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1 Inner Products and Unitary Transformations

The formula de�ning the usual inner product and norm onRn needs to be modi�ed when we de�ne an inner
product onCn . For a nonzero real numberx we always havex2 > 0. But this is not true for complex
numbers, sincei 2 = � 1. The way around this dif�culty is to use the fact that�zz > 0 if z is a nonzero
complex number. Thus we de�ne thestandard inner productonCn to be

hu; v i =
nX

k =1

uk �vk for u; v 2 Cn .

Just as in the real case we can write the inner product in termsof matrix multiplication of a row vector (1 � n
matrix) and a column vector (n � 1 matrix). For this we de�ne theHermitian transposev H = �v T . Likewise,
if A is anm � n matrix, we writeAH = �AT . (Note that in MATLAB all matrices are automatically assumed
to have complex entries, andA' gives the Hermitian transpose of a matrixA.) Then we can express

hu; v i = v H u for u; v 2 Cn .

With this de�nition we have

hu; ui =
nX

k =1

juk j2 = uH u;

which is positive (unlessu = 0 , when it is zero). Thus we can de�ne thenorm jjujj =
p

hu; ui which
measures the total size of a vector with complex components.

De�nition 1.1. Let V be a complex vector space. Aninner productonV is a complex-valued functionhu; v i
de�ned for all u; v 2 V that satis�es the following conditions:

(Positivity) hu; ui � 0 with equality if and only ifu = 0 .

(Conjugate Symmetry) hu; v i = hv ; ui .

(Linearity) h� u + � v ; w i = � hu; w i + � hv ; w i for all u; v ; w 2 V and complex numbers� and� .

�

WhenV = Cn then the standard inner product de�ned above satis�es theseconditions. Here is another
important example.
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Example 1.2. Consider the complex vector spaceV of all complex-valued continuous functions on a �nite
interval[a; b]. Let w(x) be any continuous function on[a; b] that is strictly positive. (For example,w(x) =
(1 + x2)p for some �xed real numberp.) Given two functionsf andg in V , de�ne

hf; g i =
Z b

a
f (x)g(x) w(x)dx: (1)

To verify that this is an inner product, note thatf (x)f (x) � 0, so we havehf; f i � 0. If hf; f i = 0 then
f (x) = 0 for all a � x � b, since the functionjf (x)j2 � 0. The conjugate symmetry and linearity are
obvious. �

Let V be a complex vector space with a �xed inner product. Thenormassociated with an inner product
is jjujj =

p
hu; ui , just as in the case ofCn . Two vectorsu andv are calledorthogonalif hu; v i = 0 , and

we writeu ? v . For orthogonal vectors we have thePythagorean Law(complex version):

jj u + v jj 2 = jjujj 2 + jj v jj 2 whenu ? v

with the same proof as in the real case. For any pair of vectorsu, v with v 6= 0 , thevector projectionof u
ontov is given by

p =
hu; v i
hv ; v i

v

just as in the real case. Since(u � p) ? p andu = ( u � p) + p, the Pythagorean Law gives

jjujj 2 = jju � pjj 2 + jjpjj 2:

Using this equation we obtain theCauchy-Schwarz inequality

jhu; v ij � jj u jj jj v jj (2)

From the Cauchy-Schwarz inequality we obtain thetriangle inequality

jju + v jj � jj u jj + jj v jj for all vectorsu; v 2 V.

De�nition 1.3. A set of nonzero vectorsv1; v2; : : : ; in an inner product spaceV is calledorthogonalif
v j ? vk for all j 6= k. If the set is orthogonal and each vector satis�esjj v j jj = 1 then the set is called
orthonormal. �

An orthonormal set of vectors is always linearly independent. Assume thatf u1; : : : ; un g is a �nite or-
thonormal set. LetU be the subspace ofV spanned by this set of vectors. Thendim U = n andf u1; : : : ; ung
is anorthonormal basisfor W . Every vectoru 2 W can be expressed in terms of this basis as

u = c1u1 + � � � + cn un ; wherecj = hw; u j i .

(The formula for the coef�cientcj follows by taking the inner product ofu with u j and using orthonormality.)
Then

jjujj 2 = jc1j2 + � � � + jcn j2 (Parseval's Formula)

If v = d1u1 + � � � + dn un is another vector inU, then

hu; v i = c1
�d1 + � � � + cn

�dn

For any vectorv 2 V we de�ne

Pv = hv ; u1i u1 + � � � + hv ; un i un :
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ThenPv 2 U, since it is a linear combination of the vectorsuk . Furthermore,v � Pv ? U since

hv � Pv ; u j i = hv ; u j i �
nX

k =1

hv ; uk ihuk ; u j i

= hv ; u j i � h v ; u j ihu j ; u j i = 0

by orthogonality and the fact thatjju j jj = 1 . We callPv theorthogonal projection ofv onto the subspace
U. By the Pythagorean Law,

jj v jj 2 = jjPv jj 2 + jj v � Pv jj 2 (3)

This implies thatPv is the vector inU that is closest tov .

