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Introduction I

Using supersymmetric quantum Yang-Mills field theory, Marinõ,
Moore, and Peradze (1999) also showed that a certain low-degree
polynomial part of the Donaldson-Seiberg-Witten series always
vanishes [20, 21], a consequence of their notion of superconformal
simple type.

Marinõ, Moore, and Peradze noted that this vanishing would
confirm a conjecture (attributed to Fintushel and Stern) for a
lower bound on the number of (Seiberg-Witten) basic classes of a
four-dimensional manifold.

The purpose of our second lecture in this series is to describe a
proof using SO(3) monopoles that all four-manifolds with
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Introduction II

Seiberg-Witten simple type are necessarily superconformal simple
type.

It is not known whether all four-manifolds also have
Seiberg-Witten simple type.

Our lecture is primarily based no

P. M. N. Feehan and T. G. Leness, The SO(3) monopole
cobordism and superconformal simple type, arXiv:1408.5307
(submitted October 2014).

That article is in turn based on methods and results described
earlier in
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Introduction III

1 P. M. N. Feehan and T. G. Leness, A general
SO(3)-monopole cobordism formula relating Donaldson and
Seiberg-Witten invariants, Memoirs of the American
Mathematical Society, in press, arXiv:math/0203047,

2 P. M. N. Feehan and T. G. Leness, Witten’s conjecture for
many four-manifolds of simple type, Journal of the European
Mathematical Society 17 (2015), 899–923.

with supporting results and background material with earlier
published articles with Leness cited therein.

As we shall see in our next lecture, the concept of superconformal
simple type is important since it leads to a proof of Witten’s
formula relating Donaldson and Seiberg-Witten invariants:
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Introduction IV

P. M. N. Feehan and T. G. Leness, Superconformal simple
type and Witten’s conjecture, arXiv:1408.5085 (submitted
October 2014).

Our proofs of these conjectures rely on an assumption of certain
analytical properties gluing maps for SO(3) monopoles (see
Hypothesis 2.5), analogous to properties proved by Donaldson and
Taubes in simpler contexts of gluing maps for SO(3) anti-self-dual
connections.

Verification of those analytical gluing map properties is work in
progress [6] and appears well within reach.

7 / 118



Introduction and main results
SO(3)-monopole cobordism formula for link pairings

SO(3)-monopole cobordism with c1(t) = 0
Leading term in cobordism formula for link pairings

Vanishing coefficients in cobordism formula for link pairings
Simple Type =⇒ Superconformal Simple Type

Bibliography

Introduction
Statements of main results

Statements of main results I

A closed, oriented four-manifold X has an intersection form,

QX : H2(X ;Z)× H2(X ;Z)→ Z.

One lets b±(X ) denote the dimensions of the maximal positive or
negative subspaces of the form QX on H2(X ;Z) and

e(X ) :=
4∑

i=0

(−1)ibi (X ) and σ(X ) := b+(X )− b−(X )

denote the Euler characteristic and signature of X , respectively.

8 / 118



Introduction and main results
SO(3)-monopole cobordism formula for link pairings

SO(3)-monopole cobordism with c1(t) = 0
Leading term in cobordism formula for link pairings

Vanishing coefficients in cobordism formula for link pairings
Simple Type =⇒ Superconformal Simple Type

Bibliography

Introduction
Statements of main results

Statements of main results II

We define the characteristic numbers,

(1)

c2
1 (X ) := 2e(X ) + 3σ(X ),

χh(X ) := (e(X ) + σ(X ))/4,

c(X ) := χh(X )− c2
1 (X ).

We call a four-manifold standard if it is closed, connected,
oriented, and smooth with odd b+(X ) ≥ 3 and b1(X ) = 0.

For a standard four-manifold, the Seiberg-Witten invariants
comprise a function,

SWX : Spinc(X )→ Z,
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Statements of main results III

on the set of spinc structures on X .

The set of Seiberg-Witten basic classes, B(X ), is the image under
c1 : Spinc(X )→ H2(X ;Z) of the support of SWX , that is

B(X ) = {K ∈ H2(X ;Z) : SWX (K ) 6= 0}.

A manifold X has Seiberg-Witten simple type if

K 2 = c2
1 (X ), ∀K ∈ B(X ).
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As defined by Mariño, Moore, and Peradze, [21, 20], a manifold X
has superconformal simple type if c(X ) ≤ 3 or c(X ) ≥ 4 and for
w ∈ H2(X ;Z) characteristic,

(2) SW w ,i
X (h) = 0 for 0 ≤ i ≤ c(X )− 4

and all h ∈ H2(X ;R), where

SW w ,i
X (h) :=

∑
s∈Spinc (X )

(−1)
1
2

(w2+c1(s)·w)SWX (s)〈c1(s), h〉i .

From [5], we have the
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Statements of main results V

Theorem 1.1 (All standard four-manifolds with Seiberg-Witten
simple type have superconformal simple type)

(See F and Leness [5, Theorem 1.1].) Assume Hypothesis 2.5. If X
is a standard four-manifold of Seiberg-Witten simple type, then X
has superconformal simple type.

Hypothesis 2.5 asserts certain analytical properties of local gluing
maps for SO(3) monopoles constructed by the authors in [7].

Proofs of these analytical properties, analogous to known
properties of local gluing maps for anti-self-dual SO(3) connections
and Seiberg-Witten monopoles, are being developed by us [6].
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Global gluing maps are used to describe the topology of
neighborhoods of Seiberg-Witten monopoles appearing at all levels
of the compactified moduli space of SO(3) monopoles and hence
construct links of those singularities.

Marinõ, Moore, and Peradze had previously shown [21, Theorem
8.1.1] that if the set of Seiberg-Witten basic classes, B(X ), is
non-empty and X has superconformal simple type, then

(3) |B(X )/{±1}| ≥ [c(X )/2].
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For example, suppose X is the K3 surface. It is known that
B(X ) = {0}, so |B(X )/{±1}| = 1, while

b1(X ) = 0, b+(X ) = 3, b−(X ) = 19,

which gives e(X ) = 24, σ(X ) = −16, c2
1 (X ) = 0, χh(X ) = 2, and

c(X ) = 2, so [c(X )/2] = 1 and equality holds in (3).

Because c(X ) ≤ 3, the K3 surface is superconformal simple type
by our definition.

Theorem 1.1 and [21, Theorem 8.1.1] yield a proof of the following
result, first conjectured by Fintushel and Stern [15].
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Corollary 1.2 (Lower bound for the number of basic classes)

(See F and Leness [5, Corollary 1.2]) Let X be a standard
four-manifold of Seiberg-Witten simple type. Assume Hypothesis
2.5. If B(X ) is non-empty and c(X ) ≥ 3, then the number of basic
classes obeys the lower bound (3).

On the other hand, we recall the
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Conjecture 1.3 (Witten’s Conjecture)

Let X be a standard four-manifold. If X has Seiberg-Witten simple
type, then for any w ∈ H2(X ;Z) the Donaldson invariants satisfy

(4) Dw
X (h) = 22−(χh−c2

1 )eQX (h)/2

×
∑

s∈Spinc (X )

(−1)
1
2

(w2+c1(s)·w)SWX (s)e〈c1(s),h〉.

From [8] (and as we discuss in the next lecture), we have the
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Theorem 1.4 (Superconformal simple type =⇒ Witten’s
Conjecture holds for all standard four-manifolds)

(See F and Leness [8, Theorem 1.2].) Assume Hypothesis 2.5. If a
standard four-manifold has superconformal simple type, then it
satisfies Witten’s Conjecture 1.3.

