

We now need to show that CΓΣ
(x) = LpΣP− (x) for all x coding P−. Fix, then,

such a real x. Let y be a real such that whenever y ≤T z, CΓΣ
(z) = LpΣP− (z). Fix

a good pointclass Γ such that Code(Σ) ∈ ΔΓ˜. Let F be as in Theorem 2.25 and

let z be such that F (z) = (N ∗
z ,Mz,Σz, δz) is define and (N ∗

z , δz,Σz) Suslin, co-

Suslin captures Code(Σ) and z codes x, y. Let N be the last model of J �E,ΣP− (P−)
construction of N ∗

z |δz. Let δ < ν be the first two Woodin cardinals of N above
P−. (That there are such Woodin cardinals follows from the proof of Lemma 5.13
especially from the argument that the least strong of Nβ is a limit of Woodin
cardinals). Then (x, y) is generic over N for the extender algebra at δ and at ν.

Let M be the last model of J �E,ΣP− (x)-construction of N [x]. Then ν is Woodin in
M and y is generic over M for the extender algebra at ν. Because of the choice of y,
Lemma 3.42 and universality of M, we have that CΓΣ

(M|ν) ⊆ M. But CΓΣ
(x) ⊆

CΓΣ
(M|ν), and hence, CΓΣ

(x) ⊆ M|ν. This implies that CΓΣ
(x) ⊆ LpΣP− (x), and

hence, CΓΣ
(x) = LpΣP− (x). �

It follows that the complement of Code(MiceΣP− ) doesn’t carry a scale in
Γ(P,Σ) and also that the complement of Code(MiceΣP− ) carries a scale all of
whose norms are in Γ(P,Σ). The following is a consequence of the aforementioned
fact.

Lemma 5.15. Suppose (P,Σ) is a hod pair such that λP is a successor, Σ is
super fullness preserving and has branch condensation and ΓΣ is defined. Then
Code(Σ) 	∈ Γ(P,Σ).

Proof. Suppose that Code(Σ) ∈ Γ(P,Σ). Then Code(Σ) ∩ CΓΣ
(x) ∈ CΓΣ

(x)
for a cone of x. Let y be a base of this cone and let (T ,Q) ∈ I(P,Σ) be such that
T is above P− and (y,P) is generic over Q for the extender algebra at δQ. Then
we must have that Code(Σ)∩Q[y] ∈ Q[y]. This then means that Q[y] can compute
T and thus, δQ is countable in Q[y], contradiction! �
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5.6. Γ(P,Σ) WHEN LP IS SUCCESSOR 133

Lemma 5.16. Suppose now (P,Σ) is a hod pair such that λP is a successor, Σ
is super fullness preserving and has branch condensation and ΓΣ is defined. Then
there is a tail (Q,Λ) of (P,Σ) such that

P(R) ∩ L(Γ(Q,Λ),R) = Γ(Q,Λ).

Proof. Towards a contradiction suppose that there is no such tail. Notice
that for every tail (Q,Λ) of (P,Σ), Code(Σ) 	∈ Γ(Q,Λ) as otherwise Code(Λ) ∈
Γ(Q,Λ). This implies that if AQ,Λ ∈ L(Γ(Q,Λ),R) is of least Wadge rank such
that AQ,Λ 	∈ Γ(Q,Λ) then AQ,Λ ≤w Code(Σ). Let αQ,Λ be the least ordinal γ such
that AQ,Λ is definable over Lγ(Γ(Q,Λ),R). Then the structure

(LαQ,Λ
(Γ(Q,Λ),R),∈)

can be coded by a set, say BQ,Λ ⊆ R, such that BQ,Λ is projective in Code(Σ). Let
γ = sup(�T ,Q)∈I(P,Σ) αQ,ΣQ . Then γ < δ21(Code(Σ)). Let β > γ be the least ordinal

ξ > γ such that

Lξ(Code(Σ),R) � “ZF −Replacement”.

We can then fix A ⊆ R which codes Lβ(Code(Σ),R). Notice that the statement that
“for any tail (Q,Λ) of (P,Σ), Γ(Q,Λ) ∩ L(Γ(Q,Λ),R) 	= Γ(Q,Λ)” is a projective
fact about A and Code(Σ). Let then B ⊆ R code the theory of (HC,A,Σ,∈) with
real parameters. We can then fix a good pointclass Γ such that ΔΓ˜ contains all sets

projective in Code(Σ) and B ∈ ΔΓ˜.Let now F be as in Theorem 2.25 and let x be such that F (x) is defined and
(N ∗

x , δx,Σx) Suslin, co-Suslin captures B. Notice that if η < δx, g ⊆ Coll(ω, η) is
N ∗

x -generic, A
∗ = A ∩ N ∗

x [g], Σ
∗ = Σ � HCN∗

x [g], and B∗ = B ∩ N ∗
x [g] then

(HCN∗
x [g], A∗,Σ∗,∈) ≺ (HC,A,Σ,∈).

Next we have that there is some γ such that the γth model of hod pair con-
struction of N ∗

x is a tail of (P,Σ). We let (N ,Q,Λ) = (Nγ ,Pγ ,Σγ). Then, as in
Lemma 5.13, the least strong cardinal of N is a limit of Woodin cardinals. Let
κ be the least strong cardinal of N and let g ⊆ Coll(ω,< κ) be N ∗

x -generic. Let
A∗ = A ∩ N ∗

x [g], Σ
∗ = Σ � HCN∗

x [g], Λ∗ = Λ � HCN∗
x [g], B∗ = B ∩ N ∗

x [g], and
R∗ = R ∩ N ∗

x [g]. Let

Γ∗ = {E ⊆ R∗ : L(A∗,R∗) � “ for cone of y, E ∩ CΓΛ∗
Q−

(y) ∈ CΓΛ∗
Q−

(y)”}.

Then we have that there is some α such that there is a subset of R∗ definable over
Lα(Γ

∗,R∗) which is not in Γ∗. Let C be this set. We let M be the derived model
of N at κ in N ∗

x [g]. We have that by the proof of Lemma 5.13 and the choice of A,
for any y ∈ R∗

(LpΛ
∗
Q− (y))L(A∗,R∗) = (LpΛ

∗
Q− (y))N

∗
x [g] = (LpΛ

∗
Q− (y))M .

It then follows from Lemma 5.14, that for any y ∈ R∗

(CΓΛ∗
Q−

(y))L(A∗,R∗) = (CΓΛ∗
Q−

(y))M
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134 5. HOD PAIR CONSTRUCTIONS

We claim that Γ∗ = (P(R∗))M . Suppose E ∈ Γ∗. Then there is a real z ∈ N ∗
x [g]

such that z codes a Wadge reduction of E to A∗. Let now G be the set of reals
which is Wadge reducible to A via z. Then, E = G ∩ N ∗

x [g]. Now, if G 	∈ Γ(Q,Λ)
then this statement is a projective sentence about (HC,A,Σ, z) and therefore, that
sentence holds in

(HCN∗
x [g], A∗,Σ∗, z)

implying that E 	∈ Γ∗. This contradiction shows that G ∈ Γ(Q,Λ). It then follows
that G ∩ N (R∗) ∈ N (R∗). (Whenever h ⊆ Coll(ω,R∗) is an N (R∗)-generic, G ∩
N (R∗)[h] ∈ N (R∗)[h]. Therefore, G ∩ N (R∗) ∈ N (R∗).) But E = G ∩ N (R∗) and
hence, E ∈ N (R∗). Because L(E,R∗) � AD+, we have that E ∈ M . This shows
that Γ∗ ⊆ M .

Let now E = Code(MiceΛQ− ) ∩ N ∗
x [g]. Then we have already shown that

E ∈ M (see the proof of Lemma 5.13) and moreover, the complement of E doesn’t
have a scale in M . For this reason for any set F ∈ M , we have that in M , for a
cone of x, F ∩ CΓΛ∗

Q−
(x) ∈ CΓΛ∗

Q−
(x). Hence, F ∈ Γ∗.

We then immediately obtain a contradiction because what we have shown is
that M = L(Γ∗,R∗) and (P(R∗))M = Γ∗, while because of our assumption, we
have that Γ∗ 	= P(R∗) ∩ L(Γ∗,R∗). �

Finally, as a corollary to Lemma 5.14 and Lemma 5.16, we obtain that MC
holds in L(Γ(P,Σ),R).

Corollary 5.17. Suppose (P,Σ) is a hod pair such that λP is a successor, Σ
is fullness preserving and has branch condensation such that ΓΣ is defined. Then

whenever (�T ,Q) ∈ I(P,Σ) and α < λQ,

L(Γ(P,Σ),R) � “MC with respect to ΣQ(α)”.

5.7. B-iterability

In this section we show that hod pair constructions produce pairs whose strat-

egy is guided via some �B.

Lemma 5.18 (Strong B-condensation). Assume AD++V = L(P(R)). Suppose
(P,Σ) is such that λP is a successor, Σ has branch condensation and is super
fullness preserving and Γ(P,Σ) is defined. Suppose B ∈ (B(P−,ΣP−))L(Γ(P,Σ),R)

and suppose B∗ ⊆ R codes B. Let Γ be a good pointclass such that MiceΣP− ∈ ΔΓ˜
and there is sjs �A ∈ ΔΓ˜ such that A0 = MiceΣP− . Let F be as in Theorem 2.25

for Γ. Then for cone of x such that F (x) = (N ∗
x ,Mx,Σx, δx, ) is defined and

(N ∗
x , δx,Σx) Suslin, co-Suslin captures Code(Σ), �A and B∗ if β is such that letting

(Nβ+1,Pβ+1,Σβ+1) be the β + 1st triple constructed via the hod pair construction
of N ∗

x |δx, (Pβ+1,Σβ+1) is a tail of (P,Σ), then Σβ+1 strongly respect B.

Proof. Let Γ∗ = Γ(P,Σ). Because w(Γ∗) = θΓ
∗
is a successor Suslin cardinal,

we must have that θΓ
∗
has cofinality ω. It follows then that we can fix (Bi : i <

ω) ⊆ (B(P−,ΣP−))L(Γ∗,R) such that

(1) Bi ∈ B(P−,ΣP−),
(2) B0 = B,
(3) for any tail (Q,Λ) of (P,Σ), ((Bi)(Q−,ΛQ− ) : i < ω) is cofinal in θΓ

∗
.
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5.7. B-ITERABILITY 135

Let η > θΓ
∗
be the least such that

Lη(Γ
∗,R) � KP

and let A ⊆ R be a set of reals coding Lη(Γ
∗,R). Let C be a set of reals coding the

the first order theory of

(HC,A, (P,Σ), (Bi : i < ω),∈).

Let then x be such that (CΓ, C) is Suslin, co-Suslin captured by (N ∗
x ,Σx)

9.
As in the proof of Lemma 5.7, we have that the first strong cardinal of Nβ+1 is

a limit of Woodin cardinals. Let ν be the least strong cardinal of Nβ+1 and let Q =

Lp
Σβ
ω (Nβ+1|ν). Let g ⊆ Coll(ω,< ν) be N ∗

x -generic. Let Γ∗∗ = (Γ(P,Σ))N
∗
x [g].

Then it follows from the proof of Lemma 5.16, that if M is the derived model of Q
at ν computed in N ∗

x [g], then

M = L(Γ∗∗,R).

Let R∗ = R ∩ N ∗
x [g] and B∗

i = Bi ∩ N ∗
x [g]. We have that if η∗ > θM is the least

such that Lη∗(Γ∗∗,R∗) � KP then

Lη∗(Γ∗∗, B∗
i ,R

∗) ≺ Lη(Γ
∗, Bi,R).

Because each Bi is OD in Lη(Γ
∗, Bi,R), we must have that each B∗

i is OD in
Lη∗(Γ∗∗,R∗). Let s be a sequence of ordinals defining B∗

0 in Lη∗(Γ∗∗,R∗).
Suppose now towards a contradiction that no tail of Σβ+1 strongly respects B.

Let Λ be the induced strategy of Q. Then it follows from the proof of Lemma 5.7
that Λ is fullness preserving. Let δ = δβ+1 and let h = g ∩Coll(ω, (δ+ω)N

∗
x [g]). We

then get (�Ti, �Si,Qi,Ri, πi, σi, ji : i < ω) ∈ N ∗
x [g] such that

(1) (�Ti, �Si : i < ω) ∈ N ∗
x [h],

(2) Q0 = Q, �T0 is a stack onQ0|δ according to Λ with last modelQ1, π1 = π
�T0 ,

�S0 is a stack on Q0|δ with last model R0, σ0 = π
�S0 and j0 : R0 → Q1,

(3) �Tk is a stack on Qk|(πk−1 ◦ ... ◦ π0(δ)) according to Λ with last model

Qk+1, πk = π
�Tk , �Sk is a stack on Qk|(πk−1 ◦ ... ◦ π0(δ)) with last model

Rk, σk = π
�Sk and jk : Rk → Qk+1,

(4) for all k < ω, πk = jk ◦ σk,

(5) jk(τ
Rk,Ψk

B ) 	= τ
Qk+1,Λκ+1

B .

Let Qω be the direct limit of Qi’s under πi. Let for i ≤ ω, Λi be the corresponding
tail of Λ and let Ψi = Λji

i+1. We then, working in N ∗
x [g], simultaneously iterate Qi

and Ri to make R∗-generic in the following way.
Let (xi : i < ω) be a generic overN ∗

x [g]-enumeration of R∗. We do our genericity
iteration in a way that it produces (Qi

k,Ri
k, π

i
k, σ

i
k, j

i
k, : i, k < ω) such that

(1) (Qi
0,Ri

0, π
i
0, σ

i
0, j

i
0) = (Q0,R0, π0, σ0, j0),

(2) Qi+1
k is an iterate of Qi

k to make xk generic at the kth Woodin of Qi
k,

(3) Ri+1
k is an iterate of Ri

k to make xk generic at the kth Woodin of Ri
k,

(4) πi
k : Qi

k → Qi
k+1 is the iteration map,

(5) σi
k : Qi

k → Ri
κ and jik : Ri

k → Ri
k+1 are such that πi

k = jik ◦ σi
k,

(6) all the iteration embeddings fix ν.

9One can show that C ∈ ΔΓ
˜

, we leave it to the reader.