Example 1.4(Fourier Series). Let V be the complex vector space of piecewise continuous complex-valued
functionsf (x) on the interval0 � x � 2� . De�ne an inner product onV by

hf; g i =
1

2�

Z 2�

0
f (x)g(x) dx:

The functions� n (x) = e i nx for n 2 Z (the set of all integers) are inV , and they are an orthonormal set of
functions. To see this, letk 6= n and calculate

h� n ; � k i =
1

2�

Z 2�

0
ei ( n � k )x dx =

ei ( n � k )x

2� i (n � k)

�
�
�
�

x =2 �

x =0
= 0

becausee2m� i = 1 for all integersm. Thus� n ? � k . Furthermore, sincee0 = 1 , we have

h� n ; � n i =
1

2�

Z 2�

0
1dx = 1

Thusjj � n jj = 1 andf � k : k 2 Zg is an orthonormal set inV .
If f 2 V then the complex numbers

ck = hf; � k i =
1

2�

Z 2�

0
f (x)e� i kx dx (4)

are called theFourier coef�cientsof f . It is an important result of Fourier analysis thatf can be represented
by itsFourier series:

f =
X

k 2 Z

ck � k (5)

This is analogous to the representation of a vector inCn in terms of an orthonormal basis forCn (since
ck = hf; � k i ). Furthermore, thein�nite seriesversion of Parseval's formula is valid:

1
2�

Z 2�

0
jf (x)j2 dx =

X

k 2 Z

jck j2 (6)

In particular, the in�nite series on the right side of (6) converges. (The convergence properties of the series
(5) and the proof of (6) require results from advanced calculus that will not be discussed in this course).

Let T Pn be the linear span of the set of functionsf � k (x) : jkj � ng. If f (x) 2 T Pn thenck = 0 for
jkj > n and the right side of (5) is atrigonometric polynomial

f (x) =
X

� n � k � n

ck � k (x)
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Whenf (x) is real-valued its Fourier coef�cientsck have the property

ck = c� k ;

since� k (x) = � � k (x). For example, the formulas

sin(nx) =
1

2 i
enx i �

1
2 i

e� nx i ; cos(nx) =
1
2

enx i +
1
2

e� nx i

show that the real-valued functionsf n (x) = sin( nx) andgn (x) = cos(nx) are inT Pn and have Fourier
series

f n (x) =
1

2 i
� n (x) �

1
2 i

� � n (x) ; gn (x) =
1
2

� n (x) +
1
2

� � n (x) (7)

For any functionf 2 V and positive integern, the trigonometric polynomial

 n (x) =
X

� n � k � n

hf; � k i � k (x)

is the projection off (x) onto the subspaceT Pn , sincef � k (x) : � n � k � ng is an orthonormal basis for
T Pn . The function n (x) gives thebest approximationto f (x) (in the sense of the normjj � jj ), since we
minimize the normjj f �  jj , where is a trigonometric polynomial inT Pn , by taking =  n . �

De�nition 1.5. An n � n matrixU is said to be aunitary matrixif the setf u1; : : : ; ung of columns ofU is
orthonormal. �

The matrixU is unitary if and only if

hUv ; Uwi = hv ; w i for all v ; w 2 Cn . (8)

To prove this, use the linearity of the inner product in each variable to see that (8) is satis�ed for all vectors
v ; w if and only if it is satis�ed whenv = ej andw = ek (the standard basis vectors forCn ). Since thej th
column ofU is Uej and the setf e1; : : : ; en g is orthonormal, it follows that (8) is equivalent to the statement
that the columns ofU are an orthonormal set.

An alternate characterization of unitary matrices is thatUH U = I , whereUH denotes the conjugate
transpose matrix (the proof is the same as for real orthogonal matrices). Hence a unitary matrix is invertible,
with inverseU � 1 = UH .

Now let V andW be �nite-dimensional complex inner product spaces of the same dimension, and letT
be a linear transformation fromV to W . We say thatT is aunitary transformationif

hTu; Tv i = hu; v i for all vectorsu; v 2 V. (9)

Note that in equation (9) the inner product on the left is for the spaceW , while the inner product on the right
is for the spaceV. Takingu = v , we see thatjjTujj = jjujj for all u. Hence the null space ofT is 0. Since
V andW have the same dimension,T is represented by a square matrix (relative to a choice of bases forV
andW ). This matrix has no null space, so it is invertible. Thus every unitary transformation is invertible.

Example 1.6. Let V = W = Cn , and let the linear transformationT have matrix

U = [ u1; : : : ; un ]

relative to the standard basise1; : : : ; en of Cn (whereej has1 in thej th entry and zero elsewhere). Since the
standard basis is orthonormal, we see from (9) thatT is a unitary transformation if and only ifU is a unitary
matrix. �
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Example 1.7. Let V = T P2 be the space of trigonometric polynomials of degree at most2 with the inner
product (1). Then the set of functionsf � � 2; � � 1; � 0; � 1; � 2g is an orthonormal basis forV . If f 2 V ,
de�ne

T f =

2

6
6
6
6
4

c� 2

c� 1

c0

c1

c2

3

7
7
7
7
5

(10)

whereck are the Fourier coef�cients off (x) de�ned by equation (4). Notice that there is no variablex
displayed in formula (10);T f is a vector inC5 with �ve numerical components, whereas the continuous
functionf (x) is considered as a vector in the spaceV.

