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1 Inner Products and Unitary Transformations

The formula de ning the usual inner product and normR¥hneeds to be modi ed when we de ne an inner
product onC". For a nonzero real numberwe always havex? > 0. But this is not true for complex
numbers, sincé? = 1. The way around this dif culty is to use the fact thaz > 0 if z is a nonzero
complex number. Thus we de ne tlsgandard inner produabn C" to be

X
hu;vi = ugvg foru;v 2 Cn.
k=1

Just as in the real case we can write the inner product in tefmsitrix multiplication of a row vectorl( n
matrix) and a column vecton( 1 matrix). For this we de ne thélermitian transposet = vT. Likewise,

if Aisanm n matrix, we writeA" = AT. (Note that in MaTLAB all matrices are automatically assumed
to have complex entries, akd gives the Hermitian transpose of a mathiy Then we can express

hu;vi=v"u foru;v2cCn.

With this de nition we have

X
hu;ui = jug?=uu;
k=1
which is positive (unlesst = 0, when it is zero). Thus we can de ne tm®rm jjujj = P hu; ui which

measures the total size of a vector with complex components.

De nition 1.1. LetV be a complex vector space. Ammer productonV is a complex-valued functidm; vi
de ned forallu; v 2 V that satis es the following conditions:

(Positivity) hu;ui  0with equality if and only ifu = 0.
(Conjugate Symmetry) hu;vi = hv; ui.

(Linearity) h u+ v;wi= hu;wi+ hv;wiforallu;v;w 2 V and complex numbersand .

WhenV = C" then the standard inner product de ned above satis es theselitions. Here is another
important example.
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Example 1.2. Consider the complex vector spageof all complex-valued continuous functions on a nite
interval[a; b]. Letw(x) be any continuous function da; b that is strictly positive. (For exampley(x) =
(1 + x?)P for some xed real numbep.) Given two functiong andgin V, de ne
Zy
H;gi = f (x)g(x) w(x)dx: (1)

a

To verify that this is an inner product, note thHaix)f (x) 0, so we havdf;f i 0. If Hf;f i = 0 then
f(x) =0 foralla x b, since the functioff (x)j> 0. The conjugate symmetry and linearity are
obvious.

LetV Be a complex vector space with a xed inner product. fleemassociated with an inner product
isjjujj = = hu;ui, just as in the case @". Two vectorsu andv are calledorthogonalif hu;vi = 0, and
we writeu ? v. For orthogonal vectors we have tRgthagorean Lavicomplex version):

jiu+ vii? = jjuji®+ jjvii> whenu ? v

with the same proof as in the real case. For any pair of vectpyswith v 6 0, thevector projectiorof u
ontov is given by
_ hu;vi v
P= wivi
(u p)+ p,the Pythagorean Law gives

justas in the real case. Sinfe p) ? p andu
jiuji?=jju pi®+ jipii*
Using this equation we obtain ti@gauchy-Schwarz inequality
jhusvij o ujijjvij 2)
From the Cauchy-Schwarz inequality we obtain titiengle inequality

jju+ vijj jj ujj+jjvjj forallvectorsu;v 2 V.

De nition 1.3. A set of nonzero vectorg;;Vv»;:::; in an inner product space is calledorthogonalif
vj ? vy forallj 6 k. If the set is orthogonal and each vector satisjegjj = 1 then the set is called
orthonormal

An orthonormal set of vectors is always linearly independé&ssume thafui;:::;ungis a nite or-
thonormal set. LetU be the subspace ¥f spanned by this set of vectors. Trdim U = nandfus;:::;ung

is anorthonormal basidor W. Every vectoru 2 W can be expressed in terms of this basis as
u=cuq+ + ChUn; Wwhereg = hw;uji.

(The formula for the coef cient; follows by taking the inner product of with u; and using orthonormality.)
Then
juii=jaj?+  +jenj? (Parseval's Formula)

If v=dug+ + d,up is another vector itJ, then
hu;vi = ¢pdy + + ¢, d,
For any vector 2 V we de ne

Pv = hv;uqiuq + + hv;uniup:
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ThenPv 2 U, since itis a linear combination of the vectargs. Furthermorey Pv ? U since

hv  Pv,uji = hv;uji hv; ukihuy; uji
k=1
= hv;uji h v;ujihuj;u;i =0
by orthogonality and the fact thju; jj = 1. We callPv theorthogonal projection o¥/ onto the subspace

