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Schur’s unitary triangularization theorem.

Summer 2004

1. Introduction Section 5.6 of the text attempts to explain the significance of thesimilarity
between matricesA andB given by the equation

B = M−1AM, (1)

but appears to lose sight of this goal as it collects diverse theorems about finding special matrices similar to
a given one. We saw early in the chapter that if the columns ofM form abasis of eigenvectorsfor A, then
B, given by(1), is diagonal, but not all matrices have a basis of eigenvectors.

There are two things to explain: first, the role ofM as a change of basis; second, the benefits that come
from changing the basis. We will describe the first in order to have a proper setting for the second, and
then selectSchur’s Unitary Triangularization Theorem as an illustration of the second. Although many
applications only need that every matrix is similar, over the complex numbers, to a triangular matrix, there is
little extra work in obtaining the stronger result and it leads to a useful characterization ofnormal matrices..

A real orthogonal matrix represents arigid change of coordinates. Unitary matrices are the appropriate
analog when the vector spaces must be considered over the complex numbers.

2. Change of Basis Whenm by n matrices are first introduced, they are used to describe
linear transformations fromRn to Rm, i.e., as concrete things that will later be included in the general theory
of vector spaces. When the generality is introduced, it is not always made clear that one works with it by
producing very specific matrices that express things described abstractly. To see how this is done, let us look
more closely at how matrices express linear transformations fromRn to Rm.

The entries in a column used to write an element ofRn are the coefficients in the unique expression of
that element in terms of the standard basis. If we have a linear transformation intoRm, the image of this
vector is the same combination of the images of the standard basis. The images of each of then vectors in the
standard basis ofRn, like any vector inRm is written as a column ofm numbers. The matrix representing the
linear transformation is the matrix with these columns, andthe definition of matrix multiplication models
the way in which the image of a general vector is found from the image of the basis vectors.

If you want to do the same thing for abstract vector spaces, the first thing to do is to choose bases for
the spaces. This allows us to use the coefficients of the representation of a vector in terms of the chosen
basis in exactly the same way as the standard basis is used inRm.

Row operations introducenew bases on the codomainwhile retainingthe same basis on the domain.
This means that features of the domain, like the nullspace, continue to be described in terms of the same
coordinates. However, row operations cause features of the codomain, like the actual image of the function,
to have descriptions in different bases. In terms of the standard basis, this image is thecolumn spaceof the
given matrix. The change of coordinates given by the reduction to echelon form identifies a set of vectors
that can be used as a basis for this space, but one must go back to the original matrix to find the descriptions
of these vectors in terms of the standard basis.
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So far, so good. Unfortunately, at some point, you may want to think ofRm as an abstract vector space
and choose a basis for it other than the standard basis. The intrinsic properties of a linear transformation
should not depend on the basis that was chosen, so this leads to various equivalences between matrices, but
there is some difficulty describing all this in words.

In an attempt to clarify matters, a new level of abstract structure will be introduced: aVector Space
with Basis (VSwB). Making the basis part of the structure allows us to distinguish two ways of describing
the same space. If the basis is different, then we have different VSwB’s even if we feel that we have the
same vector spaces. In particular, achange of basisamounts to a composition with the matrix representing
theidentity linear transformation from the space with one basis to thesame spacewith adifferent basis.

If you have one basis of a space, then to obtain the columns of a matrix representing the identity map to
that space with a second basis, it is necessary to express the vectors in thefirst basis in terms of thesecond.
If this information is not directly available, it is still possible to characterize it as the solution of a system of
linear equations. In particular, if you have a matrix giving thesecondbasis in terms of thefirst , the change
of coordinates is expressed by the inverse of that matrix.

Since eigenvectors are characterized as vectors whose image is parallel to itself, it is necessary to be
able tocomparevectors with their images. Thus, this question only makes sense for mappings of a space
to itself — not just to a space of the same dimension, but tothe same space. In particular, any change of
basis must be applied to domain and codomain at the same time.