Since the Fourier coef�cients depend linearly onf , it is clear thatT is a linear transformation from
V to C5. The basis function� k (x) for T P2 is tranformed byT into the standard basis vectore3+ k for
k = � 2; : : : ; 2, henceT is unitary. From equation (7) we see that the functionsf 2(x) = sin(2 x) and
g2(x) = cos(2x) have transforms

T f 2 =
1

2 i

2

6
6
6
6
4

� 1
0
0
0
1

3

7
7
7
7
5

; Tg2 =
1
2

2

6
6
6
6
4

1
0
0
0
1

3

7
7
7
7
5

SinceT is unitary, it follows that

1
2�

Z 2�

0
sin(2x) cos(2x) dx = hf 2; g2i = hT f 2; Tg2i = 0

1
2�

Z 2�

0
sin2(2x) dx = hf 2; f 2 i = hT f 2; T f 2 i =

1
2

The two integrals on the left can be evaluated by double-angle formulas, of course, but this is not necessary
because we already know thatT is unitary. �

2 Finite Fourier Transform

We shall call a piecewise continuous complex-valued function s(t) of the real variablet an analog signal.
We assume thats(t) is of �nite duration, so that is zero outside some intervala � t � b. We shift and rescale
the variablet to makea = 0 andb = 2 � . Next, we choose integersm < n and replaces(t) by the best
approximation tos(t) by trigonometric polynomials with frequencies in the rangem � k < n :

q(t) =
X

m � k<n

ck ei kt

The Fourier coef�cientsck are obtained by integration:

ck =
1

2�

Z 2�

0
s(t)e� i kt dt

Themean square approximation erroris

jj s � qjj 2 =
1

2�

Z 2�

0
js(t) � q(t)j2 dt =

X

k<m

jck j2 +
X

k � n

jck j2 (11)
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by Parseval's equality (6). The right side of (11) is the tailof a convergent series, soq(t) will be a good
approximation tos(t) (on average) if the frequency bandm � k < n is chosen suf�ciently wide.

For a given signals(t) we �x a frequency bandm � k < n so that the approximation error (11) is small.
Let N = n � m. We replace the functionss(t) andq(t) by

f (t) = e � i mt s(t) and p(t) = e � i mt q(t)

This frequency shift doesn't change the approximation error (11), sinceje� i mt j = 1 . Sincee� i mt ei kt =
ei ( k � m ) t , the trigonometric polynomialp(t) has frequencies0 � k < N :

p(t) =
X

0� k<N

dk ei kt

Here the Fourier coef�cients are

dk =
1

2�

Z 2�

0
f (t)e� i kt dt (12)

In signal processing applications there is no formula forf (t), so the integrals (12) must be approximated
using some numerical method. The simplest way to do this is toconvertf into adigital signaly 2 CN by
samplingf at theN equal-spacedt valuest j = 2 �j=N , for j = 0 ; 1; : : : ; N � 1:

y =

2

6
6
6
4

y [0]
y [1]

...
y [N � 1]

3

7
7
7
5

wherey [j ] = f (t j ) for j = 0 ; 1; : : : ; N � 1. (13)

Herey [k] denotes the value of the digital signaly at discrete timek (note that the indexing of the components
in y is different than the usual MATLAB indexing, which would go from1 to N ). We callN thesampling
rate; the choice of this sampling rate is determined by the numberof Fourier coef�cients that we need to get
a good representation of the signal (more coef�cients require a higher sampling rate). With this choice we
have

� t = t j � t j � 1 = 2 �=N;
� t
2�

=
1
N

:

Hence we can approximate the integral (12) by the Riemann sum

dk �
1
N

N � 1X

j =0

f (t j ) e� i kt j =
1
N

N � 1X

j =0

y[j ] w� jk (14)

wherew = e2� i =N = cos(2�=N ) + i sin(2 �=N ) is a primitiveN th root of unity.

De�nition 2.1 (Fourier Matrix). Let FN be theN � N matrix with (j; k ) entryw� ( j � 1)( k � 1), wherew =
e2� i =N . The entries in the �rst column ofFN are all1. The second column consists of the powers ofw� 1

from 0 to N � 1, the third column consists of the powers ofw� 2 from 0 to N � 1, and so on. SinceFN is
symmetric, the same description applies to the rows. �

For example, sincee2� i =2 = � 1 the2 � 2 Fourier matrix is

F2 =
�

1 1
1 � 1

�
: (15)

ForN = 4 we havew = e2� i =4 = i andw� 1 = � i . Hence the4 � 4 Fourier matrix is

F4 =

2

6
6
6
6
4

1 1 1 1

1 � i ( � i )2 (� i )3

1 (� i )2 ( i ) 4 (� i )6

1 (� i )3 (� i )6 (� i )9

3

7
7
7
7
5

=

2

6
6
4

1 1 1 1
1 � i � 1 i
1 � 1 1 � 1
1 i � 1 � i

3

7
7
5 : (16)
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Let d 2 CN be the vector with componentsd0; d1; : : : ; dN � 1 given by (14). Then

d =
1
N

FN y (17)

Theorem 2.2. The matrix(1=
p

N )FN is unitary. Hence the matrix(1=N)FN has inverseF N , and the
digital signal vectory can be reconstructed from the sampled Fourier coef�cient vector d by y = F N d.