Combining Theorems 1.1 and 1.4 thus yields the following
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Corollary 1.5 (Witten’s Conjecture holds for all standard
four-manifolds)

(See F and Leness [8, Corollary 1.3] or [5, Corollary 1.4].) Assume
Hypothesis 2.5. If X is a standard four-manifold of Seiberg-Witten
simple type then X satisfies Witten’s Conjecture 1.3.
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Seiberg-Witten invariants I

The Seiberg-Witten invariants comprise a map with finite support,

SWX : Spinc(X )→ Z,

from the set of spinc structures on X .

A spinc structure s = (W±, ρW ) on X consists of a pair of
complex rank-two vector bundles, W± → X , and a Clifford
multiplication map, ρW : T ∗X → HomC(W+,W−).

If s ∈ Spinc(X ), then c1(s) := c1(W+) ∈ H2(X ;Z) is an integral
lift of w2(TX ) ∈ H2(X ;Z/2Z).
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Seiberg-Witten invariants II

One calls c1(s) a Seiberg-Witten basic class if SWX (s) 6= 0. Define

(5) B(X ) := {c1(s) : SWX (s) 6= 0}.

If H2(X ;Z) has 2-torsion, then c1 : Spinc(X )→ H2(X ;Z) is not
injective.

Because we will work with functions involving real homology and
cohomology, we define

(6) SW ′
X : H2(X ;Z)→ Z, K 7→

∑
s∈c−1

1 (K)

SWX (s).
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Seiberg-Witten invariants III

Thus, we can rewrite the expression for SW w ,i
X (h) in (2) as

(7) SW w ,i
X (h) =

∑
K∈B(X )

(−1)
1
2

(w2+w ·K)SW ′
X (K )〈K , h〉i .

A four-manifold, X , has Seiberg-Witten simple type if SWX (s) 6= 0
implies that c1(s)2 = c2

1 (X ).
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Spinustructures and SO(3) monopoles I

A spinu structure t = (V±, ρ) on a four-manifold, X , is a pair of
complex rank-four vector bundles, V± → X , with a Clifford
module structure, ρ : T ∗X → HomC(V+,V−).

In more familiar terms, for a spinc structure s = (W±, ρW ) on X ,
a spinu structure is given by V± = W± ⊗ E , where E → X is a
complex rank-two vector bundle and the Clifford multiplication
map is given by ρ = ρW ⊗ idE .
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Spinustructures and SO(3) monopoles II

We define characteristic classes of a spinu structure
t = (W± ⊗ E , ρ) by

p1(t) := p1(su(E )), c1(t) := c1(W+) + c1(E ),

w2(t) := c1(E ) (mod 2).
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Spinustructures and SO(3) monopoles III

Lemma 2.1 (Spinu structures with prescribed characteristic classes)

(See F and Leness [5, Lemma 2.1].) Let X be a standard four-manifold.
Given ℘ ∈ H4(X ;Z), Λ ∈ H2(X ;Z), and w ∈ H2(X ;Z/2Z), there is a
spinu structure t on X with p1(t) = ℘, c1(t) = Λ, and w2(t) = w if and
only if:

1 There is a class w ∈ H2(X ;Z) with w = w (mod 2),

2 Λ ≡ w + w2(X ) (mod 2),

3 ℘ ≡ w2 (mod 4).
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Space of SO(3) monopoles and S1 fixed points I

For a spinu structure t = (W± ⊗ E , ρ) on X , the moduli space Mt

of SO(3) monopoles on t is the space of solutions, modulo gauge
equivalence, to the SO(3)-monopole equations (see F and Leness
[9, Equation (1.1)] or [10, Equation (2.32)]) for a pair (A,Φ)
where A is a unitary connection on E and Φ ∈ Ω0(V+).

Complex scalar multiplication on the section, Φ, defines an S1

action on Mt with stabilizer {±1} away from two families of fixed
point sets:

zero-section points, [A, 0], where Φ ≡ 0 and

reducible points, [A,Φ], where A is a reducible connection.
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Space of SO(3) monopoles and S1 fixed points II

The subspace of zero-section points is a manifold with a natural
smooth structure diffeomorphic to the moduli space of
anti-self-dual connections on su(E ) which we denote, following the
notation of [19], by Mw

κ where κ = −p1(t)/4 and w = c1(E ) (see
F and Leness [10, Section 3.2]).

By [10, Lemma 2.17], the subspace of reducible points where A is
reducible with respect to a splitting V = (W ⊗ L1)⊕ (W ⊗ L2) is
a manifold, Ms, which is compactly cobordant to the moduli space
of Seiberg-Witten monopoles associated with the spinc structure s
where c1(s) = c1(W+ ⊗ L1).
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Space of SO(3) monopoles and S1 fixed points III

By [11, Lemma 3.32], the possible splittings of t are given by

Red(t) = {s ∈ Spinc : (c1(s)− c1(t))2 = p1(t)}.

Hence, the subspace of reducible points is

M red
t =

⋃
s∈Red(t)

Ms.

We define

M 0
t := Mt\Mw

κ , M ∗
t := Mt\M red

t , and M ∗,0
t := M 0

t ∩M ∗
t .

We recall the
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Space of SO(3) monopoles and S1 fixed points IV

Theorem 2.2

(See F [3], F and Leness [9], or Teleman [23].) Let t be a spinu structure
on a standard four-manifold, X . For generic perturbations of the SO(3)
monopole equations, the moduli space, M ∗,0

t ,is a smooth, orientable
manifold of dimension

dim Mt = 2da(t) + 2na(t),

where, for χh(X ) and c2
1 (X ) as in (1),

da(t) :=
1

2
dimMw

κ = −p1(t)− 3χh(X ),(8a)

na(t) :=
1

4

(
p1(t) + c1(t)2 − c2

1 (X ) + 8χh(X )
)
.(8b)
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Compactification of moduli space of SO(3) monopoles I

The moduli space Mt is not compact but admits an Uhlenbeck
compactification as follows (see F and Leness [10, Section 2.2] or
[9] for details).

For ` ≥ 0, let t(`) be the spinu structure on X with

p1(t(`)) = p1(t) + 4`, c1(t(`)) = c1(t), w2(t(`)) = w2(t).

Let Sym`(X ) be the `-th symmetric product of X (that is, X `

modulo the symmetric group on ` elements).

For ` = 0, we define Sym`(X ) to be a point.
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Compactification of moduli space of SO(3) monopoles II

The space of ideal SO(3) monopoles is defined by

IMt :=
N⋃
`=0

Mt(`) × Sym`(X ).

We give IMt the topology defined by Uhlenbeck convergence (see
F and Leness [9, Definition 4.9]).

Theorem 2.3

[9] (See F and Leness [9].) Let X be a standard four-manifold with
Riemannian metric, g . Let M̄t ⊂ IMt be the closure of Mt with respect
to the Uhlenbeck topology. Then there is a non-negative integer, N,
depending only on (X , g), p1(t), and c1(t) such that M̄t is compact.
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Compactification of moduli space of SO(3) monopoles III

The following figure illustrates the SO(3)-monopole cobordism
between codimension-one links in M̄t/S

1 of M̄w
κ and

Msi × Sym`(X ).
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Compactification of moduli space of SO(3) monopoles IV
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Compactification of moduli space of SO(3) monopoles V

The S1 action on Mt extends continuously over IMt and M̄t, in
particular, but M̄t contains fixed points of this S1 action which are
not contained in Mt.