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



136 5. HOD PAIR CONSTRUCTIONS

We can obtain such an iteration by lifting genericity trees from the earlier models
to the current model and then starting a genericicty iteration of the current model.
We then get (Qω

k ,Rω
k , π

ω
k , σ

ω
k , j

ω
k , : k < ω) such that

(1) Qω
k and Rω

k are the direct limits of respectively Qi
k and Ri

k under the
corresponding iteration embeddings,

(2) πω
k : Qω

k → Qω
k+1, σ

ω
k : Qω

k → Rω
κ and jωk : Rω

k → Rω
k+1 are such that

πω
k = jωk ◦ σω

k .

Notice that the direct limit of Qω
k is well-founded as the entire matrix can be lifted

to Qω.
We must then have that for some k, for all n ≥ k, πω

n(s) = s. Let Λω
k be the

corresponding tail of Λk and let Ψω
k be the corresponding tail of Ψk. Using the

proof of Lemma 5.16, it is not hard to show that the derived model of Qω
k at ν as

computed in N ∗
x [g] is L(Γ

∗∗,R∗). This implies that for all n ≥ k,

πω
n (τ

Qω
n,Λ

ω
n

B ) = τ
Qω

n+1,Λ
ω
n+1

B .

Also, for all n ≥ k, σω
n (s) = s and jωn (s) = s. Therefore,

σω
n (τ

Qω
n,Λ

ω
n

B ) = τ
Rω

n,Ψω
n

B ;

jωn (τ
Rω

n,Ψω
n

B ) = τ
Qω

n+1,Λ
ω
n+1

B .

This contradiction completes our proof. �

5.8. Strongly �B-guided strategies

Here we show that a tail of a hod pair is strongly �B-guided.

Lemma 5.19 (Strongly �B-guided strategies). Assume AD+ + V = L(P(R)).
Suppose (P,Σ) is such that λP is a successor, Σ has branch condensation and is

super fullness preserving and Γ(P,Σ) is defined. Then there is �B = (Bi : i < ω) ⊆
(B(P−,ΣP−))L(Γ(P,Σ),R) such that some tail of (P,Σ) is strongly guided by �B.

Proof. Let Γ = Γ(P,Σ). Because all successor Suslin cardinals have cofinality
ω and because it follows from the definition of Γ(P,Σ) that θΓ is a successor Suslin
cardinal, we have that cf(θΓ) = ω. Let (αi : i < ω) be an increasing sequence
cofinal in θΓ. It follows then that we can fix (Bi : i < ω) ⊆ (B(P−,ΣP−))L(Γ,R)

such that

(1) Bi ∈ B(P−,ΣP−),
(2) for any tail (Q,Λ) of (P,Σ), ((Bi)(Q−,ΛQ− ) : i < ω) is cofinal in θΓ.

Using Lemma 5.18, we can assume without loss of generality, that Σ strongly re-
spects Bi for each i.

Let now C = MiceΣP− . Then there is a sequence �A = (Ai : i < ω) ⊆
(OD(ΣP−))L(Γ,R) such that �A is a semi-scale on Cc. Suppose φi and si ∈ Ord<ω

are such that

x ∈ Ai ↔ L(Γ,R) � φi[ΣP− , si, x].

Let then A∗
i ∈ (B(P−,ΣP−))L(Γ∗,R) be such that

((Q,Λ), y) ∈ A∗
i ↔ L(Γ,R) � α(Q,Λ) = α(P−,ΣP−) ∧ φ[Λ, si, y].
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5.9. SUMMARY 137

Using the proof of Lemma 5.1810, we can find a tail (Q,Λ) of (P,Σ) such that
Q− = P− and Λ respects A∗

i for stacks that are above δQ
λQ−1

. It then follows from
Lemma 2.21 that

supi<ω γQ,Λ
A∗

i
= δQ.

Claim. supi<ω γQ,Λ
Bi

= δQ.

Proof. To see this, suppose not. Let δQ = δ and let γ = supi<ω γQ,Λ
Bi

. Let

X = HullQ1 (Q− ∪ {τQ,Λ
Bi

: i < ω}).

We claim that X ∩ (δ+) < δ+. First fix i such that γQ
A∗

i
> γ. Let then U ∈ Q be the

tree on Qabove Q− that makes Q|δ-generic. Then δ(U) = (δ+)Q. Letting b ∈ Q
be any branch of U that moves A∗

i -correctly, we have that X ∩ (δ+)Q ⊆ πU
b (γ). On

the other hand, notice that if

Y = HullQ1 (Q− ∪ {τQ,Λ
A∗

i
: i < ω})

then Y ∩ (δ+)Q = δ+ and hence, there is some i such that X ∈ HQ,Λ
A∗

i
.

It then follows that for every k, (Bk)(Q−,ΛQ− ) can be computed from Ai,

MiceΛQ− and Q in L(Γ,R): y ∈ (Bk)(Q−,ΛQ− ) if letting R be a ΛQ− -correct

iterate of Q via a non-dropping tree which is above Q− such that y is generic for

the extender algebra of R at δR, R[y] ��Coll(ω,δR) “y̌ ∈ π(Q,A∗
i ),(R,A∗

i )
(τ

Q,ΛQ−
Bk

)”.

The equivalence follows from the fact that Λ respects A∗
i and (Bk : k < ω). This is

then a contradiction as it implies that supk<ω(Bk)Q−,ΛQ− < w((A∗
i )Q−,ΛQ− < θΓ

while supk<ω(Bk)Q−,ΛQ− = θΓ. �

It is now easy to check, using the fact that Σ respects Bi and that the iteration
embeddings are continuous at δQ, that whenever R ∈ pI(Q,Λ),

supi<ω γ
R,ΛR−
Bi

= δR.

It then follows that Λ is indeed strongly guided by (Bi : i < ω). �

5.9. Summary

The following theorem summarizes most of what we have proved in this chapter.

Theorem 5.20. Assume AD+ + V = L(P(R)). Suppose (P,Σ) is a hod pair
such that Σ has a branch condensation and is fullness preserving and Γ(P,Σ) is
defined. There is then Q ∈ pI(P,Σ) such that whenever R ∈ pI(Q,ΣQ), α < λR

and B ∈ (B(R(α),ΣR(α)))
L(Γ(R(α+1),ΣR(α+1)))

(1) ΣR(α+1) is super fullness preserving and there is

�B = (Bi : i < ω) ⊆ (B(R(α),ΣR(α)))
L(Γ(R(α+1),ΣR(α+1)))

such that �B strongly guides ΣR(α+1),
(2) there is S ∈ pI(R(α+ 1),ΣR(α+1)) such that ΣS respects B.

10We can essentially apply the lemma to ΣP− -hod mice.
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138 5. HOD PAIR CONSTRUCTIONS

Proof. The proof is by induction. Suppose λP = 0. Then what we want to
prove has already been established in Lemma 5.18 and Lemma 5.19. Suppose then
λP = α + 1 and our theorem is true for (P(α),ΣP(α)). Let then Q ∈ pI(P,Σ) be

such that the conclusion of our theorem is true for (Q−,ΣQ−). In this case, we can
again finish by just citing Lemma 5.18 and Lemma 5.19, as all we have to do now
is to prove the theorem for λQ. If λP is limit but of non-measurable cofinality then
by induction hypothesis we can assume that for every α < λP , the conclusion of the
theorem is true for (P(α),ΣP(α)) and therefore, it is true for (P,Σ). The only hard

case, then, is when λP has a measurable cofinality in P. Without loss of generality,
by changing P if necessary, we can assume that for every α < λP , the conclusion of
our theorem is true for (P(α),ΣP(α)). To show that the conclusion of our theorem

is true for (P,Σ), fix some R ∈ pI(P,Σ). Let α < λR and let i : P → R be the
iteration embedding. Then because for every γ < λP the conclusion of out theorem
for (P(γ),ΣP(γ)) is true in the derived model of P, we have that the conclusion of
our theorem for (R(α),ΣR(α)) is true in the derived model of R. But this means
that the conclusion of our theorem is true for (R(α),ΣR(α)). �

As a corollary to Theorem 4.24 and Theorem 5.20, we obtain the following
theorem on HOD.

Corollary 5.21 (Computation of HOD revisited). Assume AD+ + V =
L(P(R)). Suppose Γ ⊆ P(R) is such that Γ = P(R)∩L(Γ,R) and L(Γ,R) � SMC.
Suppose further that there is a hod pair (P,Σ) such that Σ has branch condensation
and either

(1) λP is a successor, Σ is fullness preserving and Γ(P,Σ) = Γ
or

(2) λP is limit and Γ(P,Σ) = Γ.

Then L(Γ,R) � φ and if M = M+
∞(P,Σ), H = HODL(Γ,R), �E = �EM and Λ is the

strategy coded by fM then for any α ≤ ΩΓ, θΓα = δMα and

M|θΓα = (V H
θΓ
α
, �E � θΓα,Λ � V H

θΓ
α
,∈).

Thus, working in a model of AD+, if α < Ω then to compute HOD|θα we only
need to produce a hod pair (P,Σ) such that Γ(P,Σ) = {A ⊆ R : w(A) < θα}.
We will show that this is true in any model of AD+ + V = L(P(R)) provided that
there is no proper class inner model containing the reals and satisfying ADR + “Θ
is regular”. We finish this section by showing that the existence of a certain hod
pair implies that there is an inner model of ADR + “Θ is regular” containing the
reals.

Theorem 5.22. Assume AD++V = L(P(R)) and suppose that (P,Σ) is a hod
pair such that λP is limit, δP is a regular cardinal of P and Σ is fullness preserving
and has branch condensation. Then there is a proper class inner model containing
the reals and satisfying ADR + “Θ is regular”.

Proof. Let Γ = Γ(P,Σ). We claim that L(Γ,R) � ADR + “Θ is regular”.
Because of Theorem 3.19, we have that P(R)∩L(Γ,R) = Γ. Then by Corollary 5.21,

if M = M+
∞(P,Σ), �E = �EM, Λ is the strategy coded by fM and H = HODL(Γ,R)

then

M|θΓ = (V H
θΓ , �E � θΓ,Λ � V H

θΓ ,∈).
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5.9. SUMMARY 139

But because ΩΓ is limit,

H � V = L(VθΓ).

Because θΓ = δM and M � “δ is a weakly inaccessible”, we have that H � “θΓ is
weakly inaccessible”. But this implies that L(Γ,R) � “Θ is regular”. Because ΩΓ

is limit, we have that L(Γ,R) � ADR + “Θ is regular”. �
In the next chapter, we will use Theorem 5.22 to prove that hod pair construc-

tions converge.
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CHAPTER 6

A proof of the mouse set conjecture

The main goal of this chapter is to give a proof of the mouse set conjecture
assuming that there is no proper class inner model containing the reals and ordinals
and satisfying ADR + “Θ is regular”. This will be done in Section 6.4. We will
start by proving that assuming there is no proper class inner model containing the
reals and ordinals and satisfying ADR +“Θ is regular”, every mouse full pointclass
can be represented as Γ(P,Σ) for some perhaps anomalous hod pair (P,Σ) (see
Theorem 6.1). Next we will show that, under the aforementioned hypothesis, given
a hod pair (P,Σ) such that Σ has branch condensation and is fullness preserving,
there is a mouse which “captures” a tail of Σ (see Theorem 6.5). In Section 6.4, we
will show that the two aforementioned results imply SMC. The last section of this
chapter is devoted to showing that ADR + “Θ is regular” is a weaker theory then
ZFC+“there is an inner model with a superstring cardinal”.

6.1. The generation of the mouse full pointclasses

In this section, our goal is to show that if SMC holds and Γ is a mouse full
pointclass then there is (P,Σ) such that Γ(P,Σ) = Γ.

Theorem 6.1 (The generation of the mouse full pointclasses). Assume AD++
V = L(P(R)) and suppose there is no M such that P(R)M 	= P(R), R ∈ M ,
Ord ⊆ M and M � “ADR + Θ is regular”. Suppose Γ 	= P(R) is a mouse full
pointclass such that Γ � SMC. Then

(1) If Γ is completely mouse full then letting A ⊆ R witness it, there is
(P,Σ) ∈ L(A,R) such that L(A,R) � “Σ has branch condensation and
is fullness preserving and Γ(P,Σ) = Γ”.

(2) If Γ is mouse full but not completely mouse full then there is a hod pair or
an anomalous hod pair (P,Σ) such that Σ has branch condensation and
Γ(P,Σ) = Γ.

Proof. The proof is by induction. Suppose Γ is a mouse full pointclass such
that whenever Γ∗ is properly contained in Γ and is a mouse full pointclass then
there is a hod pair (P,Σ) as in 1 or 2. We first claim that θΓ isn’t the largest
Suslin cardinal. Towards a contradiction, suppose it is. Then because largest
Suslin cardinal is always regular and because all successor Suslin cardinals are
singular, we must have that θΓ is regular and that ΩΓ is a limit ordinal. But then
L(Γ,R) � “ADR + Θ is regular”, contradiction! We then get that there are good
pointclasses beyond Γ.

Let then A ⊆ R be such that w(A) = Γ and let B = AΓ. For each hod pair
(P,Σ) ∈ Γ, there is a sjs (Ai : i < ω) such that for every i < ω, Ai ∈ Γ and
MiceΓΣ = A0. We then let C be the set of reals σ coding a continuous function
such that σ−1[A] codes a hod pair (P,Σ) such that Code(Σ) ∈ Γ and a sjs (Ai :

141
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142 6. A PROOF OF THE MOUSE SET CONJECTURE

i < ω) ⊆ Γ such that MiceΓΣ = A0. Let Γ∗ be a good pointclass such that
A,B,C ∈ ΔΓ∗ and let F be as in Theorem 2.25 for Γ∗. Let x ∈ dom(F ) be such
that (N ∗

x , δx,Σx) Suslin, co-Suslin captures A,B,C. We claim that some model
of Γ-hod pair construction of N ∗

x is as desired. To prove this, we just show that
otherwise Γ-hod pair constructions never break down and hence, they produce a hod
pair (P,Σ) such that λP is limit and δP is regular inside P. This then implies via
Theorem 5.22 that there is a proper class model of ADR+“Θ is regular” containing
all the reals and ordinals, contradiction!

To show that the Γ-hod pair construction never fail we complete the following
steps.