Proof. To simplify the notation we label the columns ofFN from 0 to N � 1. Thekth column ofFN is then

hk =
�

1 w� k w� 2k � � � w� (N � 1)k
� T

Hence the inner product of thej th andkth columns ofFN is

hh j ; hk i = hH
k h j = 1 + wk � j + w2(k � j ) + � � � + w(N � 1)( k � j ) (18)

sincew = w� 1. For j = k this giveshh j ; h j i = N . Now supposej 6= k and writeu = wk � j . Then the
right side of (18) is a �nite geometric series in powers ofu:

1 + u + u2 + � � � + uN � 1 =
1 � uN

1 � u
:

(Note thatu 6= 1 because0 < jj � kj < N andwp = 1 only whenp is an integer multiple ofN .) But
uN = wN ( j � k ) = 1 , so we conclude thathh j ; hk i = 0 for j 6= k. These orthogonality relations can be
written in matrix form as

FN
�
FN

� H
= NI N ; (19)

whereI N is theN � N identity matrix. SinceFN is symmetric, we have
�
FN

� H
= F N . Hence the matrix

(1=N)FN has inverseF N , as claimed. Equation (19) can be rewritten as

(1=
p

N )FN (1=
p

N )F N = I N

which shows that(1=
p

N )FN is a unitary matrix. �

Corollary 2.3.

(a) Let f e1; : : : ; eN g be the standard basis forCN . Setu j = (1 =
p

N )FN ej . Thenf u1; : : : ; uN g is an
orthonormal basis forCN , called theFourier basis.

(b) Let y 2 CN and setd = (1 =N)FN y . Then 1
N jj y jj 2 = jjdjj 2.

Proof. (a): Note thatu j is thej th column of the unitary matrix(1=
p

N )FN .

(b): Since
p

N d = (1 =
p

N )FN y and(1=
p

N )FN is a unitary matrix, the vectors
p

N d andy have the
same norm. �

Example 2.4. SupposeN = 4 . The Fourier basis forC4 is

u1 =
1
2

2

6
6
4

1
1
1
1

3

7
7
5 ; u2 =

1
2

2

6
6
4

1
� i
� 1

i

3

7
7
5 ; u3 =

1
2

2

6
6
4

1
� 1

1
� 1

3

7
7
5 ; u4 =

1
2

2

6
6
4

1
i

� 1
� i

3

7
7
5 :

If we think of the standard basisej as a sampled version of a signal, then the signal islocalizedin time, since
only one component ofej is nonzero. By contrast, all the entries inu j are nonzero, so the Fourier matrix
removes the time localization.
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Let y = [ 1 ; 2; � 1; 0 ]T . Then

d =
1
4

F4y =
1
4

2

6
6
4

1 1 1 1
1 � i � 1 i
1 � 1 1 � 1
1 i � 1 � i

3

7
7
5

2

6
6
4

1
2

� 1
0

3

7
7
5 =

2

6
6
4

1=2
(1 � i )=2

� 1=2
(1 + i ) =2

3

7
7
5 :

In this case1
4 jj y jj 2 = 1

4 [1 + 22 + ( � 1)2] = 2 =3 and

jjdjj 2 =
1
4

[12 + (1 � i )(1 + i ) + ( � 1)2 + (1 + i )(1 � i )] = 2 =3;

as predicted by Corollary 2.3. �

3 Discrete Periodic Signals and Convolution

Consider a �nite digital signaly with N values, sayy [0]; y [1]; : : : ; y [N � 1]. In the previous section we
viewedy as a column vector

y =

2

6
6
6
4

y [0]
y [1]

...
y [N � 1]

3

7
7
7
5

2 CN : (20)

We will also think of digital signals as functions. A basic operation in signal processing is to take amoving
averageof the signal. For example, we can replace each valuey [j ] by the average of the valuesy [j � 1] and
y [j + 1] . This gives a new signalz with

z[j ] =
1
2

(y [j � 1] + y [j + 1]) : (21)

There is a bug in formula (21), however. To calculatez[0] or z[N � 1] we need the valuesy [� 1] andy [N ],
which aren't available. We will solve this problem by using theperiodic extensionof y :

y [j + kN ] = y [j ] for j = 0 ; 1; : : : ; N � 1 and all integersk (22)

Thus we sety [� 1] = y [N � 1] andy [N ] = y [0], since� 1 = N � 1 + N andN = 0 + N . In terms of
modular arithmetic, we havey [m] = y [j ] whenm � j (mod N ). Now formula (21) is well-de�ned. It can
be written in a more cumbersome case-by-case way as

z[0] =
1
2

(y [N � 1] + y [1]); z[N � 1] =
1
2

(y [N � 2] + y [0]);

and
z[j ] =

1
2

(y [j � 1] + y [j + 1]) for j = 1 ; : : : ; N � 2.

For example, ify = [ 1 ; 2; � 1; 0 ]T as in Example 2.4, then

z[0] = (0 + 2) =2; z[1] = (1 � 1)=2; z[2] = (2 + 0) =2; z[3] = ( � 1 + 1)=2:

De�ne theshift operatorS on periodic signalsy of periodN by

Sy [j ] = y [j � 1] for j = 0 ; 1; : : : ; N � 1.

HereSy [0] = y [N � 1], sincey is periodic. It is clear from the de�nition thatS is linear and invertible:

S� 1y [j ] = y [j + 1] :
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We can write formula (21) as

z =
1
2

(S + S� 1)y : (23)

It follows that formula (21) has satis�es the following:

(linearity) The output signalz depends linearly on the input signaly .

(shift invariance) If the input signaly is replaced bySy , then the output signalz is also replaced bySz.