The closure of Mw
κ in M̄t is M̄w

κ , the Uhlenbeck compactification
of the moduli space of anti-self-dual connections as defined in [2].

There are additional reducible points in the lower levels of IMt

(where ` ≥ 1). Define

Red(t) := {s ∈ Spinc(X ) : (c1(s)− c1(t))2 ≥ p1(t)}.

If we define the level, `(t, s), in M̄t of the spinc structure s by

(9) `(t, s) :=
1

4

(
(c1(s)− c1(t))2 − p1(t)

)
,
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Compactification of moduli space of SO(3) monopoles VI

then the set of strata of reducible points in M̄t are given by

(10) M̄ red
t :=

⋃
s∈Red(t)

Ms × Sym`(t,s)(X ).

Note that for s ∈ Red(t), we have `(t, s) ≥ 0 by the definitions of
Red(t) and `(t, s).

By analogy with the corresponding definitions for Mt, we write

M̄ 0
t := M̄t \ M̄w

κ , M̄ ∗
t := M̄t \ M̄ red

t , M̄ ∗,0
t := M̄ 0

t ∩ M̄ ∗
t ,

and observe that the stabilizer of the S1 action on M̄ ∗,0
t is {±1}.
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Cohomology classes and geometric representatives I

The cohomology classes used to define Donaldson invariants
extend to M ∗

t /S
1.

For β ∈ H•(X ;R), there is a cohomology class,

µp(β) ∈ H4−•(M ∗
t /S

1;R),

with geometric representative (in the sense of Donaldson [1],
Kronheimer and Mrowka [19, p. 588] or F and Leness [11,
Definition 3.4]),

V (β) ⊂M ∗
t /S

1.
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Cohomology classes and geometric representatives II

For hi ∈ H2(X ;R) and a generator x ∈ H0(X ;Z), we define

µp(h1 . . . hδ−2mx
m)

:= µp(h1) ^ · · ·^ µp(hδ−2m) ^ µ̄p(x)m ∈ H2δ(M ∗
t /S

1;R),

V (h1 . . . hδ−2mx
m)

:= V (h1) ∩ · · · ∩ V (hδ−2m) ∩ V (x) ∩ · · · ∩ V (x)︸ ︷︷ ︸
m copies

,

and let

V̄ (h1 . . . hδ−2mx
m)

be the closure of V (h1 . . . hδ−2mx
m) in M̄ ∗

t /S
1.
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Cohomology classes and geometric representatives III

Denote the first Chern class of the S1 action on M̄ ∗,0
t with

multiplicity two by

µ̄c ∈ H2(M̄ ∗,0
t /S1;Z).

This cohomology class has a geometric representative W̄ .
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Link of the moduli space of anti-self-dual connections I

Proposition 2.4 (Vanishing of pairing with link of the moduli space of
anti-self-dual connections)

(See F and Leness [11, Proposition 3.29] or [5, Proposition 2.4].) Let t be a
spinu structure on a standard four-manifold X . For δ, ηc ,m ∈ N, if

δ − 2m ≥ 0,(11a)

δ + ηc =
1

2
dimLasd

t = da(t) + na(t)− 1,(11b)

δ >
1

2
dimMw

κ = da(t) ≥ 0,(11c)

then
#
(
V̄ (hδ−2mxm) ∩ W̄ ηc ∩ Lasd

t

)
= 0,

where # denotes the signed count of the points in the intersection.
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Link of a moduli space of Seiberg-Witten monopoles I

Hypothesis 2.5 (Properties of local SO(3)-monopole gluing maps)

The local gluing map, constructed in [7], gives a continuous
parametrization of a neighborhood of Ms × Σ in M̄t for each smooth
stratum Σ ⊂ Sym`(X ).

Hypothesis 2.5 is discussed in greater detail in [4, Section 6.7].

The question of how to assemble the local gluing maps for
neighborhoods of Ms × Σ in M̄t, as Σ ranges over all smooth
strata of Sym`(X ), into a global gluing map for a neighborhood of
Ms × Sym`(X ) in M̄t is itself difficult — involving the “overlap
problem” described in [12] — but one which we solve in [4].
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Link of a moduli space of Seiberg-Witten monopoles II

Theorem 2.6 (Pairing with link of moduli space of Seiberg-Witten monopoles)

(See F and Leness [4, Theorem 9.0.5] or [5, Theorem 2.6].) Let t be a
spinu structure on a standard four-manifold X of Seiberg-Witten simple type
and assume Hypothesis 2.5. Denote Λ = c1(t) and K = c1(s) for s ∈ Red(t).
Let δ, ηc ,m ∈ Z≥0 satisfy δ − 2m ≥ 0 and

δ + ηc =
1

2
dimLt,s = da(t) + na(t)− 1.

Let ` = `(t, s) be as defined in (9).
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Link of a moduli space of Seiberg-Witten monopoles III

Theorem 2.6 (Pairing with link of moduli space of Seiberg-Witten monopoles)

Then, for any integral lift w ∈ H2(X ;Z) of w2(t), and any h ∈ H2(X ;R) and
generator x ∈ H0(X ;Z),

(12)

#
(
V̄ (hδ−2mxm) ∩ W̄ ηc ∩ Lt,s

)
= SWX (s)

∑
i+j+2k
=δ−2m

ai,j,k(χh, c
2
1 ,K · Λ,Λ2,m, `)〈K , h〉i 〈Λ, h〉jQX (h)k ,

where # denotes the signed count of points in the intersection and where for
each triple of non-negative integers, i , j , k ∈ N, the coefficients,

ai,j,k : Z× Z× Z× Z× N× N→ R,

are universal functions of χh, c2
1 , c1(s) · Λ, Λ2, m, ` and vanish if k > `(t, s).
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Link of a moduli space of Seiberg-Witten monopoles IV

The right-hand side of (12) is obtained by computing the
intersection numbers for geometric representatives on M̄t/S

1 with
the links of the moduli subspace Ms × Sym`(X ) of ideal
Seiberg-Witten monopole appearing in M̄t/S

1.

One uses the fiber-bundle structure of the link over the
Seiberg-Witten moduli subspace, Ms × Sym`(X ), to compute the
intersection number and show that this is equal to a multiple of
the Seiberg-Witten invariant, SWX (s).

43 / 118



Introduction and main results
SO(3)-monopole cobordism formula for link pairings

SO(3)-monopole cobordism with c1(t) = 0
Leading term in cobordism formula for link pairings

Vanishing coefficients in cobordism formula for link pairings
Simple Type =⇒ Superconformal Simple Type

Bibliography

Seiberg-Witten invariants
Spinu structures and SO(3) monopoles
Moduli space of SO(3) monopoles and S1 fixed points
Compactification of moduli space of SO(3) monopoles
Link of the moduli space of anti-self-dual connections
Link of a moduli space of Seiberg-Witten monopoles
SO(3)-monopole cobordism formula for link pairings

SO(3)-monopole cobordism formula for link-pairings I

The compactification M̄ ∗,0
t /S1 defines a compact cobordism,

stratified by smooth oriented manifolds, between

Lasdt and
⋃

s∈Red(t)

Lt,s.

