WHY DIAGONAL DOMINANCE IS PRESERVED
IN GAUSSIAN ELIMINATION

Suppose A = | a;1 a2 a3 -+ i | 1S an n X n matrix that is diagonally dominant in the sense

that |a;| > Z |a;;| for each i =1,...,n—in words: the absolute value of the diagonal element of each row

J#i
is strictly greater than the sum of the absolute values of the off-diagonal elements. Then this condition is
preserved in each of the matrices produced by the Gaussian elimination algorithm on A, without pivoting.
Indeed, the following stronger statement is true:

Proposition: Let A = [a;;] be a diagonally dominant n x n matrix. Define the excess in row i of A
by
e = lai| = > _|ay| (>0).
J#i
Then the excess in each row of the matrix produced from A by each row step of Gaussian elimination is no
smaller than the excess in that row before the step was performed.

Proof. All steps of Gaussian elimination involve the same operations as the first step, in which a multiple
of the first row of A is subtracted from the second row to result in a zero entry in the (2, 1) position; it will
therefore suffice to show that the excess in the second row is not decreased in that operation. Consider first
the case in which every diagonal element of A is 1: a;; =1 foralli=1,...,n. Thene; =1— Zj# lai;| >0
for every ¢ and no element of the matrix is larger than 1 in absolute value. The first step of Gaussian
elimination replaces

1 a2 a3z -+ ain
a1 1 a3 -+ az,
_A =
a1 Q2 Q3 Uy
by
1 a2 a3 e a1n
0 1-azia12 a23 —az1a13 -+ a2, — a2101,
A —

a;1 ;2 a;3 Ain

Both ag; and a12 were < 1 in absolute value, so the term being subtracted from 1 in the (2,2) position of

A is smaller than 1 in absolute value and thus the number a%) =1 — ajza9; satisfies

1
ja$y| = 1 = a12az1| > 1= |ara| - Jaz | -
(We put absolute value signs around a(212) because this proposition is also true when the matrices have complex
entries—if we are working with real numbers, of course, this number will be positive and the absolute value
signs are unnecessary.) On the other hand, the elements in the (2, j) positions for j > 2 cannot be larger

than the sum of the absolute values of their terms:
|a%)| < |a2j| + |azg1| - |a1j| for j > 2.
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Using these pessimistic estimates—taking the diagonal entry as small as it could be and the off-diagonal

entries as large as they could be—we can estimate the excess egl) in the second row of the new matrix AM):

noting that as; = 0 and that by definition of e; we have > -, [a1;| =1 — e1, we see that

1 1 1
e = [la%y| = > laS) 1| =1~ lasa| - laz| = > {lazg| + lazi] - |as;]}

j>2 i>2

=1—laz|- [lara| + Y laasl| =D lags| = 1—aan|- | Y lagsl| =Y gl

3>2 7>2 Jj>2 7>2

=1—lan|-[L—ei] =) lag;| = az|er + |1 = Jazs| = > |ag;]

j>2 i>2

=lag1|er + |1 — Z|a2j| = |ag1|e1 + ez > ez .
72

Now suppose that it had not been the case that each diagonal element of A had been 1. We could have
scaled the first and second rows of A, multiplying the first row by 1/a1; and the second row by 1/as2, and
then done the computations above on the scaled matrix—call it A. This would have scaled the excesses on
the corresponding rows to €1 = e1/]a11| and éx = ea/|age| respectively, so the excess in the second row of
AWM would really have been estimated from below by |1 |- e1/|a11| + ea/|as| > e2/|azs|. Now the relations

(1) - U agj  G21 A1y 1 a1
Ggj = Q25 — A2101j = ——— — —— + —— = —— | 35 — d2] ———
a2 G2 Q11 22 an

tell us that the second row of A®) only differs from the second row of A by the scaling factor 1/ag9;
therefore, the excesses of the second rows of A1) and A are related by the scale factor 1/|ags|, so eél) =

laza] - éél) > laga| - €2 = |aaa| - e2/|azz] = ez, proving the general assertion that the excess of the second
row—and therefore of any row—is not diminished by a step of Gaussian elimination.
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