We now show that every shift-invariant linear transformationC can be expressed as a linear combination
of powers of the shift operatorS. We �rst observe that the property of shift-invariance forC is the same as

CS = SC: (Shift Invariance)

In particular, any linear combination of powers ofS is shift invariant. To prove the converse, we identify the
periodic signals of periodN with CN by (20). ThenS becomes a linear transformation ofCN . We calculate
its matrix relative to the standard basis ofCN as follows: Suppose the signaly corresponds to the standard
basis vectorek . Theny [j ] = 1 if j + 1 = k, and otherwisey [j ] = 0 (note the index shift by one). Since
Sy [j ] = y [j � 1], we see thatSy [j ] = 1 if j = k andSy [j ] = 0 if j 6= k. This shows that

Sek = ek +1 for k = 1 ; 2; : : :; N

(for this formula to be valid we must label the basis vectors circularly moduloN : eN +1 = e1, eN +2 = e2

and so on). We see thatS acts as acircular permutationof the standard basis vectors.

Example 3.1. SupposeN = 3 . ThenSe1 = e2, Se2 = e3, andSe3 = e1, so the matrix of the shift operator
S relative to the standard basis forC3 is

S =

2

4
0 0 1
1 0 0
0 1 0

3

5 :

Notice thatS2e1 = e3, S2e2 = e1, andS2e3 = e2. Also S3 = I . Thus

S� 1 = S2 =

2

4
0 1 0
0 0 1
1 0 0

3

5 = ST :

We haveS� 1 = ST sincef Se1; Se2; Se3g is an orthonormal basis forC3. �

The general features of Example 3.1 are valid for the shift operator for any value ofN . Namely,SN = I N

andS� 1 = SN � 1. The matrix ofS relative to the standard basis forCN is real and orthogonal, so in matrix
form S� 1 = ST .

Theorem 3.2. Let S be the shift operator, viewed as anN � N matrix relative to the standard basis forCN .
SupposeC is any shift-invariant linear transformation ofN -periodic signals. ViewC as anN � N matrix
relative to the standard basis forCN and let the �rst column ofC be[c0; c1; : : : ; cN � 1]T . Then

C = c0I + c1S + c2S2 + � � � + cN � 1SN � 1 ; (24)

whereI denotes theN � N identity matrix.

Proof. The �rst column ofC is the vectorCe1, so this vector can be written in terms of the standard basis as

Ce1 = c0e1 + c1e2 + � � � + cN � 1eN : (25)
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Now we calculate the columnsCek of C for k = 2 ; : : : ; N . SinceC is shift-invariant we haveSk � 1C =
CSk � 1. Thus if we multiply both sides of (25) bySk � 1 and use the propertySk � 1e1 = ek , we obtain

Cek = CSk � 1e1

= Sk � 1Ce1

= c0Sk � 1e1 + c1Sk � 1e2 + c2Sk � 1e3 + � � � + cN � 1Sk � 1eN

= c0ek + c1Sek + c2S2ek + � � � + cN � 1SN � 1ek :

This shows that thekth column of the matrixC is the same as thekth column of the matrixc0I + c1S +
c2S2 + � � � + cN � 1SN � 1 for k = 1 ; : : : ; N . Hence the two matrices are equal. �

Example 3.3. SupposeN = 3 andC = c0I + c1S + c2S2 is a3 � 3 shift-invariant matrix. From Example
3.1 we have

C = c0

2

4
1 0 0
0 1 0
0 0 1

3

5 + c1

2

4
0 0 1
1 0 0
0 1 0

3

5 + c2

2

4
0 1 0
0 0 1
1 0 0

3

5 =

2

4
c0 c2 c1

c1 c0 c2

c2 c1 c0

3

5 :

Hence the successive columns ofC are obtained by circular permutation of the �rst column. Matrices of this
form are calledcirculant matrices. For example, whenN = 4 the averaging operation from (21) is given by
the circulant matrix

C =
1
2

(S + S� 1) =
1
2

2

6
6
4

0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

3

7
7
5 :

�

We now obtain the connection between shift-invariant linear transformations and the Fourier matrix. Let
FN = [ h0 h1 � � � hN � 1 ] be theN � N Fourier matrix with columns

h j =

2

6
6
6
6
6
6
6
4

1

w� j

w� 2j

...

w� (N � 1) j

3

7
7
7
7
7
7
7
5

; wherew = e2� i =N .

SinceS shifts the entries inh j down one place, with the last entry moved to the top, we have

Sh j =

2

6
6
6
6
6
6
6
4

w� (N � 1) j

1

w� j

...

w� (N � 2) j

3

7
7
7
7
7
7
7
5

= wj

2

6
6
6
6
6
6
6
6
4

w� Nj

w� j

w� 2j

...

w� (N � 1) j

3

7
7
7
7
7
7
7
7
5

= wj h j :

De�ne a diagonal matrix with theN th roots of 1 on the diagonal:

DN =

2

6
6
6
6
6
6
6
4

1 0 0 � � � 0

0 w 0 � � � 0

0 0 w2 � � � 0
...

...
...

...
...

0 0 0 � � � wN � 1

3

7
7
7
7
7
7
7
5

(26)
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The calculation just made shows that

SFN =
�

h0 wh1 w2h2 � � � wN � 1hN � 1
�

= FN DN : (27)

By Theorem 2.2 the Fourier matrix is invertible. Hence multiplying (27) on the left byF � 1
N , we obtain

F � 1
N SFN = DN : (28)

We can summarize these calculations as follows:

Theorem 3.4. TheN � N shift matrixS is diagonalized by the Fourier matrixFN . The columns ofFN are
eigenvectors ofS, and the eigenvalues ofS are theN complex numberswj for j = 0 ; 1; : : : ; N � 1 (theN th
roots of unity).