(1) (P0,Σ0) always exists,
(2) if (Pβ ,Σβ) exists then (Pβ+1,Σβ+1)-exists,
(3) if (Pβ ,Σβ) exists for all β < α where α is limit then (Pα,Σα)-exists.

We start by showing that (P0,Σ0) exists. For this it is enough to show that
there is η < δx such that LpΓ(N ∗

x |η) � “η is Woodin”. The existence of such
an η follows from the fact that because of our choice of x, there is σ ∈ N ∗

x such
that σ−1[A] codes a sjs (Ai : i < ω) ⊆ Γ such that A0 = MiceΓ. It follows
that LpΓ(N ∗

x |δx) � “δx is Woodin”. Next an easy Skolem hull argument using
Lemma 2.21 shows that there is an η < δx such that LpΓ(N ∗

x |η) � “η is Woodin”.
The argument presented here can be used to show that (Pβ+1,Σβ+1) exists as long
as

(1) if β = γ + 1 then Nβ+1 � “δβ is Woodin”,
(2) if β is limit then

(a) no level of Nβ projects across δβ,
(b) no level of Nβ+1 projects across δβ,

(c) (δ+β )
Nβ+1 = (δ+β )

Pβ .

For limit β, to show that (Pβ ,Σβ) exists provided for all γ < β, (Pγ ,Σγ) exists, it
is enough to show that LpΓ,⊕γ<βΣγ (∪γ<βPγ) doesn’t have a level projecting across
δβ.

Towards a contradiction assume that there is β such that Pβ is undefined. Let
β be the least such that Pβ doesn’t exist. We now derive a contradiction provided
that β is limit or is a successor and clause 1, 2a or 2b fail. If it is clause 1 that
fails, we let M�Nβ+1 be the largest initial segment of Nβ+1 such that M � “δβ is
Woodin”. If it is clause 2a that fails, we let M be the first initial segment of Nβ

such that ρ(M) < δβ. Finally if is clause 2b that fails, we let M be the first initial
segment of Nβ+1 such that ρ(M) < δβ . Let Σ be the strategy of M. Notice that
(M,Σ) is an anomalous hod pair: it is of type I if β is a successor and clause 1
fails, it is of type II if β is limit and clause 2a fails and finally, it is of type III if β
is limit and clause 2b fails.

By our assumption, in both cases we have that Code(Σ) ∈ Γ. Also if M is
defined because clause 1 fails then Σ is Γ-fullness preserving and if M is defined
because either clause 2a or 2b fails then for all γ < β, Σγ is Γ-fullness preserving.
Let Ψ = Γ(Pβ ,Σβ) if M is defined because clause 1 fails and let Ψ = Γ(M,Σ)
if M is defined because either 2a or 2b fails (notice that because of our inductive
hypothesis and because of Theorem 2.7, the hypothesis of Theorem 3.27 holds,
and hence, Γ(M,Σ) is defined). We let M = L(Σ,R). Notice that by the above
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6.1. THE GENERATION OF THE MOUSE FULL POINTCLASSES 143

discussion, for all γ such that γ + 1 ≤ β, Σγ+1 is fullness preserving in L(Σ,R).
This also implies that for any γ < β, in M , SMC holds relative to Σγ .

Using Theorem 5.20, we can get a tail (N ,Λ) of (M,Σ) such that if i : M → N
is the iteration embedding then for every γ < β, R ∈ pI(N (i(γ)),ΛN (i(γ))), α < λR

and B ∈ (B(R(α),ΛR(α)))
L(Γ(R(α+1),ΛR(α+1)))

(1) ΛR(α+1) is super fullness preserving and there is

�B = (Bi : i < ω) ⊆ (B(R(α),ΛR(α)))
L(Γ(R(α+1),ΛR(α+1)))

such that �B strongly guides ΛR(α+1),
(2) there is a S ∈ pI(R(α+ 1),ΛR(α+1)) such that ΛS respects B.

Without loss of generality we assume that N = M and Λ = Σ.
We now work in M . Let α be such that θα = supγ<β θCode(Σγ). Then letting

F be the set of triples (Q,Λ,N ) such that

(1) if β is a successor then
(a) (N ,Λ) is an anomalous hod pair of type I as witnessed by Q�N ,
(b) Q�N and (Q,ΛQ) is a hod pair such that ΛQ is fullness preserving

and has branch condensation,
(c) N is a sound ΛQ-mouse over Q such that either ρ(Q) < δQ or there

is a function witnessing non-Woodiness of δQ via extenders in �EQ

definable over N ,
(d) Γ(Q,Λ) = Ψ,

(2) if β is limit then
(a) (N ,Λ) is an anomalous hod pair of type II or III,
(b) the hypothesis of Theorem 3.27 holds for (N ,Λ) where Γ = Ψ
(c) Γ(N ,Λ) = Ψ, Q = N− and ρ(N ) < δN ,
(d) for every ξ < λN , ΛN (ξ) is fullness preserving and has branch con-

densation.

We define ≤∗ on F by (Q,N ,Λ) ≤∗ (R,S,Φ) if S is a Λ-iterate of N and
Φ = ΛS . Using Theorem 2.28 and Theorem 2.33, we can form a direct limit of

(F ,≤∗) under the iteration maps. Let W be this direct limit. Let �E = �EW and Λ
be the strategy coded by fW . Then by our assumption on (M,Σ), using clause 3
of Theorem 4.24, we have that,

W|θα = (V HOD
θα

, �E � θα,Λ � V HOD
θα

,∈).

Moreover, either ρ(W) < θα and W is θα-sound or α is a successor ordinal and
θα is not Woodin in L1[W ]. Because W ∈ HOD, we have that either there is a
bounded OD subset of θα which is not in V HOD

θα
or α is a successor ordinal and θα

isn’t Woodin in HOD. Either way we get a contradiction.
It remains to show that clause 2c cannot fail. Assume then that it fails and

let M � Nβ+1 be such that ρ(M) = δβ and Pβ � M. Let κ = (cf(λPβ ))Pβ

and let f : κ → λPβ ∈ Pβ be an increasing and continuous function unbounded
in λPβ . Let Q = Pβ and δ = δβ. (Notice that clause 2c can only fail when κ
is a measurable cardinal of Pβ .) Regarding M as a subset of δ not in Q, we let

(Mα : α < κ) be such that Mα = M∩ δQf(α). We have that Mα ∈ Q for all α < κ.

Let M∗ = Ultω(M, E) and Q∗ = Ult(Q, E) where E ∈ �EQ is the Mitchell order 0
extender with crit(E) = κ. Then we have that

(P(δ))Q
∗
= (P(δ))M

∗
.
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144 6. A PROOF OF THE MOUSE SET CONJECTURE

Let (M∗
α : α < πE(κ)) be such that M∗

α = M∗ ∩ δQ
∗

πE(f)(α). We have that M∗
α =

πE(Mα) for α < κ. Because Q is Γ-full, we have that P(δ)Q
∗ ⊆ Q and since (M∗

α :

α < κ) ∈ Q∗|(δ+)Q∗
, we get that (M∗

α : α < κ) ∈ Q. Therefore, (Mα : α < κ) ∈ Q
as it can be easily computed from (M∗

α : α < κ). But then M = ∪(Mα : α < κ) ∈
Q producing a contradiction. This completes the proof of Theorem 6.1. �

Using Theorem 5.20, we get the following corollary.

Corollary 6.2. Assume AD+ + V = L(P(R)) + SMC and suppose there is
no M such that P(R)M 	= P(R), R ∈ M , Ord ⊆ M and M � “ADR+Θ is regular”.
Suppose Γ 	= P(R) is a mouse full pointclass such that Γ � SMC1. Then

(1) If Γ is completely mouse full then letting A ⊆ R witness it, there is
(P,Σ) ∈ L(A,R) such that L(A,R) � “Σ has branch condensation and
is fullness preserving and Γ(P,Σ) = Γ”. Moreover, (P,Σ) satisfies the
conditions of Theorem 5.20.

(2) If Γ is mouse full but not completely mouse full then there is a hod pair or
an anomalous hod pair (P,Σ) such that Σ has branch condensation and
Γ(P,Σ) = Γ. Moreover, (P,Σ) satisfies the conditions of Theorem 5.20.

As corollary to Theorem 4.24 and Corollary 6.2, we obtain the following revised
form of Theorem 4.24.

Theorem 6.3 (Revised form of computation of HOD). Assume AD++SMC.
Suppose Γ ⊆ P(R) is a completely mouse full pointclass such that Γ � SMC2.
Then L(Γ,R) � φ and whenever (P,Σ) ∈ Γ is such that α(P,Σ) < ΩΓ, letting

M = M∞(P,Σ)+, �E = �EM, Λ be the strategy coded by fM and H = HODL(Γ,R),
M ⊆ H and for every β ≤ α(P,Σ)

δMβ = θΓβ and M|θΓβ = (V H
θΓ
β
, �E � θβ,Λ � V H

θΓ
β
,∈).

If Γ 	= P(R) then L(Γ,R) � ψ and if M∞ is as in Theorem 4.24, letting M = M∞,
�E = �EM and Λ be the strategy coded by fM, M ⊆ H and for every β ≤ ΩΓ,

δMβ = θΓβ and M|θΓβ = (V H
θΓ
β
, �E � θβ,Λ � V H

θΓ
β
,∈).

6.2. An analysis of stacks

In this section, we present an alternative way of analyzing stacks on hod pre-
mice. Up to now we used essential components of stacks to analyze iterations of hod
premice. Here we will use terminal nodes. We will use the terminology developed
in this section in the proof of Theorem 6.5 and in particular, in the case λP is a
limit ordinal.

Suppose M is a transitive structure and T is an iteration tree on M3. Let S
be a node in T . Then we write T≥S for the component of T that comes after stage
S and T≤S for the component of T up to stage S. We say T is reducible if there
is a node S in T such that T≥S is a tree on S. Otherwise we say T is irreducible.
We say T has a last irreducible component if there is a node S in T such that T≥S
is an irreducible tree on S.

1Again, this requirement can be removed by generalizing Theorem 16.1 of [42] to hod mice.
2Again, this requirement can be removed by generalizing Theorem 16.1 of [42] to hod mice.
3Recall that all trees are normal.
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6.2. AN ANALYSIS OF STACKS 145

Suppose now that P is a hod premouse and �T is a stack on P with normal
components (Mα, Tα : α < η). Recall that the definition of a stack on a hod

premouse P is such that it guarantees that for every α < η, π
�T
0,α : M0 → Mα

exists.

Definition 6.4. We say R is a terminal node in �T if for some α < η and
β < lh(Tα), R = MTα

β and πTα

0,β exists. We say R is a non-trivial terminal node if

letting (α, β) be as in the previous sentence, ETα

β is applied to R.

If R is non-trivial terminal node then ξ
�T ,R is the least ξ such that ETα

β ∈
R(ξ + 1). We also let �TR be the largest initial segment of �T that can be regarded

as a tree on R(ξ
�T ,R+1). Also let π

�T
R be the iteration embedding from P-to-R and

set

tn(�T ) = {R : R is a terminal node in �T }
ntn(�T ) = {R : R is a non-trivial terminal node in �T }.

Notice that if R ∈ tn(�T ) then player I can legitimately start a new round on R.

Next, given two Q,R ∈ tn(�T ) we let Q ��T R if, in �T , Q-to-R iteration embedding

exists. If Q ��T R then we let π
�T
Q,R : Q → R be the iteration embedding given by

�T . Again given two Q,R ∈ tn(�T ) we let Q ��T ,s R if4 Q ��T R and if �U is the part

of �T between Q and R then �U is an iteration of Q. We then let �TQ,R stand for the

part of �T between Q and R.

Suppose now that �T = (Mα, Tα : α < η) is a stack on P and C ⊆ tn(�T ). We

say C is linear if it is linearly ordered by ��T . We say C ⊆ tn(�T ) is strongly linear

if C is linearly ordered by ��T ,s. Suppose C is strongly linear and (Rα : α < η) is

a ��T ,s-increasing enumeration of C. We let lh(C) = η. Suppose further that η is

a limit ordinal. Then we let R�T
C be the direct limit of the Rα under the iteration

embeddings π
�T
Rα,Rβ

. We then say C ⊆ tn(�T ) is closed if it is strongly linear and

for every limit α < lh(C), R�T
C�α ∈ C. Notice that strong linearity implies that for

each limit α < lh(C), R�T
C�α is a node in �T . We say C is cofinal if for every node

S of �T either S ∈ C or there are R ��T ,s Q ∈ C such that S is a node in �TR,Q.

Notice that if C is closed and cofinal and S 	∈ C then there is a ��T ,s-largest R ∈ C

such that for any Q ∈ C such that R ��T ,s Q, S is a node in �TR,Q.

Notice also that if �T doesn’t have a last model but there is a strongly linear

closed and unbounded C ⊆ tn(�T ) then C uniquely identifies the branch of �T .

Indeed, let D = {S ∈ tn(�T ) : ∃R,Q ∈ C(R ��T S ��T Q)}. Let R ∈ D be the

��T -minimal member of D and let b be the set of indices of the nodes of �T between
P and R. Then the union of b with the indices of the nodes of D constitute a
branch bC of �T . It is not hard to see that we have M�T

bC
= R�T

C .

Suppose now that �T doesn’t have a last model and there is no strongly linear

closed and cofinal C ⊆ tn(�T ). It follows that η must be a successor ordinal. Let
α = η − 1 and T = Tα. It then follows that there is S ∈ tn(T ) such that T≥S
is an irreducible tree on S or there is W 	∈ tn(T ), T≥W is a tree on W . Let then
D = {S ∈ tn(T ) : T≥S is a tree on S}. It follows from our discussion that D has a

4“s” stands for “strongly”.
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146 6. A PROOF OF THE MOUSE SET CONJECTURE

��T ,s-largest element. We then let S�T be this largest element. Such an analysis of

stacks is very useful because we have that �TS�T
is a normal tree such that for some

α < λS�T , �TS�T
is based on S�T (α+ 1) and is above δ

S�T
α .