For δ + ηc = 1
2 dimLasdt , this cobordism gives the following equality

(see F and Leness [4, Equation (1.6.1)]),

(13)

#
(
V̄ (hδ−2mxm) ∩ W̄ ηc ∩ Lasd

t

)
= −

∑
s∈Red(t)

(−1)
1
2 (w2−σ)+ 1

2 (w2+(w−c1(t))·c1(s))

×#
(
V̄ (hδ−2mxm) ∩ W̄ ηc ∩ Lt,s

)
.
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SO(3)-monopole cobordism formula for link-pairings II

The left-hand side of (13) is obtained by computing the
intersection number for geometric representatives on M̄t/S

1 with
the link of the moduli subspace M̄w

κ of anti-self-dual SO(3)
connections.

The right-hand side of (13) is obtained by computing the
intersection numbers for geometric representatives on M̄t/S

1 with
the links of the moduli subspaces Ms × Sym`(X ) of ideal
Seiberg-Witten monopoles appearing in M̄t/S

1.
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SO(3)-monopole cobordism with c1(t) = 0 I

We will derive a formula (see the forthcoming (18)) relating the
Seiberg-Witten polynomials SW w ,i

X defined in (2) and the
intersection form of X .

We do so by applying the cobordism formula (13) in a case where
Proposition 2.4 (vanishing of intersection number with link of ASD
moduli space) implies the left-hand-side of (13) vanishes.

To extract a formula from the resulting vanishing sum that
includes the Seiberg-Witten polynomials, SW w ,i

X , we apply
Theorem 2.6 (intersection number with link of Seiberg-Witten
moduli space) to the terms on the right-hand-side of (13).
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SO(3)-monopole cobordism with c1(t) = 0 II

In the resulting sum over Red(t), the coefficients, ai ,j ,k , appearing
in equation (12) in Theorem 2.6 depend on c1(t) · c1(s).

This dependence prevents the desired extraction of SW w ,i
X from

the cobordism sum (this is a technical point arising in the
calculation — see F and Leness [5, Remark 3.4]).

To ensure that c1(t) · c1(s) is constant as c1(s) varies in B(X )
without further assumptions on B(X ), we shall assume c1(t) = 0.

We begin by establishing the existence of a family of
spinu structures with c1(t) = 0.
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SO(3)-monopole cobordism with c1(t) = 0 III

Lemma 3.1 (Existence of a family of spinu structures)

(See F and Leness [5, Proposition 3.1].) Let X be a standard
four-manifold. For every n ∈ N there is a spinu structure tn on X
satisfying

(14) c1(tn) = 0, p1(tn) = 4n + c2
1 (X )− 8χh(X ), w2(tn) = w2(X ),

and such that na(tn) = n, where na(t) is the index defined in (8b).

To apply Theorem 2.6 to the cobordism formula (13) for a
spinu structure tn satisfying (14), we compute the level in M̄tn of a
spinc structure s.
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SO(3)-monopole cobordism with c1(t) = 0 IV

Lemma 3.2 (Computation of the level of Seiberg-Witten moduli space in
a compactified moduli space of SO(3) monopoles)

(See F and Leness [5, Lemma 3.2].) Let X be a standard four-manifold
of Seiberg-Witten simple type. For a non-negative integer, n, let tn be a
spinu structure on X satisfying (14). For c1(s) ∈ B(X ), the level
` = `(tn, s) in M̄tn of s is

(15) `(tn, s) = 2χh(X )− n.
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SO(3)-monopole cobordism with c1(t) = 0 V

Combining

Equation (13) (SO(3)-monopole cobordism formula),

Proposition 2.4 (vanishing of intersection number with link of
ASD moduli space),

Theorem 2.6 (intersection number with link of Seiberg-Witten
moduli space),

then gives the following
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SO(3)-monopole cobordism with c1(t) = 0 VI

Theorem 3.3 (SO(3)-monopole cobordism formula vanishing)

(See F and Leness [5, Theorem 3.3].) Let X be a standard four-manifold of
Seiberg-Witten simple type. Assume that m, n ∈ N satisfy

n ≤ 2χh(X ),(16a)

1 < n,(16b)

0 ≤ c(X )− n − 2m − 1.(16c)

We abbreviate the coefficients in equation (12) in Theorem 2.6 by

(17) ai,0,k := ai,0,k(χh(X ), c2
1 (X ), 0, 0,m, 2χh(X )− n).

Then, for A = c(X )− n − 2m − 1 and w ∈ H2(X ;Z) characteristic,

(18) 0 =

2χh(X )−n∑
k=0

aA+2k,0,2χh(X )−n−kSW
w,A+2k
X (h)QX (h)2χh(X )−n+k .

As noted earlier, we work with a spinu structure t with c1(t) = 0 in
order to ensure that the coefficients ai ,j ,k appearing in (12) do not
depend on K ∈ B(X ).

Thus, after reversing the order of summation in (45), we can pull
these coefficients out in front of the inner sum over K ∈ B(X ) to
get the expression
(19)

0 =
∑

i+2k
=δ−2m

ai ,0,kQX (h)k
∑

K∈B(X )

(−1)
1
2

(w2+w ·K)SW ′
X (K )〈K , h〉i

=
∑

i+2k
=δ−2m

ai ,0,kSW
w ,i
X (h)QX (h)k (by (7)).

involving the Seiberg-Witten polynomials.

Hence, the choice of spinu structure with c1(t) = 0 is a necessary
step in the argument.
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Computation of the leading-order term in the
SO(3)-monopole cobordism formula for link pairings
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Leading term in cobordism formula for link pairings I

To show that equation (18) is non-trivial, we now demonstrate, in
a computation similar to that due to Kotschick and Morgan [18,
Theorem 6.1.1], that the coefficient of the term in (18) including
the highest power of QX is non-zero.
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Leading term in cobordism formula for link pairings II

Proposition 4.1 (Leading-order term in the SO(3)-monopole cobordism
formula (18) for link pairings)

(See F and Leness [5, Proposition 4.1].) Continue the notation and
assumptions of Theorem 3.3. In addition, assume that there is K ∈ B(X )
with K 6= 0. Let m and n be non-negative integers satisfying the
conditions (16). Define A := c(X )− n − 2m − 1, and
δ := c(X ) + 4χh(X )− 3n − 1, and ` = 2χh(X )− n. Then

(20) aA,0,`(χh(X ), c2
1 (X ), 0, 0,m, `) = (−1)m+`2`−δ

(δ − 2m)!

`!A!
.

Although the computation of the precise value of the coefficient in
(20) is delicate, we need only show that aA,0,` is non-zero.
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Leading term in cobordism formula for link pairings III

The methods discussed below allow one to compute the
coefficients ai ,j ,` in greater generality (for example, without the
assumption that c1(t) = 0), but not complete generality (mainly
due to the complicated stratified-space structure of the symmetric
products, Sym`(X )).

Because Theorem 1.1 does not require greater generality and
indeed requires the assumption that c1(t) = 0 (as one can show),
we omit the proof of a more general result in the interest of clarity.
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Topology of a neighborhood of Ms × {x} ⊂ M̄t I

The proof of Proposition 4.1 requires knowledge of the topology of
an open neighborhood of

Ms × {x} ⊂ M̄t/S
1,

where x ∈ Sym`(X ).

While we need to consider arbitrary lower levels, ` ≥ 0, in the
Uhlenbeck compactification,

M̄t ⊂
N⋃
`=0

Mt(`) × Sym`(X ),
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Topology of a neighborhood of Ms × {x} ⊂ M̄t II

the proof of Proposition 4.1 only requires us to consider points,

x ∈ Sym`(X ),

in the top stratum of Sym`(X ) (all points distinct).