Combining the last two theorems gives us the main result of this section:

Theorem 3.5(Diagonalization of Circulant Matrices). Suppose thatC is aN � N shift-invariant (circulant)
matrix. Write

C = c0I + c1S + c2S2 + � � � + cN � 1SN � 1

and de�ne the polynomialp(z) = c0 + c1z + c2z2 + � � � + cN � 1zN � 1. Thenh j is an eigenvector forC, with
eigenvaluep(wj ), for j = 0 ; 1; : : : ; N � 1. HenceC is diagonalized by the Fourier matrix:

F � 1
N CFN = p(DN ) =

2

6
6
6
6
6
6
6
4

p(1) 0 0 � � � 0

0 p(w) 0 � � � 0

0 0 p(w2) � � � 0
...

...
...

...
...

0 0 0 � � � p(wN � 1)

3

7
7
7
7
7
7
7
5

(29)

Proof. Since (28) implies thatF � 1
N Sk FN = D k

N for all integersk, the matrixC satis�es the corresponding
equation:

F � 1
N CFN = c0I + c1DN + c2D 2

N + � � � + cN � 1D N � 1
N :

The right side of this equation isp(DN ). �

Example 3.6. Consider the4 � 4 circulant matrixC = 1
2 (S + S� 1) = 1

2 (S + S3) from Example 3.3 (note
thatS� 1 = S3 sinceS4 = I ). Thenp(z) = 1

2z + 1
2 z3. Since the fourth roots of1 are1; i ; � 1; � i , the

eigenvalues ofC are
p(1) = 1 ; p( i ) = (1 =2)( i + i 3) = 0 ;

p(� 1) = (1 =2)(� 1 + ( � 1)3) = � 1; p(� i ) = (1 =2)(� i + ( � i )3) = 0 :

�

Now we return to the digital signal point of view. LetC be a linear shift-invariant operator on signals
periodic of periodN . Then by Theorem 3.2 there are complex numbersc0; : : : ; cN � 1 so that

C = c0I + c1S + c2S2 + � � � + cN � 1SN � 1 :

If we applyC to a periodic signaly , then we get the signal

Cy [j ] = c0y [j ] + c1y [j � 1] + c2y [j � 2] + � � � + cN � 1y [j � N + 1] (30)
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for j = 0 ; 1; : : : ; N � 1. This shows thatCy is amoving averageof the original signaly , generalizing the
special case of (21). De�ne the functionf [k] = ck for k = 0 ; 1; : : : ; N � 1. Then (30) can be written as

Cy [j ] =
N � 1X

k =0

f [k]y [j � k]: (31)

We call the functionCy the convolution(folding) of f andy and we writeCy = f � y . An alternate
statement of Theorem 3.2 is the following:

(Linear Shift-Invariant Filters) Every linear transformation ofN -periodic signalsy that is shift invariant
is given by the convolution (moving average) operationy 7! f � y for some functionf on the set
f 0; 1; : : :; N � 1g (the�lter ).

We can now obtain the linear �lter version of Theorem 3.5.

De�nition 3.7 (Discrete Fourier Transform). If y is a periodic digital signal (of periodN ), then theFourier
transformof y is the function

ŷ [k] =
N � 1X

j =0

y [j ]w� jk for k = 0 ; 1; : : : ; N � 1;

wherew = e2� i =N (note that the function̂y is also periodic of periodN ). Thus ify is viewed as a column
vector inCN , thenŷ is the column vectorFN y . �

The �lter f corresponding to the circulant matrixC in (24) is de�ned byf [k] = ck for k = 0 ; 1; : : : ; N �
1. The matrix-vector productCy becomes the convolutionf � y in the signal-processing picture. We can
restate the result of Theorem 3.4 in terms of the Fourier transform and convolution as follows:

Theorem 3.8(Diagonalization of Convolution Operators). Let Cy = f � y be the convolution operator(31)
on signalsy that are periodic of periodN . Then the Fourier transform ofCy is the pointwise product:

cCy[k] = f̂ [k] ŷ[k] for k = 0 ; 1; : : : ; N � 1. (32)

Proof. The columns of the Fourier matrix are eigenvectors for the circulant matrixC, and the eigenvalues are
the scalarŝf [k]. Thus when a vector is expressed in terms of the Fourier basis, C acts on thekth component
by multiplying by the eigenvaluêf [k].

We can give a direct proof of this result, without using Theorem 3.4, as follows. By de�nition of the �nite
Fourier transform, we have

\f � y [k] =
N � 1X

j =0

( f � y )[j ]w� jk =
N � 1X

j =0

N � 1X

l =0

f [j � l ] y [l ]w� jk

for k = 0 ; 1; : : : ; N � 1. Making the substitutionm = j � l and using the periodicity off andy so that the
range of summation is0 � m < N and0 � l < N , we obtain

\f � y [k] =
N � 1X

m =0

N � 1X

l =0

f [m] y [l ]w� (m + l )k =
N � 1X

m =0

f [m]w� mk
N � 1X

l =0

y [l ]w� lk

= f̂ [k] ŷ[k]

This proves (32). �
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Example 3.9. Consider the averaging operator (21) from the beginning of this Section:

Cy [j ] =
1
2

(y [j � 1] + y [j + 1]) ;

wherey is a periodic signal of lengthN . We can write this asCy = f � y , where

f [1] = 1=2; f [N � 1] = 1=2; and f [j ] = 0 for j 6= 1 ; N � 1,

sinceC = (1 =2)(S + S� 1) as in Example 3.6. In this case the polynomialp(z) = (1 =2)(z + z� 1) and
f̂ [k] = (1 =2)(wk + w� k ). Thus

cCy[k] =
1
2

(wk + w� k )ŷ [k] for k = 0 ; 1; : : : ; N � 1.