6.3. Capturing of hod pairs

The proof of MSC we will present in the next section uses the fact that hod
pairs can be “captured” in a certain way by ordinary mice. More precisely, given a
hod pair (P,Σ) such that Σ is fullness preserving and has branch condensation, we
can find an ordinary mouse M such that there is Q ∈ pI(P,Σ) such that Q ∈ M
and ΣQ � M is definable over M. Moreover, we will also have that MiceΣQ ∩M
is also definable over M. To prove MSC using such a capturing, we first show that
if the mouse capturing is false and (x, y) ∈ R2 is such that x ∈ OD(y) but x is not
in a y-mouse, then there is a hod pair (P,Σ) such that Σ has branch condensation,
is fullness preserving, and x is in a Σ-mouse over y. Then we capture Σ in some
y-mouse M as above. Letting Q be as above, since MiceΣQ ∩M is definable over
M, we have that x ∈ M. In this section we present the aforementioned capturing
result.

Theorem 6.5 (Capturing of hod pairs). Suppose (P,Σ) is a hod pair such that
Σ is super fullness preserving and has branch condensation. Moreover, suppose
that whenever Q ∈ pI(P,Σ) ∪ pB(P,Σ) is such that λQ is a successor, there is

a sequence �B = (Bi : i < ω) ⊆ (B(Q−,ΣQ−))L(Γ(Q,ΣQ),R) such that �B strongly
guides ΣQ. Suppose Γ is a good pointclass such that Code(Σ) ∈ ΔΓ. Let F be as in
Theorem 2.25 and let x be such that if F (x) = (N ∗

x ,Mx, δx,Σx) then (N ∗
x , δx,Σx)

Suslin captures Code(Σ). Let N ∗ be the last model of J �E-construction of N ∗
x |δx

and let N = L[N ∗]. Then there is Q ∈ pI(P,Σ) ∩N ∗ such that ΣQ � N ∗ ∈ N .

We devote this entire section to the proof of Theorem 6.5. We start by rel-
ativizing the notion of fullness preservation to ZFC context. More precisely, we
would like to have a notion of fullness preservation that N of Theorem 6.5 can
identify. We start by fixing (P,Σ), Γ, F and x as in Theorem 6.5.

Suppose for a moment that we are working in some model of ZFC. Suppose κ
is an inaccessible cardinal. We say that (Q,Λ) is a hod pair at κ, if

(1) (Q,Λ) is a hod pair,
(2) Q ∈ HC,
(3) Λ is (κ, κ)-iteration strategy,
(4) Λ is κ-universally Baire.

Suppose (Q,Λ) is a hod pair at κ. Then we let

LpΛ,κ(a) = ∪{M : M is a Λ-mouse over a such that ρω(M) = a and

M � (J �E,Λ(a))Vκ}.

Definition 6.6 (Fullness preservation in models of ZFC). Suppose now that
(Q,Λ) is a hod pair at κ. We then say Λ is κ-fullness preserving if whenever

(�T ,R) ∈ I(Q,Λ) ∩ Vκ, α+ 1 ≤ λR and η ≥ δα is a cutpoint of R(α) then

Q|(η+)Q(α+1) = LpΛQ(α),�T ,κ(Q|η).
and

Q|(δ+α )Q = Lp⊕β<αΛQ(β+1),�T ,κ(Q(α)).
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6.3. CAPTURING OF HOD PAIRS 147

Continuing our work inside some model of ZFC, suppose (Q,Λ) is a hod pair
at κ such that Λ has branch condensation and is κ-fullness preserving. Suppose
λ < κ is an inaccessible cardinal. Then we say

Definition 6.7 (Universal tail). (Q∗,Λ∗) is a λ-universal tail of (Q,Λ) if there

is a stack �T according to Λ on Q with last model Q∗ such that

(1) lh(�T ) = λ and for all β < lh(�T ), �T � β ∈ Vλ;

(2) for any ( �S,R) ∈ I(Q,Λ) ∩ Vλ there is a stack �U on R according to ΛR
with its last model on the main branch of �T .

If �T is as above then we say �T is a λ-universal stack on Q according to Λ.

We now resume the proof of Theorem 6.5. and start working in N ∗
x . Before we

move on, we observe that because of our assumption on (P,Σ), whenever Q,R ∈
pI(P,Σ), (Q,ΣQ) and (R,ΣR) are of the same kind in the sense of Theorem 2.47.
Then using either Theorem 2.47 or absoluteness and Theorem 2.28, we get that if
κ is an N ∗

x -cardinal and Q,R ∈ pI(P,Σ)∩N ∗
x |κ then there is a W ∈ pI(P,Σ) such

that (W ,ΣW) is a common tail of (Q,ΣQ) and (R,ΣR). This means that whenever
κ < δx is a cardinal of N ∗

x and Q ∈ (pI(P,Σ) ∪ pB(P,Σ)) ∩ N ∗
x |κ, we can form

the direct limit of all ΣQ iterates of Q that are in N ∗
x |κ. Let R

Q,ΣQ
κ be this direct

limit. the next lemma shows that the universal tails are unique.

Lemma 6.8 (Uniqueness of universal tails). Suppose Q ∈ pI(P,Σ) ∩ N ∗
x |δx.

Then for each inaccessible κ < δx such that Q ∈ N ∗
x |κ and α ≤ κQ, there is a

unique κ-universal tail of (Q(α),ΣQ(α)). In fact, letting R = RQ(α),ΣQ(α)
κ , (R,ΣR)

is the unique κ-universal tail of (Q(α),ΣQ(α))

Proof. The proof is like the proof of Theorem 4.18. Given two κ-universal
tails (Q1,Λ1) and (Q2,Λ2) of (Q(α),ΣQ(α)), using the proof of Theorem 4.18, we
can get a surjective embedding π : Q1 →Σ1

Q2. This then implies that Q1 = Q2.
By branch condensation, Λ1 = Λ2. �

Suppose Q ∈ (pI(P,Σ) ∪ pB(P,Σ)) ∩ N ∗
x |δx and κ is an N cardinal such that

Q ∈ N ∗
x |κ.

Definition 6.9. Then we say N captures a tail of (Q,ΣQ) below κ if there is
a hod pair (R,Λ) ∈ N such that Λ is a (κ, κ)-iteration strategy and there is a term

relation τ ∈ NColl(ω,<κ) such that whenever g ⊆ Coll(ω, |R|+) is N -generic,

(1) N [g] � “(R, τg) is a hod pair at κ such that τg is κ-fullness preserving”
and τg � N = Λ,

(2) for some λ < κ, R = RQ
λ and letting T, U ∈ N [g] witness that τg is κ-uB,

whenever h ⊆ Coll(ω,< κ) is N [g]-generic, (p[T ])N [g][h] = Code(ΣR) ∩
N [g][h].

We say N captures B(Q,ΣQ) below κ if whenever R ∈ pB(Q,ΣQ) ∩ N ∗
x |κ, N

captures (R,ΣR) below κ.

Now, towards a contradiction suppose N doesn’t capture (P,Σ) below δx. We
let δ = δx. We can then assume, without loss of generality, thatN captures B(P,Σ)
below δx. For each Q ∈ pB(P,Σ) we let λQ be the least inaccessible cardinal ν
such that N captures the ν-universal tail of (Q,ΣQ). We let (RQ,ΨQ) be the
λQ-universal tail of (Q,ΣQ). For each inaccessible cardinal ν such that Q ∈ N|ν,
we let (RQ

ν ,Ψ
Q
ν ) be the ν-universal tail of (Q,ΣQ). We then have two cases: either
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148 6. A PROOF OF THE MOUSE SET CONJECTURE

λP is a successor or λP is limit. We first consider the case when λP is a successor.

λP is a successor.

Using our hypothesis, we can fix �B = (Bi : i ∈ ω) ⊆ (B(P,Σ))L(Γ(P,Σ),R)

such that �B strongly guides Σ. We can further assume that �B is captured by
N ∗

x as by absoluteness one such sequence is captured by N ∗
x . We let (R,Φ) =

(RP−
,ΨP−

). Let �T on P− be a λP−-universal stack according to ΣP− . Then we

have that R is the last model of �T . Let κ be the least < δ-strong above λP− . Let

N ∗
1 = (J �E,Φ�N∗

)N �δ where the extenders used all have critical points > λP− , and
N1 = L[N ∗

1 ]. As in the proof of Lemma 5.13, N1 � “κ is a limit of Woodins”.
Let g ⊆ Coll(ω,< κ) be N ∗

x -generic. Let M be the derived model of N1 at κ.
Then using the proof of Theorem 5.16, we get that letting Γ = (Γ(P,Σ))N

∗
x [g] and

R∗ = R ∩ N ∗
x [g],

M = L(Γ,R∗)

and moreover, for each i, if B∗
i = Bi ∩ N ∗

x [g] and Σ∗ = Σ � (HC)N
∗
x [g] then

M � “Bi ∈ B(P−,Σ∗
P−)”.

By the proof of Theorem 5.16, we also get that for any Q ∈ B(P,Σ) ∩ (HC)N
∗
x [g]

supi<ω w((B∗
i )Σ∗

Q
)M = ΘM .

Using now 3 of Theorem 4.24, we get that

RP
κ |ΘM = (VΘM )HODM

.

Let M = RP
κ . It follows from Lemma 2.13 that M ∈ N1 and hence, M ∈ N .

(Indeed, notice that by universality of N , if λ = ΘM and W = (J �E,Φ�N∗
(M|λ))N|δ

then RP
κ = W|(λ+ω)W .)

Notice that Σ∗
P− ∈ M . Working in M let, for n < ω,

Fn = {(S,Υ, (B∗
i : i ≤ n)) : M � “(S,Υ) is suitable and (S,Υ) is

(B∗
i : i ≤ n)-iterable ”}.

Notice that for every n < ω, (P,Σ∗
P− , (B∗

i : i ≤ n)) ∈ Fn and moreover, by the

proof of Theorem 4.24, RP
κ is the direct limit of

(∪n<ωFn, (≤∗)M � ∪n<ωFn).

under the appropriate partial iteration maps (here ≤∗ is the relation defined on
F while computing HOD). Let now Ψ = ΨP

κ . We would like to show that
Ψ � (N|δ) ∈ N . The following claim establishes that.

Claim: Ψ � (N|δ) ∈ N .

Proof. We show that if Ψn is the fragment of Ψ that acts on normal trees
then Ψn � (N|δ) ∈ N . The general case is only notationally more complicated and
we leave it to the reader. Let Q = RP

κ . We define a δ-iteration strategy Λ ∈ N
and show that Λ = Ψn � (N|δ). We let T ∈ dom(Λ) if the following holds:

(1) The fragment of T that is based on Q− is according to ΦQ− � N|δ.
(2) Suppose T isn’t entirely based on Q−. Let S be the node on T such that

the fragment of T from Q-to-S is based on Q− and the rest of T is above
S−. Let U be the fragment of T after S. Then one of the following holds:
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6.3. CAPTURING OF HOD PAIRS 149

(a) U has a fatal drop at (α, γ) and U after stage α is according to the

strategy of OMU
α

γ .
(b) U doesn’t have fatal drops and for every limit α < lh(U), Q(U � α)

exists and Q(U � α)�(J �E,ΦS− )N|δ.

Notice that it follows from Lemma 2.13 and from our proof of Lemma 5.5 that
for T ∈ N|δ, T ∈ dom(Ψn) ↔ T ∈ dom(Λ). Given now T ∈ dom(Λ) we let
Λ(T ) = b if one of the following holds:

(1) T is based on Q− and b = ΨQ−(T ).
(2) T has is not entirely based on Q− and if (S,U) are as in clause 2 above

then one of the following holds:
(a) U has a fatal drop at (α, γ) and letting W be the part of U after stage

α, W{MU
b } is according to the strategy of OMU

α
γ .

(b) U doesn’t have a fatal drop, Q(U , b) exists andQ(U , b)�(J �E,ΨS− )N|δ.

(c) None of the above holds and there is an extender E ∈ �EN with
crit(E) = κ and such that T ∈ N|ν(E) and there is σ : MT

b →
πE(Q) with the property that πE � Q = σ ◦ πT

b .

We claim that Ψ � N|δ = Λ. To see this fix T ∈ dom(Ψ) ∩ dom(Λ). Let
b = Λ(T ). Suppose then b is defined by clause 1, clause 2a or clause 2b. Then it
follows from universality of N (see Lemma 2.13) and from our proof of Lemma 5.5
that in fact Ψ(T ) = b. Suppose then b is defined by clause 2c. Let E be as in
clause 2c and let E∗ be the resurrection of E. Let σ : MT

b → πE(Q) be such that
πE � Q = σ ◦ πT

b . Let i : Ult(N , E) → πE∗(N ) be such that πE∗ � N = i ◦ πE .
Notice now that we have that πE∗ � Q is the iteration embedding according to

Ψ. Also, notice that πE∗ � Q = i ◦ σ ◦ πT
b . Because Ψ has branch condensation, we

get that b = Ψ(T ).
It remains to show that whenever T ∈ dom(Λ) then Λ(T ) is defined. Fix then

such a T ∈ dom(Λ). We have that Ψ(T ) is defined. Let b = Ψ(T ). We claim that
Λ(T ) = b. It is easy to see (again using universality and the proof of Lemma 5.5)
that if Q(T , b) exists or that T is based on Q− then indeed b ∈ N and Λ(T ) = b.

Suppose then Q(T , b) does’t exist and that T is not entirely based on Q−. Let

S = MT
b . Notice that since S�(J �E,ΨS− (M(T )))N|δ, S ∈ N . We then need to find

E, σ as in clause 2c above. Let E ∈ �EN be any extender such that T ∈ N|ν(E).
Let h ⊆ Coll(ω, πE(κ)) be N -generic such that g = h ∩ Coll(ω, κ). Then πE can
be extended to π+

E : N [g] → Ult(N , E)[g][h].

Notice that in π+
E(M), (S,ΨS−) is a suitable pair that is �Dk = (π+

E(B
∗
i ) : i < k)-

iterable for every k < ω. Let then σk = (π
ΨS−

S, �Dk,∞
)π

+(M). Because we have that

supk<ω γ
S,ΨS−
�Dk

= δS we have that if σ = ∪k<ωσk then σ : S → πE(Q). We claim

that πE � Q = σ ◦ πT
b .

First notice that Q = ∪k<ωH
Q,ΨQ−
�Dk

. Let then for k < ω, πk = πE � HQ,ΨQ−
�Dk

.