U. By the Pythagorean Law,
iviiz = jiPvii®+ jiv  Pvjj? 3)
This implies thaPv is the vector irJ that is closest to'.

Example 1.4(Fourier Series) Let V be the complex vector space of piecewise continuous conyaliered
functionsf (x) ontheintervaD x 2 . De ne an inner product oW by
1 %2 —
H;,gi = — f (x)g(x) dx:
2 0

The functions ,(x) = e '™ forn 2 Z (the set of all integers) are M, and they are an orthonormal set of
functions. To see this, |&t 6 n and calculate

ZZ f X=2

. e|(n k)x

hn, ki = =— el KiXgy= — =0
" 2 2 i(n k),

because®™ ' =1 for all integersm. Thus , ? . Furthermore, since® = 1, we have
hnao, ni= - “ ldx=1
n, nt — 2 0 -

Thusjj qjj =1 andf ¢ : k2 Zgis an orthonormal set iW .
If f 2 V then the complex numbers
142
o = H wi= — f (x)e '**dx 4)
2 o

are called théourier coef cientsof f . It is an important result of Fourier analysis tfiatan be represented
by its Fourier series X

f= Gk« (5)
k22
This is analogous to the representation of a vecto€'nin terms of an orthonormal basis f@" (since
ck = Hf; «i). Furthermore, thén nite seriesversion of Parseval's formula is valid:
142 5 X,
5 ife0Pdx= jad (6)
0 k2z

In particular, the in nite series on the right side of (6) #enges. (The convergence properties of the series
(5) and the proof of (6) require results from advanced caktthat will not be discussed in this course).

Let T P, be the linear span of the set of functidns(x) : jkj ng. If f(x) 2 TP, thence =0 for
jkj > n and the right side of (5) is ttigonometric polynomial

X
f(x)= C k(x)

n k n
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Whenf (x) is real-valued its Fourier coef cientx have the property

C=C k,
since k(x)=  k(x). For example, the formulas
. 1 i 1 i 1 .4i. 1 i
sin(nx) = Ee"x : >e et cos(x) = ée"x b+ e nt

show that the real-valued functiohg(x) = sin( nx) andg,(x) = cos(nx) are inT P, and have Fourier
series

1 1 1 1
fn(x)= 57 n(x) 27 n(x); O (x) = > n(x)+ > n(X) (1)
For any functiorf 2 V and positive integen, the trigonometric polynomial
X .
n(X) = i k(X)
n k n

is the projection of (x) onto the subspacg P, sincef ¢(x) : n k ngisan orthonormal basis for
T Pn. The function ,(x) gives thebest approximationo f (x) (in the sense of the norip jj), since we

minimize the normijjf ij, where is a trigonometric polynomial iff P, by taking = .
De nition 1.5. Ann n matrixU is said to be ainitary matrixif the setfus;:::; u,g of columns ofU is
orthonormal.

The matrixU is unitary if and only if
hUv;Uwi = hv;wi  forallv;w 2 C". (8)

To prove this, use the linearity of the inner product in eaghable to see that (8) is satis ed for all vectors
v;w if and only if it is satis ed wherv = e; andw = ey (the standard basis vectors fof ). Since thg th

column ofU isUe; and the setey;:::; e gis orthonormal, it follows that (8) is equivalent to the staent
that the columns of) are an orthonormal set.
An alternate characterization of unitary matrices is ti&tJ = 1, whereU" denotes the conjugate

transpose matrix (the proof is the same as for real orthdgoatzices). Hence a unitary matrix is invertible,
with inverseU ! = UM,

Now letVV andW be nite-dimensional complex inner product spaces of thraesaimension, and It
be a linear transformation from to W. We say thafl is aunitary transformationf

HTu;Tvi = hu;vi forall vectorsu;v 2 V. (9)

Note that in equation (9) the inner product on the left is far $pac&V, while the inner product on the right
is for the spac&/. Takingu = v, we see thajj Tujj = jjujj for all u. Hence the null space df is 0. Since
V andW have the same dimensioR,is represented by a square matrix (relative to a choice cfsfsV
andW). This matrix has no null space, so it is invertible. Thusrgwenitary transformation is invertible.

