Math 421: Advanced Calculus for Engineers

Final Exam (Solution)

July 19th, 2007

Name: Eduardo Osorio

1. Answer true/false. Justify your answer.

(a) (5 pts) The matrix A = has 4 linearly indepen-
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dent eigenvectors.

Sln: TRUE. The matrix A is symmetric. Thus it has 4 orthogonal
eigenvectors, which in particular are linearly independent.

(b) (5 pts) The functions f(z) = 22 —1 and g(x) = x° are orthogonal
on the interval [—1,1].

1
SIn: TRUE, since (f,g) = [ (2* — 1)z°dz = 0.
s}



2. (25 pts) Solve the initial value problem
y'—y=0(-2)
with y(0) = 3, ¢/(0) = 4.
Sln: Taking the Laplace transform we get
Y (s) —3s—4—-Y(s) =e **
where Y'(s) is the Laplace transform of y. Thus, solving for Y(s),

% 3s+4

Y(S):32—1+32—1

Now, expanding in partial fractions we get
_ 1/2 —1/2 7/2 -1/2
Vi(g)=e 28 L2 4 /7 = =
(s)=e <3—1+5—|—1>+(s—1+3+1

and we are ready to take the inverse Laplace transform. Using the
second translation theorem for the first term we conclude that

1 1 7 1
y(t) = (Eet_z — 56_(t_2)) Z/{(t — 2) —+ §6t — 56_21:

where U(t — 2) is the Heaviside function with jump at 2.



3. Let A =

(a)

(b)

0 -1 01
0 0 —-10
0 -1 00
10 00

(10 pts) Compute the characteristic polynomial of A.

Sln: p(A\) = (A —1)2(A+1)2

(20 pts) A =1 and A = —1 are the only eigenvalues of A. Find
the corresponding eigenvectors and decide whether A is diagonal-
izable or not.

Sln: For A = 1 one finds that there is only one eigenvector

_ O O =

(modulo multiplication by scalars), and for A = —1 one finds that
-1
0 e
0 (modulo multiplication by
1
scalars). Therefore, there are only two linearly independet eigen-
vectors and so the matrix A is not diagonalizable.

there is only one eigenvector



(¢) (10 pts) What is the rank of A7 Why?

Sln: Since det(A) # 0 (because 0 is not an eigenvalue), the matrix
A is invertible and thus it has have rank 4.

(d) (10 pts) How many solutions does the linear system Az = 0
have? Why?

Sln: Exactly one, the trivial solution. This follows since A is
invertible (or since the rank of A is 4).



4. (25 pts) Consider the function f(x) = |z|. Find the full Fourier series
of f as explicitly as you can in the interval [—m,7].

Sn: Note that f is even, so there is no need of computing the b,.
Only the a,, need to be computed:

™

- 2
aoz—/f(x)dx:—/:cdxzw
m 77

0

and

™

ay, = —/f(x) cos (nx)dx = go/:l:cos (nx)dr = g—

™



5. Let f(x) = mz?—22% on [0, 7], and g() be the sum of the whole Fourier
sine series for f, and h(z) be the sum of the whole Fourier cosine se-
ries for f. Compute the following numbers:

Hint: You don’t need (and please don’t do it) to find all those Fourier
series to answer this. RELAX and THINK.

Sln: First of all I got relaxed and started thinking. Got it. ¢ and
h are the sums of the sine and cosine Fourier series and I know what
the Fourier series are equal to by Dirichlet’s Theorem. So g(x) will
be equal to the periodic extension of f when I define it over [—, 0]
as an odd function wherever that function is continuous and equal to
the average wherever there’s a jump. Similarly with h but extending
f as an even function first over [—m,0] and then periodically. DRAW
GRAPHS and my calculations below will be easy to follow.

(a) (5 pts) f(m), g(x), h(m)

Sln: f(7) is simply f(w) = 73 — 27 = —7®. The extension
of f as an odd function jumps at 7, so g(7) = # = 0. the
extension of f as an even function is continuous everywhere, so
h(m) = —m3.

(b) (5 pts) f(1), (1), h(1)

Sln: 1 is in the interval [0, 7] where f is continuous so f(1) =
g(1) = h(1) = —73.
(¢) (5 pts) g(—7/3), h(—7/3)

Sln: Since g is equal to the odd extension of f and f doesn’t
jump at 7/3, we have that g(—n/3) = —f(n/3) = —;—;. Since h
is equal to the even extension of f and f doesn’t jump at 7/3, we
also have that h(—7/3) = n3/27.



6. In this problem, separation of variables will be used to analyze the
following equation:

ot oz "
(a) (10 pts) If u(z,t) = X(2)T(t), show that X(z) and T'(t) must
satisfy that

() X (z)

for u(x,t) to be a solution of (*).

T X'

Sln: Let u(x,t) = X(x)T'(t). Hence %—? = X(z)T'(t) and % =

X"(z)T'(t). Thus, if u solves (*) then,
X(@)T'(t) = X"(x)T(t) + X (2)T(t)

which is equivalent to

W X
T(t) X(z)

after dividing by X (z)T'(t) and manipulating the equation alge-
braically.

(b) (5 pts) Deduce a couple of ordinary differential equations that
X(x) and T'(t) must satisfy, respectively.

Sln: The equation above holds for all x and ¢, arbitrarily, but
it depends on x only on the right hand side and depends on ¢
only on the left hand side. Thus they both have to be equal to a
constant which I will cal = A. Therefore,

X'x) _ _T()
X(z) T(t)

-1

which implies that

X"(x)+AX(z) = 0
T'(#) + (- 1T = 0



(c¢) (10 pts) Suppose the solution u(z,t) found in (a)-(b) also satis-
fies the boundary conditions u(0,¢) = 0 and u(m,t) = 0 for all t.
How are X (z) and T'(t) further restricted?

Sln: w(0,t) = 0 and u(m,t) = 0 for all t implies that for find-
ing non trivial solutions to (*) we should impose X (0) = 0 and
X(m) = 0. That is, X (x) must solve the Sturm-Liouville problem

X"(x)+ XX (z)=0
X(0) =0
X(m)=0

We know that the non trivial solutions to this problem are X,,(z) =
sin (nz) for n > 1 and )\, = n%. Now, T,, must satify then

T!(t) + (n* = D)T,(t) =0

whose solution is T}, (¢) = e~ ™~ (modulo a constant).

(d) (20 extra points) Use your answer to (a)-(c) to write a formula
(it will be an infinite series) for the most general solution to (*)
which satisfies the boundary conditions u(0,¢) = 0 and u(7,t) = 0.

Sln: So far we know that u,(z,t) ;= X, (z)T,(t) = sin (nx>€_(n2_1)t
are solutions to ) 5

% = 2t tu

u(0,t) =0

u(m,t) =0

and since this is a homogenoues PDE with homogenoues boundary
conditions, a linear combination of solutions will give us another
solution. Thus,

is the general solution we were looking for.

Eduardo Osorio