It is then enough to show that for every k, πk = σk ◦ πT
Q,S, �Dk

. Fix then k < ω

and let E∗ be the resurrection of E. Let i : Ult(N,E) → πE∗(N ) be such that
πE∗ � N = i◦πE . Notice that because πE∗ � Q is the iteration embedding via Ψ and

πk ∈ Ult(N , E), it follows that i(πk) = πE∗ � HQ,ΨQ−
�Dk

= π
ΨQ−
Q,πE∗ (Q),(Bi:i<k). Also,

i(σk) = π
ΨS−
S,πE∗ (Q),(Bi:i<k). Therefore, we have that i(πκ) = i(σk) ◦ πT

Q,S,(Bi:i<k).
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150 6. A PROOF OF THE MOUSE SET CONJECTURE

Because i(πT
Q,S,(Bi:i<k)) = πT

Q,S,(Bi:i<k), we get that πκ = σk ◦ πT
Q,S,(Bi:i<k). This

finishes the proof of the claim and also the proof of Theorem 6.5 in the case λP is
a successor. �

λP is limit.

We first assume that λP has a measurable cofinality in P. The next lemma
is very useful for our further computations. It essentially says that if for some
Q ∈ pB(P,Σ), N captures a tail of some (Q,ΣQ) below some strong cardinal λ
then N captures (Q,ΣQ).

Lemma 6.10 (Capturing up to a strong cardinal). Suppose ν is an inaccessible

cardinal, λ > ν is a strong cardinal, ( �S,Q) ∈ B(P,Σ) ∩ N ∗
x |ν, RQ

ν ∈ N , and
ΨQ

ν � (N|λ) ∈ N . Then, ΨQ
ν � (N|δ) ∈ N .

Proof. Let (R,Ψ) = (RQ
ν ,Ψ

Q
ν ). We have that R is the last model of some

ν-universal stack �T and Ψ = ΣR. We need to show that Ψ � (N|δ) ∈ N . Let
Φ = Ψ � (N � λ). Then Φ ∈ N . Working in N , we define Φ∗, an extension of Φ to

all trees in N|δ. Given �U on R we set Φ∗(�U) = b if there is an extender E ∈ �EN

with critical point λ such that �U ∈ N|ν(E) and b = πE(Φ)(�U). We need to see that
Φ∗ is well defined and in fact, Ψ � N = Φ∗.

Fix �U on R. Suppose E is as above and b = πE(Φ)(�U). Let E∗ be the
resurrection of E and let σ : Ult(N , E) → πE∗(N ) be the factor embedding. Then

πE∗(Φ) = πE∗(Ψ) � (πE∗(N ) � πE∗(λ)).

But

πE∗(Ψ) = πE∗(ΣR � N ∗
x ) = ΣR � Ult(N ∗

x , E
∗) = Ψ � Ult(N ∗

x , E
∗).

The middle equality holds because (N ∗
x , δx,Σx) Suslin, co-Suslin captures Σ. Thus,

because σ � (Ult(N , E)|λ) = id, we have that

Φ∗(�U) = b ↔ πE(Φ)(�U) = b

↔ σ(πE(Φ))(�U) = b

↔ πE∗(Φ)(�U) = b

↔ πE∗(Ψ)(�U) = b

↔ Ψ(�U) = b.

This completes the proof of the lemma. �
Let κ be the least cardinal of N such that N � “κ reflects the set of < δ-strong

cardinals”. Let E = {E ∈ �EN : for all η ∈ (κ, ν(E)), N � “η is strong” if and only
if Ult(N , E) � “η is strong”}.

Lemma 6.11 (Capturing below κ). Suppose Q ∈ pB(P,Σ)∩N ∗
x |κ. Then λQ <

κ. Thus, RQ ∈ N|κ.
Proof. Let λ = λQ and (R,Ψ) = (RQ,ΨQ). We have that Ψ � (N|δ) ∈ N

and ΣR � N ∗
x = Ψ. Let ν > max(o(R), κ) be a < δ-strong cardinal. Let E ∈ E be

an extender such that crit(E) = κ and lh(E) > (ν+)N
∗
x . We then have a factor

map σ : Ult(N , E) → πE∗(N ) such that σ � (Ult(N , E) � ν(E)) = id. It follows
that ν is a strong cardinal in πE∗(N ) because it is a strong cardinal in Ult(N , E).
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6.3. CAPTURING OF HOD PAIRS 151

Notice that because Σ is Suslin, co-Suslin captured by (N ∗
x , δx,Σx), we have

that Ψ � Ult(N ∗
x , E

∗) ∈ Ult(N ∗
x , E

∗). We claim that Ψ � (πE∗(N|δ)) ∈ πE∗(N ). It
follows from Lemma 6.10 that it is enough to show that Ψ � (πE∗(N )|ν) ∈ πE∗(N ).
We have that Ψ � (N|ν) = Ψ � (Ult(N , E)|ν) and therefore, Ψ � (Ult(N , E)|ν) ∈
Ult(N , E). But Ult(N , E)|(ν+)Ult(N ,E) = πE∗(N )|(ν+)Ult(N ,E), which implies
that Ψ � (πE∗(N )|ν) ∈ πE∗(N ).

We now have that in Ult(N ∗
x , E

∗), (R,Ψ � Ult(N ∗
x , E

∗)) is a universal tail of
(Q,ΣQ) and Ψ � (πE∗(N|δ)) ∈ πE∗(N ). Because λ < πE∗(κ), by elementarity of
πE∗ , we get (Q,ΣQ) is captured by N below κ implying that λ < κ. �

Lemma 6.12. Suppose Q ∈ pB(P,Σ), λ > κ is a strong cardinal such that

λQ < λ, and E ∈ E is an extender with critical point κ such that ν(E) > (λ+)N
∗
x .

Then ΨQ � (Ult(N , E)|δ) ∈ Ult(N , E).

Proof. Let (R,Ψ) = (RQ,ΨQ). Because N � (λ+)N = Ult(N , E) � (λ+)N ,
we have that Ψ � (Ult(N , E) � λ) ∈ Ult(N , E). Let E∗ be the resurrection of E.
We have a factor embedding σ : Ult(N , E) → πE∗(N ) such that πE∗ � N = σ ◦ πE

and σ � (N|ν(E)) = id.
Because Σ is Suslin, co-Suslin captured by (N ∗

x , δx,Σx), we have that

Ψ � Ult(N ∗
x , E

∗) ∈ Ult(N ∗
x , E

∗).

Let Φ = Ψ � Ult(N ∗
x , E

∗) ∈ Ult(N ∗
x , E

∗). Because σ � (N|(λ+)N ) = id, we have
that πE∗(N )|(λ+)N = N|(λ+)N . This then implies that Φ � (πE∗(N )|λ) ∈ πE∗(N )
because Φ � (πE∗(N )|λ) = Ψ � (N|λ). Applying Lemma 6.10 in Ult(N ∗

x , E
∗), we

see that because λ is strong in πE∗(N ), Φ � (πE∗(N )|δ) ∈ πE∗(N ).
Let Ψ∗ = Ψ � (N|λ). Then we have that Ψ∗ ∈ Ult(N , E) and σ(Ψ∗) = Ψ∗ =

Φ � (πE∗(N )|λ). By the proof of Lemma 6.10, we have that Φ � (πE∗(N )|δ) is
definable in πE∗(N ) from Ψ∗, λ and extenders on πE∗(N ) that have critical point
λ. This means that the same definition defines a < δ-strategy Φ∗ ∈ Ult(N , E). We
must have that σ(Φ∗) = Φ � (πE∗(N )|δ). But using the hull-condensation of Σ, we
see that Φ∗ = Ψ � (Ult(N , E)|δ). �

Now, working in N , let

F = {(Q,Λ) : Q ∈ N|δ ∧ N � “(Q,Λ) is a hod pair at δ and Λ has branch
condensation and is δ-fullness preserving”}.

Because of Theorem 2.47, we have that F is a directed system under ≤P,Σ� N .
Let for λ ≤ δ, F � λ = {(Q,Λ) ∈ F : Q ∈ N|λ}. We let R∗ be the direct limit of
(F � κ,≤P,Σ� N|κ) under the iteration maps. Let R = RP

κ .

Lemma 6.13 (Capturing R). Either R �hod R∗ or R|δR = R∗. Moreover,
R ∈ N .

Proof. The first claim is an easy consequence of Lemma 6.11 and Theo-
rem 4.18, and we omit it. We now want to show thatR ∈ N . Let Λ = ⊕α<λR(ΣR(α)).
Then we claim that Λ � (N|δ) ∈ N . (To see that this is enough, note that
R = LpΛω(R−) and that N , because of universality, can find LpΛω(R−)).

To see this, it is enough to show that (ΣRα
� (N|δ) : α < λR) ∈ N . We can

define ΣR(α) � N inside N as follows. Fix some (Q,Φ) ∈ F such that R(α) is a

Φ-iterate of Q. Then working in N we can find a κ-universal stack �S ∈ N according
to Φ on Q with last model R(α). Using Theorem 2.47 and Lemma 6.11, we get
that ΣR(α) = ΦR(α). �
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152 6. A PROOF OF THE MOUSE SET CONJECTURE

To finish the proof of Theorem 6.5 we need to show that

ΣR � (N|δ) ∈ N .

Let Σ∗ = ⊕α<λRΣR(α). We have already shown that Σ∗ � (N|δ) ∈ N . Working in
N , we define an iteration strategy Λ for R and show that it must be ΣR � (N|δ).

Definition 6.14 (πE-realizable iterations). Suppose �T is a stack on R and

E ∈ E . We say �T is πE-realizable if there is a strong cardinal λ < ν(E) such that
�T ∈ N|λ, a sequence (σQ : Q ∈ tn(�T )) and a sequence ((WQ,ΛQ) ∈ F � λ : Q ∈
tn(�T )) such that the following holds:

(1) σR = πE � R, for all terminal nodes Q of �T , σQ : Q → πE(R) and

whenever Q ≺�T ,s S, σQ = σS ◦ π�T
Q,S .

(2) For every non-trivial terminal node Q of �T , letting SQ�πE(R) be such

that SQ is a ΛQ-iterate of WQ, we have that SQ = σQ(Q(ξ
�T ,Q + 1)) and

σQ[Q(ξ
�T ,Q + 1)] ⊆ rng(πΛQ

WQ,SQ
).

(3) For every non-trivial terminal node Q, letting kQ : Q(ξ
�T ,Q +1) → WQ be

given by kQ(x) = y if and only if σQ(x) = πΛQ
WQ,SQ

(y), kQ �TQ is according
to ΛQ.

(4) Suppose Q ∈ ntn(�T ). Then (Q(ξ
�T +1),ΛkQ

Q ) ∈ πE(F) and σQ � Q(ξ
�T +1)

is the embedding given by ΛkQ
Q .

(5) For every Q,K ∈ ntn(�T ) such that Q ≺�T ,s K,

(ΛkK
K )K(π

�T
Q,K(ξ�T ,Q+1))

= (ΛkQ
Q )K(π

�T
Q,K(ξ�T ,Q+1))

.

(6) Suppose Q is a trivial terminal node of �T . Then for every ξ < λQ, there
is (W ,Λ) ∈ F|λ such that letting S�πE(R) be the iterate of W via Λ,
σQ[Q(ξ + 1)] ⊆ rng(πΛ

W,S).

We say that (σ
�T
Q : Q ∈ tn(�T )) are the πE-realizable embeddings of �T and ((WQ,ΛQ) :

Q ∈ tn(�T )) are the πE-realizable pairs of �T .

Definition 6.15 (The definition of dom(Λ)). Suppose �T is a stack on R such

that either there is a strongly linear closed and cofinal set C ⊆ tn(�T ) or �TS�T
is

of limit length. We let �T ∈ dom(Λ) if for some ξ whenever E ∈ E is such that

ν(E) > ξ, �T is πE-realizable. We let Λ(�T ) = b if there ξ such that whenever E ∈ E
is such that ν(E) > ξ, �T {M�T

b } is πE-realizable.

First we show that Λ is well-defined everywhere on its domain. The following
is a useful lemma.

Lemma 6.16. Suppose �T ∈ dom(Λ) and ξ witnesses this. Let E ∈ E be such

that for every Q ∈ ntn(�T ) and for every ζ < λQ, νE > λQ(ζ) and that there is a

strong cardinal λ ∈ (supQ∈tnt(�T ),ζ<λQ λQ(ζ), ν(E)). Let (σ
�T
Q : Q ∈ tn(�T )) be the

πE-realizable embeddings of �T and ((WQ,ΛQ) : Q ∈ tn(�T )) be the πE-realizable

pairs of �T . Let E∗ be the resurrection of E and let i : Ult(N , E) → πE∗(N ) be the

factor embedding. Then for every Q ∈ ntn(�T ), i ◦ σQ is the iteration embedding
according to ΣQ.

Proof. We already have that πE∗ = i◦σR is the iteration embedding according

to ΣR. Suppose now that Q ∈ ntn(�T ) is such that for every Q∗ ≺�T ,s Q, i ◦ σQ∗ is
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6.3. CAPTURING OF HOD PAIRS 153

according to ΣQ∗ . Suppose first that there is no largest Q∗ ≺�T ,s Q. It then follows

that Q is the direct limit of {Q∗ : Q∗ ≺�T ,s Q} under π
�T
Q∗,Q∗∗ and σQ is given by

σQ(x) = σQ∗(y)

where y ∈ Q∗ is such that π
�T
Q∗,Q(y) = x. It then follows that i ◦ σQ is according to

ΣQ.

Next suppose that there is a largest Q∗ ≺�T ,s Q. Let ζ = ξ
�T ,Q∗

. We then have

that �TQ∗,Q is based on Q∗(ζ + 1) and it follows from the branch condensation of

ΣQ∗ that �TQ∗,Q is according to ΣQ∗ . It then follows that

σQ(x) = σQ∗(f)(σQ(a))

where f ∈ Q∗ and a ∈ [Q(π
�T
Q∗,Q(ζ + 1))]<ω are such that π

�T
Q∗,Q(f)(a) = x. It is

then enough to show that σQ � Q(π
�T
Q∗,Q(ζ + 1)) is according to ΣQ(π

�T
Q∗,Q(ζ+1))

.