Example 1.6. LetV = W = C", and let the linear transformatidhhave matrix

standard basis is orthonormal, we see from (9) Tha a unitary transformation if and onlyd is a unitary
matrix.
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Example 1.7. Let V = T P, be the space of trigopnometric polynomials of degree at rdagth the inner
product (1). Then the set of functiofs ,; 1; o; 1; 29is an orthonormal basis for. If f 2 V,
de ne 2 3

1
Tf = Co (20)
C1

C2

wherecy are the Fourier coef cients of (x) de ned by equation (4). Notice that there is no variakle
displayed in formula (10)Tf is a vector inC® with ve numerical components, whereas the continuous
functionf (x) is considered as a vector in the spate

Since the Fourier coef cients depend linearly bnit is clear thatT is a linear transformation from
V to C5. The basis function \(x) for T P, is tranformed byT into the standard basis vectes, x for

k = 2;:::;2, henceT is unitary. From equation (7) we see that the functibsi) = sin(2x) and
02(x) = cos(2x) have transforms
2 3 2 3
1 1
0 0
szzzi_g O%; ngzé O%
"4 0 0
1 1
SinceT is unitary, it follows that
122
> sin(2x)cos(X) dx = H,; 00 = hTfy; Tgi =0
0 b ) .
sin(2x)dx = iy fai = Wy T = >

0

The two integrals on the left can be evaluated by doubleeafoginulas, of course, but this is not necessary
because we already know thatis unitary.

2 Finite Fourier Transform

We shall call a piecewise continuous complex-valued fumc(t) of the real variablé ananalog signal
We assume that(t) is of nite duration, so that is zero outside some intergal t b. We shift and rescale
the variablet to makea = 0 andb = 2 . Next, we choose integemm < n and replaces(t) by the best
approximation tes(t) by trigonometric polynomials with frequencies in the ramge k <n:
X _
q(t) — Ckel kt

m  k<n
The Fourier coef cientgy are obtained by integration:
z
172 ikt
Ck = — s(t)e dt
2 o
Themean square approximation errig

L 142 .2 S
s i = - , js(t) q(t)j=dt= jej + jCkj (11)

k<m k n
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by Parseval's equality (6). The right side of (11) is the tila convergent series, gi§t) will be a good
approximation tas(t) (on average) if the frequency band  k < n is chosen suf ciently wide.

For a given signad(t) we x a frequency bandn  k < n so that the approximation error (11) is small.
LetN = n m. We replace the functiorsft) andq(t) by

f(t)=e '™s(t) and p(t)=e 'Mq(t)

This frequency shift doesn't change the approximationrefta), sincgje '™ j = 1. Sincee 'Me'*t =
e'(k ™t the trigonometric polynomiai(t) has frequencie8 k <N :
X

p(t) = di e’
0 k<N

Here the Fourier coef cients are z,
1 _
de = =— f(t)e 'K dt (12)
2 0
In signal processing applications there is no formuld f@), so the integrals (12) must be approximated
using some numerical method. The simplest way to do this é@twertf into adigital signaly 2 CN by

samplingf at theN equal-spacetivaluest; =2 j=N ,forj =0;1;:::;;N 1L
y[0]
y[i] : :
y = ) wherey[j]= f(tj) forj =0;L::5;N 1 (13)

yIN 1]

Herey[k] denotes the value of the digital sigryaat discrete timé (note that the indexing of the components
iny is different than the usual MLAB indexing, which would go froni to N). We callN the sampling
rate; the choice of this sampling rate is determined by the nurabBourier coef cients that we need to get
a good representation of the signal (more coef cients nexaihigher sampling rate). With this choice we
have

t 1
t:tJ tj ]_:2:N; Z_ZW:
Hence we can approximate the integral (12) by the Riemann sum
d 1"(lf(t-)e o 1% [w (14)
© N j=0 J N j=0 ’

wherew = e? '™N =cos(2 =N )+ isin(2 =N ) is a primitiveN th root of unity.

De nition 2.1 (Fourier Matrix) Let Fy be theN N matrix with (j; k) entryw ( Dk 1) wherew =
e '™N_ The entries in the rst column ofy are alll. The second column consists of the powersvof
from0toN 1, the third column consists of the powersvof? from0toN 1, and so on. SincEy is
symmetric, the same description applies to the rows.

For example, since? "= = 1the2 2 Fourier matrix is
11
FZ - 1 1 (15)
ForN =4 we havew=e2 i=# = j andw 1= i.Hencethel 4 Fourier matrix is
2 1 1 1 1 3 2 3
5 5 1 1 1 1
1 i i i i i
azg [ (_)%zgl BESE? a5
1 ()2 ()* ()8 1 1 1 1
1 i 1 i

O R G A G &
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1
d= WFNy a7)

Theorem 2.2. The matrix(lzIO N)Fy is unitary. Hence the matrigl=N)Fy has inversd?N_, and the
digital signal vectory can be reconstructed from the sampled Fourier coef ciemtamed byy = Fy d.

