Mathematics 251 Maple Lab 1

Vector Calculus

Fall 2004

This project The worksheet in theeed filecontains instructions to guide you through one example,
with space left in otheBectionsfor you to fill in the modified instructions needed for the other examples.
Space is left at the top of the worksheet for you to usddhiefeature of Maple to add a header containing
your name and any other information requested by your instructor. This worksheet should be printed and
submitted for grading.

The seed file begins withvith(plots):with(VectorCalculus): to load the libraries we
need.

Instead of loading the wholeinearAlgebra library, we select one function that we need and give
it a simpler name with the command

scalMult:=(s,V)->LinearAlgebra:-ScalarMultiply(V,s);

ThescalMult  defined here has the scalar as its first argument to agree with the convention of the textbook,
while the library function expects its arguments in the reverse order. This change is easy to make when
defining a function. Although dot products and cross products are part gkttterCalculus package,

this more fundamental operation seems to have been omitted. Its importance is that allows quantities to be
identified as scalarsand multiplied into thecomponentsof a vector so that the result is again a vector.

Finally, there is the instructioBetCoordinates( cartesian|x,y,z] ); to assure that all
objects are interpreted in rectangular coordinates. Maple allows expressions to be defined in many different
coordinate systems, but the rectangularg@itesian  coordinates are easier to interpret, so they will be
used exclusively in this project.

A supplementary worksheetis also available from the web page that suggests experiments to be done
on a separate worksheet. Although this supplementary worksheet should not be submitted for grading, it
provides a place to test Maple commands and save examples that you would need to edit out if done on
the main worksheet. Work done on this sheet should be submitted for grading; it only serves as a place for
explorations of related topics in Maple.

1. The helix  consider the curve
r(t) = (cog12t), sin(12t), 5t). (H)

The seed file contains instructions for constructingeator namedHelixl with these components and
obtaining two views of a graph of the curve. (The instructions include several options that turn out to be
necessary; the supplement shows the difficulty with attempts to use simpler instructions.) To assure that the
graph in your worksheet always has the view you wantramtation optionisincluded. The numbers

in this option are thepherical coordinateg(in degrees) of a direction in space. If ydiag an existing plot,

these numbers appear @and¢ on thecontext bar near the top of the screen. When you get a suitable
view, record these values (either by hand or by copying them to the input line of a different worksheet) and
enter them in the@rientation option of thespacecurve command that you are constructing. Note

that theside viewshows that different values of the parametgive different points on the curve., but the

top view shows a projection that intersects itself several times.
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Discussion Looking straight down the axis of this heli (= 0 and any) gives the projection into

the xy plane. What is this projection? Describehow the given parameterizatiatit) is used to identify

this projection. (You are encouraged to also experiment with a moving a graph drawn by Maple into this
orientation, but your discussion should concentrate on the role of the equation.)

Arc length and Curvature The derivative oHelix1 is a vector (called/H in the seed file)
whose length isls/dt and whose direction is thiengent vectorto the helix. A general method of finding
the length of a vector is to take tlsguare root of the dot product of the vector with itself. This is done
for vH in the seed file. You should see that Maple’s value for this expressialtl be simpler, so the
simplify instruction is applied to this result. ThealMult  function defined at the top of the worksheet
is used to find the product of the scalar that is the reciprocal of the length wfith the vectorvH to give
theunit tangent vector — denotedl H.

One way to find curvature is to differentiate theit tangent vector with respect te to obtain a vector
whose length is the curvature and whose direction isutiieprincipal normal . Although all vectors are
known only as functions df, the chain rule allows us to find the derivatives we want (again as functions of
t) by dividing by the expression fats/dt found above. Maple commands for doing this, similar to those
used to findds/dt and the unit tangent vector from the vector parameterizing the curve are included in the
seed file.

Supplements The supplementary worksheet explores functions in the VectorCalculus package that
allow features of the curve to be summoned by name instead of by using the recipe described in the textbook.
The longer process is used in the main part of this project to have easier access to intermediate results and
to study themethod of computing these objects.

2. Another curve Consider the curve

r(t) = <2 — 3% (cost — sin’t), cost, sint>. Q)

Construct aVector with these components, aadsignit the nameQ. Note that(cot — sin’t) must be
written in Maple agcos(t)"2-sin(t)"2)

Three methods for finding curvature will be described here. They are closely related, but the details
of the computation are different. In the remainder of this project, we will investigate how the differences
in computation affect the way the answer is presented. In describing these computationsrvig fase
the vector function parameterizing the curve. If this represents the way that the curve is drawr with
representing time, its derivative with respect to’(t) can be thought of as theslocity vector v(t), and
r”’(t) is theacceleration vectora(t).

In the geometricapproach, one pretends that the curve is parameterized in terans leihngth s. A
description ofs as a function ot is developed early in this study. Although this function is frequently
difficult to describe, its derivativds/dt is easily found — it is just the length of(t). The chain rule tells
us that we can get differentiate with respecstoy differentiating with respect tband dividing byds/dt.

In this way, all the quantities that we need are given in termfs e¥en if we are following an intrinsic
geometric procedure based on a parameterization by arc length.

Graphing Begin byplotting this curve using thepacecurve command as in the previous example.
Experiment with the plot and selectvaew that you think best represents the shape of the curve. Be sure
to include aitle  option and the values éfand¢ for yourview option.

Curvature formula 1 Thevelocity vectorv(t) = r’(t) can be written as the product of length
and aunit vector giving its direction. The process (and the Maple commands) for finding the length of a
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vector and using it to scale the vector to obtain its direction was shown in the previous example. The length
of v(t) is by definition ds/dt and itsdirection is theunit tangent vector T (t). Note that one alwayinds
the length first and uses thecalMult  function defined at the start of the seed filest@le the vectortby
the factor needed to obtainuait vector.
Now, dT/dsis a vector whose length is tlieirvature « and whose direction is theincipal normal
N. Obtain this vector by differentiating with respect td and scaling the result by the reciprocads/dt.
Once you have this vector, find its length. Thigis

Curvature formula 2 The formula

v x al
K1 =
3
\%

wherev is thevelocity vectoranda = dv/dt is theacceleration vector gives a different computation of
the curvature. Here, thebsolute value notationis used to denote tHength of a vector. This change in
themathematical notation should not affect how you use Maple to find the length of a vector.

This formula has the advantage that it is expressed entirely in term@)o&nd its derivativesvith
respect to the original independent variablet. It is also the easiest computationdrpress as a single
formula, although thatnay not be the best way to compute itHere,|v| is the quantity identified ads/dt
in the first formula. Look ugCrossProduct  intheVectorCalculus help pages for information about
using &x to obtain the cross product. (Thlelpplementary worksheetalso contains an example of this
notation for the cross product using vectors from the helix example.)

Curvature formula 3 Another method of computing was suggested in Section 13.4, where the

formula )
B d%s ds
r (t) = WT + K<a> N

was obtained. This is an expression férin terms of the perpendicular unit vectarsaandN.
You have already given names to thelocity vector v and theacceleration vectora. Thevector
projection of a on the direction of/ is given by

roi a = — 2y
projya=

anda — proj, a is perpendicular te. Sincev has the direction of, this is the component in the direction
of T. Hence,a — proj, a is the component in the direction df. Thus, dividing the length of this vector

by (ds/dt)2 givesk. Although not as easy to express as a formula, this method has the advantage of not
requiring the cross product.

Conclusion You have found three expressions that all claim ta b&hey reallymust give the same
answer.Describeany differences between teenplest forms found by Maplefrom the three computations,
together withyour evidencethat they are really the same.
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