It follows from clause 5 of Definition 6.14 and our inductive hypothesis that this

would follow provided we show that (Λ
kQ∗
Q∗ )Q∗(ζ+1) = ΣQ∗(ζ+1) � (N|δ).

Let then Φ = (Λ
kQ∗
Q∗ )Q∗(ζ+1) and let ν < ν(E) be a strong cardinal such that

Q∗ ∈ N|ν. It follows from Lemma 6.10 that it is enough to show that Φ � (N|ν) =
ΣQ∗(ζ+1) � (N|ν). Notice that

Ult(N , E) � Φ � (N|ν) = ((ΛQ∗)SQ∗ (σQ∗ (ζ+1)))
σQ∗ � (N|ν).

Notice however that because of our choice of E,

i((ΛQ∗)SQ∗ (σQ∗ (ζ+1))) = ΣSQ∗ (σQ∗ (ζ+1)) � (N|δ) (∗).

Indeed, this follows from the fact that we can find, in Ult(N , E), a common tail

(Q∗∗,Λ∗) of (Q∗,ΛQ∗) and (RQ∗
,ΨQ∗ � (Ult(N , E))) such that Q∗∗ ∈ N|λ. Be-

cause i ◦ σQ∗ is the iteration embedding according to ΣQ∗ and because i(Φ) is
i◦σQ∗-pullback of i((ΛQ∗)SQ∗ (σQ∗ (ζ+1))), it follows from (∗) that i(Φ) = ΣQ∗(ζ+1) �
(πE∗(N )). Since i � λ = id, it follows that Φ � (N|ν) = ΣQ∗(ζ+1) � (N|ν). This
finishes the proof of the claim. �

If �T and E are as in the hypothesis of Lemma 6.16 then we say E is above �T .

Lemma 6.17. Suppose �T is πE-realized for some E that is above �T . Then
�T ∈ dom(ΣR).

Proof. Let (σ
�T
Q : Q ∈ tn(�T )) be the πE-realizable embeddings of �T and

((WQ,ΛQ) : Q ∈ tn(�T )) be the πE-realizable pairs of �T . We need to show that for

any Q ∈ tn(�T ), R-to-Q part of �T is according to ΣR and if S�T exists then �TS�T
is

according to ΣS�T
. The first claim follows easily from branch condensation of ΣR.

Let E∗ be the resurrection of E and let i : Ult(N , E) → πE∗(N ) be the factor

embedding. We then have that πE∗ � R = i ◦ σQ ◦ π�T
R,Q. Because πE∗ � R is just

the iteration embedding according to ΣR, it follows from the branch condensation

of ΣR, that �TR,Q is according to ΣR.

Next, suppose that S�T exists. Let K = S�T and let T = �TS�T
. We need to see

that T is according to ΣK(η+1) where η = ξ
�T ,W . We have that T is according to

Λ
k∗
K

K . Let E ∈ E be above �T . We then have that ΨW(η) � (N|δ) ∈ N . Let again
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154 6. A PROOF OF THE MOUSE SET CONJECTURE

(σ
�T
Q : Q ∈ tn(�T )) be the πE-realizable embeddings of �T and ((WQ,ΛQ) : Q ∈

tn(�T )) be the πE-realizable pairs of �T . Let E∗ be the resurrection of E and let
i : Ult(N , E) → πE∗(N ) be the factor embedding.

Notice that we have that in Ult(N , E), (ΛK)SK = ΣSW � (Ult(N , E)|δ).
This is simply because we can find a common tail (W∗,Λ∗) of (WK,ΛK) and
(RK(η+1),ΨK(η+1) � (Ult(N , E)|δ)) such that W∗ ∈ N|λ where λ < νE is some

strong cardinal such that �T ∈ N|λ. We also have that T is according to σK-
pullback of (ΛK)SK . This then implies that T is according to i ◦ σK-pullback of
i((ΛK)SK). But

i((ΛK)Sκ
) = i((ΨK(η+1))SK) = Σi(SK) � (πE∗(N|δ)).

But because i◦σK is the iteration embedding according to ΣK(η+1) (see Lemma 6.16),
we have that T is is according to ΣK(η+1). �

It follows from Lemma 6.17 that to show that ΣR � (N|δ) = Λ it is enough
to show that Λ is defined everywhere on its domain. The following lemma then
finishes the proof of Theorem 6.5.

Lemma 6.18. Suppose �T ∈ dom(Λ). Then Λ(�T ) is defined.

Proof. Let ξ witnesses the fact that �T ∈ dom(Λ). We have that �T ∈
dom(ΣR). Suppose for a moment that E is above �T . Let (σ

�T
Q : Q ∈ tn(�T )) be the

πE-realizable embeddings of �T and ((WQ,ΛQ) : Q ∈ tn(�T )) be the πE-realizable

pairs of �T . Suppose first S�T is defined. Then letting Q = S�T and T = �TS�T
, let

b = ΛQ(κQT ). It follows from the proof of Lemma 6.17 that �T {M�T
b } is according

to ΣR. Because E was arbitrary, it follows that b is independent of the choice of
E.

Let ξ∗ be such that every E ∈ E with the property that ν(E) > ξ∗ is above
�T . If π

�T
b doesn’t exist then follows that �T {M�T

b } is according to Λ as witnessed

by ξ∗. Suppose next that π
�T
b exists. Notice that ξ∗ witnesses all the clauses

of Definition 6.14 except possibly clause 6. Let then S = M�T
b and let λ∗ =

supK∈tnt(�T �{S}),ζ<λK λK(ζ). Let λ > max(λ∗, ξ∗) be a strong cardinal and let E ∈ E
be such that ν(E) > λ. Let (σ

�T
Q : Q ∈ tn(�T )) be the πE-realizable embeddings of �T

and ((WQ,ΛQ) : Q ∈ tn(�T )) be the πE-realizable pairs of �T . Let σS : S → πE(R)
be given by σS(x) = σQ(f)(τ (a)) where f ∈ Q and a ∈ (δ(T ))<ω are such that

πT
b (f)(a) = x and letting ζ = ξ

�T , τ = π
Λ

kQ
Q

S(π
�T
b (ζ+1)),SQ

.

It follows from Lemma 6.16 that if E∗ is the resurrection ofE and i : Ult(N , E) →
πE∗(N ) is the factor map then i ◦ σS = πΣR

S,SQ
. Therefore, letting j = i ◦ σS , for

every φ < λS ,

j[S(φ)] ⊆ πΨS(φ)

S(φ),πE∗ (SQ)(σS(φ)).

It then follows that (RS(φ),ΨS(φ) : φ < λS) witnesses clause 6. Therefore, as E

was arbitrary, λ witnesses that �T {S} is according to Λ.
Next suppose S�T is undefined. In this case, we have a strongly linear closed

and unbounded C ⊆ ntn(�T ). Let then b = bC be the branch of �T given by

C. Recall that b consists of downward closure of C in �T . Let again λ∗ =

Licensed to Rutgers Univ-New Brunswick.  Prepared on Mon Dec 29 14:55:36 EST 2014for download from IP 192.12.88.137.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



6.4. THE MOUSE SET CONJECTURE 155

supK∈tnt(�T �{M�T
b }),ζ<λK λK(ζ). It follows from the proof given above that if λ >

max(λ∗, ξ) then λ witnesses that �T {M�T
b } is according to Λ. �

6.4. The mouse set conjecture

In this section we prove that the Mouse Capturing holds in the minimal model
of ADR + “Θ is regular”.

Theorem 6.19 (The Mouse Set Conjecture). Assume AD+ and that there is
no Γ � P(R) such that L(Γ,R) � “ADR + Θ is regular”. Then Strong Mouse
Capturing holds.

We will need the following theorem which is essentially due to Steel andWoodin.
We adopted it for hod mice. Readers familiar with their proof will have no difficul-
ties proving our version.

Theorem 6.20 (Steel and Woodin, [37]). Assume AD+ and suppose (P,Σ) is
a hod pair such that L(Σ,R) � “Σ has branch condensation and is Γ-super fullness
preserving for some Γ”. Then L(Σ,R) � “MC relative to Σ”.

We devote this entire section to the proof of Theorem 6.19. Without loss of
generality, let us assume that MC fails. In the general case, we will have to repeat
the arguments that follow except relativized to some hod pair (P,Σ) where Σ is
fullness preserving and has branch condensation. Fix then x, y ∈ R such that y is
OD(x) yet there is no x-mouse containing y. There is then some Γ � P(R) and
some α such that Lα+1(Γ,R) � “y is OD(x)”, Lα(Γ,R) � “y isn’t OD(x)”, and

P(R) ∩ Lα(Γ,R) = Γ.

Lemma 6.21. Suppose (P,Σ) is a hod pair such that Σ is super fullness pre-
serving and has branch condensation. Suppose also that Code(Σ) ∈ Γ. Moreover,
suppose that whenever Q ∈ pI(P,Σ)∪pB(P,Σ) is such that λQ is a successor, there

is a sequence �B = (Bi : i < ω) ⊆ (B(Q−,ΣQ−))L(Γ(Q,ΣQ),R) such that �B strongly
guides Σ. Then for cone of z, every sound Σ-mouse M over z such that ρ(M) = z
has a strategy Φ such that Code(Φ) ∈ Γ.

Proof. Suppose not. Then for cone of z, there is a Σ-mouse Mz over z
such that ρ(Mz) = z and if Φ is the unique strategy of Mz then Code(Φ) 	∈ Γ.
We then claim that this implies that y is in a Σ-mouse over (P, x). Let Γ∗ =
(Σ2

1(Code(Σ))Lα(Γ,R).

Claim. y is in a Σ-mouse over (P, x).

Proof. Let Φz be the iteration strategy of Mz and let w be such that for
any z coding w, Code(Φz) 	∈ Γ. Notice that what we have is that for any z Turing
above w, CΓ∗(z) ⊆ LpΓ,Σ(z) (one way to see this is to use a result due to Steel on
jump operators, see [38]). Let A be a set of reals coding the function z → Φz. Let
Γ1 <w Γ2 be good pointclasses such that Code(Σ), A ∈ ΔΓ1

and Γ ⊆ ΔΓ˜1
. Let F

be as in Theorem 2.25 for Γ2 and let z be such that w, y ≤T z and (N ∗
z , δz,Σz)

Suslin, co-Suslin captures Code(Σ), A and the set coding the function u → CΓ1
(u).

Let N = (J �E,Σ(P, x))N
∗
z |δz . We must then have η < δz such that CΓ1

(N ∗
z |η) � “η

is Woodin”. Let η be the least such and let Q = LpΓ1,Σ
ω (N|η). We have that Q�N
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156 6. A PROOF OF THE MOUSE SET CONJECTURE

and Q � “η is Woodin”. Using the proof of Lemma 5.5, it is not hard to check that
Q is a Σ-hod premouse over (P, x) with λQ = 0.

We have that z is generic for the extender algebra of Q at η and moreover, Q[z]
is Σ-closed and in fact, if u is any Q-generic code of (Q|η, z) then if S is the output
of the S-construction of Q[u] over u with respect to Σ then Mu � Q∗. Because
iterability of Q∗ is certified by the extenders of Q[u] that have critical points > η,
there must be some ν < (η+)Q such that if Ψ is the iteration strategy of Q|ν
that acts on trees that are above η then Code(Ψ) 	∈ Γ. Thus, Q|ν 	∈ CΓ∗(Q|η[z])
implying that CΓ∗(Q|η) ⊆ Q. But because y ∈ CΓ∗(Q|η[z]), we have that y ∈ Q as
LpΓ,Σ(Q|η) � Q. This then implies that y is in a Σ-mouse over (P, x).

�

By the same proof, we in fact have that whenever Q ∈ pI(P,Σ), y is in a
ΣQ-mouse over (Q, x). We now use Theorem 6.5 to get a contradiction. For Q ∈
pI(P,Σ), let MQ be the least ΣQ-mouse over (Q, x) containing y and let ΦQ be
its strategy. Let A ⊆ R code the set {(MQ,ΦQ) : Q ∈ pI(P,Σ)}. Let Γ1 be a
good pointclass such that A ∈ ΔΓ˜1

. Let F be as in Theorem 2.25 for Γ1 and let u

be such that (N ∗
u , δu,Σu) Suslin, co-Suslin captures A, Code(Σ) and the function

u → Lp(u). Let N = (J �E(x))N
∗
u |δu . Then using Theorem 5.20 and Theorem 6.5,

we get that there is Q ∈ pI(P,Σ) ∩ N such that ΣQ � N ∈ L[N ]. Then by the
universality of N , we get that MQ ∈ N , and hence, y ∈ N . Therefore, y is in a
x-mouse, contradiction! �

Our strategy now is to show that there is a hod pair (P,Σ) such that Γ ⊆
L(Σ,R) and Σ has branch condensation and is fullness preserving. Once we do
this, it will follow that y is in a Σ-mouse over (P, x). Then using our capturing
result, Theorem 6.5, we will get that y is in some x-mouse.

Lemma 6.22. Suppose (M,Σ) is either an anomalous hod pair of type II or
III, or a hod pair such that λM is a successor ordinal. Suppose further that for
all α < λM, ΣM(α+1) is fullness preserving in L(Σ,R). Then for all α < λM,
L(Σ,R) � “MC with respect to ΣM(α)”.

Proof. Towards a contradiction, suppose not. Let α be least such that L(Σ,R)
� “MC fails for ΣM(α)”. Because Γ(M,Σ) is mouse full and Γ(M,Σ) � SMC,
it follows from (the relativized version of) Theorem 6.1 that there is a ΣM(α)-hod
pair, perhaps an anomalous one, (R,Λ) such that Γ(M,Σ) = Γ(R,Λ). But then
L(Σ,R) = L(Λ,R) (this follows from Theorem 5.9).

We now start working entirely in L(Λ,R). Suppose that x, y ∈ R are such
that y is OD(ΣM(α), x). We have that by Theorem 6.20 whenever Q ∈ pI(R,Λ),
MC holds with respect to ΛQ. Because ΣM(α) is OD(Λ), whenever Q ∈ pI(R,Λ),
there is a ΛQ-mouse S over x such that y ∈ S. We let SQ be the largest sound
ΛQ-mouse over x such that y 	∈ SQ and ρ(SQ) = x. Let ΨQ be the strategy of SQ
as a ΛQ-mouse.