Proof. To simplify the notation we label the columnskef from0toN 1. Thekth column ofFy is then

he= 1 wk w2 w (N Dk T

Hence the inner product of thi¢h andkth columns ofFy is
Hjih = hPhy =1+ wk i+ w2k D4 4 wN Dk ) (18)

sincew = w 1. Forj = k this giveshthj;hji = N. Now supposg¢ 6 k and writeu = w* 1. Then the
right side of (18) is a nite geometric series in powersuof

1 uN
1+u+u?+ +uN 1= .
1 u

(Note thatu 6 1 becausé) < jj kj < N andwP = 1 only whenp is an integer multiple oN.) But
uN = wNU K =1 50 we conclude thah;;hyi = 0 forj 6 k. These orthogonality relations can be
written in matrix form as

Fn Fn = Ny (19)

wherely istheN N identity matrix. Sincé~y is symmetric, we haveFy H o= F . Hence the matrix
(1=N)Fy has inversé \ , as claimed. Equation (19) can be rewritten as

p_— Pp_— _
(1= N)Fn (1= N)Fn = Iy
which shows tha(lzIO N)Fy is a unitary matrix.

Corollary 2.3.

orthonormal basis fo€N , called theFourier basis
(b) Lety 2 CN and setd = (1 =N)Fyy. Thentjjyjj? = jjdjj2.

Proof. (a): Note thau; is thej th column of the unitary matri(d:IO N)Fy.
(b): Since” Nd = ( P N)Fny and(lzIO N)Fy is a unitary matrix, the vectol$ N d andy have the
same norm.

Example 2.4. SupposéN = 4. The Fourier basis fo€* is
3 3 3 3

2 2 2 2
1 1 1
L BRI B ST B S I
ul_é 1 ) Uz—é 1 ) Ug—é ) U4—§ 1 :
1 i i

If we think of the standard basgs as a sampled version of a signal, then the signialaalizedin time, since
only one component a& is nonzero. By contrast, all the entriestip are nonzero, so the Fourier matrix
removes the time localization.

e
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Lety =[1;2; 1;0]". Then

2 32 3
11 1 1 1=2
EF PR I é%‘l 2L
A R o 1+i)=2

In this casegjjyjji? = [1+22+( 1)’]=2=3and
jidjiz = %[12*'(1 DEL+i)+( DP+A+i)E D)]=2=3

as predicted by Corollary 2.3.

3 Discrete Periodic Signals and Convolution

Consider a nite digital signal/ with N values, say[0];y[1];:::;Y[N 1]. In the previous section we
viewedy as a column vector 2 3
y[0]
§ y[1l z "
y = ) 2CY: (20)
y[N 1]

We will also think of digital signals as functions. A basicasgtion in signal processing is to takeaving
averageof the signal. For example, we can replace each waljgby the average of the valug$j 1]and
y[j +1]. This gives a new signal with

2= 00 1+ vl +1): 1)

There is a bug in formula (21), however. To calculai@] or z[N 1] we need the valueg[ 1]andy[N],
which aren't available. We will solve this problem by usitgperiodic extensiowf y:

y[j + kN]1=y[j] forj =0;1;:::;N 1and all integerk (22)

Thus we sey[ 1] = y[N 1]andy[N]= y[0],since 1= N 1+ N andN =0+ N. Interms of
modular arithmeticwe havey[m] = y[jJwhenm j (mod N). Now formula (21) is well-de ned. It can
be written in a more cumbersome case-by-case way as

Z0]= 2N 1+ Y[ 2N 1= 20N 20+ ylo);
and 1
Zil= S0 U+yl+1) forj=1;:5N 2.
For example, iff =[1;2; 1;0]" as in Example 2.4, then
z[0]=(0+2)=2; z[1]=(1 1)=2; z[2]=(2+0)=2; z[3]=( 1+1)=2
De ne theshift operatorS on periodic signaly of periodN by
Syljl=y[j] 1] forj=0;1;:::;N 1.
HereSy[0] = y[N 1], sincey is periodic. It is clear from the de nition th& is linear and invertible:

S Yy(l=y[ +1:
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We can write formula (21) as L
z= é(S+ S Yy: (23)

It follows that formula (21) has satis es the following:

(linearity) The output signat depends linearly on the input signal

(shift invariance) If the input signaly is replaced bysy, then the output signal is also replaced b$z.