If, for example, you discover a basis of eigenvectors for the matrixA and want a matrixB expressing
the same linear transformation with respect to this basis, you need three steps: (1) perform the identity
transformation from the space with the eigenvector basis to the space with the standard basis; (2) apply the
given transformation, using its description in the standard basis; (3) perform the identity transformation from
the space with the standard basis to the space with the eigenvector basis. These matrices are writtenright-to-
left, since they represent functions applied tocolumn vectors. Our description of the relation between linear
transformations and matrices tells us that matrix (1) has columns that describe the eigenvectors in terms of
the standard basis. This isM in equation(1). Matrix (2) is the given matrixA. Finally, the columns of
matrix (3) must express the standard basis in terms of the eigenvector basis. We have seen that this described
M−1. This is equation(1).

3. Block Multiplication If we haveC = AB, the(i, j ) entry ofC is the product of row
i of A with column j of B. If the rows of A and/or the columns ofB are partitioned in some way, there
is acorresponding partition of the rows and/or columns ofC and a given(i, j ) describes a location in a
particular block ofC based on the same interpretation ofi with respect to the rows ofA and j with respect
to the columns ofB.

It is also possible to interpret aconsistentpartition of columns ofA and rows of B. This corresponds
to partitioning a basis of the space that is simultaneously the domain ofA and the codomain ofB. The
parts of each column ofB represent vectors in subspaces of this intermediate space found byprojecting the
vector represented by the column into those subspaces. The whole vector can be reconstructed as thesum
of those projections. Hence the application ofA to the whole vector will be the sum of the applications to
the projections. The application to a projection is given by selecting columns ofA sincethe subspace has
been given a basis that is a subset of the basis of the intermediate space. This shows that the columns
of C are the sum of the products of the parts ofA and parts ofB obtained from our consistent partitions
of columns ofA and rows ofB. The resulting expressionlooks like matrix multiplication of the arrays of
blocks, with the product of blocks given by ordinary matrix multiplication. This is useful in proofs where a
partition of bases is more significant that the individual basis vectors.

4. Schur’s Theorem Here is the statement of the theorem.



642:550, Summer 2004, Supplement 8, p. 3

Schur’s Unitary Triangularization Theorem. Given an n by n matrix A with eigenvalues λ1, . . . , λn in
any prescribed order, there is a unitary n by n matrix U such that T = UH AU is upper triangular and the
diagonal elements ti i = λi . Furthermore, if the entries of A and its eigenvalues are all real, U may be chosen
to be real orthogonal.

Note: There is no claim that the matricesU andT are unique. Indeed, the proof is constructive, and we will
see that there will be many choices in following its steps.

If the characteristic polynomial ofA has multiple roots, theλi should contain each zero of the char-
acteristic polynomial as many times as the factor(λ − λi ) appears in the characteristic polynomial. These
equal values may appear anywhere in the list ofλi , but the total number of appearances (called thealgebraic
multiplicity ) of the eigenvalue is fixed by the characteristic polynomial ofA.

The dimension of the nullspace ofA−λI (called thegeometric multiplicity ) of the eigenvalue will not
play a role in the proof. At each stage, we needonly oneeigenvector for the eigenvalue being considered.

A triangular form shows the eigenvalues and allows simple determination of eigenvectors, so it is not
surprising that such information aboutA will be needed in the construction ofU . This theorem gives no
special insight into the computation of eigenvalues; its main value is as a link to theoretical results.

Although Schur’s theorem appears as result 5R in the textbook, the treatment here follows Roger A.
Horn & Charles R. Johnson,Matrix Analysis, Cambridge, 1985. That book, with its companion,Topics
in Matrix Analysis, provide a good source for more details on topics introduced in this course, along with
some more advanced topics. The treatment is more theoretical than our textbook, but still down-to-earth.
The book also has many references, some remarkably recent. Schur’s theorem appears in section 2.3,
with consequences filling the next several sections. SinceU is unitary,U−1

= UH, and we use the latter
expression in formulating the theorem. The proof will be by induction onn.