Although the definition of the intersection numbers appearing in
the SO(3)-monopole cobordism formula (13) (and thus defining
the coefficient (20)) requires a smooth structure on the link Lt,s,
the forthcoming equality (35) turns these intersection numbers
into a cohomological pairing.

58 / 118



Introduction and main results
SO(3)-monopole cobordism formula for link pairings

SO(3)-monopole cobordism with c1(t) = 0
Leading term in cobordism formula for link pairings

Vanishing coefficients in cobordism formula for link pairings
Simple Type =⇒ Superconformal Simple Type

Bibliography

Topology of a neighborhood of Ms × {x} ⊂ M̄t
Multilinear algebra
Cohomology classes and duality
Outline of remainder of leading-order term computation

Topology of a neighborhood of Ms × {x} ⊂ M̄t III

Lower-level Seiberg-Witten moduli spaces and invariants

Because dimMs = 0 (by our simple type hypothesis), the virtual
normal bundle construction of [10, Theorem 3.21] (F and Leness)
gives a homeomorphism between a neighborhood in Mt(`)/S

1 of a

point in Ms and χ−1
t(`),s(0)/S1, where

(21) χt(`),s : CrN → CrΞ

is a continuous, S1-equivariant map with 0 ∈ g−1
t(`),s(0) and which

is smooth away from the origin and vanishes transversely away
from the origin.
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Topology of a neighborhood of Ms × {x} ⊂ M̄t IV

The dimensions satisfy

(22) rN − rΞ =
1

2
Mt(`) =

1

2
Mt − 3`.

We further note that because dimMs = 0 and Ms is compact and
oriented, Ms is a finite set of points.

If 1 ∈ H0(Ms;Z) is a generator given by an orientation of Ms, then

(23) 〈1, [Ms]〉 = SWX (s),

as this pairing is just the count with sign of the points in the
oriented moduli space Ms.
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Topology of a neighborhood of Ms × {x} ⊂ M̄t V

Open neighborhood of Ms × {x} in M̄t

In [4, Chapter 5] (F and Leness), we constructed a virtual
neighborhood M̄ vir

t,s of Ms × Sym`(X ) in M̄t admitting a
continuous, surjective map (see F and Leness [4, Lemma 5.8.2]),

(24) πX : M̄ vir
t,s → Sym`(X ).

The space, M̄ vir
t,s , is stratified by smooth manifolds and contains a

subspace, Ōt,s, which is homeomorphic to a neighborhood Ūt,s of
Ms × Sym`(X ) in M̄t.

Let Ot,s be the intersection of Ōt,s with the top stratum of M̄ vir
t,s .
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Topology of a neighborhood of Ms × {x} ⊂ M̄t VI

Then Ot,s is the zero locus of a transversely vanishing section of a
vector bundle of rank 2rΞ + 2` over the top stratum of M̄ vir

t,s and

Ot,s is diffeomorphic to the top stratum of Ūt,s.

The top stratum of M̄ vir
t,s has dimension determined by

1

2
dim M vir

t,s =
1

2
dim Mt + rΞ + `.

There is an S1 action on M̄ vir
t,s which restricts to the S1 action on

M̄t discussed earlier.

This S1 action is free on the complement of its fixed point set,
Ms × Sym`(X ) ⊂ M̄ vir

t,s .
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Topology of a neighborhood of Ms × {x} ⊂ M̄t VII

Let ∆ ⊂ Sym`(X ) be the big diagonal, given by points {x1, . . . , x`}
where xi = xj for some i 6= j .

For x ∈ Sym`(X ) \∆, let U be an open set,

x ∈ U b Sym`(X ) \∆,

and let Ũ ⊂ X ` be the pre-image of U under the branched cover
X ` → Sym`(X ).

Let CSO(3) be the open cone on SO(3).

For U sufficiently small, we define

(25) N(t, s,U) := Ms × CrN × CSO(3)` ×S` Ũ,
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Topology of a neighborhood of Ms × {x} ⊂ M̄t VIII

where S` is the symmetric group on ` elements, acting diagonally
by permutation on the ` factors in CSO(3)` and Ũ.

Because U is contained in the top stratum of Sym`(X ), the
construction of M̄ vir

t,s in [4, Section 5.1.5] (F and Leness) and the
map πX in [4, Lemma 5.8.2] (F and Leness) imply that there is a
commutative diagram,

(26)

N(t, s,U)
γ−−−−→ M̄ vir

t,sy πX

y
U −−−−→ Sym`(X )

where
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Topology of a neighborhood of Ms × {x} ⊂ M̄t IX

1 The horizontal maps are open embeddings,

2 The vertical map on the left is projection onto the factor U,

3 The image of γ is a neighborhood of Ms × {x} in M̄ vir
t,s ,

4 The embedding γ is equivariant with respect to the diagonal
S1 action on the factors of C and SO(3) in (25) and the S1

action on M̄ vir
t,s .
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Topology of a neighborhood of Ms × {x} ⊂ M̄t X

Observe that because U is in the top stratum of Sym`(X ), the
group S` acts freely on Ũ.

Hence, for x ∈ U the pre-image of x under the left vertical arrow in
the diagram (26) is

Ms × CrN × CSO(3)` × {x}.

The commutativity of the diagram (26) implies that for x ∈ U, the
embedding γ defines a homeomorphism,

(27) Ms × CrN × CSO(3)` × {x} ∼= π−1
X (x).

Note that for x ∈ U represented by {x1, . . . , x`}, each xl has
multiplicity one, by definition of ∆, for 1 ≤ l ≤ `.
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Topology of a neighborhood of Ms × {x} ⊂ M̄t XI

For the cone point c ∈ CSO(3), define c` ∈ CSO(3)` by

c` = {c} × {c} × · · · × {c}︸ ︷︷ ︸
` copies

∈ CSO(3)`.

Because c` is a fixed point of the S` action on CSO(3)`,

(28) γ−1
(
Ms × Sym`(X )

)
= Ms × {0} × {c`} × U

⊂ Ms × CrN × CSO(3)` ×S` Ũ,

where γ is the embedding in (26).
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Topology of a neighborhood of Ms × {x} ⊂ M̄t XII

The link and its branched cover

In [4, Proposition 8.0.4] (F and Leness), we constructed a link,

Lvirt,s ⊂ M̄ vir
t,s /S

1

of

Ms × Sym`(X ) ⊂ M̄ vir
t,s /S

1.

We will need the following description of

π−1
X (x) ∩ Lvirt,s

and a branched cover of this space.
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Topology of a neighborhood of Ms × {x} ⊂ M̄t XIII

Lemma 4.2

(See F and Leness [5, Lemma 4.5].) For x ∈ Sym`(X ) \∆, the space
π−1
X (x) ∩ L̄vir

t,s is homeomorphic to the link of

Ms × {0} × {c`} × {x} in Ms × CrN ×S1 CSO(3)` × {x}.

The computations in our proof of Proposition 4.1 require the
following branched cover of this link.
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Topology of a neighborhood of Ms × {x} ⊂ M̄t XIV

Lemma 4.3

(See F and Leness [5, Lemma 4.6].) There is a degree (−1)`2rN+`−1

branched cover

f̃ : Ms × CPrN+2`−1 → π−1
X (x) ∩ Lvir

t,s .