We now show that every shift-invariant linear transformatC can be expressed as a linear combination
of powers of the shift operat@. We rst observe that the property of shift-invariance €is the same as

CS= SC: (Shift Invariance)

In particular, any linear combination of powers®fs shift invariant. To prove the converse, we identify the
periodic signals of periodl with CN by (20). ThenS becomes a linear transformation@¥ . We calculate
its matrix relative to the standard basis@! as follows: Suppose the signalcorresponds to the standard
basis vectoex. Theny[j] =1 if j +1 = k, and otherwisg/[j] = O (note the index shift by one). Since
Sy[j1=yli 1]l,weseethaby[j]=1ifj = kandSy[j]=0 ifj 6 k. This shows that

Sex = ex+1 fork=1;2;:::;N

(for this formula to be valid we must label the basis vectarsutarly moduloN: ey+1 = €1, €n4+2 = €2
and so on). We see th8tacts as &ircular permutatiorof the standard basis vectors.

Example 3.1. SupposéN = 3. ThenSe; = e,, Se; = e3, andSe; = e;, so the matrix of the shift operator
S relative to the standard basis 167 is

2 3
0 0 1
s=41 0 05:
0 10
Notice thatS%e; = e3, S%e, = e1, andS2e; = e,. AlsoS® = |. Thus
2 3
0 10
st=s’=40 0 15=g8":
1 0 O

We haveS ! = ST sincef Se;; Se; Sesg is an orthonormal basis f@3.

The general features of Example 3.1 are valid for the shigtaor for any value dfl . Namely,SN = Iy
andS ! = SN 1 The matrix ofS relative to the standard basis 6} is real and orthogonal, so in matrix
formS 1= ST,

Theorem 3.2. Let S be the shift operator, viewed as &h N matrix relative to the standard basis faN .
Suppose€ is any shift-invariant linear transformation & -periodic signals. ViewC as anN N matrix
C=ocl + S+ cS%+ +c¢y 1SV 1 (24)

wherel denotesth& N identity matrix.

Proof. The rst column ofC is the vectoiCey, so this vector can be written in terms of the standard basis a

Cei1=coer+ Ciep+  + Oy 16N : (25)



PERIODIC SIGNALS AND CONVOLUTION 10

Now we calculate the columrBe, of C for k = 2;:::;N. SinceC is shift-invariant we hav&k 1C =
CS* 1. Thus if we multiply both sides of (25) b§* ! and use the proper§* le; = e, we obtain
Cex = CSK le
= sk lce

= C()Sk 1e1 + C]_Sk lez+ Csz 183 + + Cn 1Sk 1eN
= coex + C1Sex + S%ec + + oy 1SN leg:

This shows that th&th column of the matrixC is the same as thieth column of the matrixcgl + ¢S +
S?+  +coy 1SV Yfork=1;:::;N. Hence the two matrices are equal.

Example 3.3. SupposéN =3 andC = ¢l + ¢;S+ ¢;S? isa3 3 shift-invariant matrix. From Example

3.1weh
wehave 3 2 3 2 3 2
100 0 0 1 010 O G C
C=c%40 1 05+c;41 0 05+¢c40 0 195=4¢ ¢ o
0 0 1 010 100 C ¢ Co

Hence the successive columng®fre obtained by circular permutation of the rst column. Kiegs of this
form are callectirculant matrices For example, whelN = 4 the averaging operation from (21) is given by

the circulant matrix 2 3
0 1 01

1 " 1§ 101 oé_

C=36+S79=320 1 0 15°
1 010

We now obtain the connection between shift-invariant lirteensformations and the Fourier matrix. Let
Fn =[ hohg hy 1]betheN N Fourier matrix with columns

2 1 3
w i
hj = w 2 ; wherew =2 '™,
w (N Dj
SinceS shifts the entries if; down one place, with the last entry moved to the top, we have
3 2 -3

w (N Dj w NI

1 w
Sh; = w =w w 2 :thjZ
w (N 2i w (N Dj

De ne a diagonal matrix with th&l th roots of 1 on the diagonal:
2

1 0 O 0
0O w O 0

Dv=80 0 w? 0 (26)

0 0 O wh 1
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The calculation just made shows that
SFy = hg wh; w?h, wN thy 1 = FyDy: (27)
By Theorem 2.2 the Fourier matrix is invertible. Hence npliting (27) on the left byF ! we obtain
Fy'SFn = Dn: (28)
We can summarize these calculations as follows:

Theorem 3.4. TheN N shift matrixS is diagonalized by the Fourier matriy . The columns dofy are
eigenvectors 08, and the eigenvalues &fare theN complex numbens’ forj =0;1;:::;N 1 (theNth
roots of unity).