�

4 Fast Fourier Transform

The effectiveness of the discrete Fourier transform (DFT) as a computational tool depends on a remarkable
fast algorithmfor calculating the matrix-vector productFn v when n = 2 k is a power of2 (similar fast
algorithms exist for everyhighly compositenumbern, such asn = 2 k 3m ). The Fast Fourier Transform (FFT)
algorithm is based on the observation that the Fourier matrix F2n can be written as product of a permutation
matrix (which has no arithmetic computational cost) and a2 � 2 block matrix, where the blocks areFn or a
diagonal matrix multiplyingFn .

Example 4.1. Considern = 2 . Recall that

F2 =
�

1 1
1 � 1

�
; F4 =

2

6
6
4

1 1 1 1
1 � i � 1 i
1 � 1 1 � 1
1 i � 1 � i

3

7
7
5 =

�
h0 h1 h2 h3

�
:

Let y 2 C4. By the de�nition of matrix-vector multiplication we can write

F4y = y [0]h0 + y [1]h[1] + y [2]h[2] + y3 h[3]

as a linear combination of the columns of the Fourier matrix.Rearrange this sum according to the even and
odd indices:

y [0]h0 + y [2]h[2] =

2

6
6
4

1 1
1 � 1
1 1
1 � 1

3

7
7
5

�
y [0]
y [2]

�
; y [1]h[1] + y3 h[3] =

2

6
6
4

1 1
� i i
� 1 � 1

i � i

3

7
7
5

�
y [1]
y [3]

�
: (33)

De�ne

yeven =
�

y [0]
y [2]

�
; yodd =

�
y [1]
y [3]

�
; eD2 =

�
1 0
0 � i

�
:

Then, using block multiplication of matrices, we can write the formulas (33) as

y [0]h0 + y [2]h[2] =
�

F2

F2

�
yeven ; y [1]h[1] + y3 h[3] =

"
eD2F2

� eD2F2

#

yodd :
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The splitting ofy into even/odd vectors of half length can be accomplished by the permuation matrix

P4 =
�

e1 e3 e2 e4
�

=

2

6
6
4

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

3

7
7
5 ; P4y =

�
yeven

yodd

�
:

The calculations above show that

F4y =

"
F2yeven + eD2F2yodd

F2yeven � eD2F2yodd

#

=

"
F2

eD2F2

F2 � eD2F2

#

P4y :

Hence the4 � 4 Fourier matrixF4 can be written in2 � 2 block form:

F4 =

"
F2 eD2F2

F2 � eD2F2

#

P4:

�

The same splitting into even and odd components works for theDFT of a signal

y =
�

y [0] y [1] : : : y [2n � 2] y [2n � 1]
� T

of length2n. Let

yeven =
�

y [0] y [2] : : : y [2n � 2]
� T

; yodd =
�

y [1] y [3] : : : y [2n � 1]
� T

:

Here we are using the termsevenandoddbecause we viewy as a function onf 0; 1; : : :; 2n � 1g; the vector
yeven contains components1; 3; : : : ; 2n � 1 of the vectory when we use the MATLAB indexing convention.
The splitting ofy into yeven andyodd of half length is calleddownsampling.

Write w = e2� i =2n = e � i =n andz = w2 = e2� i =n . Then

F2n y [j ] =
2n � 1X

k =0

w� jk y [k]

(split into even-odd) =
n � 1X

k =0

w� j (2 k )y [2k] +
n � 1X

k =0

w� j (2 k +1) y [2k + 1]

=
n � 1X

k =0

z� jk yeven [k] + w� j
n � 1X

k =0

z� jk yodd [k]

for j = 0 ; 1; 2; : : : ; 2n � 1. This shows that

F2n y [j ] = Fn yeven [j ] + w� j Fn yodd [j ] for j = 0 ; 1; : : :; n � 1.

Sincewn = � 1 andzn = 1 , we havew� (n + j ) = � w� j andz� (n + j )k = z� jk . Furthermore, the functions
Fn yeven andFn yodd are periodic of periodn. Thus

F2n y [n + j ] = Fn yeven [j ] � w� j Fn yodd [j ] for j = 0 ; 1; : : :; n � 1.

We can write these formulas in block-matrix form, just as in the casen = 2 . Let

eDn =

2

6
6
6
6
6
6
6
4

1 0 0 � � � 0

0 w� 1 0 � � � 0

0 0 w� 2 � � � 0
...

...
...

...
...

0 0 0 � � � w� (n � 1)

3

7
7
7
7
7
7
7
5

(caution:wn = � 1). (34)
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Note that the diagonal ofeDn only contains half of the2nth roots of1; it is not the same as the matrixDN in
equation (26) which has allN th roots of1. Let P2n be the permutation matrix that splitsy into its even and
odd components:

P2n =
�

e1 e3 : : : e2n � 1 e2 e4 : : : e2n
� T

; P2n y =
�

yeven

yodd

�
:

Then, just as in the casen = 2 , the equations forF2n y can be written as

F2n y =

"
Fn yeven + eDn Fn yodd

Fn yeven � eDn Fn yodd

#

=

"
Fn

eDn Fn

Fn � eDn Fn

#

P2n y (35)

TheFast Fourier Transformalgorithm calculatesFN whenN is a power of2 by iterating formula (35).
For example, whenN = 256 = 2 8 then (35) expressesF256y in terms ofF128 applied to signals of length
128. To calculate these Fourier transforms, we use (35) again toexpressF128 in terms ofF64 applied to
signals of length64, and so on until we are down toF2 (see Figure 3.12 on page 195 of Strang's book).