If ν is the first Chern class of the S1 action on M̄ vir
t,s , then

(29) f̃ ∗ν = 1× 2ν̃,

where 1 ∈ H0(Ms;Z) satisfies (23) and ν̃ ∈ H2(CPrN+2`−1;Z) satisfies

(30) 〈ν̃rN+2`−1, [CPrN+2`−1]〉 = (−1)rN+2`−1.
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Multilinear algebra I

The proof of Proposition 4.1 requires us to consider the
intersection number with Lt,s in (12) as a symmetric multilinear
map on H2(X ;R) rather than a polynomial.

We thus introduce some notation to translate between the two
concepts.

For a finite-dimensional, real vector space V , let Sd(V ) be the
vector space of d-linear, symmetric maps, M : V⊗d → R, and let
Pd(V ) be the vector space of degree-d homogeneous polynomials
on V .
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Multilinear algebra II

The map Φ : Sd(V )→ Pd(V ) defined by Φ(M)(v) = M(v , . . . , v)
is an isomorphism of vector spaces (see Friedman and Morgan [16,
Section 6.1.1]).

For Mi ∈ Sdi (V ), we define a product on S•(V ) = ⊕d≥0Sd(V ) by

(31)

(M1M2)(h1, . . . , hd1+d2)

:=
1

(d1 + d2)!

∑
σ∈Sd1+d2

M1(hσ(1), . . . , hσ(d1))

×M2(hσ(d1+1), . . . , hσ(d1+d2)),

where Sd is the symmetric group on d elements.
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Multilinear algebra III

When S•(V ) has this product and P•(V ) has its usual product, Φ
is an algebra isomorphism.
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Multilinear algebra IV

Lemma 4.4

(See F and Leness [5, Lemma 4.7].) Continue the assumptions and notation of
Proposition 4.1. For n ∈ N as in Proposition 4.1 let tn be a spinu structure
satisfying (14). Then,

(32)

#
(
V̄ (h1 . . . hδ−2mx

m) ∩ Ltn,s

)
=

SWX (s)

(δ − 2m)!

∑
i+2k
=δ−2m

∑
σ∈Sδ−2m

ai,0,k(χh(X ), c2
1 (X ), 0, 0,m, `)

×
i∏

u=1

〈K , hσ(u)〉
(δ−2m−i)/2∏

u=1

QX (hσ(i+2u−1), hσ(i+2u))

where Sδ−2m is the symmetric group on (δ − 2m) elements and K = c1(s).
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Multilinear algebra V

The following corollary will yield the coefficient appearing in (20)
in Proposition 4.1.
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Multilinear algebra VI

Corollary 4.5 (Intersection pairing)

(See F and Leness [5, Corollary 4.8].) Continue the notation and
hypotheses of Lemma 4.4 and abbreviate A = δ − 2m − 2`. There is a
class h ∈ KerK ⊂ H2(X ;R) with QX (h) = 1 and if

(33) hu = h ∈ KerK ⊂ H2(X ;R) for A + 1 ≤ u ≤ δ − 2m,

then

(34)

#
(
V̄ (h1 . . . hδ−2mx

m) ∩ Lt,s

)
=

SWX (s)A!(2`)!

(δ − 2m)!
aA,0,`(χh(X ), c2

1 (X ), 0, 0,m, `)
A∏

u=1

〈K , hu〉.
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Cohomology classes and duality I

By [4, Proposition 8.0.4] (F and Leness), there are a topological
space, Lvirt,s ⊂ M̄ vir

t,s /S
1, with fundamental class [Lvirt,s ] and

cohomology classes

µ̄p(hi ), µ̄c , ēI , ēs ∈ H•
(
M̄ vir

t,s /S
1 \
(
Ms × Sym`(X )

)
;R
)
,

such that

(35)
#
(
V̄ (h1 . . . hδ−2mx

m) ∩ Lt,s

)
= 〈µ̄p(h1) ^ · · ·^ µ̄p(hδ−2m) ^ µ̄p(x)m ^ ēI ^ ēs , [L

vir
t,s ]〉.

We note that the cohomology classes µ̄p(hi ) and µ̄p(x) are
extensions of the classes µp(hi ) and µp(x) defined earlier.
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Cohomology classes and duality II

For β ∈ H•(X ;R), the cohomology class

S`(β) ∈ H4−•(Sym`(X );R)

is defined by the property that, for π̃ : X ` → Sym`(X ) denoting
the degree-`! branched covering map,

π̃∗S`(β) =
n∑

i=1

π∗i PD[β],

where πi : X ` → X is projection onto the i-th factor.
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Cohomology classes and duality III

Thus (compare Kotschick and Morgan [18, p. 454]),

(36)

〈S`(h1) ^ · · ·^ S`(h2`+k), [Sym`(X )]〉

=


(2`)!

`!2`
Q`

X (h1, . . . , h2`) PD[x] if k = 0,

0 if k > 0,

where x ∈ Sym`(X ) \∆ is a point in the top stratum.

Note that if hu = h for u = 1, . . . , 2`, then by the definition of the
product in (31),

(37) Q`
X (h1, . . . , h2`) = QX (h)`.
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Cohomology classes and duality IV

From [4, Equations (8.3.21), (8.3.24), and (8.3.25)] and [4,
Lemma 8.4.1] (F and Leness) we have, denoting

K = c1(s), Λ = c1(t), h ∈ H2(X ;R),

and a generator x ∈ H0(X ;Z),

(38)

µ̄p(h) =
1

2
〈Λ− K , h〉ν + π∗XS

`(h),

µ̄p(x) = −1

4
ν2 + π∗XS

`(x),

ēs = (−ν)rΞ ,

where ν is the first Chern class of the S1 action on M̄ vir
t,s and

piX : M̄ vir
t,s → Sym`(X ) is defined in (24).
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Outline of remainder of leading-order term computation I

We now outline the proof of Proposition 4.1.

For n ∈ N as in Proposition 4.1 (leading-order term in the
SO(3)-monopole cobordism formula (18) for link pairings), we
choose tn be a spinu structure satisfying the condition (14).

We apply Corollary 4.5 (intersection pairing) to verify the
expression (20) for the coefficient aA,0,` to give

(39)

#
(
V̄ (h1 . . . hδ−2mx

m) ∩ Ltn,s
)

= (−1)A
SWX (s)A!(2`)!

(δ − 2m)!
aA,0,`(χh(X ), c2

1 (X ), 0, 0,m, `).
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Outline of remainder of leading-order term computation II

We now compute the left-hand-side of (39), namely

#
(
V̄ (h1 . . . hδ−2mx

m) ∩ Ltn,s
)
.

From the proof of Corollary 4.5, there are homology classes
h0, h

′
0 ∈ H2(X ;R) which satisfy

(40) 〈K , h0〉 = 0, QX (h0) = 1, 〈K , h′0〉 = −1.

We define

(41) hu :=

{
h′0 for 1 ≤ u ≤ A,

h0 for A + 1 ≤ u ≤ δ − 2m.
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Outline of remainder of leading-order term computation III

Using the topology of the link we compute that, under the
assumptions (40) on hu,

(42)
#
(
V̄ (h1 . . . hδ−2mx

m) ∩ Ltn,s
)

=
(2`)!

`!2`
(−1)m+rΞ+rN+12−A−2mSWX (s).

Comparing (39) and (42) gives

(−1)A
SWX (s)A!(2`)!

(δ − 2m)!
aA,0,`(χh(X ), c2

1 (X ), 0, 0,m, `)

=
(2`)!

`!2`
(−1)m+rΞ+rN+12−A−2mSWX (s),
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Outline of remainder of leading-order term computation IV

which we solve to get

(43) aA,0,`(χh(X ), c2
1 (X ), 0, 0,m, `)

=
(δ − 2m)!