5. The basis for the induction If n = 1, the matrixA looks just like a scalar, and
that scalar is its only eigenvalue, so it is already in triangular form. Thus,T = A andU = I satisfies the
conditions of the theorem. WhileT is necessarily unique in this case,U could be any complex number of
absolute value 1 (or±1 in the real case).

6. Householder matrices Before giving the induction step, we describe the special
matrices used in that step. The construction will concentrate on producingU . The given information will
lead to identifying the first column ofU , which must then be extended to the whole matrix. The approach
taken in elementary courses to construct a unitary matrix whose first column has a given direction is the
Gram-Schmidt method: form a matrixM consisting of the column you want followed byn more columns
forming a basis ofCn (you can use the standard basis if you like), giving ann by n + 1 matrix of rank
n whose first column is the given vector (if you use the standard basis, the remainingn columns form an
identity matrix). Then, construct aQR factorization of this matrix (whereQ is aunitary matrix, since we
are working with complex matrices and using a hermitian inner product). In any factorization ofM , the first
factor will haven rows and the second factor will haven + 1 columns. In the form of theQR factorization
that we will construct,Q will be a square matrix withn columns, soRmust haven rows, andRhas the same
shape as the matrix being factored. This differs from the usual form of the Gram-Schmidt process because
the columns of the matrix being factored arenot linearly independent, so we mustextract a basis. We do
this as part of the Gram-Schmidt process instead of using a separate computation.

We move throughM finding the unique expression of each column as a linear combination of previous
columns plus a vector orthogonal (in the Hermitian sense) to the previous columns. If this orthogonal vector
is not zero, write it as the next column ofQ, and form a column ofR such that the product ofQ with this
column gives the expression for the column ofM as a linear combination of the columns ofQ that have
already been written, with zeros in the lower part of the column to force later columns ofQ to be ignored.
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If the orthogonal vector is the zero vector, do not changeQ. However, you must still form a column ofR
expressing the current column ofM in terms of the columns ofQ that you already have, sinceR has the
same shape asM . Since the columns ofQ will be a basis for the column space ofM at the end of the
process andM was constructed to have all ofRn as its column space, we must findn independent vectors
to form the columns ofQ. If M is a real matrix,Q can be constructed to be a real matrix. So far, we have
not been concerned about the lengths of the vectors forming the columns ofQ, except to make sure that
the length isn’t zero. However, to arrive at a unitary matrix, we need to modifyQ so that all columns have
length 1. To divide each column by its length, we form the matrixQD−1, whereD is the matrix whose
diagonal entries are the lengths of the columns ofQ in order, and whose off-diagonal entries are zero. Then
QR = (QD−1)(DR) and(QD−1)H(QD−1) = I , so that(QD−1) is a unitary matrix. Note thatDR is
obtained from our originalR by multiplying the rows by the length of the vector in corresponding column
of the originalQ. Also note that the normalization process forces the columns ofQD−1 to be unit vectors.

Programmers often say, “First make it work, then make it fast”. Now that we are sure that there are
unitary matrices with any given unit vector as first column,we can try to write one without doing so much
work . This can be used both as an alternate to the Gram-Schmidt method for finding anyQR factorization,
not just the one used in the construction proving Schur’s theorem. A geometric interpretation of the desired
matrix is that it gives a rigid motion ofCn (or Rn in the real case) that takes the first vector in the standard
basis into a unit vector that has the same direction as the vector that forms the first column of the given
matrix. In the real case, an easy way to do this is to reflect in the(n − 1)-dimensional space that is the
perpendicular bisector of the segment joining these points (the heads of the vectors with tails at the origin
if you think of vectors as arrows). Our intuition suggests that this is always possible if the vectors have the
same length, and we will give a proof. The complex case will have an extra complication that we will give
after describing the form of the matrix we seek. Takee1 as the first member of thestandard basisandv as
the desiredunit vector, let u = v − e1. If u = 0, there is noting to do, so the identity is our unitary matrix.
Otherwise, let

Hu = I − 2
uuH

uHu
,

where the numerator of the last term is ann by n matrix and the denominator is a scalar that is the square
of the length. Direct calculation shows thatHH

u = Hu and H2
u = I , so Hu is simultaneous unitary and

Hermitian. It remains to show thatv can be chosen so thatHue1 = v (and, sinceH2
u = I , uv = e1).