Combining the last two theorems gives us the main resultisfséction:

Theorem 3.5(Diagonalization of Circulant MatricesSuppose thaf isaN N shift-invariant (circulant)
matrix. Write
C=ocl + 1S+ S%+ +coy 1SV 1!

and de ne the polynomigl(z) = co+ c1z+ c,z°+  + oy 12V 1. Thenh; is an eigenvector fo€, with
eigenvalugp(w! ), forj =0;1;:::;N 1. HenceC is diagonalized by the Fourier matrix:

2 p(1) 0 0 3
0 p(w) 0 0
FV'CFy =p(Dn)=f 0 0 p(w?) 0 (29)
0 0 0 p(wN 1)

Proof. Since (28) implies thaf IskFy = DK for all integersk, the matrixC satis es the corresponding
equation:
Fy!CFn = col + ¢iDy + D3 +  +oy 1Dy o

The right side of this equation €Dy ).

Example 3.6. Consider thet 4 circulant matrixC = 3(S+ S 1) = %(S + S3) from Example 3.3 (note
thatS * = S®sinceS* = I). Thenp(z) = 1z + %zg. Since the fourth roots df arel;i; 1; i,the
eigenvalues o€ are

P =1; p(i)=@=2)(i+i%=0;

p( D=@=2)( 1+( D)= L p( i)=@=2)( i+( i)’)=0:

Now we return to the digital signal point of view. L& be a linear shift-invariant operator on signals
periodic of period\ . Then by Theorem 3.2 there are complex numisgys: :; cy 1 SO that

C=ocl + S+ 8%+ +¢y 1SV
If we applyC to a periodic signay, then we get the signal

Cylil=coylil+ ciyli 11+ cyli 2]+ +ov 2yl N+1] (30)
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forj =0;1;:::;N 1. This shows thaCy is amoving averag®f the original signal, generalizing the
special case of (21). De ne the functidnk] = ¢ fork =0;1;:::;N 1. Then (30) can be written as

K 1

Cylil= FIkIYl kI (31)

k=0

We call the functionCy the convolution(folding) of f andy and we writeCy = f y. An alternate
statement of Theorem 3.2 is the following:

(Linear Shift-Invariant Filters) Every linear transformation dfl -periodic signaly that is shift invariant
is given by the convolution (moving average) operatyo@! f y for some functionf on the set
f0O;1;:::;;N  1g(the lter).

We can now obtain the linear Iter version of Theorem 3.5.

De nition 3.7 (Discrete Fourier Transform)if y is a periodic digital signal (of period ), then theFourier
transformofy is the function

K 1 )
PIK] = ylilw * fork=0:1;::;N 1
j =0

wherew = e? =N (note that the functiost is also periodic of periot ). Thus ify is viewed as a column
vector inCN , theny is the column vectoFy y .

The lter f corresponding to the circulant matiixin (24) is de ned byf [k] = ¢ fork =0;1;:::;N
1. The matrix-vector produd@y becomes the convolutioh vy in the signal-processing picture. We can
restate the result of Theorem 3.4 in terms of the Fouriesstcam and convolution as follows:

Theorem 3.8(Diagonalization of Convolution Operatord)etCy = f y be the convolution operat¢B1)
on signalsy that are periodic of periodN . Then the Fourier transform @y is the pointwise product:

Cylk] = ?[k]?[k] fork=0;1;:::;;N 1L (32)

Proof. The columns of the Fourier matrix are eigenvectors for theutant matrixC, and the eigenvalues are
the scalard [k]. Thus when a vector is expressed in terms of the Fourier asists on thé&th component
by multiplying by the eigenvalué\ [k].

We can give a direct proof of this result, without using Theenr3.4, as follows. By de nition of the nite
Fourier transform, we have

X 1 _ Ko1K 1 _
¥ oylki=  (f yliw k= fi ylw ¥
j=0 j=0 1=0
fork =0;1;:::;N 1. Making the substitutiom = j | and using the periodicity of andy so that the
range of summationi8 m <N and0 |<N ,we obtain
K i 1 K 1 K1
¥ oy = fImly[iw M0k = f[mjw ™ yllw *
m=0 1=0 m=0 1=0
= fkiyk

This proves (32).
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Example 3.9. Consider the averaging operator (21) from the beginningisf$ection:

. 1 .
Cylil= 500 1+l +1];
wherey is a periodic signal of lengtN . We can write thisa€y = f vy, where
f[1]=1=2; f[N 1]=1=2; andf[j]=0forj 61;N 1,

sinceC = (1=2)(S+ S 1!) as in Example 3.6. In this case the polynongét) = (1=2)(z+ z ') and
flkl= @=2)(wk + w ¥). Thus

Cy[k] = %(Wk+w KYk] fork=0;1;:::;N 1.