`!A!
(−1)A+m+rΞ+rN+12−A−2m−`.

We can arrange that

−A− 2m − ` = `− δ

while dimension counting implies that

A + m + rΞ + rN + 1 ≡ `+ m (mod 2).

Hence, (43) yields the desired equality (20), completing the proof
of Proposition 4.1.
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Vanishing coefficients in the SO(3)-monopole
cobordism formula for link pairings
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Vanishing coefficients in formula for link pairings I

We now determine the coefficients ai ,0,k with i ≥ c(X )− 3
appearing in Equation (18) in Theorem 3.3, namely

0 =

2χh(X )−n∑
k=0

aA+2k,0,2χh(X )−n−kSW
w ,A+2k
X (h)QX (h)2χh(X )−n+k

The techniques used in the proof of [13, Proposition 4.8] (F and
Leness) also determine the coefficients ai ,0,k with i ≥ c(X )− 3
appearing in (18).
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Vanishing coefficients in formula for link pairings II

Proposition 5.1 (Vanishing coefficients in SO(3)-monopole cobordism
formula for link pairings)

(See F and Leness [5, Proposition 5.1].) Continue the hypothesis and
notation of Theorem 3.3. In addition, assume c(X ) ≥ 3 and

(44) n ≡ 1 (mod 2).

Then for p ≥ c(X )− 3 and k ≥ 0 an integer such that
p + 2k = c(X ) + 4χh(X )− 3n − 1− 2m,

ap,0,k(χh(X ), c2
1 (X ), 0, 0,m, 2χh − n) = 0.
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Vanishing coefficients in formula for link pairings III

We prove Proposition 5.1 by showing that on certain standard
four-manifolds, the following vanishing result arising in the proof of
Theorem 3.3 (SO(3)-monopole cobordism formula vanishing),

(45) 0 =
∑

K∈B(X )

(−1)
1
2 (w2+w ·K)SW ′X (K )

×
∑

i+2k
=δ−2m

ai,0,k(χh(X ), c2
1 (X ), 0, 0,m, 2χh(X )− n)〈K , h〉iQX (h)k .

forces each of the coefficients in the sum to be zero by using the
following generalization of [16, Lemma VI.2.4] (Friedman and
Morgan).
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Vanishing coefficients in formula for link pairings IV

Lemma 5.2 (Algebraic independence)

(See F and Leness [13, Lemma 4.1] or [5, Lemma 5.2].) Let V be a
finite-dimensional real vector space. Let T1, . . . ,Tn be linearly
independent elements of the dual space V ∗. Let Q be a quadratic form
on V which is non-zero on ∩ni=1 KerTi . Then T1, . . . ,Tn,Q are
algebraically independent in the sense that if
F (z0, . . . , zn) ∈ R[z0, . . . , zn] and F (Q,T1, . . . ,Tn) : V → R is the zero
map, then F (z0, . . . , zn) is the zero element of R[z0, . . . , zn].

In [13, Section 4.2], we used the manifolds constructed by
Fintushel, Park and Stern in [14] to give the following useful family
of standard four-manifolds.
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Vanishing coefficients in formula for link pairings V

Lemma 5.3 (Fintushel-Park-Stern family of standard four-manifolds with
Seiberg-Witten simple type)

(See F and Leness [5, Lemma 5.3].) For every integer q ≥ 2, there is a
standard four-manifold Xq of Seiberg-Witten simple type satisfying

χ(Xq) = q and c(Xq) = 3,(46a)

B(Xq) = {±K} and K 6= 0,(46b)

The restriction of QXq to KerK ⊂ H2(Xq;R) is non-zero.(46c)
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Vanishing coefficients in formula for link pairings VI

We write the blow-up of Xq at r points as Xq(r), so

χh(Xq(r)) = χh(Xq) = q,

c2
1 (Xq(r)) = c2

1 (Xq)− r ,

c(Xq(r)) = c(Xq) + r = r + 3,

where we recall from (1) that c(X ) := χh(X )− c2
1 (X ).

We consider both the homology and cohomology of Xq as
subspaces of the homology and cohomology of Xq(r), respectively.

Let e∗u ∈ H2(Xq(r);Z) be the Poincaré dual of the u-th exceptional
class.
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Vanishing coefficients in formula for link pairings VII

Let πu : (Z/2Z)r → Z/2Z be projection onto the u-th factor.

For ϕ ∈ (Z/2Z)r and K ∈ B(Xq), we define

(47) Kϕ := K +
r∑

u=1

(−1)πu(ϕ)e∗u and K0 := K +
r∑

u=1

e∗u .

Then, by the blow-up formula for Seiberg-Witten invariants (see
Frøyshov [17, Theorem 14.1.1]),

(48)
B ′(Xq(r)) = {Kϕ : ϕ ∈ (Z/2Z)r},

SWXq(r)(Kϕ) = SWXq(K ).

In preparation for our application of Lemma 5.2, we have the
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Vanishing coefficients in formula for link pairings VIII

Lemma 5.4 (Algebraically independent functionals and intersection form
on H2(Xq(r);R))

(See F and Leness [5, Lemma 5.4].) Let q ≥ 2 and r ≥ 0 be integers. Let
Xq(r) be the blow-up of the four-manifold Xq given in Lemma 5.3 at r
points. Then the set

{K , e∗1 , . . . , e∗r ,QXq(r)}

is algebraically independent in the sense of Lemma 5.2 for the vector
space H2(Xq(r);R).
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Vanishing coefficients in formula for link pairings IX

Outline of the Proof of Proposition 5.1.

Because c(X ) ≥ 3, if q = χh(X ) and r = c(X )− 3 ≥ 0, then

(49) χh(X ) = χh(Xq(r)) and c2
1 (X ) = c2

1 (Xq(r))

by Lemma 5.3 and so

(50) ai ,0,k(χh(X ), c2
1 (X ), 0, 0,m, `)

= ai ,0,k(χh(Xq(r)), c2
1 (Xq(r)), 0, 0,m, `).

As in the proof of Theorem 3.3, the assumptions on m and n allow
us to apply the SO(3)-monopole cobordism formula (13) with a
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Vanishing coefficients in formula for link pairings X

spinu structure tn on Xq(r) satisfying (14), w̃ ∈ H2(Xq(r);Z)
characteristic,

δ := c(X ) + 4χh(X )− 3n − 1

= c(Xq(r)) + 4χh(Xq(r))− 3n − 1 (by (49)),

and `(tn, s) = 2χh(Xq(r))− n from (15) to get (see (45))

(51)

0 =
∑

K∈B(Xq(r))

(−1)
1
2

(w̃2+w̃·K)SW ′Xq(r)(K)

×
∑

i+2k
=δ−2m

ai,0,k(χh(Xq(r)), c2
1 (Xq(r)), 0, 0,m, `)〈K , h〉iQXq(r)(h)k .
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Vanishing coefficients in formula for link pairings XI

Because SWX (−K ) = (−1)χh(X )SWX (K ) by [22, Corollary 6.8.4],
the set B(Xq(r)) is closed under the action of {±1}.

Let B ′(Xq(r)) be a fundamental domain for the action of {±1} on
B(Xq(r)).

We rewrite (51) as a sum over B ′(Xq(r)) by combining the terms
given by K and −K .

To apply Lemma 5.2 to (51) and get information about the
coefficients ai ,0,k , we will replace B ′(Xq(r)) with the set
{K , e∗1 , . . . , e∗r } appearing in Lemma 5.4.