SinceHu is unitary, we have, for all vectorsw,

(Huw)H(Huw) = wH HH
u Huw = wHw.

That is,Hu preserves length. Thus, we will need to choosev to be a unit vector. In the real case, this suffices,
but there is an extra condition in the complex Hermitian case.

SinceHu is Hermitian, we have, for all vectorsw,

(
wH(Huw)

)H
= (wH HH

u )w

= wH Huw

= wH(Huw).

That is,〈w, Huw〉 is real. Thus a vector can be taken to the first vector in the standard basis only if it has
length 1 and a real first entry.
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Conversely, ifv is such a vector andu = v − e1,

uHu = vHv − vHe1 − eH
1 v + eH

1 e1

= 2 − 2vHe1,

since the terms at the end are both 1 and the middle terms are equal.
In practice, there will be minor modifications of this description. Given any convenient vectorv in

the direction we want (for Schur’s theorem, it will be an eigenvector ofλ1), the above description calls for
us to first scale it by multiplying by thecomplex conjugateof the first entry, and then divide the resulting
vector by its length. Alternatively, we can scalee1 by a factorequal to the first entry ofv (in each case,
this step should be skipped if the first entry ofv is zero) and then multiply each vector by the length of the
other. There is no need for any concern about the length ofu sind Hu has been defined to depend only on
the direction ofu.

From this, it is easy to see thatHue1 = v andHuv = e1.
Matrices of the formHu are calledHouseholder matrices, except by Householder, who called them

“elementary matrices” although that term is now used fordifferent matrices — the matrices expressing the
simplest row operations in Gaussian elimination.

If the vectorv is a rational vector with unit length, thenu = v − e1 is a rational vector. The matrixHu

depends only on the direction ofu, so we can scale this vector to have integer entries while computingHu.
On the other hand, ifv has a rational direction, but is not a rationalvector, then the computation ofHu will
involve irrational quantities. Its first column will be the irrational unit vector in the direction ofv.

7. Example Lets use Householder’s construction to produce a real symmetric matrix whose first

column is in the direction of(1, 1, 1). This vector has length
√

3, so we takeu = (1 −
√

3, 1, 1). Then
uTu = (1 −

√
3)2

+ 12
+ 12

= 6 − 2
√

3, so 2/(uTu) = 1/(3 −
√

3). Thus,

Hu =
1

3 −
√

3

( [3 −
√

3 0 0
0 3−

√
3 0

0 0 3−
√

3

]
−

[4 − 2
√

3 1−
√

3 1−
√

3
1 −

√
3 1 1

1 −
√

3 1 1

] )

=
3 +

√
3

6

[ 1 +
√

3 −1 +
√

3 −1 +
√

3
−1 +

√
3 2−

√
3 −1

−1 +
√

3 −1 2−
√

3

]

=
1

6

[2
√

3 2
√

3 2
√

3
2
√

3 3−
√

3 −3 −
√

3
2
√

3 −3 −
√

3 3−
√

3

]

8. The inductive step To return to the proof of Schur’s theorem, considerλ1. Since this
is an eigenvalue, it must have at least one eigenvector. Letv be an eigenvector forλ1, normalized to have
length 1 and real first entry. Now, we takeU1 to be a unitary matrix whose first column isv. The first column
of AU1 is λ1v, so if A1 is defined byAU1 = U1A1, the first column ofA1 gives the expression ofλ1v in
terms of a basis formed by the columns ofU1. However, this expression must beλ1 timesv plus 0 times
each other vector in the basis. The first column ofA1 thus hasλ1 in the first position and zero everywhere
else.