Let β be least such that Lβ(Λ,R) � “y is OD(ΣQ, x)” and let Γ be a good
pointclass beyond Lβ(Λ,R) such that Code(Λ) ∈ ΔΓ˜. Let A ⊆ R code Lβ(Λ,R).
Let B be the set of reals that codes a continuous function σ such that for some
Q ∈ pI(R,Λ), σ−1[A] is a code for (Q,ΛQ,ΨQ). Then let F be as in Theorem 2.25
and let w be such that (N ∗

w, δw,Σw) Suslin, co-Suslin captures A, B, Code(Λ),
Code(Σ) and Code(ΣM(α)).
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6.4. THE MOUSE SET CONJECTURE 157

Let N = (J �E,ΣM(α)(x))N
∗
w|δw . If Λ is fullness preserving then by Theorem 6.5,

we have that there is some Q ∈ N|δw such that ΛQ � N ∈ L[N ]. By absoluteness
between N ∗

w and V and by universality of N , we then have that SQ ∈ N . This
implies that y ∈ N and because N is ΣM(α)-mouse over x, we get a contradiction.
Hence, assume that Λ isn’t fullness preserving. Notice that by the same argument
no tail of Λ is fullness preserving.

Claim. There is W ∈ pI(R,Λ) such that for some ξ < λW , ΛW(ξ) is fullness

preserving but for any S ∈ pI(W(ξ + 1),ΛW(ξ+1)) there is η > δSλS−1 which is a
strong cutpoint of S and

S|(η+)S 	= LpΛS− (S|η).

or

S|(δ+
λS−1

)S 	= Lp⊕γ<λS−1ΛS(γ+1)(S−).

Proof. Let Γ∗ be a good pointclass such that Code(Λ) ∈ ΔΓ˜∗ and let F be as

in Theorem 2.25 for Γ∗. Let w be such that (N ∗
w, δw,Σw) Suslin, co-Suslin captures

Code(Λ). Suppose (Cγ ,Pγ ,Σγ , δγ , ηγ : γ < ζ) is the output of Γ(R,Λ)-hod pair
construction of N ∗

w|δw. Then it follows from Theorem 2.33 that there is γ such that

(Pγ ,Σγ) is a tail of (R,Λ). Let then N = (J �E,Σγ )N
∗
w|δw .

If N has no level projecting across δγ then by Lemma 5.7, we get that Σγ is
fullness preserving. Because no tail of Λ is fullness preserving, this cannot happen.
Therefore, there must be some largest initial segment K � N such that either
ρ(K) < δγ .

It follows from the proof of Lemma 6.1 that we cannot have that for every ξ < γ,
Σξ is fullness preserving (otherwise there would be OD subset of HOD that is not

in HOD, namely the image of K under π
Σξ

Pξ,∞). Let then ν be the least such that

Σν isn’t fullness preserving. Suppose first ν is limit. Repeating the argument just

given we have that (J �E,Σν )N
∗
w|δw must have a level projecting across δν implying

that there is ζ < ν such that Σζ isn’t fullness preserving. It then follows that ν is
a successor.

Let then M = (J �E,Σν )N
∗
w|δw . Notice that M � “δν is Woodin” then it follows

from Lemma 5.7 that Σν is fullness preserving. Let then K�M be the largest such
that K � “δν is Woodin” but J1(K) � “δν isn’t Woodin”. Because Σν carries K
with it, it follows that letting ξ = ν − 1 and W = Pν , (ξ,W) satisfy the claim. �

By absoluteness then we can assume that W of the claim is in N ∗
x . Using

Theorem 5.20 and Theorem 6.5, we can fix Q ∈ pI(W(ξ + 1),ΛW(ξ+1)) such that

Q(λQ − 1) ∈ N and ΛQ(λQ−1) � N ∈ L[N ]. Let Φ = ΛQ(λQ−1) � N . Let N ∗ =

(J �E,Φ)N .
Repeating the proof of the claim in the proof of Lemma 6.21 or using the

proof of Lemma 5.13, we get that the least strong cardinal of N ∗ is a limit of
Woodin cardinals. Moreover, if η is the least Woodin of N ∗, by the proof of

Lemma 5.8, letting ((Mζ ,Nζ : ζ ≤ η), (Fζ : ζ < η)) be the output of the (J �E,Φ)N|η-
construction, there is ξ such that Q iterates to Nξ via a normal tree which is
according to ΛQ. Let K = Nξ.
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158 6. A PROOF OF THE MOUSE SET CONJECTURE

It follows from the claim that either there is ν > o(Q−) which is a strong
cutpoint of K and there is a sound ΛQ− -mouse S over K|ν such that ρ(S) = ν
and S � K or there is a sound ⊕γ<λK−1ΛK(γ+1)-mouse S over K− such that

ρ(S) = δK
−

and S � K. We assume that S is the least such. By universality of
N ∗, S ∈ N ∗. Let Ψ be the strategy of S above ν. By the proof of Lemma 5.8, we
have that Ψ � N ∈ L[N ]. Because Λ is Γ(R,Λ)-fullness preserving, Ψ 	∈ Γ(R,Λ)
and therefore, L(Λ,R) = L(Ψ,R).

Let now κ be the least strong cardinal of N ∗. Let g ⊆ Coll(ω,< κ) be N ∗
w-

generic. Let M be the derived model of N ∗ at κ as computed in N ∗
w[g]. Then by

the proof of Lemma 5.8 and Lemma 5.13, Ψ � HCM ∈ M . This then implies that
Λ � HCM ∈ M . Let then η∗ < κ be such that N ∗[g ∩Coll(ω, η∗)] has a κ-UB code
for Λ. Because N ∗[g ∩Coll(ω, η∗)] has infinitely many Woodin cardinals, it follows
that M#,Λ

ω -exists, which is a contradiction as we are in L(Λ,R). This completes
the proof of Lemma 6.22. �

Our goal now is to prove the following lemma.

Lemma 6.23. There is a hod pair (P,Σ) such that

(1) Σ is fullness preserving and has branch condensation,
(2) Γ(P,Σ) ⊆ Γ and Γ ⊆ L(Σ,R).

Proof. Suppose not. Using Theorem 6.1 we get that either Γ isn’t mouse full
or Lα(Γ,R) � ¬SMC. Without loss of generality we can assume that Lα(Γ,R) �
SMC (otherwise we can drop to a smaller pointclass). Thus, suppose Γ isn’t mouse
full. Let A be the set of hod pairs (P,Σ) such that Code(Σ) ∈ Γ and Σ is fullness
preserving and has branch condensation.

Claim 1. A 	= ∅.

Proof. Let Γ∗ be a good pointclass such that Mice ∈ ΔΓ∗ and there is sjs
�C = (Ci : i < ω) ∈ ΔΓ˜∗ such that C0 = Mice. Then let F be as in Theorem 2.25

for Γ∗ and let z be such that (N ∗
z , δz,Σz) Suslin, co-Suslin captures Mice and

�C. Then the first model of hod pair construction of N ∗
x exists (see the proof of

Lemma 5.13). Let (P,Σ) = (P0,Σ0). We have that Σ is fullness preserving and has
branch condensation. Moreover, Code(Σ) ∈ Γ as otherwise Γ ⊆ L(Σ,R). Hence,
A 	= ∅. �

Claim 2. Suppose (P,Σ) ∈ A. Then there is hod pair (Q,Λ) ∈ A such that
λQ is a successor, Λ has branch condensation and is fullness preserving and Q− ∈
pI(P,Σ).

Proof. Let Γ∗ be a good pointclass such that MiceΣ ∈ ΔΓ∗ and there is sjs
�C = (Ci : i < ω) ∈ ΔΓ∗˜ such that C0 = MiceΣ. Then let F be as in Theorem 2.25

for Γ∗ and let z be such that (N ∗
z , δz,Σz) Suslin, co-Suslin captures MiceΣ and �C.

Then there is β such that the βth model of the hod pair construction of N ∗
z exists

and (Pβ ,Σβ) is a tail of (P,Σ). We claim that (Pβ+1,Σβ+1) exists. The proof of
Lemma 5.13 implies that (Pβ+1,Σβ+1)-exists provided

(1) Nβ+1 doesn’t project across Pβ ,
(2) if β = γ + 1 then Nβ+1 � “δβ is Woodin”,
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6.5. A LAST WORD 159

(3) if β is limit then no level of Nβ+1 projects across δβ and (δ+β )
Nβ = (δ+β )

Pβ .

Suppose first that 1, 2 or the first half of 3 fail. Let M � Nβ+1 be the least level of
Nβ+1 witnessing the failure of 1, 2 of the first half of 3. Let Σ be the strategy of M.
Then we have that Σ is fullness preserving in L(Σ,R). Because by Lemma 6.22,
L(Σ,R) � SMC, we get a contradiction as in the proof of Theorem 6.1. If it is the
second half of 3 that fails then we finish as in the proof of Theorem 6.1. Thus, 1-3
hold, and therefore, (Pβ+1,Σβ+1)-exists and Σβ+1 has branch condensation and is
fullness preserving (see Lemma 5.11 and Lemma 5.7). �

Let then Γ1 = ∪(P,Σ)∈AΓ(P,Σ). Notice that if (P,Σ), (Q,Λ) ∈ A then either
Γ(P,Σ) �θ Γ(Q,Λ) or vice a versa. Therefore, Γ1 is a mouse full pointclass such
that Γ1 � SMC. Because of Claim 2, ΩΓ must be limit. It follows from Theorem 6.1
that there must be possibly an anomalous hod pair (P,Σ) such that Γ(P,Σ) =
Γ1 and Σ has branch condensation. It then follows that Σ is fullness preserving.
Suppose first that P is not an anomalous hod premouse. Then because Γ 	⊆ L(Σ,R),
we have that in fact (P,Σ) ∈ A. It then follows from Claim 2 that Γ(P,Σ) � Γ1,
which is a contradiction.

Suppose then (P,Σ) is an anomalous hod pair of type II or III. We can now
repeat the proof of Theorem 6.1 in L(Σ,R) and get a contradiction ((P,Σ) produces

an ODL(Σ,R)-subset of HODL(Σ,R) which is not in HODL(Σ,R)). This completes the
proof of the lemma. �

To finish the proof of Theorem 6.19, fix (P,Σ) such that

(1) Σ is fullness preserving and has branch condensation,
(2) Γ(P,Σ) ⊆ Γ and Γ ⊆ L(Σ,R).

Because L(Σ,R) � SMC, we get a contradiction. This completes the proof of
Theorem 6.19.

6.5. A last word

In the hypothesis of Theorem 6.19 we assume that there is no proper class
model containing the reals and satisfying ADR + “Θ is regular”. How does this
hypothesis relate to “there is no mouse with a superstrong cardinal” hypothesis,
which is what was used in the statement of the Mouse Set Conjecture? It turns out
that ADR+“Θ is regular” is much weaker than “there is a mouse with a superstrong
cardinal”. Our goal in this short section is to establish this. First, we state the
following unpublished theorems of Woodin.

Theorem 6.24 (Woodin). It is consistent relative to a Woodin limit of Woodins
that there are A0, A1 ⊆ R such that L(Ai,R) � AD+ but A0 and A1 are not Wadge
comparable.

Theorem 6.25 (Woodin). If A0, A1 ⊆ R are as in Theorem 6.24 then if Γ =
P(R) ∩ L(A0,R) ∩ L(A1,R) then L(Γ,R) � ADR.

We can now establish that a Woodin limit of Woodins is an upper bound for
ADR + “Θ is regular”.

Theorem 6.26. It is consistent relative to a Woodin limit of Woodins that
there is a model of ADR + “Θ is regular”.
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160 6. A PROOF OF THE MOUSE SET CONJECTURE

Proof. Without loss of generality, we assume that there are A0, A1 ⊆ R as in
Theorem 6.24. Suppose there is no model of ADR+“Θ is regular”. Then it follows
from Theorem 6.19 that L(Ai,R) � SMC. Let Γ = P(R) ∩ L(A0,R) ∩ L(A1,R).
Then using Theorem 6.1 we get hod pairs (Pi,Σi) ∈ L(Ai,R) such that Σi has
branch condensation and is Γ-fullness preserving, and Γ(Pi,Σi) = Γ. It then follows
that Σ0 	∈ L(A1,R) and Σ1 	∈ L(A0,R) (this is simply because we have that Σi 	∈ Γ).
Then using Theorem 2.47, we can get (Q,Λ) which is a common tail of (P0,Σ0)
and (P1,Σ1).

This then gives a contradiction as follows. For i < 2 let πi : Pi → Q be the
iteration embedding according to Σi. We then have that Λ = (πi−pulback of Σi).
It then follows that for each i < 2, Code(Λ) ∈ L(Ai,R). On the other hand, since
Γ(Q,Λ) = Γ, we have that Code(Λ) 	∈ Γ . �
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APPENDIX A

Descriptive set theory primer

Here we review some descriptive set theoretic notions. The standard reference
is [21]. Unless otherwise specified, we assume ZF +DCR+AD and let R stand for
the Baire space ωω. We also fix one of the standard ways of (i) coding hereditarily
countable sets by reals and (ii) coding subsets of Rn for n ∈ ω by subsets of R.
Throughout this book, we work relative to these coding methods.

A.1. Pointclasses

Following [21] we say Γ is a pointclass if it is a collection of sets of reals (that
is, we are not requiring pointclasses to be closed under any operation). If Γ is a

pointclass then Γ̆ = {A ⊆ R : Ac ∈ Γ} is the dual pointclass and ΔΓ = Γ ∩ Γ̆.
Given two sets of reals A and B, A is Wadge reducible to B if there is a real

σ that codes a continuous function f : R → R such that A = f−1[B]. We write
A ≤w B for “A is Wadge reducible to B”. We also say that B is Wadge above A.
Martin showed that ≤w is a well founded relation (see [46]). Given a set of reals
A we let w(A) = |A|≤w

. It can be shown that w(A) = w(Ac) (see [46]). If Γ is a

pointclass then we let w(Γ) = sup{w(A) : A ∈ Γ}.
Recall that a relation ≤ is a prewellordering if it is transitive, reflexive, con-

nected and wellfounded. Given a set of reals A, φ is a norm on A if φ : A → Ord.
For each norm φ on A, we let ≤φ be the binary relation on A given by x ≤φ y
iff φ(x) ≤ φ(y). Then ≤φ is a prewellordering of A. The opposite is true as well,
given a prewellordering ≤ of A there is an associated norm φ defined on A such

that ≤=≤φ. If Γ is a pointclass then φ is a Γ-norm if there are relations ≤φ
Γ∈ Γ

and ≤φ

Γ̆
∈ Γ̆ such that for every y ∈ dom(φ) and for any x ∈ R,

[x ∈ dom(φ) ∧ φ(x) ≤ φ(y)] ↔ x ≤φ
Γ y ↔ x ≤φ

Γ̆
y.

