Some Solutions to Homework due 2/16

1.3, #30. Suppose that Sy,...,S, are all convex subsets of R" (for the
same n). To prove: S1 N---N Sy, is convex.

Proof: Suppose that z,y € S1N---NS,,. We must show that any point v
on the line segment joining & and y belongs to S1 N---N Sy,

Since &,y € S1N---N S, certainly it’s true that « € S; and y € S;. Then
since S7 is a convex set by assumption, v € Sy.

Similarly, for each ¢ = 1,...,m, v € S;. Therefore v € S; N --- N Sy,.

Q.E.D. ‘

1.3 #34. Proof. Suppose that x; and x5 both satisfy Az > b. We must
show that any point v on the line segment joining @1 and x2 also satisfies
Ax > b.

If v = &1 or @9, the inequality is satisfied by assumption. Any other v on
the line segment in question has the form v = Ax; + (1 — A\)xy for some
real number A such that 0 < A < 1. In particular, A > 0 and 1 — A > 0.

We know that Az, > b and Axzs > b. Multiply these by A and 1 — A
respectively, and add. This gives the inequality below. The rest basic
matrix algebra:

Av =AMz + (1 — N)xa) = MAz1) + (1 — A)(Aza) > o+ (1 — A)b=b.
So Av > b. Q.E.D.

1.4, #16. By definition (it’s in Section 1.4), & is a convex combination
of points ¢y, ..., x,, € R" if and only if

T=a1®1+ -+ anTm, for some scalars a1, ..., a,, such that

a; >0foralli=1,...,m,and a; +--- +ap = 1.
1
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Now suppose that objective function of a LPP is z, and the optimal value
Zopt 1s attained at @q,...,&,,. Then, z(x1) = z(x2) = -+ = 2(®m) = Zop:-
Let € = a121 + - - - + a;p @y, be any convex combination as above. We must
show that z(x) = zop:-

Let ¢ be the cost vector for the LPP. Thus, z = ¢’ «. Using basic properties
of matrix operations,

2() =cle =cl(mzr + -+ amzn) =l (a121) + - + T (amam)
ar(c’x) + -+ am(c”
a1Zopt +---+ AmZopt = AQ\H + -+ QSVN&R =1- Zopt

= Zopt- @HU

Tm) =a12(x1) + - + amz(Tm)

(Two related side points: a) It is also true that if 1, ..., @, are all feasible,
then « is feasible, but the problem is not asking for a proof of this. b) The
property a; > 0,...,a, > 0 never needs to be used in the given problem.

But it is necessary for showing that  is feasible.)

A. First let’s prove it for vectors in R! by showing that y = —logz is a
convex function, that is, for all positive real numbers z1,zo and all A such
that 0 < A <1, it is true that

(1) —log(Az1 + (1 — N)z2) < A(=logz1) + (1 — A)(—log zs).

One way to show this is to use the geometric interpretation of (1), that the
graph of y = —logz, for 1 < z < x, lies below the line segment joining
the points (z1,log 1) and (z9, log z2) on the graph. This is true because the
graph is concave up, which in turn is true because y” = (—=1/z)' = 1/2%2 > 0
for all . Note: This explanation would have been adequate.

Another way, which is more analytical and is rigorous, is essentially to
prove that any real-valued function defined on any interval in R, and with
a positive second derivative everywhere on that interval, is convex. Write
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f(z) = —logz and use Taylor’s formula with remainder, with n = 1, “cen-
tered” at x = x:

f(z) = i&ov.fx\ﬁaox_a\&ov._.W\:?X&Ia&w for some ¢ between z & .

This is true for all positive  and zg. Since f”(c) > 0 for all ¢ between z,
and xzo,

f(@) > f(wo) + f'(wo)(z — xo)-

Now, a) substitute 2 = x; and multiply through by A (which is > 0 by
assumption); b) then do the same with z = z9 ad 1 — A; and ¢) add the
results:

Af(w1) = Mf(wo) + Af' (o) (w1 — w0)
(1= N)f(w2) = (1 =N f(zo) + (1= A)f'(wo) (w2 — 20)
Af(z1) + (1= X)f(22) > Af(zo) + Af'(z0) (21 — z0)
+ (1= A f(wo) + (1 = N f' (o) (w2 — o)
= f(z0) + (o) [Mz1 — w0) + (1 = A) (w2 — z0)].
= f(zo) + f'(xo0) [Az1 + (1 — A)za — z0].

Substitute zg = Az1 4 (1 — \)z2 and the second term on the right becomes
0, and the inequality is what we wanted to prove.

Now what about R"? Let ®; = [z11 ..., 21,)7 and @2 = [To1 - .-, Ton]T

be vectors in R™, with all coordinates positive (so that the logs will be
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defined). Then
fO@r+ (1 =Nag) = f A 1 | +(1-A)

T1n T2n
Az11 + (1 = Nz

I
~

VHHS + AH - VVHMS

= — MU _OWC,H:. + AH - v,vawsv
i=1

IN

n
— M [Aogz1; + (1 — ) logzy;| (we've proved it for R')
i=1

A M_Om T1; — AH — v,v M ﬂomaws.
i=1 i=1

= Af(@1) + (1= \) f (@) QE.D.

B. (Compare #34 above) Proof. Suppose that f(z) < b is satisfied by
x = x; and = x3. We must show that it is satisfied by any « on the line
segment joining x; and 5. Any such x has the form © = Az + (1 — N)ax»
for some A such that 0 < A <1.

We know that
f(®)) <b and  f(z2) <D
Multiply these by A and 1 — A respectively. Since A > 0 and 1 — X\ > 0, the
inequalities remain true:
Af(z1) <A and (1= N)f(z2) < (1= N)b.
Add these (the second inequality below) and use the fact that f is convex
(the first inequality below):

fOzi+ (1 =Nzs) S Af(21) + (1= A)f(22) <A+ (1-A)b=b.  QED.