All matrices in this step of the construction will be described using blocks formed by separating the
first row and and column from everything else.

Since we only want to find atriangular matrix equivalent toA (or A1), we can ignore the rest of the
first row of A1. Rows and columns 2 throughn describe a mapping from the subspaceV1 orthogonal tov



642:550, Summer 2004, Supplement 8, p. 6

to itself. Restricting the original linear transformation to this subspace gives a linear transformation whose
matrix, using the rest of the image of the standard basis underU1, can be taken to be the result of dropping the
first column ofA1. Here, the columns ofU1 except the first are a basis for the domain, but all columns ofU1
are a basis for the codomain. To ignore the first row as well means that we follow this linear transformation
by the projection that sendsv to zero and is the identity onV1.

The induction hypothesis applies to the composite linear transformation ofV1 to itself, represented by
rows 2 throughn of A1, described above. Then − 1 by n − 1 U andT matrices expressing this result are
extended ton by n matrices by putting an appropriate quantity — 1 forU andλ1 for A andT — in the(1, 1)

position and zero elsewhere in the first row and column — a process we will callbordering. This applies a
block structure onn by n matrices in which the first row is separated from all remaining rows and the first
column is separated from all remaining columns. If you multiply two such block matrices, the result has
the block structure, as described in theBlock section. Denote these bordered matrices byA−, U−, andT−.
ThenA−U− = U−T−.

Theλi were defined to be the roots of the characteristic polynomial ofA with multiple roots counted
according to their multiplicities. As part of the induction, we note thatA andA1 have the same characteristic
polynomial because they are similar. The characteristic polynomial ofA1 can be calculated by expanding
det(A1 − λI ) by its first column. This gives(λ1 − λ) times the characteristic polynomial of the matrix in
rows and columns 2 throughn of A1. This is independent of the first row ofA1. The eigenvalues of this
block are thus the same as those ofA with the multiplicity of λ1 reduced by 1. (This holds forany partial
triangularization. For example, you can use a basis extending an independent set of known eigenvectors to
give animmediateproof that the algebraic multiplicity is no smaller than the geometric multiplicity.)

To recoverA1 from A− add a matrixT0 that is zero except for its upper right block, which is taken from
A1, soA1 = A− + T0. Now, introduceT1 = T0U−. This is also zero except for its upper right block, which
is the product of the upper right block ofT1 with then − 1 by n − 1 matrix playing the role ofU . Since
U− was formed by bordering with 1,U−T1 = T1. Hence,T0U− = U−T1 andA1U− = U−(T− + T1). Let
T = T− + T1 andU = U1U−. Then

AU = AU1U− = U1A1U− = U1U−T = UT.

If A has real entries and real eigenvalues, we can construct real eigenvectors, allowing this construction
to be done using real matrices. A unitary matrix with real entries is called anorthogonal matrix.

With the completion of the inductive step, the proof of Schur’s theorem is finished. If you are uncom-
fortable with the abstract form of this inductive proof, you should work an example. Taken = 3 and let
A be ann by n matrix whose eigenvalues you know. Begin the induction step. This will introduce a 2 by
2 matrix to triangularize. Begin the inductive step for this matrix. You now must triangularize a 1 by 1
matrix. This is done by thebasisof the induction. You can now complete the inductive step for the 2 by
2 matrix. The result of that is used to complete the inductive step for the 3 by 3 matrix, which gives the
desired factorization of the original matrix.