A sequence of norms �φ = 〈φi : i < ω〉 on A is a scale on A if whenever
〈xi : i < ω〉 ⊆ A is a sequence of reals converging to x such that for each i
the sequence 〈φi(xk) : k < ω〉 is eventually constant then x ∈ A and for each i,
φi(x) ≤ λi where λi is the eventual value of 〈φi(xk) : k < ω〉. The later property is

called lower semi-continuity. We write xi → x(mod�φ) if 〈xi : i < ω〉 converges to x

in the above sense. �φ is a Γ-scale on A if there are relations R ∈ Γ and S ∈ Γ̆ such
that for all y ∈ A, for any x ∈ R and for any n < ω

[x ∈ A ∧ φn(x) ≤ φn(y)] ↔ R(n, x, y) ↔ S(n, x, y).

We say Γ has the prewellordering property if every set in Γ has a Γ-norm. We
say Γ has the scale property if every set in Γ has a Γ-scale. A sequence of norms
〈φi : k < ω〉 is called a semi scale if it has all the properties of a scale except lower
semi-continuity. We also say that a sequence of sets of reals (Ai : i ∈ ω) is a (semi)
scale if for some (semi) scale (φi : i ∈ ω), Ai codes ≤φi

.

161
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162 A. DESCRIPTIVE SET THEORY PRIMER

Definition A.1. (Ai : i < ω) is a self-justifying system (sjs) if (i) Ai ⊆ R,
(ii) for every n, there exists k such that Ak = Ac

n, and (iii) for each n there is
a subsequence (Aki

: i < ω) such that (Aki
: i < ω) is a scale on An (i.e., Ak’s

code prewellorderings φn such that (φn : n < ω) is a scale). (Ai : i < ω) is a
semi-self-justifying system (ssjs) if (i) Ai ⊆ R, (ii) for every n, there exists k such
that Ak = Ac

n, and (iii) for each n there is a subsequence (Aki
: i < ω) such that

(Aki
: i < ω) is a semi scale on An.

Suppose κ is a cardinal. T ⊆ ∪n<ωω
n × κn is a tree if whenever s ∈ T then

s � i ∈ T for any i < lh(s). For (x, f) ∈ ωω ×κω is a branch of T if (x � i, f � i) ∈ T
for any i < ω. [T ] is the set of branches of T . p[T ] is the projection of [T ] on the
first coordinate, i.e., x ∈ p[T ] if and only if there is f ∈ κω such that (x, f) ∈ T .

A set of reals A is κ-Suslin if there is a tree T ⊆ ∪n<ωω
n × κn such that

A = p[T ]. A is Suslin if it is κ-Suslin for some κ. Given a scale �φ on A one can
construct a tree T such that p[T ] = A. More precisely, let T be the set of pairs
(s, f) such that there is some real x ∈ A such that s� x and f(i) = φi(x) for each

i < lh(f). Given a tree T such that p[T ] = A, one can get a scale �φ on A by
considering the leftmost branches of T . Thus, carrying a scale and being Suslin are
equivalent. Finally, we say that κ is a Suslin cardinal if there is a set of reals A
which is κ-Suslin but A is not η-Suslin for any η < κ.

A pointclass Γ is called good if it is closed under recursive preimages, it is ω-
parameterized, it is closed under ∃R quantification and it has the scale property.
The smallest good pointclass is Σ1

2. Notice that good pointclasses are lightface
pointclasses. However, if Γ is good and Uk ⊆ ω × Rk is a universal Γ set then the
pointclass

Γ˜ = {A ⊆ R : ∃n, k ∈ ω∃x ∈ R(A = Uk
n,x)}

is a boldface pointclass and is closed under both continuous preimages and ∃R.
Given a pointclass Γ, we say x is a Γ-singleton if {x} ∈ Γ. We say x is Γ-

definable from y if there is a set B ∈ Γ such that

x(n) = m ↔ B(n,m, y).

We say x is Γ-definable from y in a countable ordinal if there is B ∈ Γ such that
for some countable ordinal α, whenever z is a real coding α, for any n,m ∈ ω

x(n) = m ↔ B(n,m, y, z).

If Γ is good then one can define CΓ(x), the largest countable Γ set as follows

CΓ(x) = {y : y is Γ-definable from x in some countable ordinal }.
By a result of Becker-Kechris (see [1]), if T is a tree of a Γ-scale on a universal

Γ set then L[T, x] for any real x is independent of both T and the choice of the
universal set. By a result of Harrington and Kechris (see [4]),

CΓ(x) = RL[T,x].

Note that CΓ(x) is Turing invariant, i.e., if x ≡T y then CΓ(x) = CΓ(y). Using
ideas from [11], one can extend x → CΓ(x) to act on HC, the set of hereditary
countable sets. Given a countable transitive set a, a set b ⊆ a and a real x coding
a we let bx be the real given by x that codes b, i.e., if Ex is the extensional well-
founded relation coded by x and πx : (a,∈) → (x,Ex) is the collapsing map then
n ∈ bx ↔ π−1

x (n) ∈ b. We can then define CΓ(a) by

CΓ(a) = {b ⊆ a : for all x coding a, bx ∈ CΓ(x)}.
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A.3. AD+ 163

Note that it follows that CΓ(a) = (P(a))L[T,a] because we can define CΓ(a) in
L[T, a] (see [31] and [42]). Again using some elementary facts about forcing, it is
not hard to show that in fact

CΓ(a) = {b ⊆ a : for comeager many x coding a, bx ∈ CΓ(x)}.
Kechris, in [12], showed that CΓ(x) has a Γ-good well ordering uniform in x. A well
ordering ≤⊆ R2 is Γ-good if for every x ∈ dom(≤), ≤� x = {y ∈ dom(≤) : y ≤ x}
is countable and there are relations R,S ∈ Γ such that for every y ∈ dom(≤) and
for every x ∈ R,

{xi : i < ω} = {z : z < y} ↔ R(x, y) ↔ ¬S(x, y).
We let <Γ,x be one such uniform Γ-good well ordering of CΓ(x).

A.2. Env(Γ)

Suppose Γ is a good scaled pointclass and there are scaled pointclasses be-
yond Γ. Martin and Woodin independently found an exact description of the next
scaled pointclass after Γ. Martin’s work is presented in [6] while Woodin’s work is
unpublished and uses inner model theoretic methods. Essentially the next scaled
pointclass after Γ is the pointclass of λ-Suslin sets where λ = w(Env(Γ)) where
Env(Γ), the envelope of Γ, is defined below. Our presentation below follows [42].

Definition A.2. Suppose Γ is a good pointclass, and A ⊆ R. We say A is
countably captured over Γ just in case there is a real x such that for all countable
σ ⊆ R with x ∈ σ, A ∩ σ ∈ CΓ(σ ∪ {σ}). We call such a real x a Γ-good parameter

for A. We call x a Γ-good parameter for a sequence �A if x is a Γ-good parameter
for Ai for each i.

Let now

Env(Γ) = {A ⊆ R : A is countably captured over Γ}.
If Γ is a good pointclass and �A is a sjs or a ssjs such that �A ⊆ Env(Γ) and A0 is a

universal Γ set then we say �A seals Γ.

Theorem A.3 (Martin, [6]). If Γ is closed under real quantifiers, then

(1) Env(Γ) is closed under real quantifiers, and hence, Env(Γ) is a projec-
tively closed boldface pointclass, and

(2) if there are scaled pointclasses beyond Γ then there is a semi-scale on a
universal Γ-dual set whose sequence of associated prewellorders is a subset
of Env(Γ).

Theorem A.4 (Martin and Jackson, [5], [6])). Suppose Γ is a good pointclass
closed under real quantification and there are scaled pointclasses beyond Γ. Then

there is a sjs �A which seals Γ.

Trevor Wilson proved a lightface version of this theorem (see Theorem 4.1.4 of
[47]).

A.3. AD+

The axioms of AD+ were isolated and extensively investigated by Woodin.
Unfortunately, most of his work is unpublished. Our outline of AD+ is based on
[26], [36], [49] and [48].

A set of reals A is called ∞Borel if there is a set of ordinals S, an ordinal α
and a formula φ(x0, x1) such that
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164 A. DESCRIPTIVE SET THEORY PRIMER

x ∈ A ↔ Lα[S, x] � φ[S, x].

(S, φ) is called an ∞Borel code for A. An equivalent definition can be given in
terms of an infinitary logic that allows infinite conjunctions and disjunctions, in
which case the resemblance to ordinary Borel sets becomes apparent. Note that if
A is Suslin and T is such that p[T ] = A then T witnesses that A is ∞Borel. Thus,
all Suslin sets are ∞Borel.

Theorem A.5 (Woodin). Assume ZF+ AD+DCR. Suppose A ⊆ R and A is
∞Borel. Then A has an ∞Borel code S coded by a set of reals projective in A.

Corollary A.6 (Woodin). Suppose M ⊆ N are two models of AD such that
R ∈ M , N � ZF + AD + DCR, and A ∈ P(R) ∩M is ∞Borel in N . Then A is
∞Borel in M .

Suppose λ is an ordinal and A ⊆ λω. Then A is determined if one of the players
has a winning strategy in the two player game on λ with payoff set A. Let Gλ

A be
this game. Ordinal determinacy is the statement that

Ordinal Determinacy: for any λ < Θ, for any continuous function π : λω →
ωω, and for any set A ⊆ ωω the set π−1[A] is determined.

The following is a positive result on ordinal determinacy.

Theorem A.7 (Moschovakis and independently Woodin, [13] and [22]). Sup-
pose κ < Θ and λ ∈ (κ,Θ) is a Suslin cardinal. Then for any A ⊆ R, and for any
continuous π : κω → ωω, Gκ

π−1[A] is determined.

Definition A.8 (Woodin). AD+ is the following theory

(1) ZF+ AD+DCR.
(2) All sets of reals are ∞Borel.
(3) Ordinal determinacy.

The following is an important consequence of AD+.

Theorem A.9 (Steel and Woodin, [36]). Assume AD+. Then the class of
Suslin cardinals is closed below Θ.

Under V = L(P(R)), AD+ implies a very useful Σ1-reflection property. Wheth-
er such a reflection holds under just AD is an important open problem. Suppose
first that Γ is a pointclass such that for any A ∈ Γ,

LηA
(A,R) ∩ P(R) ⊆ Γ.

where ηA is the least A-admissible ordinal, i.e., it is the least ordinal α such that
LηA

(A,R) � KP . We then let

MΓ = NΓ = ∪{LηA
(A,R) : A ∈ Γ}.

Recall that if Γ is a pointclass then δ(Γ) = sup{|≤∗| :≤∗∈ ΔΓ is a pre-wellordering}.
If now A is a set of reals then we let δ˜21(A) = δ(Σ˜2

1(A)).

Theorem A.10 (Woodin, unpublished but see Theorem 9.7 of [48]). Assume
AD++V = L(P(R)). Suppose A is a set of reals such that there is a Suslin cardinal
in the interval (w(A), θA). Then

(1) For any real x ∈ R the pointclass Σ2
1(A, x) has the scale property and

hence, Σ2
1(A, x) is a good pointclass.
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(2) δ˜21 < θA, and δ˜21(A) is the largest Suslin cardinal below θA.

(3) For any real x, Δ2
1(A, x) is a basis for Σ2

1(A, x), i.e., every Σ2
1(A, x) set

has a Δ2
1(A, x)-member. Furthermore, for any formula φ,

∃B ⊆ R〈HC,A,B,∈〉 � φ[x] ↔ ∃B ∈ Δ2
1(A, x)〈HC,A,B,∈〉 � φ[x].

(4) MΔ˜2
1(A) ≺Σ1

L(P(R)).

(5) LΘ(P(R)) ≺Σ1
L(P(R)).

It is not hard to see, using part 2 of Theorem A.10, that if A,B ⊆ R are
such that there is a Suslin cardinal in the interval (w(A), θA) and in the interval
(w(B), θB) and B is OD(A, x) for some x then δ˜21(B) ≤ δ˜21(A) (the assumption

that there is a Suslin cardinal in those intervals is used to make sense of δ˜21(A) and

δ˜21(B)). Also, if A is a set of Wadge rank δ˜21(B) for some B for which there is a
Suslin cardinal in the interval (w(B), θB), then θB = θA. Notice that it follows
from Moschovakis’ coding lemma that the statement “there is a Suslin cardinal in
the interval (w(B), θB)” is upward absolute in the sense that if R ⊆ M ⊆ N are
models of AD+ + V = L(P(R)) and B ∈ P(R) ∩M then

M � “there is a Suslin cardinal in the interval (w(B), θB)”

if and only if

N � “there is a Suslin cardinal in the interval (w(B), θB)”

This is because w(B)M = w(B)N , P(R)M = {A ∈ N : w(A) < ΘM} is ordinal
definable in N , and if μ < ΘM is a Suslin cardinal in N then it is a Suslin cardinal
in M .

A.4. The derived model theorem

Theorem A.11 (The Derived Model Theorem, Woodin, [49]). Suppose that δ
is a limit of Woodin cardinals. Suppose g ⊆ Coll(ω,< δ) is V -generic and let

Rg = ∪{(R)V [g�α] : α < δ}.
Let Γ be the set of all

A ∈ P(Rg) ∩ V (Rg)

such that L(A,Rg) � AD+. Then in V (Rg) the following hold.

(1) L(Γ,Rg) � AD+.
(2) For each A ∈ P(Rg) ∩ V (Rg) the following are equivalent.

(a) A is Suslin, co-Suslin in V (Rg).
(b) A ∈ Γ and A is Suslin, co-Suslin in L(Γ,Rg).

The model L(Γ,Rg) is called the derived model at δ. While it depends on g,
because of the homogeneity of the Levy collapse, its theory does not.
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