By Lemma 5.4, the set {K , e∗1 , . . . , e∗r ,QXq(r)} is algebraically
independent and, after some calculation, we eventually see that
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Vanishing coefficients in formula for link pairings XII

(51) implies that the coefficient ap,0,k must vanish, for
p ≥ c(X )− 3 as in the statement of Proposition 5.1.
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Simple Type =⇒ Superconformal Simple Type
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Simple Type =⇒ Superconformal Simple Type I

We shall prove Theorem 1.1 (simple type =⇒ superconformal
simple type) by applying the computations of the coefficients in

Proposition 4.1 (formula for aA,0,`(χh(X ), c2
1 (X ), 0, 0,m, `)),

Proposition 5.1 (ap,0,k(χh(X ), c2
1 (X ), 0, 0,m, 2χh − n) = 0),

to the vanishing sum formula (18), namely

0 =

2χh(X )−n∑
k=0

aA+2k,0,2χh(X )−n−kSW
w ,A+2k
X (h)QX (h)2χh(X )−n+k .
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Simple Type =⇒ Superconformal Simple Type II

To apply Proposition 4.1, we need to assume that there is a class
K ∈ B(X ) with K 6= 0.

This assumption is valid if we can replace X with its blow-up X̃ .

In the following, we show that the superconformal simple type
property is invariant under blow-up, allowing the desired
replacement of X with X̃ in the proof of Theorem 1.1.

The “only if” direction in Lemma below was proved by Mariño,
Moore, and Peradze as [21, Theorem 7.3.1].
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Simple Type =⇒ Superconformal Simple Type III

Lemma 6.1 (Invariance of the superconformal simple type property
under blow-up)

(See F and Leness [5, Lemma 6.1] and Mariño, Moore, and
Peradze [21, Theorem 7.3.1].) Let X be a standard four-manifold
of Seiberg-Witten simple type with c(X ) ≥ 3. Then X has
superconformal simple type if and only if its blow-up X̃ does.

Half of the polynomials SW w ,i
X vanish for the parity reasons.

(This observation appears in the remarks following [21, Proposition
6.1.3] due to Mariño, Moore, and Peradze.)
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Simple Type =⇒ Superconformal Simple Type IV

Lemma 6.2 (Vanishing of half of the polynomials SW w ,i
X by parity)

(See F and Leness [5, Lemma 6.2] and Mariño, Moore, and
Peradze [21].) If a standard four-manifold X has Seiberg-Witten
simple type, i ≥ 0 is any integer obeying c(X ) + i ≡ 1 (mod 2),
and w ∈ H2(X ;Z) is characteristic, then SW w ,i

X vanishes.

The vanishing sum formula (18) will give information about the

Seiberg-Witten polynomial SW w ,A
X of degree

A = c(X )− n − 2m − 1

which appears in this sum with a non-zero coefficient.
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Simple Type =⇒ Superconformal Simple Type V

We write A = c(X )− 2v where v is a non-negative integer such
that 2v = n + 2m + 1 as in the statement of Theorem 3.3 and
note some of the values for this degree to which we can apply
Theorem 3.3 and Proposition 5.1.

If n = 3, then the equality 2v = n + 2m + 1 implies m = v − 2.

Lemma 6.3

(See F and Leness [5, Lemma 6.3] Let X be a standard four-manifold
with c(X ) ≥ 3. For any v ∈ N with 4 ≤ 2v ≤ c(X ), the natural numbers
n = 3 and m = v − 2 satisfy the conditions (16) in Theorem 3.3 and the
parity condition (44) in Proposition 5.1.
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Simple Type =⇒ Superconformal Simple Type VI

Outline of Remainder of Proof of Theorem 1.1 (simple type =⇒
superconformal simple type)

By Lemma 6.1, it suffices to prove that the blow-up of X has
superconformal simple type.

Because c2
1 (X̃ ) = c2

1 (X )− 1, we can assume c2
1 (X ) 6= 0 by

replacing X with its blow up if necessary.

If we assume c2
1 (X ) 6= 0 and K ∈ B(X ), then K 2 = c2

1 (X ) 6= 0 by
our assumption that X has Seiberg-Witten simple type, so K 6= 0.

Thus, we can assume 0 /∈ B(X ) by replacing X with its blow-up.

We now abbreviate c = c(X ) and χh = χh(X ).
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Simple Type =⇒ Superconformal Simple Type VII

If w ∈ H2(X ;Z) is characteristic, then SW w ,i
X vanishes unless

i ≡ c (mod 2) by Lemma 6.2 (vanishing of half of the polynomials
SW w ,i

X by parity).

Thus, it suffices to prove that SW w ,c−2v
X = 0 for 4 ≤ 2v ≤ c ,

which we will do by induction on v .

By Lemma 6.3, the values n = 3 and m = v − 2 satisfy the
conditions (16) in Theorem 3.3 (SO(3)-monopole cobordism
formula vanishing).
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Simple Type =⇒ Superconformal Simple Type VIII

Substituting these values into (18) (noting that
A = c − n − 2m − 1 = c − 2v), yields

(52) 0

=

2χh−3∑
k=0

ac−2v+2k,0,2χh−3−kSW
w ,c−2v+2k
X (h)QX (h)2χh−3+k ,

where the coefficients ai ,0,k are defined in (17).

Because n = 3 satisfies the assumption (44), Proposition 5.1
implies that

(53) ac−2v+2k,0,2χh−3−k = 0 for 2k − 2v ≥ −3.
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Simple Type =⇒ Superconformal Simple Type IX

Because of our assumption that 0 /∈ B(X ), an application of
Proposition 4.1 (leading-order term in the SO(3)-monopole
cobordism formula (18) for link pairings) with n = 3 gives

(54) ac−2v ,0,2χh−3 6= 0.

We now begin the induction on v .

If 2v = 4, the identity (52) becomes

0 =

2χh−3∑
k=0

ac−4+2k,0,2χh−3−kSW
w ,c−4+2k
X (h)QX (h)2χh−3−k

= ac−4,0,2χh−3SW
w ,c−4
X (h)QX (h)2χh−3 (by (53)),
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Simple Type =⇒ Superconformal Simple Type X

that is,

(55) 0 = ac−4,0,2χh−3SW
w ,c−4
X (h)QX (h)2χh−3.

Because 2v = 4, equations (54) and (55) imply that

SW w ,c−4
X (h)QX (h)2χh−3 = 0 for all h ∈ H2(X ;R).

If Z ⊂ H2(X ;R) is the (codimension-one) zero locus of QX , the
preceding equality implies that the polynomial SW w ,c−4

X vanishes
on the open, dense subset H2(X ;R) \ Z of H2(X ;R).

Hence SW w ,c−4
X vanishes on H2(X ;R), completing the proof of

the initial case of the induction on v .
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Simple Type =⇒ Superconformal Simple Type XI

For our induction hypothesis, we assume that SW w ,c−2v ′

X = 0 for
all v ′ with 4 ≤ 2v ′ < 2v ≤ c.

Calculation then reveals that

(56) 0 = SW w ,c−2v
X (h)QX (h)2χh−3.

If Z is the zero locus of QX , then (56) implies that SW w ,c−2v
X

vanishes on the open dense subset H2(X ;R) \ Z of H2(X ;R).

Hence SW w ,c−2v
X vanishes identically on H2(X ;R), completing the

induction and the proof of Theorem 1.1.
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Thank you for your attention!
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