4 Fast Fourier Transform

The effectiveness of the discrete Fourier transform (DFSTa @omputational tool depends on a remarkable
fast algorithmfor calculating the matrix-vector produi,v whenn = 2K is a power of2 (similar fast
algorithms exist for everglighly compositeumbem, such as = 2¥3™). The Fast Fourier Transform (FFT)
algorithm is based on the observation that the Fourier mBt;i can be written as product of a permutation
matrix (which has no arithmetic computational cost) arfl a2 block matrix where the blocks arg,, or a
diagonal matrix multiplyind-y, .

Example 4.1. Considemn = 2. Recall that

2 13
1 1 i

Fa= 7 1 F4:§ 122 ho hy hy hg

[

P RPrP R

1
[
1
i

s

Lety 2 C*. By the de nition of matrix-vector multiplication we can e
Fay = y[0lho + y[1]h[1]+ y[2]h[2] + y3h[3]

as a linear combination of the columns of the Fourier matRgarrange this sum according to the even and

odd indices:
3 2 3

2
1 1 1 1
gl 17 vyl . - o y[ll .
1 1 [ [
De ne
- vyl[o] . I/ _ 1 o0
Yeven = y[2] ’ Yodd = y[3] ’ I§2 - 0 i
Then, using block multiplication of matrices, we can wrtie formulas (33) as
" #
F B,F
ylOlho+ y[2Ih[21=  ° Yewn:  Y[h[+yshi8l=  “2'2 Yous
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The splitting ofy into even/odd vectors of half length can be accomplishedhbyermuation matrix

2
1 000
0 010
Ps= e es e ey :go 1 0 Oé; Py = {,i‘fdn
0 001
The calculations above show that 4 "
Fay = FaYeven + B2F2yors _ F2  DB2F: Py
FoYeven B2F2Yodd Fo BaF2

Hence thet 4 Fourier matrixF, can be WrLtten i 2 blocqlé form:

F, DBF;
Fa= Pa:
! F,  BiF; !

The same splitting into even and odd components works foD#iE of a signal
T

y= y[0] y[a] ::: y[2n 2] y[2n 1]
of length2n. Let
T
Yeven = Y[0] y[2] ::i y[2n 2] *;  Yoad = Y[1] Y[3] ::i y[2n 1]
Here we are using the terrgenandoddbecause we view as a functionoi0; 1;:::;2n  1g; the vector
Yeven CONtains components 3;:::;2n 1 of the vectory when we use the MrLAB indexing convention.

The splitting ofy intoyeven andyqqq Of half length is calledlownsampling
Writew =e? '¥2" =e 17" andz = w? =e? '™, Then
ZX 1
w Ky[k]
k=0
1

Fanyli]

) X1
(split into even-odd) w 1CRy2k]+  w 1@k Dy 2k + 1]

k=0 k=0
X1 X1

= z & Yeven[K] + W z Yodd [K]
k=0 k=0

forj =0;1;2;:::;2n 1. This shows that
Fonylil1= FnYevenlil* W ' FnYogali] forj =0;1;:::;n 1.

Sincew” = 1landz" =1, we havew ("*i) = w I andz ("*)k = z X Furthermore, the functions
FnYeven @andF,Yyoqq are periodic of perioah. Thus

Fony[n+j]= FnYewenli] W anyodd[j] forj =0;1;::5;n 1.

We can write these formulas in block-matrix form, just ashia tasen = 2. Let

21 0 0 0 3
Oow?! o0 0

B,=80 0 w? 0 (caution:w" = 1). (34)
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Note that the diagonal &, only contains half of th@&nth roots of1; it is not the same as the matilixy in
equation (26) which has al th roots ofl. Let P,, be the permutation matrix that splitsinto its even and
odd components:

_ . . L —  Yeven
P2n = e, ez II €z 1 €2 egq II eyp X P2ny =
Y odd

Then, just as in the case= 2, the equations foF,,y can be written as

" # o #
FnYeven + B, FnYodd Fn B.Fn

F = \ = _ P 35

2n¥ FnYeven BnFnYodd Fn B.Fn 2n¥ (35)

The Fast Fourier Transformalgorithm calculate§y whenN is a power of2 by iterating formula (35).
For example, whel = 256 = 28 then (35) expressds;sey in terms ofF1,g applied to signals of length
128 To calculate these Fourier transforms, we use (35) agaéxpoessF12g in terms ofFg4 applied to
signals of lengtl64, and so on until we are down & (see Figure 3.12 on page 195 of Strang's book).