To determine the computational cost of the FFT algorithm, let n = 2 k , and de�ne� (k) be the number of
scalar multiplications needed to evaluateFn y for a signal of lengthn = 2 k using the FFT algorithm. When
k = 1 then the entries inF2 are� 1, so no multiplications are needed (just sign changes). Hence� (1) = 0 . If
y is a signal of length2n = 2 k +1 , then calculatingF2n y using (35) requires2� (k) multiplications to obtain
Fn yeven andFn yodd , followed by2k multiplications to obtaineDn Fn yodd . We are using the fact that~Dn is
a diagonal matrix, so it only requiresn multiplications to calculateeDn b for any vectorb. The matrixP2n

just sorts the entries ofy ; no arithmetic is needed to calculateP2n y . Thus

� (k + 1) = 2 � (k) + 2 k (36)

We can calculate� (k) recursively from (36), starting with� (1) = 0 :

� (2) = 2 � (1) + 2 = 2 ; � (3) = 2 � (2) + 2 2 = 2 � 22; � (4) = 2 � (3) + 2 3 = 3 � 23

This suggests that
� (k) = ( k � 1)2k � 1 for all positive integersk = 1 ; 2; 3; : : :. (37)

This formula, which we have just shown true fork = 2 , 3, and4, is easily veri�ed by induction: assuming it
true fork and using (36), we get

� (k + 1) = 2( k � 1)2k � 1 + 2 k = k2k � 2k + 2 k = k2k ;

so the formula is true fork + 1 .
To appreciate the consequences of (37), note that direct evaluation of Fn y as a matrix-vector product

requiresn2 = 2 2k scalar multiplications (n for each of then components ofy ). Takek = 10 andn =
210 = 1024. Then direct evaluation ofFn y as a matrix-vector product requiresn2 = 2 20 = 1 ; 048; 576
multiplications, whereas evaluation using the FFT only requires9 � 29 = 4608 multiplications. This is a
speedup by a factor of

220

9 � 29
= 228:

If we go to longer signals, such asn = 2 20 = 1 ; 048; 576, then the speedup is by a factor of

240

19� 219 = 110; 376

(more than one hundred thousand times faster). The same sortof counting of the number of scalar addition
operations needed in the FFT shows a similar dramatic improvement over calculations using the standard
matrix-vector product. Without the FFT algorithm digital signal processing would be impractical.



FAST FOURIER TRANSFORM 16

5 Exercises

1. Let N be a positive integer and setw = e2� i =N . View the columns of the Fourier matrixFN as the
functionsh0; : : : ; hN � 1 de�ned by hk [j ] = w� jk (note that with this de�nitionhk is automatically
periodic of periodN .) Verify directly that each functionhk is an eigenfunction for the shift operator
S, and determine the eigenvalue. Recall thatS acts on a periodic functionf by S f [j ] = f [j � 1].

2. LetC be the linear shift-invariant transformationCy [j ] = y [j � 1] � 2y [j ] + y [j + 1] for y a function
periodic of periodN .

(a) Find the functionf such thatCy = f � y . (HINT: Write C in terms of the shift operator.)

(b) Find the Fourier transform of the functionf in (a).

(c) SupposeN = 4 and y corresponds to the vectory = [2 3 1 5]T 2 C4. Calculate the vectors
corresponding toCy and cCy.

3. Let S =

2

4
0 0 1
1 0 0
0 1 0

3

5 be the matrix for the shift operator relative to the standardbasis forC3. Sup-

pose the matrixC =

2

4
4 � �
7 � �
5 � �

3

5 satis�esCS = SC.

(a) WriteC as a polynomial inS. Use this to �ll in the missing entries inC:

C =

2

6
6
6
6
4

4

7

5

3

7
7
7
7
5

(b) View vectors inC3 as periodic functionsy on the integers:y [j ] = y [j + 3] for all integersj . Let
T be the linear transformation on such functions corrsponding to the matrixC above. Give explicit
formulas (in terms ofy [0], y [1], andy [2]) for Ty [j ] for j = 0 ; 1; 2.

(c) Let F be the3 � 3 Fourier matrix, and letw = e2� i =3. Let C be the matrix in part(a). Find

complex numbers� 0, � 1, and� 2 so thatF � 1CF =

2

4
� 0 0 0
0 � 1 0
0 0 � 2

3

5 :

Express your answer in terms ofw andw2 (no complex arithmetic is needed).

4. Letn = 2 k . De�ne  (k) to be the number of scalar additions (or subtractions) needed to calculateFn c
by the Fast Fourier Transform (FFT) algorithm. Note that theproduct of a row vector and a column
vector, each withn components, needsn � 1 additions.

(a) Show that (1) = 2 and that (k + 1) = 2  (k) + 2(2 k � 1).

(b) Use the recursion in (a) to calculate (k) for k = 2 ; 3; 4.

(c) Prove by induction that (k) � k2k for all positive integersk.

(d) Use the result in the notes and (c) to show that the total number of arithmetic operations (multipli-
cations and additions) required for the FFT on vectors of size 2k is less than(3=2)k2k .