9. A classical result The construction of the unitary change of basis in Schur’s theorem
can also be used to write agiven unitary matrix as aproduct of reflections. As in Schur’s theorem, the
matrix is reduced to the identity one column at a time. Since ann by n matrix hasn columns, at mostn
steps are needed. This shows that an orthogonal transformation onRn is a product of at mostn reflections.
Since reflections have determinant−1, the number of factors will be even or odd depending on whether
the determinant of the given transformation is+1 or−1. In particular, inR3 an orthogonal transformation
of determinant+1 must be the product of 0 or 2 reflections. The former case gives the identity, while the
latter case shows that the intersection of the fixed planes of the reflections will give a fixed line. If the
transformation is not the identity, it will have a fixed line, which requires it to be a rotation.
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10. Multiple eigenvalues If the eigenvalue taken asλ1 is a multiple eigenvalue ofA, it will
also be an eigenvalue of the lower right block ofA1. If we take an eigenvector of this block corresponding to
λ1, and consider it as a vectorv∗ of then dimensional spaceV , the component of(A− λ1I )v∗ in V1 will be
zero, which means that, inV , it is a multiple of the original eigenvectorv. Becausev is an eigenvector forthe
sameeigenvalue, this multiple is the same for all vectorsv∗

+cv. If v∗ is an eigenvector in the whole space,
the multiple will be zero, but we have examples whereλ1 is a multiple eigenvalue with no eigenvectors other
than the multiples ofv. The vectorsv∗ found in this way are sometimes calledgeneralized eigenvectors.
They can be used to produce a space on which some power ofA − λI is zero whose dimension is the
algebraic multiplicity ofλ. As with ordinary eigenvalues, elements of such spaces for different eigenvalues
are linearly independent, so a basis can be found consisting of eigenvectors and generalized eigenvectors.

Our computation of the characteristic polynomial of ann by n matrix A was described using computa-
tions with matrices, but a change of basis simply conjugatesall matrices appearing in the computations. That
is, the operations could have been described abstractly in terms of vector spaces and linear transformations.
However, in most cases, a basis would need to be chosen in order to be able to compute the coefficients
of the characteristic polynomial. Schur’s Theorem allows us to assume that all matrices appearing in this
calculation are upper triangular.

If zero is an eigenvalue of multiplicityk, we may also assume that the firstk entries on the diagonal are
zero. The other diagonal entries are the remaining eigenvalues, all of which are nonzero. In the calculation
of the characteristic polynomial, all coefficients after stepn − k are zero, although the matrices arising may
be nonzero. The matrix obtained (in the bottom row of our tabular description) at the end of thisfirst phase
of the computation is a polynomial inA of degreen − k with nonzero constant term, so thefirst k places on
the diagonal contain this nonzero constant.

The rules for generating these matrices shows that each remaining steponly involves multiplying by
A. For the part of the matrix below rowk, this has the effect of multiplying by a nonsingular matrix. Since
we end up with a zero matrix, these rows must be zero at the start of thissecond phase. Thus, the matrix
obtained at the end of the first phase has rankk. The columns of this matrix span the nullspace ofAk, so
their span includes the nullspace ofA, which are the eigenvectors ofA for λ = 0. Action of A takes this
subspace to a subspace of itself, so all the matrices in the second phase of the computation have column
spaces contained in the nullspace ofAk. The last nonzero matrix in the computation will have columns that
belong to the nullspace ofA. However, the whole nullspace ofA may not survive that long. The matrix[0 0 1

0 0 0
0 0 0

]

provides a simple example.
If A is not a triangular matrix, this remarkable behavior will not be visible in the calculation. However,

those properties that depend on the linear transformation rather than the basis will continue to hold.
In particular, the matrix appearing at the end of the first phase will have rankk and its column space will
be the nullspace ofAk. Such vectors are often calledgeneralized eigenvectors. Every matrix gives rise to
a basis of generalized eigenvectors. Additional conditions may be placed on this basis to get theJordan
canonical form described inAppendix B of the textbook.

11. Normal matrices Result5U of the text characterizes matrices that can be diagonalized
by unitary matrices. The treatment is very brief with key results given only as exercises, but the result is
important, so it is appropriate to elaborate on it.