To determine the computational cost of the FFT algorithimle 2%, and de ne (k) be the number of
scalar multiplications needed to evalugtgy for a signal of lengtm = 2% using the FFT algorithm. When
k = 1 then the entries ifr, are 1, so no multiplications are needed (just signh changes). éleflg = 0. If
y is a signal of lengtt2n = 2¥*1 | then calculatindgr»,y using (35) requireg (k) multiplications to obtain
FnYeven andF,Yodd, followed by 2% multiplications to obtai®,, Fny.qq. We are using the fact thax, is
a diagonal matrix, so it only requiresmultiplications to calculat&,b for any vectorb. The matrixP2,
just sorts the entries of; no arithmetic is needed to calculd®g,y. Thus

(k+1)=2 (k)+2kK (36)
We can calculate (k) recursively from (36), starting with(1) = 0:
(2)=2 (D+2=2; @)=2 (2)+22=2 22, (4)=2 (I)+2%=3 28
This suggests that
(k)=(k 1)2¢ ' forall positive integer& = 1;2;3;:::. (37)

This formula, which we have just shown true for 2, 3, and4, is easily veri ed by induction: assuming it
true fork and using (36), we get

(k+1)=2(k 1)2¢ T+2k= k2% 2¢+2k = K2k,

so the formulais true fok + 1.

To appreciate the consequences of (37), note that direlttagian of F,,y as a matrix-vector product
requiresn® = 22 scalar multiplicationsr( for each of then components of/). Takek = 10 andn =
210 = 1024. Then direct evaluation df,y as a matrix-vector product requira$ = 22° = 1,048 576
multiplications, whereas evaluation using the FFT onlyuiegs9 2° = 4608 multiplications. This is a
speedup by a factor of

220
9 20
If we go to longer signals, such as= 22° = 1;048 576, then the speedup is by a factor of

=228:

240
19 219

(more than one hundred thousand times faster). The samefsmtinting of the number of scalar addition
operations needed in the FFT shows a similar dramatic ingonewnt over calculations using the standard
matrix-vector product. Without the FFT algorithm digitajisal processing would be impractical.

=110;376
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5 Exercises

1. LetN be a positive integer and sat= e? '™ | View the columns of the Fourier matrk as the

periodic of period\ .) Verify directly that each functiohy is an eigenfunction for the shift operator
S, and determine the eigenvalue. Recall thatcts on a periodic functioh by Sf[j]= f[j 1]

2. LetC be the linear shift-invariant transformati@y[j] = y[j 1] 2y[j]+ y[j +1] fory a function
periodic of period\ .
(a) Find the functiorf suchthaCy = f y. (HINT: Write C in terms of the shift operator.)
(b) Find the Fourier transform of the functidnin (a).

(c) SupposeN = 4 andy corresponds to the vecter = [2315]" 2 C* Calculate the vectors
corresponding t€y andCy.

2 3
0 01
3. LetS=4 1 0 05 be the matrix for the shift operator relative to the standzasis forC3. Sup-
0 10
2 3
4
pose the matri = 4 7 S satisesCS = SC.
5
(a) WriteC as a polynomial ir§. Use thisto Il in the missing entries i€€:
2 3
4
o P
5

(b) View vectors inC? as periodic functiong on the integersy[j] = y[j + 3] for all integerg . Let
T be the linear transformation on such functions corrspanttinthe matrixC above. Give explicit
formulas (in terms o [0], y[1], andy[2]) for Ty[j]forj =0; 1; 2.

c) Let e the ourier matrix, and letv =e? '3, Let e the matrix in par{a). Fin
Let F be the3 3 Fouri i dletv -e? =3 LetC h Find

o 0 O
complex numbersg, 1,and ,sothatt 'CF=4 0 ; 0 5:
0 0 2

Express your answer in termswfandw? (no complex arithmetic is needed).

4. Letn = 2. Dene (k) to be the number of scalar additions (or subtractions) reemlealculatd=,, c
by the Fast Fourier Transform (FFT) algorithm. Note thatpheduct of a row vector and a column
vector, each witln components, needs 1 additions.

(@) Showthat (1) =2 andthat (k+1)=2 (k)+2(2k 1).
(b) Use the recursion in (a) to calculaték) fork = 2; 3; 4.
(c) Prove by induction that (k) k2 for all positive integers.

(d) Use the result in the notes and (c) to show that the totalbaur of arithmetic operations (multipli-
cations and additions) required for the FFT on vectors af 2izs less tharf3=2)k 2.