First, normal matrices are defined to be complex matricesN that commute with their conjugate-
transpose, i.e.,N NH

= NH N. This class includes Hermitian, skew-Hermitian and unitary matrices. This
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definition can be tested by matrix multiplication, and so is computationally easy.
A matrix that can be diagonalized by a unitary matrix is necessarily normal, sinceM = U DU−1

=

U DUH implies

M MH
= U DUHU DHUH

= U DDHUH

MH M = U DHUHU DUH
= U DH DUH

and these quantities are equal since diagonal matrices always commute. This allows one to construct normal
matrices whose eigenvalues are arbitrary complex numbers, while the special types that we enumerated have
strong limitations on their eigenvalues.

Similarly, if N is normal andT = U−1NU = UH NU with U unitary, thenT TH
= THT . Schur’s

theorem says thatU can be found for whichT is upper triangular. If matrices that were both normal and
upper triangular could only be diagonal, then Schur’s theorem would actually diagonalize normal matrices.
This is exactly what happens.

The proof can be organized in the same way as the induction argument used in the proof of Schur’s
theorem. The result clearly holds for 1× 1 matrices, so we turn to the induction step.. We begin by looking
at the(1, 1) entry of T TH

= THT . The left side is the square of the length of the first row ofT , while
the right side is the square of the length of the first column. SinceT is upper triangular, the first column
has a simple form: its first entry ist11, and the others are zero. Thus, its length is|t11|. The first row is
more complicated: its first entry ist11, as before, but nothing is known about the other entries. However, the
length of a vector has some nice properties: its square is the sum of nonnegative quantities, one of which is
|t11|

2. This means that the first row and first column can have the same length only if all entries in the first
row other than the first are zero. The matrixT is then formed by bordering an(n − 1) × (n − 1) matrix T1,
that is easily seen to be normal and triangular ifT is.

12. Real symmetric matrices Since real symmetric matricesM have real eigenvalues,
and the eigenvectors corresponding to real eigenvalues can always be chosen to have real entries, all of
the steps of Schur’s theorem can be done using real matrices, so there is a real orthogonal matrix such
that S−1MS is triangular and symmetric, hence diagonal. Conversely, ifM is a real matrix that can be
diagonalized by a real orthogonal matrix, the diagonal matrixS−1MSmust have all real entries. However,
those entries are just the eigenvalues ofM .

Other real normal matrices, like the orthogonal matrix[
0 1

−1 0

]
can be diagonalized by a unitary matrix, but that matrix cannot be real. For this matrix, the columns of the
diagonalizing matrixU must be proportional to[1 i ]T and[1 − i ]T. For U to be unitary, these columns
must be multiplied by complex numbers of norm

√
2. Any such multipliers can be used, and they can be

chosen independently for the each column.

13. Exercises

1. Let

A =


1 0 5 −3
0 1 −1 2
0 0 1 0
0 0 0 1

 and B =


1 0 −2 −1
0 1 3 −2
0 0 1 0
0 0 0 1

.
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Find AB. Use ofblock matriceswith rows and columns partitioned as{1, 2}∪ {3, 4} should be useful.

2. Find a real Householder matrix whose first column is
1/2
1/2
1/2
1/2

.

3. Find a complex Householder matrix whose first column is[
2/3

2/3 + 1/3i

]
.

4. Use the fact that [
1

−1

]
is an eigenvector of [

1 −9
−3 7

]
to find a Schur form of this matrix and both eigenvalues. Don’t bother finding the other eigenvector,
although it will be easy to find at almost any stage of working with this matrix.

5. For the matrix

N =

[0 0 1
0 0 0
0 0 0

]

the first phase for the computation of the characteristic polynomial takezero steps, so the space of
generalized eigenvectorsis the column space of the identity matrix — all ofR3. What are the
eigenvectors ofN? Which belong to the column space of the last nonzero matrix in the computation?

End of Supplement
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